
CLASSIFICATION OF SOLUTIONS OF A TODASYSTEM IN R2J�URGEN JOST AND GUOFANG WANGAbstrat. In this paper, we onsider solutions of the following(open) Toda system (Toda lattie) for SU(N + 1)�12�ui = NXj=1 aijeuj in R2 ;for i = 1; 2; � � � ; N , where K = (aij)N�N is the Cartan matrix forSU(N + 1). We show that any solution u = (u1; u2; � � � ; uN) withZR2 eui <1; i = 1; 2; � � � ; N;an be obtained from a rational urve in CPN .1. IntrodutionLet N > 0 be an integer. The 2-dimensional (open) Toda system(Toda lattie) for SU(N + 1) is the following system�12�ui = NXj=1 aijeuj in R2 ;(1.1)for i = 1; 2; � � � ; N , where K = (aij)N�N is the Cartan matrix forSU(N + 1) given by0BBBBB� 2 �1 0 � � � � � � 0�1 2 �1 0 � 00 �1 2 �1 � � � 0� � � � � � � � � � � � � � � � � �0 � � � � � � �1 2 �10 � � � � � � 0 �1 2
1CCCCCA :(Here the fator 12 omes from 12�u = uz�z.) System (1.1) is a verynatural generalization of the Liouville equation��u = 2eu;(1.2)Date: June 26, 2001. 1



2 J.JOST AND G. WANGwhih is ompletely integrable, known from Liouville [26℄. Roughlyspeaking, any solution of (1.2) in a simply onneted domain arisesfrom a holomorphi funtion. System (1.1) is also ompletely inte-grable. All solutions of (1.1) in a simply onneted domain arise fromN holomorphi funtions, see [21, 23, 24, 14℄. However, it is diÆultto determine the preise form of these holomorphi funtions, when werequire additional (or boundary) onditions for (1.2) or (1.1).Reently, Chen-Li [6℄ lassi�ed all solutions of (1.2) in R2 withZR2 eu <1:(1.3)Their result is very useful for 2-dimensional problems, espeially for thestudy of the Moser-Trudinger inequality and the mean �eld equation,see [12, 27℄. To obtain their lassi�ation, they used an energy inequal-ity of Ding [11℄ and the method of moving plane to show that anysolution has a rotational symmetry. Other proofs of the lassi�ationresult were given by Chou-Wan [10℄ by using the omplete integrabil-ity mentioned above and omplex analysis and by Chanillo-Kiessling[5℄ by using an isoperimetri inequality and a global Pohozaev iden-tity. The latter was applied to lassify solutions of a lass of Liouvilletype systems with non-negative oeÆients in [5℄. See also the workof Chipot-Shafrir-Wolansky [9℄. The methods used by Chen-Li andChanillo-Kiessling rely on the maximum priniple. Hene, it is diÆult(or impossible) to apply their method to study the similar problemfor System (1.1). We believe the method of Chou-Wan an be appliedto study (1.1). In fat, we notie that a similar method was used byBryant [3℄ in his study of pseudo-metris. We believe that his methodan be adapted to lassify (1.1) by using the Nevanlinna theory forholomorphi urves into C P N instead of that for holomorphi fun-tions. For the Nevanlinna theory for holomorphi urves into C P N ,see for example [16℄.System (1.1) has a very lose relationship with a few geometri ob-jets, holomorphi urves into C PN , at SU(N + 1) onnetions andharmoni sequenes, see for instane, [4, 22, 18, 17, 1, 15, 8℄. To lassifysolutions of (1.1), it is natural to seek the help of di�erential geometry.Here, with suh a help, we lassify system (1.1) withZR2 eui <1; i = 1; 2; � � � ; N:(1.4)



SOLUTIONS OF A TODA SYSTEM 3Theorem 1.1. Any C2 solution u = (u1; u2; � � � ; uN) of (1.1) and(1.4) has the following formui(z) = NXj=1 aij log k�j(f)k2(1.5)for some rational urve in C PN . For the de�nition of �k(f), see setion3 below.Any rational urve in C PN an be transformed to�0(z) = [1; z; � � � ;s�Nk�zk; � � � ; zN ℄;by a holomorphi isometry, whih is an element of PSL(N + 1; C ).Hene the spae of solutions of (1.1) and (1.4) is equivalent to PSL(N+1; C )=PSU(N + 1). The dimension of the solution spae is N2 + 2N:Theorem 1.1 an be restated in a geometri way as follows:Theorem 1.2. Any totally unrami�ed holomorphi map � from C toC P N satisfying the �nite energy ondition (3.11) below an be om-pati�ed to a rational urve.Theorem 1.2 is a generalization of the following well-known result:Any totally unrami�ed ompat urve in C PN is rational.When N = 1, Theorem 1.1 is just the lassi�ation result of Chen-Li.The Toda system is of great interest not only in geometry, but also inmathematial physis. One of our motivations to study this system isthe non-abelian Chern-Simons Higgs model, in whih non-topologialsolutions are solutions of a perturbed Toda system. See [14, 19, 33, 30,28℄. 2. Analyti aspets of the Toda systemIn this setion, we analyze the asymptoti behavior of solutions of(1.1)-(1.4) and obtain a global Rellih-Pohozaev identity. Sine someresults were presented in our previous work [20℄, we only give an outlineof ideas. Similar methods were used in [6, 7, 5℄.Let I = f1; 2; � � � ; Ng. First, we haveLemma 2.1. Let u be a solution of (1.1)-(1.4). Thenui(z) = �i log jzj+ ai +O(jzj�1) for jzj near 1;where ai 2 R are some onstants and i are given byi = 1� NXj=1 aij ZR2 euj :



4 J.JOST AND G. WANGProof. First, one shows thatmaxi2I supz2R2 ui(z) <1;(2.1)see [20℄. Setvi(z) = 1� ZR2(log jx� yj � log(jyj+ 1)) NXj=1 euj(y)dy;for i 2 I. (Note again that (1.1) has a fator 12 .) The potential analysisimplies �i log jzj � C � vi(z) � �i log jzj + C;(2.2)for some onstant C > 0, see [7℄. Clearly ui�vi is a harmoni funtion.Hene (2.1) and (2.2) imply that ui�vi = i for some onstant i. Thatis, u has the following representation formulaui(z) = 1� ZR2(log jx� yj � log(jyj+ 1)) NXj=1 euj(y)dy + i:The above results and (1.4) implyi > 2; i 2 I:(2.3)Furthermore, we an show thatui = i log jzj+ ai +O(jzj�1):See, for example, [31℄.Next, we have a global Rellih-Pohozaev identity for our system (1.1).Suh an identity was obtained in [5℄ for a Liouville type system withnonnegative entries. Similar arguments work for our ase, see [20℄.Here we give another proof that is similar to the spirit of proof of theMain Theorems.Proposition 2.2. Let u be a solution of (1.1) and (1.4). Then wehave NXj;k=1 ajk(4k � jk) = 0;(2.4)where the matrix (aij) is the inverse of the Cartan matrix (aij).Proof. Set f = NXj;k=1ajkf(uk)zz � 12(uj)z � (uk)zg:



SOLUTIONS OF A TODA SYSTEM 5We an hek that f is a holomorphi funtion as follows:f�z = 12PNj;k=1 ajkf(�uk)z � (uj)z ��ukg= �PNj;k;l=1 ajkfakleul(ul)z � akl(uj)zeulg= �PNj=1(euj (uj)z � euj(uj)z)= 0:In the �rst equality we have used the symmetry of the matrix (aij).Using Lemma 2.1, we have the following expansion of f near in�nity18 1z2 NXj;k�1ajk(4k � jk) + �3z3 + � � � :Hene, f is a onstant (zero, in fat) andNXj;k=1ajk(4k � jk) = 0:3. Geometri aspets of the Toda systemIn this setion, we reall some relations between the Toda systemand various geometri objets, at onnetions, holomorphi urvesinto C PN and harmoni sequenes. Furthermore, we relate the mildsingularities of solutions of the Toda system with the holonomy of theorresponding at onnetions.3.1. From solutions of Toda systems to at onnetions. Let 
be a simply onneted domain and u = (u1; u2; � � � ; uN) a solution of(1.1) on 
. De�ne w0; w1; w2; � � � ; wN by the following relationsui = 2wi � 2w0 for i 2 I and NXi=0 wi = 0:(3.1)It is easy to hek that w0; w1; � � � ; wN satis�es8>><>>: ��w0 = 2(w0)z�z = ew1�w0��w1 = 2(w1)z�z = �ew1�w0 + ew2�w1� � � � � � � � ���wN = 2(wN)z�z = �ewN�wN�1 :(3.2)It is well-known that (3.2) is equivalent to an integrability onditionU�z � Vz = [U ;V℄(3.3)of the following two equations��1 � �z = U(3.4)



6 J.JOST AND G. WANGand ��1 � ��z = V;(3.5)whereU = 0BB�(w0)z (w1)z � � � (wN)z1CCA +0BB�0 ew1�w00 � � � ewN�wN�10 1CCAandV = �0BB�(w0)�z (w1)�z � � � (wN)�z1CCA�0BB� 0ew1�w0 0 � � �ewN�wN�1 01CCAHene, from a solution of (1.1) (or equivalently (3.2)) we �rst geta one-form � = Udz + Vd�z. Then, with the help of the FrobeniusTheorem, we obtain a map � : 
! SU(N + 1) suh that� = ��1 � d�:It is lear that � (or d+�) is a at SU(N+1) onnetion on the trivialbundle 
� C N+1 ! 
; i.e., � satis�es the Maurer-Cartan equationd� + 12[�; �℄ = 0whih is equivalent to the integrability ondition (3.3), hene (3.2).Lemma 3.1. The map � is determined upto an element of SU(N+1).That is, any two �1; �2 : 
 ! SU(N + 1) with ��11 d�1 = ��12 d�2 = �satisfy �1 = g � �2;for some element g 2 SU(N + 1).We all � and � a Toda map and Toda form respetively.3.2. Holonomy of a singular onnetion. Now onsider an SU(N+1) onnetion � on the puntured disk D�. We an de�ne its holonomyas in [29℄. When 
 = D� is not simply onneted, we annot apply theFrobenius theorem diretly and have to onsider the holonomy. Let(r; �) be the polar oordinates. Write � as � = �rdr + ��d�. �r and�� are su(N + 1)-valued. For any given r 2 (0; 1), the following initialvalue problem, d�rd� + ���r = 0; �r(0) = Id;



SOLUTIONS OF A TODA SYSTEM 7has a unique solution �r(�) 2 SU(N + 1). Here Id is the identitymatrix.Lemma 3.2. If � is a at onnetion on D�, then �r(2�) is indepen-dent of r.Let h� denote �r(2�). h� is alled the holonomy of �.Remark. Here, we use a slightly di�erent de�nition of holonomy. Theusual holonomy is de�ned by the onjugay lass of h�, whih is invari-ant under gauge transformations.Proposition 3.3. Let u = (u1; u2; � � � ; uN) be a solution of (2.1) withui(z) = ��i log jzj+O(1); near 0:If �i < 2 for i 2 I, then the orresponding at onnetion � has holo-nomy h� = 0BB�e2�i�0 e2�i�1 � � � e2�i�N1CCA ;where �0; �1; � � � ; �N are determined by�i � �0 = 12�i (i 2 I) and NXj=0 �j = 0:(3.6)Proof. De�ne wi by (3.1). From the assumption, we havewi = ��i log jzj+O(1); near 0:A diret omputation shows thatU = 12z 0BB���0 ��1 � � � ��N1CCA+ o( 1jzj);where o( 1jzj) means that a matrix (bij) with entries satisfying jzjbij ! 0as jzj ! 0. Here, we have used the ondition that �i < 2 for any i 2 I.Similarly, V = 12�z 0BB��0 �1 � � � �N1CCA+ o( 1jzj):



8 J.JOST AND G. WANGHene, �� = p�10BB��0 �1 � � � �N1CCA + o(1):Now it is easy to ompute the holonomy of �.3.3. From solutions of (1.1) to holomorphi urves. When wehave a Toda map � : 
 ! SU(N + 1) from a solution of the Todasystem, we an get a harmoni sequene as follows. First, de�ne N +1C N+1 -valued funtions f̂0; f̂1; � � � f̂N by(f̂0; f̂1; � � � f̂N) = � �0BB�ew0 ew1 � � � ewN1CCA :Let fi denote the map into C P N obtained from f̂i. It is easy to hekthat fi is a harmoni map and satis�es(f̂k)z = f̂ + akf̂k;(f̂k)�z = bkf̂k�1;(3.7)whereak = (log jf̂kj2)z = (e2wk)z and bk�1 = �jf̂kj2=jf̂k�1j2 = �w2(wk�wk�1):Here we assume that f̂�1 = f̂N+2 = 0. Hene, f0 is a holomorphimap and fN+1 is an anti-holomorphi map into C P N . In fat, (3.7) isthe Frenet frame of the holomorphi map f0, see [18℄ or below. Fur-thermore, f0 is unrami�ed in 
: For the de�nition of the rami�ationindex, see [18℄ or below.3.4. From a urve to a solution of the Toda system. From a non-degenerate (i.e. not ontained in a proper projetive subspae of C PN )holomorphi urve f0 into C P N , one an get a family of assoiatedurves into various Grassmannians as follows. Lift f0 loally to C N+1and denote the lift by v = (v0; v1; � � � ; vN). Hene, f0 = [v0; v1; � � � ; vN ℄.The k-th assoiated urve of f0 is de�ned byfk : 
 ! G(k + 1; n+ 1) � C P Nkfk(z) = [�k℄;where �k = v(z) ^ v0(z) ^ � � � ^ v(k)(z):



SOLUTIONS OF A TODA SYSTEM 9See for example [18℄. Here Nk = �N + 1k + 1� :Let !k be the Fubini-Study metri on C PNk . The well-known (in�n-itesimal) Pl�uker formula isf �k (!k) = p�12 k�k�1k2 � k�k+1k2k�kk4 dz ^ �z;(3.8)whih implies�2�z��z log k�kk2 = k�k�1k2 � k�k+1k2k�kk4 ; for k = 1; � � � ; N;(3.9)where k�0k2 = 1 and k�Nk = det(f; f 0; �; f (N)). By hoosing the nor-malization k�Nk = 1 (we an do this when we lift f), we an identify(3.9) with the Toda system (1.1) as follows. By settingvk = log k�kk2;system (3.9) beomes �12�vi = expf NXj=1 aijvjg:(3.10)Clearly, (3.10) is equivalent to (1.1) by settingui = NXj=1 aijvj:For any urve f : 
 ! C P n, the rami�ation index �(z0) at z0 2 
is de�ned by the unique real number suh thatf �! = p�12 jz � z0j2�(z0) � h(z) � dz ^ d�zwith h C1 and non-zero at z0, where ! is the K�ahler form of the Fubini-Study metri on C P n. For other de�nitions, see [18℄. f is unrami�ed iffor any z0 2 
 the rami�ation index �(z0) vanishes. Hene, a solutionof the Toda system (1.1) orresponds to an unrami�ed holomorphiurve.Let f : C ! C PN be a holomorphi urve and fk its k-th assoiatedurves. The �nite energy ondition is de�ned byZR2 f �(!k) <1; for any k 2 I:(3.11)(3.11) means that the area of the k-th assoiated urve is bounded.



10 J.JOST AND G. WANG4. Proof of Main TheoremsNow we start to prove our main Theorems.Proof of Theorem 1.1. Letvi(z) = ui( �zjzj2 )� 4 log jzj; i 2 I:v = (v1; v2; � � � ; vN) satis�es (1.1) on R2=f0g. Applying Lemma 2.1,we have vi(z) = (i � 4) log jzj +O(1) near 0:Hene, using (2.3) Proposition 3.3 implies that the holonomy of theorresponding Toda form of v ish� = 0BB�e2�i�0 e2�i�1 � � � e2�i�N1CCA ;where �0; �1; � � � ; �N are determined by�i � �0 = 12(i � 4) and NXj=0 �j = 0:Now we know that the holonomy is trivial, i.e., h� is the identitymatrix, whih learly implies�i = 1 mod Z for i = 0; 1; � � � ; N:Hene, we have i = 2 mod Z for any i 2 I;whih, together with (2.3), implies that i � 4 for any i 2 I. Thus,4k � jk � 0 for any j; k 2 I. On the other hand, one an hekthat the matrix (aij) admits only positive entries. In fat, a diretomputation shows thataij = i(N + 2� j)N + 2 ; for i; j � fN + 22 g;where fbg means the least integer larger than or equal to b. Otherentries are determined by an obvious symmetry. Altogether, we obtainNXj;k=1ajk(4k � jk) � 0;



SOLUTIONS OF A TODA SYSTEM 11and the equality holds if and only if i = 4 for any i 2 I. Applying theglobal Rellih-Pohozaev identity (2.4), we havei = 4 for any i 2 I:Hene, vi is bounded near 0. The ellipti theory implies that vi issmooth. From the disussions presented in Setion 3, it follows thatthe orresponding holomorphi urve f an be viewed as an unrami�edmap from S2 to C PN , hene this urve is a rational urve, namelyf = [1; z; � � � ;s�Nk�zk; � � � ; zN ℄;up to a holomorphi isometry, an element in PSL(N + 1; C ). Nowwe an investigate any solution of (1.1) and (1.4) as in subsetion 3.4.From a holomorphi urve f , we get the k-th assoiated urves fk and�k. The solution of (1.1) u = (u1; u2; � � � ; uN) is given byui = NXj=1 aij log k�jk2:This ompletes the proof.Proof of Theorem 1.2. From suh a holomorphi urve f : C ! C PN ,we get a solution u of (1.1). It is lear that the ondition (3.11) impliesthat u satis�es (1.4). As in the proof of Theorem 1.1, f an be extendedto a urve from S2 to C PN ; whih is totally unrami�ed. Hene, it is arational urve.Corollary 4.1. The spae of solutions of (1.1) and (1.4) is PSL(N +1; C )=PSU(N + 1).Proof. It follows from Theorem 1.1 and Lemma 3.1.Corollary 4.2. Any solution u = (u1; u2; � � � ; uN) of (1.1) and (1.4)satis�es 1� NXj=1 aij ZR2 euj = 4:In partiular, if N = 2, then2 ZR2 eu1 = 2 ZR2 eu2 = 8�:
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