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Abstract Problems of best tensor product approximation of low orthogonal rank can
be formulated as maximization problems on Stiefel manifolds. The functionals that
appear are convex and weakly sequentially continuous. It is shown that such prob-
lems are always well-posed, even in the case of non-compact Stiefel manifolds. As
a consequence, problems of finding a best orthogonal, strong orthogonal or com-
plete orthogonal low-rank tensor product approximation and problems of best Tucker
format approximation to any given tensor are always well-posed, even in spaces of
infinite dimension. (The best rank-one approximation is a special case of all of them.)
In addition, the well-posedness of a canonical low-rank approximation with bounded
coefficients can be shown. The proofs are non-constructive and the problem of com-
putation is not addressed here.
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1 Introduction

Tensor products are under intensive study in several fields of application. They seem
to point the right direction for tackling real high dimensional problems in numerics
or quantum mechanics [2,4,6,8,12,14,17,19]. Usually, they allow the exact or ap-
proximative separation of a high dimensional problem into a set of low dimensional
problems. To be more specific, one ideally seeks a representation of a tensor f as
a linear combination f = ∑

r
k=1 φ 1

k ⊗ ·· · ⊗ φ N
k of tensor products of order N with a

rather low rank r. The rank of the tensor is, roughly speaking, the minimal number of
summands that is needed to represent it as such a linear combination. One speaks of a
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tensor product decomposition. But if the rank of f is very large or even infinite it can-
not be decomposed into a small number of terms and one tries to approximate f by
a tensor of low rank instead. It is our aim to prove some existence results concerning
such best low-rank approximation problems under certain orthogonality constraints.
We will consider tensor products of Hilbert spaces and prove the existence of best
low-rank approximations in the sense of least squares for several types of orthogo-
nal rank and for canonical rank with bounded coefficients. While it has been shown
that the unconstrained best low-rank approximation problem is ill-posed in many
cases [19], even in finite dimension, it turns out that orthogonality constraints, which
are required and useful for many other reasons in practice, provide enough additional
structure to prove the existence of such best approximations.
The common theoretical framework for our problems is the maximization of con-
vex and weakly continuous functionals over Stiefel manifolds. Our main result is that
such problems are always well-posed. The first section of this article is devoted to the
proof of this assertion. This is done with methods of nonlinear functional analysis.
The second part of the paper shows how this result can be applied to several kinds of
orthogonal low-rank tensor approximation problems.
Let us point out that all our results can be and have been easily derived in the case of
finite-dimensional spaces since the underlying manifolds can be assumed to be com-
pact then. This is not true for infinite-dimensional spaces, which appear for instance
in quantum chemistry, and the existence of best approximations is not obvious. Thus,
the paper should be read with focus on infinite-dimensional spaces. In addition, if the
rank of the target tensor f is finite, one should be able to reformulate the problem of
best approximation as a problem in finite dimensional tensor product spaces in which
f is embedded, as it was demonstrated in [4] for the canonical low-rank approxima-
tion or Tucker approximation1. So the attention here lies on target tensors of infinite
rank.
At the moment we are not able to give any quantitative results. We are only able
to show existence and, moreover, our proofs are non-constructive. Although ques-
tions of existence might be considered as more or less irrelevant for practical issues
by some reader (especially for spaces of infinite dimension, which do not occur in
numerical practice), it is our belief, that the presented results are one step more to-
wards an approximation theory for tensor products. In addition, they give theoretical
justification for several approximation methods, e.g. the incremental rank-one ap-
proximation [6,20], and provide deeper insight into the structure of tensor product
spaces.

1 However, we were not able to show this for the orthogonal tensor product approximation presented
later in this text, but we believe that it is true.
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2 Convex maximization on Stiefel manifolds

2.1 Gram matrices and Stiefel manifolds

Orthogonality conditions can be elegantly formulated in terms of Gram matrices. We
begin our work by collecting some properties of such matrices, which will be crucial
for all our further considerations.

Let H be a Hilbert space2 and φ = (φ1, . . . ,φr) a vector from H r, r ∈ N with
r ≤ dimH , which also becomes a Hilbert space if equipped with the inner product

〈φ ,ψ〉H r =
r

∑
k=1
〈φk,ψk〉H .

The Gram matrix of φ ∈H r is defined by

G(φ) = G(φ1, . . . ,φr) = [〈φk,φl〉H ]k,l=1,...,r ∈ Cr,r.

For every φ this is a positive semi-definite matrix and it is well known that the rank
of G(φ) is exactly the number of linearly independent elements in φ . For simplicity
we will use the same symbol G for different spaces and vectors of different length.

The cone of positive semi-definite Hermitian matrices defines a partial order �
on the real space of Hermitian matrices via A� B iff B−A is positive semi-definite.
This is often called the Loewner partial order [10].

Lemma 2.1 The Gram matrix G is a convex function on H r with respect to the
Loewner partial order, i.e., for all φ ,ψ ∈H r and 0≤ t ≤ 1 we have

G(tφ +(1− t)ψ)� tG(φ)+(1− t)G(ψ).

Proof Let V = span{φ1, . . . ,φr,ψ1, . . . ,ψr} and d = dimV . Then we can find an or-
thonormal basis {ξ1, . . . ,ξd} of V to write φk = ∑

d
l=1 aklξl and ψk = ∑

d
l=1 bklξl for

some matrices A = [akl ] and B = [bkl ] from Cr,d . The Gram matrices thus become
G(φ) = AA∗ and G(ψ) = BB∗. Moreover, for 0≤ t ≤ 1 we have

G(tφ +(1− t)ψ) = (tA+(1− t)B)(tA+(1− t)B)∗

= tAA∗+(1− t)BB∗− t(1− t)(A−B)(A−B)∗.

Since the matrix t(1− t)(A− B)(A− B)∗ is positive semi-definite, the lemma is
proved. ut

The elements of a vector φ ∈H r are orthonormal iff G(φ) = I, where I denotes
the identity matrix of dimension r. We will have to deal with maximization problems
on manifolds of the form

Sr(H ) = {φ ∈H r | G(φ) = I}. (2.1)

Definition 2.2 Manifolds of the form (2.1) are called Stiefel manifolds of index r.

2 For the sake of completeness, we also call finite-dimensional spaces Hilbert spaces. All our Hilbert
spaces are assumed to be separable.
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The Stiefel manifold of index r consists here of all orthonormal bases (in form
of vectors) of all r-dimensional subspaces of the underlying Hilbert space H . It is
practical for us to deal with it in such an explicit fashion as a submanifold of H r. For
instance, if H is an r-dimensional complex space, then Sr(H ) is isomorphic to the
closed and bounded subset of unitary matrices in Cr,r ∼= H r. For some differential
geometric analysis of the Stiefel manifolds and approaches to numerical algorithms
on them see [3].

A Stiefel manifold is compact if and only if H is finite-dimensional. Moreover,
this is even true for the weak topology. Therefore it is not surprising that questions
of well-posedness of optimization problems on Stiefel manifolds are almost trivial in
finite dimension. In contrast, our focus is the infinite-dimensional case.

An often used technique for non-compact optimization problems is to relax the
constraints for a time being. In our case it is useful to consider the relaxed constraint
Stiefel manifolds

Rr(H ) = {φ ∈H r | G(φ)� I}.

The condition G(φ)� I implies that all eigenvalues of G(φ) lie between 0 and 1, but
note that G(φ) � I together with G(φ) 6= I does not imply that all eigenvalues are
strictly smaller than 1, i.e. G(φ)≺ I.

Lemma 2.3 The set Rr(H ) is bounded, closed and convex in H r.

Proof It is bounded because the diagonal elements G(φ)|kk = ‖φk‖
2
H are dominated

by the largest eigenvalue of G(φ), and it is closed because the largest eigenvalue
depends continuously on φ . The convexity follows from Lemma 2.1, since for φ ,ψ ∈
Rr(H ) and 0≤ t ≤ 1 we have

G(tφ +(1− t)ψ)� tG(φ)+(1− t)G(ψ)� tI +(1− t)I = I,

thus tφ +(1− t)ψ ∈Rr(H ). ut

Since, by the Weierstrass Existence Theorem [22], every weakly sequentially con-
tinuous function attains a minimum and a maximum value on a weakly sequentially
compact set3, the next lemma will be crucial.

Lemma 2.4 The set Rr(H ) is weakly sequentially compact in H r, that is, every
sequence in Rr(H ) contains a weakly convergent subsequence with limit point in
Rr(H ).

Proof By Lemma 2.3 every sequence in Rr(H ) is bounded and thus contains a
weakly convergent subsequence, because H r is a Hilbert space. It is known (Mazur
Lemma) that the limit point of such a sequence belongs to the closed convex hull of
its elements which, again by Lemma 2.3, is contained in Rr(H ). Both facts are even
true in the more general case of a reflexive Banach space, see [22]. ut

3 See Lemma 2.6. We assume the reader to be familiar with the concepts of weak convergence and weak
sequential continuity. A good reference for a sufficient overview is [22].
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The previous result originally came to our attention by the work [18] of Lieb and
Simon on the existence of a Hartree-Fock ground state in quantum chemistry. They
gave another interesting proof that is not based on convexity (or at least in a less
explicit fashion).

Now as a final observation consider two Hilbert spaces H1 and H2, their tensor
product H1 ⊗H2 (see section 3.1) and vectors φ ∈ H r

1 and ψ ∈ H r
2 . Then due

to (3.2) the Gram matrix of φ1⊗ψ1, . . . ,φr⊗ψr is given by

G(φ1⊗ψ1, . . . ,φr⊗ψr) = [〈φk⊗ψk,φl⊗ψl〉H1⊗H2
]k,l=1,...,r

= [〈φk,φl〉H1
· 〈ψk,ψl〉H2

]k,l=1,...,r

= G(φ)◦G(ψ),

(2.2)

where ◦ denotes the Hadamard product of two matrices defined by A◦B|kl = aklbkl .

Remark 2.5 A Gram matrix is always positive semi-definite. On the other hand, every
positive semi-definite matrix can be seen as a Gram matrix (see [10, p. 407]). So
we incidentally have found a proof for the Schur Product Theorem for Hadamard
products:

If A,B ∈ Cr,r are positive semi-definite matrices, then A◦B is also positive semi-
definite. Moreover, if either A or B is positive definite, then A◦B is positive definite.

The second assertion can be derived from the fact that a set {φ1⊗ψ1, . . . ,φr⊗ψr}
of tensor products is linearly independent if one of the sets of directions {φ1, . . . ,φr}
or {ψ1, . . . ,ψr} is linearly independent (see [7, p. 7f]). For different proofs of the
Schur Product Theorem see [10,11].

2.2 Convex maximization

Consider a convex functional F : H r → R, where again H is a Hilbert space and
r ∈ N, r ≤ dimH . We want to study the problem

F(φ) = max, φ ∈Sr(H ). (2.3)

It is known that a continuous convex functional F will attain minimum values on
closed, convex and bounded sets, e.g. Rr(H ). Minimizers will even be unique if the
functional is strictly convex. The situation is a little bit different in the case of maxi-
mization. Continuity and convexity are not sufficient for the existence of a maximizer
in the infinite-dimensional case. For this, the stronger additional assumption is needed
that F is weakly sequentially continuous4, since a closed, convex and bounded set in
a Hilbert space is, as we have stated above, indeed weakly sequentially compact. In
general, we can use the Weierstrass Theorem in the following form.

Lemma 2.6 Let H be a Hilbert space and M ⊆H be bounded and weakly se-
quentially closed. If F : M →R is weakly sequentially continuous, then the problem

F(φ) = max, φ ∈M ,

has a solution.
4 In fact, it is sufficient that F is weakly upper sequentially continuous [22].
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It is heuristically clear that the maximizer of a convex functional F over a convex
set has to lie on the boundary of that set. Indeed, the only case in which this is not
true is when F is constant.

Lemma 2.7 Let F : M → R be convex, where M is a closed and convex subset of
a normed space V . Assume φ

∗ ∈M is a maximizer of F, i.e., F(φ ∗) = sup{F(φ) |
φ ∈M }. If φ

∗ /∈ ∂M , then F is constant. In particular, if F is strictly convex, every
maximizer belongs to ∂M .

Proof Suppose φ
∗ /∈ ∂M and F is not constant. Then there exists a ψ1 ∈M with

F(ψ1) < F(φ ∗). Since φ
∗ /∈ ∂M we have an ε > 0 such that ψ2 = φ

∗− ε(ψ1−φ
∗)

also belongs to M and by assumption F(ψ2)≤ F(φ ∗). Then φ
∗ = ε

1+ε
ψ1 + 1

1+ε
ψ2

and the convexity of F yields

F(φ ∗)≤ ε

1+ ε
F(ψ1)+

1
1+ ε

F(ψ2) <
ε

1+ ε
F(φ ∗)+

1
1+ ε

F(φ ∗) = F(φ ∗),

a contradiction. If F is strictly convex it cannot be constant. So in this case φ
∗ has to

belong to ∂M . ut

The above result is a typical example how a relaxed constraint technique can
work. In many cases a relaxed constraint yields a compact set and with that a solution
to the problem. Additional considerations (here convexity) are then used to show that
the solution lies on the boundary of that “relaxed” set. In this context we should return
the attention to problem (2.3) again. By Lemma 2.3 we now know that the relaxed
constraint problem

F(φ) = max, φ ∈Rr(H ) (i.e. G(φ)� I)

admits a solution if F is weakly sequentially continuous and convex. Lemma 2.7 tells
us that the solution has to lie on the boundary of Rr(H ). Now it seems intuitive
to therefore replace G(φ) � I by G(φ) = I and conclude φ ∈ Sr(H ) since this
would have to be done in the case of real valued inequality constraints to describe the
boundary. Unfortunately, the Loewner order is only a partial order and the boundary
of the relaxed Stiefel manifold consists of all φ ∈H r for which the largest eigenvalue
of G(φ) equals 1. The Stiefel manifold Sr(H ) thus only describes a small part of
the boundary ∂Rr(H ). Our first important result (Theorem 2.9) will show that it is
nevertheless valid to replace G(φ)� I by G(φ) = I in the case of convex functionals.
For this purpose we first make a more specific statement on the convexity of Rr(H ),
which shows that only points from Sr(H ) are “sharp” peak points of the boundary.

Lemma 2.8 Let φ ∈ Rr(H ) and G(φ) 6= I. Then there exists an h ∈ H r such
that the whole line segment connecting φ − h and φ + h belongs to Rr(H ) and
G(φ +h) = I, i.e., φ +h∈Sr(H ). In particular, if φ ∈ ∂Rr(H ) then the whole line
segment belongs to ∂Rr(H ).

Proof Let ξ1, . . . ,ξr be an orthonormal basis of an r-dimensional subspace of H
such that φk = ∑

r
l=1 aklξl for k = 1, . . . ,r with A = [akl ] ∈Cr,r. Then we have G(φ) =
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AA∗ 6= I. Let A = PU be the polar decomposition of A with P = (AA∗)1/2 and U = [ui j]
unitary5 (see e.g. [10]). Define ψ ∈H r by

ψk =
r

∑
l=1

uklξl , k = 1, . . . ,r,

that is, the element ψ is, in the same basis ξ , represented by the matrix U . Set h =
ψ−φ , then clearly h 6= 0 and G(φ + h) = G(ψ) = UU∗ = I. Because 0 � P � I we
have

G(φ + th) = [A+ t(U−A)][A+ t(U−A)]∗ = [(1− t)P+ tI]2 � I

for −1 ≤ t ≤ 1 so that φ + th belongs to Rr(H ). If φ ∈ ∂Rr(H ) then the largest
eigenvalue of P is 1. The same is then true for [(1− t)P+ tI] with −1≤ t ≤ 1, which
proves the second assertion. ut

As we have seen in the proof, the natural scaling6 tool for turning G(φ) = AA∗� I
into an equality is given by the polar decomposition PU of A. This is an interesting
observation that generalizes the scaling of a complex number in radial direction. The
“angular” matrix U remains unchanged while the “radial” matrix P � I is linearly
scaled to the identity via P+ t(I−P), 0≤ t ≤ 1. For a better understanding let us give
another description of this scaling that might appear more familiar to some reader.
If G(φ) � I, there is a unitary matrix V such that for ψ̃ = V φ we have G(ψ̃) =
V G(φ)V ∗ = diag(λ1, . . . ,λr) with 0≤ λk = ‖ψ̃k‖

2
H ≤ 1 for k = 1, . . . ,r. Now define

h̃ by h̃k = µkψ̃k in a way that ‖ψ̃k + h̃k‖
2
H = 1. If ψ̃k = 0, pick as h̃k any normed

element from H which is orthogonal to the other ψ̃l . Then we have G(ψ̃ + h̃) = I and,
moreover, G(ψ̃ + th̃)� I for −1 ≤ t ≤ 1. For h = V ∗h̃, which, in the case that G(φ)
is invertible, is exactly the h from the proof above7, we have G(φ + th) = G(V ∗(ψ̃ +
th̃)) = V ∗G(ψ̃ + th̃)V � I for −1 ≤ t ≤ 1. This shows how the eigenvalues of G(φ)
are simultaneously scaled to 1. If an eigenvalue λk is already 1 (i.e. φ ∈ ∂Rr(H )), it
remains unchanged (h̃k = 0) so that φ + th remains on the boundary. Finally, if G(φ)
is singular (i.e. one ψ̃k = 0) the choice of h is not unique. This corresponds to the fact
that in this case the matrix U in the polar decomposition is not unique (see [10]).

Theorem 2.9 Let H be a Hilbert space and r≤ dimH . A weakly sequentially con-
tinuous functional F : H r→R attains a maximum value on the relaxed Stiefel man-
ifold Rr(H ) = {φ ∈H r | G(φ)� I} at a point φ

∗. If F is convex and not constant,
the maximizer φ

∗ belongs to the boundary ∂Rr(H ). Moreover, if G(φ ∗) 6= I there
exists a ψ ∈H r with G(ψ) = I such that F is constant on the line segment between
φ
∗ and ψ , which then completely belongs to ∂Rr(H ), i.e., ψ is also a maximizer. In

5 If the spaces are real, then a real version of the polar composition has to be considered, i.e., U orthog-
onal. This remark applies to all related points in the text where we might not have been precise enough.

6 The point is that we do not want to involve rotations or reflections to diagonalize AA∗ since the
functional under consideration might not be invariant under such transformations. If this would be case,
we could perform a unitary transformation, but in general we shall only exploit the convexity.

7 If we represent φ by the matrix A from the proof and set Λ = diag(λ1, . . . ,λr), then G(φ) = AA∗ =
V ∗ΛV and the here constructed h is represented by the matrix V ∗(Λ−1/2VA−VA) = V ∗Λ−1/2VA−A =
P−1A−A = U−A, which is the same as in the proof.
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particular, if F is strictly convex, every maximizer satisfies G(φ ∗) = I, that is, belongs
to the Stiefel manifold Sr(H ).

Corollary 2.10 Problem (2.3),

F(φ) = max, φ ∈Sr(H ),

has a solution if F is weakly sequentially continuous and convex on H r.

In general it is sufficient that F is weakly sequentially upper semicontinuous.

Proof of Theorem 2.9 The Lemmata 2.4 and 2.6 prove the existence of a maximizer
φ
∗ in Rr(H ), whereas the Lemmata 2.3 and 2.7 show that it belongs to the boundary

∂Rr(H ) in the case that F is convex.
Suppose G(φ ∗) 6= I. Then Lemma 2.8 gives an h∈H r such that the line segment be-
tween φ

∗−h and φ
∗+h completely belongs to ∂Rr(H ) and G(φ ∗+h) = I. There-

fore we set ψ = φ
∗+ h. The element φ

∗ lies exactly in the middle of the line seg-
ment and maximizes the convex functional F . Lemma 2.7 applied to the line segment
shows that this is only possible if F is constant on this segment. If F is strictly convex
we get a contradiction, so G(φ ∗) = I. ut

Remark 2.11 We are not able to give a uniqueness result and there seems to be no
reason why a solution should be unique. Even the matrix U which appears in the proof
of Lemma 2.8 is unique only if the matrix G(φ ∗) has full rank, that is, if φ ∗1 , . . . ,φ ∗r are
linearly independent. An answer to the question of uniqueness requires more a-priori
information on the functional F .

2.3 Multivariate problems in products of different spaces

We extend our result to problems which are formulated in Cartesian products of dif-
ferent spaces. Let N Hilbert spaces H1, . . . ,HN and positive integers r1, . . . ,rN with
rn ≤ dimHn be given. Define the product space

X = H r1
1
×·· ·×H rN

N

and denote its elements by Φ = (φ 1, . . . ,φ N) where each φ
n ∈H rn

n , i.e., φ n
kn
∈Hn

for kn = 1, . . . ,rn. The space X is clearly a Hilbert space equipped with the canonical
inner product

〈Φ ,Ψ〉X =
N

∑
n=1
〈φ n,ψn〉H rn

n
=

N

∑
n=1

rn

∑
kn=1
〈φ n

kn
,ψn

kn
〉Hn

.

We now formulate our main theorem from which all our later applications will follow.

Theorem 2.12 Consider the space X defined above. Let F(Φ) = F(φ 1, . . . ,φ N) be a
weakly sequentially continuous functional from X to R that is convex in each variable
φ

n, n = 1, . . . ,N. Then the problem

F(Φ) = max, φ
1 ∈Sr1

(H1) , . . . , φ
N ∈SrN

(HN)

has a solution.
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Proof The manifold8

R = {Φ ∈H r1
1
×·· ·×H rN

N
| G(φ 1)� I, . . . ,G(φ N)� I}

is weakly sequentially compact since it is clearly bounded and weakly sequentially
closed as the Cartesian product of weakly sequentially closed sets (see Lemma 2.4).
So a maximizer Φ = (φ 1, . . . ,φ N) of F exists over R. If we fix φ

2, . . . ,φ N , then φ
1 is

a maximizer of the problem

F̃(φ 1) = F(φ 1,φ 2, . . . ,φ N) = max, G(φ 1)� I

in H r1
1

. Assume G(φ 1) 6= I. Since the functional F̃ is convex, by Theorem 2.9 there

is another maximizer φ̃ 1 which satisfies G(φ̃ 1) = I. With the same argument we can
replace φ

2, . . . ,φ N if necessary and the theorem is proved. ut

2.4 Least square approximation on Stiefel manifolds

Let us illustrate by a simple example how the previous results can be used in the
context of least square approximation. Consequences for the well-posedness of best
orthogonal low-rank tensor approximations are presented in the next section.

Let H be a Hilbert space, r ∈ N with r ≤ dimH , and let ψ ∈H r be given.
Consider the problem of least square approximation on the Stiefel manifold:

‖ψ−φ‖H r = min, G(φ) = I. (2.4)

We can take the square of the norm and obtain

‖ψ‖2
H r −2Re〈ψ,φ〉H r +‖φ‖2

H r = min, G(φ) = I.

Since for such φ ∈Sr(H ) we have ‖φ‖2
H r = r, the problem is equivalent to

F(φ) = Re〈ψ,φ〉H r = max, φ ∈Sr(H ). (2.5)

The functional F is clearly convex on H r (even linear) and weakly sequentially con-
tinuous, since, by definition and Riesz Representation Theorem, a sequence (φ n)n
converges weakly to φ iff 〈ψ,φ n〉H r → 〈ψ,φ〉H r for all ψ ∈ H r. With Corol-
lary 2.10 we conclude that (2.5) and with that also (2.4) has a solution. The fact
that we are dealing with a Hilbert space entered twice crucially: first in the reformu-
lation (2.5) and second in the application of the Riesz Representation Theorem.

8 Note that I in G(φ n) � I is the identity matrix of dimension rn, which can be different for each
n = 1, . . . ,N. The simplified notation was chosen to improve the readability of the text.
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3 Application to orthogonal tensor rank approximation

The considerations of the previous section revealed some interesting properties of
Stiefel manifolds. They can be used to prove the existence of of best low-rank ten-
sor product approximations which consist of either orthogonal or bounded rank-one
tensors. To our knowledge the well posedness of such approximations in spaces of
infinite dimension has not been shown before. Our main goal here always lies in
the reformulation of minimization problems into convex maximization problems on
Stiefel manifolds for which Theorem 2.12 applies, but we shall present the necessary
tools and notions first.

3.1 Tensor products

We present here an abstract construction of the tensor product of two vector spaces
which is taken from [21]. Other constructions are possible, but they are all unique up
to isomorphism. We will point out that the tensor product of spaces of functions (like
L2(Rd)) can easily be realized as pointwise multiplication.

Let V and W be two vector spaces. Here and in the following it is always assumed
that the spaces are defined over the same field F = R or F = C and will not be ex-
plicitely mentioned anymore. Define the vector space of formal linear combinations

F (V,W ) :=
{ m

∑
i=1

ci(xi,yi)
∣∣∣xi ∈V, yi ∈W, ci ∈ F, m ∈ N

}
and its subspace N (V,W ), which contains all combinations of the form

m

∑
i=1

n

∑
j=1

aib j(xi,y j)−
( m

∑
i=1

aixi ,
n

∑
j=1

b jy j

)
,

where xi ∈V , y j ∈W , ai,b j ∈ F and m,n ∈ N.

Definition 3.1 The quotient space

V ⊗a W := F (V,W )/N (V,W )

is called the algebraic tensor product of V and W . The equivalence class generated
by (x,y) is denoted by x⊗y. We call x and y the directions of the tensor product x⊗y.

The equivalence classes are generated in a way, that (x,y) 7→ x⊗y defines a bilin-
ear mapping on V ×W and any ambiguity in the representation of the formal linear
combinations (when regarded as bilinear) is removed. The mapping ⊗ has all prop-
erties one would expect a multiplication to have (except commutativity).

In the following we will focus on the important case of Hilbert spaces. The ap-
pearing inner products are considered to be linear in the first argument and conjugate
linear in the second if F = C.
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Lemma 3.2 If H1 and H2 are Hilbert spaces over F with inner products 〈·, ·〉H1
and

〈·, ·〉H2
respectively, then〈 m

∑
i=1

ai(xi⊗ yi) ,
n

∑
j=1

b j(x
′
j⊗ y′j)

〉
H1⊗H2

:=
m

∑
i=1

n

∑
j=1

aib j 〈xi,x
′
j〉H1
〈yi,y

′
j〉H2

(3.1)

defines an inner product in H1⊗a H2.

The main property of this inner product is summarized in the formula

〈x1⊗ y1,x2⊗ y2〉H1⊗H2
= 〈x1,x2〉H1

· 〈y1,y2〉H2
(3.2)

which is crucial for our later analysis. The space H1⊗a H2 is not complete with
respect to the norm induced by the product (3.1), it is only a pre-Hilbert space (see
the example in Section 3.4).

Definition 3.3 The completion of H1⊗a H2 with respect to the norm ‖ · ‖H1⊗H2
induced by (3.1) is called the complete tensor product of H1 and H2 and is denoted
by H1⊗H2. Its elements are called tensors.

It is important to note that we will refer to the complete tensor product always
as a normed spaced equipped with the norm ‖ · ‖H1⊗H2

induced by definition (3.1)
and not any other one. A completion of the algebraic tensor product with respect to
another norm may result in a totally different space.

A proof of the next result is given in [21].

Lemma 3.4 Let {ξ 1
1 ,ξ 1

2 , . . .} and {ξ 2
1 ,ξ 2

2 , . . .} be orthonormal basis sets of H1 and
H2 respectively. Then

{ξ 1
i ⊗ξ

2
j }i, j

is an orthonormal basis set of H1⊗H2.

A generalization to products of more than two spaces is straightforward. The
N-fold tensor product of Hilbert spaces H1, . . . ,HN is denoted by

⊗N
n=1 Hn. The

number N is then called the order of the tensors under consideration.
For a vector φ = (φ 1, . . . ,φ N) with elements φ n ∈Hn, n = 1, . . . ,N, we introduce

the useful abbreviation

T (φ) = T (φ 1, . . . ,φ N) = φ
1⊗·· ·⊗φ

N .

We regard T as a mapping from H1×·· ·×HN to
⊗N

n=1 Hn and call φ 1, . . . ,φ N the
directions of the tensor T (φ). A crucial technical result that we will exploit concerns
the weak sequential continuity of T with respect to the weak topology.

Lemma 3.5 Let H1, . . . ,HN be Hilbert spaces and (φ m) = ((φ 1
m, . . . ,φ N

m )) a weakly
convergent sequence in H1× ·· ·×HN with limit point φ = (φ 1, . . . ,φ N). Then the
sequence (T (φ m)) is weakly convergent in

⊗N
n=1 Hn with limit point T (φ), i.e.,

〈 f ,T (φ m)〉⊗Hn
→ 〈 f ,T (φ)〉⊗Hn

(3.3)

for every f ∈
⊗N

n=1 Hn as m→ ∞.
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In other words this means that φ 7→ 〈 f ,T (φ)〉⊗Hn
is a weakly sequentially con-

tinuous mapping from H1×·· ·×HN to F for every choice of f .

Proof First of all notice that if φ m converges weakly to φ in H1×·· ·×HN , then φ n
m

converges weakly to φ n in Hn for every n = 1, . . . ,N. This implies (see e.g. [15]) that
the sequences (φ n

m) are bounded in Hn and thus (T (φ m)) is bounded in
⊗N

n=1 Hn.
Now suppose that f is of the form f = T (ψ) = ψ1⊗·· ·⊗ψN , then clearly by (3.2)

〈 f ,T (φ m)〉⊗Hn
= 〈T (ψ),T (φ m)〉⊗Hn

=
N

∏
n=1
〈ψn,φ n

m〉Hn

→
N

∏
n=1
〈ψn,φ n〉Hn

= 〈 f ,T (φ)〉⊗Hn

as m→ ∞. Since the span of tensor products T (ψ) is the algebraic tensor product of
the spaces H1, . . . ,HN , which is dense in

⊗N
n=1 Hn, and since the sequence (T (φ m))

is bounded, the convergence (3.3) can be obtained for every f ∈
⊗N

n=1 Hn by a den-
sity argument, for which we refer to [15, p. 90]. ut

3.2 Example: finite-dimensional spaces

If H1 = Rd1 and H2 = Rd2 with d1,d2 ∈N, then H1⊗H2 can be identified with the
matrix space Rd1,d2 via the usual matrix multiplication

u⊗v = uvT . (3.4)

The inner product defined by (3.2) is the Frobenius inner product.

3.3 Example: L2 spaces

As an important infinite-dimensional example we consider the function spaces H1 =
L2(Rd1) and H2 = L2(Rd2), where d1,d2 are given dimensions. The L2 spaces pos-
sess a natural tensor product structure: the tensor product L2(Rd1)⊗L2(Rd2) can be
identified with the space L2(Rd1+d2) by setting

(φ ⊗ψ)(x,y) = φ(x) ·ψ(y) ∈ L2(Rd1+d2) (3.5)

for φ ∈ L2(Rd1),ψ ∈ L2(Rd2). So the abstract construction of the tensor product pre-
sented above can be replaced by a simple pointwise multiplication in this setting.
This of course has the same algebraic properties like the tensor product, but the more
important observation is that L2(Rd1+d2) indeed has the correct inner product in the
sense of Lemma 3.2. This is due to Fubini’s Theorem:

〈φ1⊗ψ1,φ2⊗ψ2〉L2(Rd1+d2 )
=
∫

φ1(x)ψ1(y)φ2(x)ψ2(y)dxdy

=
∫

φ1(x)φ2(x)dx ·
∫

φ2(y)ψ2(y)dy

= 〈φ1,φ2〉L2(Rd1 )
· 〈ψ1,ψ2〉L2(Rd2 )

.
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Hence the identity L2(Rd1)⊗L2(Rd2) = L2(Rd1+d2) is justified by the density of the
span of functions of the form (3.5) in L2(Rd1+d2), which is a property of the Lebesgue
measure itself.

3.4 Rank and Orthogonal Rank

We introduce several notions of tensor rank.

Definition 3.6 Let f ∈
⊗N

n=1 Hn be a tensor from the complete tensor product of
Hilbert spaces H1, . . . ,HN . The canonical rank of f is the minimal number r ∈
N∪ {+∞} of summands that is needed to represent f as a linear combination of
tensor products f = ∑

r
k=1 T (φ k), φ k ∈H1×·· ·×HN . This is then called a canonical

decomposition of f . One writes rank f = r.

This concept of tensor rank is in a certain sense the most general one can intro-
duce. It is clear that all tensors in the algebraic tensor product space of H1, . . . ,HN
have finite rank and that the completion process in Definition 3.3 adds tensors with in-
finite rank. As an example consider the tensor g = ∑

∞
k=1 2−kξ 1

k ⊗ξ 2
k with {ξ 1

1 ,ξ 1
2 , . . .},

{ξ 2
1 ,ξ 2

2 , . . .} being orthonormal basis sets of the Hilbert spaces H1 and H2 respec-
tively. Then clearly g ∈ H1 ⊗H2 since it is the limit point of the the sequence
gm = ∑

m
k=1 2−kξ 1

k ⊗ ξ 2
k , but it cannot be represented by a finite linear combination

of tensor products. This can be shown by some elementary comparison of coeffi-
cients, but it may be more enlightening to identify each tensor f = ∑

r
k=1 φ 1

k ⊗ φ 2
k

(r ∈ N∪{+∞}) with the linear mapping A f : H2→H1 given by

A f x =
r

∑
k=1
〈x,φ 2

k 〉H2
φ

1
k ,

which does not depend on the representation of f . Note for instance that if this is done
in the space `2⊗ `2 then A f can be seen as an infinite-dimensional matrix9. If f is a
tensor of finite rank the range of A f has finite dimension. Since in our above example
the operator Ag spans the whole space H1 (it corresponds to an infinite-dimensional
diagonal matrix with non-vanishing diagonal elements), it becomes clear that it can
not be represented by a tensor of finite rank.

It is important to notice here that for every f ∈H1⊗H2 the operator A f is com-
pact and therefore can be written in the form

A f x =
rank f

∑
k=1

σk〈x,vk〉H2
uk,

or the corresponding tensor as

f =
rank f

∑
k=1

σkuk⊗ vk,

9 In finite dimension this is exactly the matrix which results from (3.4).
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with rank f ∈ N∪{+∞} and positive numbers σk (“singular values”) for certain or-
thonormal basis sets {u1,u2, . . .} and {v1,v2, . . .}, see e.g. [5]. This generalizes the
singular value decomposition of a matrix to infinite dimension, and shows that for ten-
sors of order 2, the best low-rank approximation problem can be (theoretically) solved
by truncation of this expansion, which even gives a complete orthogonal low-rank ap-
proximation (see the definition below). Apart from easy “hyper-diagonal” tensors this
does not generalize to higher orders N > 2. Moreover, it is a hard task to determine
the rank of a given tensor [9]. Note that a tensor given in the form

f =
r

∑
k=1

αkT (φ k) (3.6)

only has a rank less than or equal to r in general, since the representation might not
be optimal.

Next we present definitions of orthogonal rank following Kolda [12]. The main
idea is to generalize the singular value decomposition to tensors of higher order. This
can be done in several different ways, none of them completely satisfying [12,13].
Let φ 1 = (φ 1

1 , . . . ,φ N
1 ) and φ 2 = (φ 1

2 , . . . ,φ N
2 ) ∈H1× ·· ·×HN . It is natural to call

the tensor products T (φ 1) and T (φ 2) orthogonal iff

〈T (φ 1),T (φ 2)〉⊗Hn
=

N

∏
n=1
〈φ n

1 ,φ n
2 〉Hn

= 0.

Observe that this is already the case if at least one pair φ n
1 ,φ n

2 is orthogonal in its
space Hn. The aim of the next definition is to classify orthogonal tensor products
more precisely.

Definition 3.7 Let H1, . . . ,HN be Hilbert spaces. Two tensor products T (φ 1) and
T (φ 2) are called

(i) orthogonal, iff 〈T (φ 1),T (φ 2)〉⊗Hn
= 0,

(ii) strongly orthogonal, iff they are orthogonal and 〈φ n
1 ,φ n

2 〉Hn
= 0 or φ n

1 = λφ n
2

(λ ∈ F) for n = 1, . . . ,N,
(iii) completely orthogonal, iff 〈φ n

1 ,φ n
2 〉Hn

= 0 for n = 1, . . . ,N.

Complete orthogonality implies strong orthogonality implies orthogonality. The
specific types of orthogonality lead to corresponding notions of orthogonal rank.

Definition 3.8 Let f ∈
⊗N

n=1 Hn where H1, . . . ,HN are Hilbert spaces. The orthog-
onal rank of f is the minimal number r ∈ N∪{+∞} that is needed to write f as a
linear combination f = ∑

r
k=1 T (φ k) with the T (φ k) being mutually orthogonal. We

write rank⊥ f = r.
The strong orthogonal rank (rank⊥s

f ) and complete orthogonal rank (rank⊥c
f ) are

defined in the same way, but with the T (φ k) being mutually strongly orthogonal and
completely orthogonal, respectively.

The orthogonal rank and the strong orthogonal rank are well defined terms, since
at least the Fourier expansion of f into a strong orthogonal basis as in Lemma 3.4
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has the desired form. With the complete orthogonal rank one has to be cautious: for
order N > 2 not every tensor can be written as a sum of complete orthogonal tensor
products, not even as an infinite series10. The complete orthogonal rank makes no
sense in these cases. However, if rank⊥c

f is defined for a tensor f it is clear that

rank⊥ f ≤ rank⊥s
f ≤ rank⊥c

f .

For each n = 1, . . . ,N the elements φ n
1 , . . . ,φ n

r in (3.6) span some rn-dimensional sub-
space Vn of Hn with rn ∈N∪{+∞}, rn ≤ r. We say that the n-rank of f is less than or
equal to rn and write rankn f ≤ rn. The values rn are upper bounds for the number of
dimensions needed for each direction n to represent f . The n-rank itself is defined as
the least number to do so (see Remark 3.9 below). After choosing orthonormal bases
for the spaces Vn every tensor can be written in Tucker (r1, . . . ,rN)-format

f =
r1

∑
k1=1

. . .
rN

∑
kN=1

αk1...kN
T (φ 1

k1
, . . . ,φ N

kN
) =: ∑

k
αkT (φ k) (3.7)

with
G(φ 1) = I , . . . , G(φ N) = I,

where G(φ n) denotes the Gram matrix of dimension rn. The sum on the right side
of (3.7) will be used as an abbreviation for the expansion, that is, it runs over all
multi-indices k = (k1, . . . ,kN) with 1 ≤ kn ≤ rn for n = 1, . . . ,N and T (φ k) means
T (φ 1

k1
, . . . ,φ N

kN
). The tensor α = (αk1...kN

) ∈
⊗N

n=1 Frn is called core tensor. The rep-
resentation (3.7) is also called subspace representation. It is not unique, but shows
that the strong orthogonal rank of f is at most ∏

N
n=1 rn.

Remark 3.9 If every rn is chosen in a minimal way then rankn f = rn and one says
that f has Tucker rank or subspace rank (r1, . . . ,rN). Indeed such a choice is possi-
ble and unique for every direction n, since the least number of dimensions needed
in one direction is independent from all the others. For the n-ranks and the Tucker
decomposition see also [14,16,17].

A tensor f with strong orthogonal rank r can be written in Tucker (r,r, . . . ,r)-
format with exactly r non-vanishing core coefficients αk by definition. In the special
case of a complete orthogonal rank-r tensor the non-vanishing coefficients are pre-
cisely the ones on the diagonal, i.e., those with k = (k,k, . . . ,k), k = 1, . . . ,r. One
speaks of a (hyper)diagonal core tensor then.

Let us emphasize that not only orthogonal, but also strong orthogonal, complete
orthogonal and Tucker low-rank decompositions and -approximations of a given ten-
sor f can be of large interest in practice, since they provide optimal subspaces in the
direction spaces, in which one has to work to handle the complexity of high-order ten-
sors. We will not pursue the topic of how to calculate such approximations. We will
only prove that best approximations indeed exist. For the case N = 2 the canonical

10 A counterexample is a tensor of the form u⊗ v1⊗w1 + u⊗ v2⊗w2 with v1 orthogonal to v2 and w1
orthogonal to w2.
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rank and the three types of orthogonal rank coincide (consider the complete orthog-
onal singular value decomposition), but it is also not our purpose here to study their
relationship in general. However, it is worth to mention that our results include the
existence of a best canonical rank-one approximation to tensors of any order, because
for r = 1 all types of rank also coincide.

Before we present specific results, we sketch out how orthogonality constraints
can contribute to the well-posedness of a low-rank approximation problem. Given a
tensor f , consider the best approximation∥∥∥∥ f −

r

∑
k=1

αkT (φ k)
∥∥∥∥
⊗Hn

= min, 〈T (φ k),T (φ l)〉⊗Hn
= δkl (3.8)

and αk ∈ F. For fixed T (φ 1), . . . ,T (φ r) the square of the error is minimized only by
the projection with αk = 〈 f ,T (φ k)〉⊗Hn

and takes the value

‖ f‖2
⊗Hn
−

r

∑
k=1
|〈 f ,T (φ k)〉⊗Hn

|2.

Thus, the minimization problem (3.8) is equivalent to the maximization problem

r

∑
k=1
|〈 f ,T (φ k)〉⊗Hn

|2 = max, 〈T (φ k),T (φ l)〉⊗Hn
= δkl . (3.9)

The possibility to pass from (3.8) to (3.9) is crucial because in (3.9) we have to
maximize a functional which is convex in each entry φ

n and weakly sequentially
continuous by Lemma 3.5. So orthogonality constraints can be seen as a technical
requirement for our method of proof. They are the essential reasons why the approxi-
mation problems considered in the next sections are indeed well-posed, in contrast to
unconstrained canonical rank-r approximation problems. Also the consideration of
Hilbert spaces is crucial for the reformulation (3.9).

3.5 Ill-Posedness of Canonical Low-Rank Approximation

For the remainder of this article we fix N Hilbert spaces H1, . . . ,HN over the same
field F (R or C), integers r,r1, . . . ,rN with 0 < rn≤ dimHn and a tensor f ∈

⊗N
n=1 Hn.

As mentioned in the introduction it was shown by De Silva and Lim [19] that the ap-
proximation problem

‖ f −g‖⊗Hn
= min, rankg≤ r (3.10)

is ill-posed in many cases, even if the spaces H1, . . . ,HN are finite-dimensional.
Problem (3.10) is called the canonical rank-r approximation of f and may be written
in the form ∥∥∥∥ f −

r

∑
k=1

αkT (φ k)
∥∥∥∥
⊗Hn

= min, ‖φ n
k ‖Hn

= 1, αk ∈ F.
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De Silva and Lim give a counter-example of a sequence of rank-2 tensors of order
3 converging to a rank-3 tensor of order 3. So the infimum 0 of (3.10) is not at-
tained for their choice of f and r. A closer look on the cited counter-example shows
that the coefficients αk in the approximating sequence are unbounded. This is due to
an asymptotical degeneracy of the spanned subspaces span{T (φ 1), . . . ,T (φ N)}. The
tensors T (φ k) in their approximating sequence become “almost linearly dependent”,
that is, their distance in the sense of subspaces tends to zero.

The need for additional constraints becomes evident. The two natural approaches
are either to bound the coefficients αk by a fixed constant or to impose angle con-
straints to the subspaces spanned by the T (φ k) (we consider orthogonality). Both ap-
proaches lead to well-posed problems even in infinite dimension as we will show in
the next sections. We start with the orthogonal approximations and consider bounded
coefficients at the end. In all cases it is our aim to reformulate the problem as a convex
maximization on a Stiefel manifold and to apply Theorem 2.12.

3.6 Best Low-Rank Approximation with Orthogonal Directions

We begin with the problem of best Tucker (r1, . . . ,rN)-format approximation, also
known as optimal subspace approximation:∥∥∥∥ f −∑

k
αkT (φ k)

∥∥∥∥
⊗Hn

= min. (3.11)

Here the sum runs over all multi-indices k = (k1, . . . ,kN) with 1 ≤ kn ≤ rn for n =
1, . . . ,N, see (3.7). It is quite remarkable that this problem, as we will show, has
a solution, since no constraints appear at all. The trick is that there is no loss in
generality to impose the additional constraints11

G(φ 1) = I , . . . , G(φ N) = I

on the Gram matrices G(φ n) ∈ Crn,rn . If these conditions are satisfied the optimal
choice of αk is given by projection as αk = 〈 f ,T (φ k)〉⊗Hn

. Hence (3.11) is equiva-
lent to

F(Φ) = ∑
k
|〈 f ,T (φ k)〉⊗Hn

|2 = max, φ
1 ∈Sr1

(H1) , . . . , φ
N ∈SrN

(HN).

Since the functional F is weakly sequentially continuous by Lemma 3.5 and convex in
each entry φ

n the existence of a solution to this problem follows from Theorem 2.12.
In general, we can fix any subset I ⊆ {k = (k1, . . . ,kN) | 1 ≤ kn ≤ rn} and con-

sider the problem∥∥∥∥ f − ∑
k∈I

αkT (φ k)
∥∥∥∥
⊗Hn

= min, G(φ 1) = I , . . . , G(φ N) = I, (3.12)

11 This invariance with respect to the choice of basis shows that the best Tucker format approximation
is a problem on Grassman manifolds rather than Stiefel manifolds, but it is better for us to formulate it on
the latter ones, accepting additional redundancy. The true unknowns in this problem are the subspaces Vn
spanned by the {φ n

1 , , . . . ,φ n
rn
}, n = 1, . . . ,N.
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that is, we can impose αk = 0 for k /∈I in (3.11). This is then equivalent to

F(Φ) = ∑
k∈I
|〈 f ,T (φ k)〉⊗Hn

|2 = max, φ
1 ∈Sr(H1) , . . . , φ

N ∈Sr(HN),

and has a solution by Theorem 2.12. For reference we summarize the results.

Theorem 3.10 Problem (3.12) has a solution g = ∑k∈I αkT (φ k).

Corollary 3.11 (Tucker Format Approximation) To every f ∈
⊗N

n=1 Hn there ex-
ists a best Tucker (r1, . . . ,rN)-format approximation, that is, (3.11) has a solution
g = ∑k αkT (φ k) for every choice of r1, . . . ,rN ∈ N.

Remark 3.12 In general this does not mean that the solution g indeed has Tucker rank
(r1, . . . ,rN) as defined in Remark 3.9, so there remains an uncertainty concerning the
choice of the rn. If f belongs to the tensor product

⊗N
n=1 Vn of finite-dimensional

subspaces Vn ⊆Hn then so does g. In this case the existence of g alternatively can be
derived from the compactness of the underlying Stiefel manifold.

Next we consider the complete orthogonal rank-r approximation. It is the solution
g of the problem

‖ f −g‖⊗Hn
= min, rank⊥c

g≤ r. (3.13)
As we have mentioned above a tensor with complete orthogonal rank at most r can
be written in the orthogonal version of the Tucker format with diagonal core tensor.
So (3.13) is equivalent to (3.12) with the special choice r1 = r2 = · · ·= rN = r and

I = {(1,1, . . . ,1),(2,2, . . . ,2), . . . ,(r,r, . . . ,r)} ⊆ NN .

Hence Theorem 3.10 proves the existence of a solution.

Corollary 3.13 (Complete Orthogonal Approximation) To every f ∈
⊗N

n=1 Hn
there exists a best complete orthogonal rank-r approximation, that is, (3.13) has a
solution g = ∑

r
k=1 αkT (φ k) for every choice of r ∈ N.

As a last application we show the well-posedness of the best strong orthogonal
rank-r approximation

‖ f −g‖⊗Hn
= min, rank⊥s

g≤ r. (3.14)

A tensor with strong orthogonal rank at most r can be written in othogonal Tucker
(r,r, . . . ,r)-format with at most r non-vanishing core coefficients, that is, (3.14) is
equivalent to (3.12) with r1 = r2 = · · ·= rN = r and I varying over all subsets with
|I |= r, where |I | denotes the number of elements in I . Since the number of such
subsets is finite, the existence of a solution to (3.14) also follows from Theorem 3.10.

Corollary 3.14 (Strong Orthogonal Approximation) To every f ∈
⊗N

n=1 Hn there
exists a best strong orthogonal rank-r approximation, that is, (3.14) has a solution
g = ∑

r
k=1 αkT (φ k) for every choice of r ∈ N. If rank⊥s

f ≥ r then rank⊥s
g = r.

The addition about the rank of g follows from the fact that a set of strong orthonor-
mal tensor products is a subset of a certain strong orthonormal tensor product basis
of
⊗N

n=1 Hn (as in Lemma 3.4). If rank⊥s
f ≥ r then f has at least r non-vanishing

Fourier coefficients in every such basis. Consequently, a best strong orthogonal rank-r
approximation of f has to consist of r strongly orthogonal summands.
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3.7 The More General Case of Orthogonal Approximation

The more general problem of a best orthogonal rank-r approximation is

‖ f −g‖⊗Hn
= min, rank⊥ g≤ r, (3.15)

which explicitly reads∥∥∥∥ f −
r

∑
k=1

αkT (φ k)
∥∥∥∥
⊗Hn

= min, αk ∈ F, G(φ 1)◦ · · · ◦G(φ N) = I. (3.16)

Recall that G(φ 1) ◦ · · · ◦G(φ N) denotes the N-fold Hadamard product of the Gram
matrices G(φ 1), . . . ,G(φ N), which is precisely the Gram matrix of the tensor products
T (φ 1), . . . ,T (φ r) (see (2.2)).

To prove the existence of a solution to (3.16) we have to argue with a little bit
more sophistication. First of all notice that the set {Φ | G(φ 1) ◦ · · · ◦G(φ N) = I} is
not bounded in H r

1 ×·· ·×H r
N , but that for each Φ from that set we have

‖T (φ k)‖
2
⊗Hn

=
N

∏
n=1
‖φ n

k ‖2
Hn

= 1,

and thus T (φ k) = T
(
φ 1

k /‖φ 1
k ‖H1

, . . . ,φ N
k /‖φ N

k ‖HN

)
for every k = 1, . . . ,r. So we do

not loose generality by adding the constraint ‖φ n
k ‖Hn

= 1 to (3.16). If we set

M = {Φ | G(φ 1)◦ · · · ◦G(φ N) = I, ‖φ n
k ‖Hn

= 1 (n = 1, . . . ,N; k = 1, . . . ,r)},

and argue that for Φ ∈M the best choice for αk is the projection 〈 f ,T (φ k)〉⊗Hn
, we

obtain the equivalent problem

F(Φ) =
r

∑
k=1
|〈 f ,T (φ k)〉⊗Hn

|2 = max, Φ ∈M . (3.17)

We want to show that (3.17) has a solution. To apply the techniques developed above
we need to somehow dispose of the coupling of the orthonormality conditions by
the Hadamard product. This, in a sense, can be done in the following way: For each
φ

n ∈H r
n we choose ξ

n ∈H r
n consisting of orthonormal elements ξ n

1 , . . . ,ξ n
r such

that span{φ n
1 , . . . ,φ n

r } ⊆ span{ξ n
1 , . . . ,ξ n

r }, and a matrix A(n) = [a(n)
kl

]
kl
∈Cr,r to write

φ
n
k =

r

∑
l=1

a(n)
kl ξ

n
l . (3.18)

The constraint Φ ∈M then reads

A(1)(A(1))
∗ ◦ · · · ◦A(N)(A(N))

∗
= I,

N

∑
l=1

(a(n)
kl )2 = 1 (n = 1, . . . ,N; k = 1, . . . ,r)
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and
G(ξ 1) = I , . . . , G(ξ N) = I.

We may summarize the first two conditions as h(A(1), . . . ,A(N)) = 0 where h is a
continuous mapping from (Cr,r)N into some other finite-dimensional space. If we
express F in terms of A(1), . . . ,A(N) and Ξ = (ξ 1, . . . ,ξ N) we obtain the problem

F(Ξ ,A(1), . . . ,A(N)) = max,

h(A(1), . . . ,A(N)) = 0,

ξ
1 ∈Sr(H1) , . . . , ξ

N ∈Sr(HN),

(3.19)

which is equivalent to (3.17). The desired solution to (3.16) can be obtained from this
one via (3.18). The explicit representation of F in terms of Ξ ,A(1), . . . ,A(N) reads

F(Ξ ,A(1), . . . ,A(N)) =
r

∑
k=1

∣∣∣∣∣∑l

( N

∏
n=1

a(n)
kln

)
〈 f ,T (ξ l)〉⊗Hn

∣∣∣∣2
with l = (l1, . . . , lN) being a multi-index.

Now consider a maximizing sequence (Ξm,A(1)
m , . . . ,A(N)

m ) for (3.19). The condi-
tion h(A(1)

m , . . . ,A(N)
m ) = 0 implies that the A(n)

m remain bounded and therefore can be
assumed to converge to limit points A(1), . . . ,A(N). Since h is continuous, these limit
points clearly satisfy h(A(1), . . . ,A(N)) = 0. There is thus no loss of generality to fix
those limit points a priori12 and formulate the problem as

F̃(Ξ) = max, ξ
1 ∈Sr(H1) , . . . , ξ

N ∈Sr(HN) (3.20)

with F̃(Ξ) = F(Ξ ,A(1), . . . ,A(N)). It is not hard to see that the functional F̃ is convex
in each ξ

n and weakly sequentially continuous. Consequently, the problem admits a
solution by Theorem 2.12.

Theorem 3.15 (Orthogonal Approximation) To every f ∈
⊗N

n=1 Hn there exists a
best orthogonal rank-r approximation, that is, (3.15) has a solution g = ∑

r
k=1 αkT (φ k)

for every r ∈ N.

By now we do not know whether rank⊥ g = r if rank⊥ f ≥ r.

3.8 The Canonical Approximation with Bounded Coefficients

A broader and even more natural approach to fix the ill-posedness of the canonical
low-rank approximation as described in Section 3.5 is to keep the coefficients αk
appearing therein bounded. This has been successfully done by Espig [4] to construct
a numerical method for the calculation of low-rank approximations.

12 This technique came to our attention by [1]. Equivalently one can argue that the set
{(Ξ ,A(1), . . . ,A(N)) | G(ξ 1)� I, . . . ,G(ξ N)� I,h(A(1), . . . ,A(N)) = 0)} is weakly sequentially compact.
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The problem of canonical rank-r approximation with coefficients bounded by the
constant C > 0 reads∥∥∥∥ f −

r

∑
k=1

αkT (φ k)
∥∥∥∥
⊗Hn

= min, ‖φ n
k ‖Hn

= 1, αk ∈ F, |αk| ≤C. (3.21)

To prove the well-posedness of this problem we apply a similar trick as for the or-
thogonal approximation. An expansion

φ
n
k =

r

∑
l=1

a(n)
kl ξ

n
l

of each φ n
k into an orthonormal basis ξ n

1 , . . . ,ξ n
r leads to

∥∥∥∥ f −
r

∑
k=1

αk ∑
l

( N

∏
n=1

a(n)
kln

)
T (ξ l)

∥∥∥∥
⊗Hn

= min

(with multi-indices l = (l1, . . . , lN)) as a problem in αk, a(n)
kl

and Ξ = (ξ 1, . . . ,ξ N),
subject to the constraints

|αk| ≤C,
r

∑
l=1

(a(n)
kl )2 = 1, G(ξ 1) = I , . . . , G(ξ N) = I.

In a minimizing sequence for this problem the bounded coefficients αk and a(n)
kl

again can be assumed to converge and therefore may be fixed a priori. If we set
βl = ∑

r
k=1 αk ∏

N
n=1 a(n)

kln
then also

∥∥∥∥ r

∑
k=1

αkT (φ k)
∥∥∥∥2

⊗Hn

=
∥∥∥∥∑

l
βlT (ξ l)

∥∥∥∥2

⊗Hn

= ∑
l

β
2
l

is fixed. Taking the square of the norm in (3.21) one obtains the equivalent problem

Re∑
l
〈 f ,βlT (ξ l)〉⊗Hn

= max, ξ
1 ∈Sr(H1) , . . . , ξ

N ∈Sr(HN).

This is a convex maximization problem on a Stiefel manifold in each ξ
n and satisfies

the assumptions of Theorem 2.12. Hence it has a solution.

Theorem 3.16 (Canonical Approximation with Bounded Coefficients) To every
f ∈

⊗N
n=1 Hn and C > 0 there exists a best canonical rank-r approximation with

coefficients bounded by C, that is, (3.21) has a solution g = ∑
r
k=1 αkT (φ k) for every

choice of r ∈ N.

This result has already been established in [4] for tensors f of finite rank.
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22. Zeidler, E.: Applied Functional Analysis. Main Principles and Their Applications. Springer-Verlag,

New York (1995)


