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Abstract The present paper contains an interpretation and gener-
alization of Novikov’s theory for Morse type inequalities for closed
1-forms in terms of concepts from Conley’s theory for dynamical
systems. We introduce the concept of a flow carrying a cocycle
«, (generalized) a-flow for short, where « is a cocycle in bounded
Alexander-Spanier cohomology theory. Gradient-like flows can then
be characterized as flows carrying a trivial cocycle. We also define
a-Morse-Smale flows that allow the existence of “cycles” in contrast
to the usual Morse-Smale flows. a-flows without fixed points carry
not only a cocycle, but a cohomology class, in the sense of [8], and
we shall deduce a vanishing theorem for generalized Novikov num-
bers in that situation. By passing to a suitable cover of the under-
lying compact polyhedron adapted to the cocycle a, we construct
a so-called m-Morse decomposition for an a-flow. On this basis, we
can use the Conley index to derive generalized Novikov-Morse in-
equalitites, extending those of M. Farber [13]. In particular, these
inequalities include both the classical Morse type inequalities (cor-
responding to the case when « is a coboundary) as well as the
Novikov type inequalities ( when « is a nontrivial cocycle).

1 Introduction

Let X be an m-dimensional compact manifold and let f be a Morse func-
tion on X. Define S(f) to be the union of the sets S;(f) which contain the



critical points of f with index 7. Define

b; == dim H;(X,R)

Then the classical Morse inequalities are

c; >b;
i i
S (1) = S (1) (11)
j=0 J=0
fori =0,1---,m. The Morse inequalities provide an important connection

between the analytic information and the topological information of X (see [17]).
The method to obtain this result is to consider the change of the homotopy type
of the level set

X ={z e X][f(z) < a}

when a crosses the critical value. If ¢ is a critical value, then there is the homotopy
decomposition
X0 XU Uy epmronsis) €(py)
where e(p;) is a j-cell corresponding to the critical point p; of index j. Hence, X
has a CW-decomposition
X = Upesne(p;)

However, this decomposition only provides information about the dimension
of the basis. It is not clear how each cell is attached. The successive work by R.
Thom, S. Smale and J. W. Milnor in the 50’s and 60’s lead to the construction
of the Morse complex which includes also the boundary operators.

Let us describe the Morse complex simply. Consider the negative gradient
flow v of f:

o(t) = =V f(o(t)).

Then for each critical point p € S(f), there are the stable and unstable manifolds

Whp)={re X|x-t—p, ast - —oo}
Wép)={r e X|z-t—p, ast — oo}

R. Thom gave a disjoint decomposition of X by unstable manifolds

X = Upes(nW"(p)

In [26], S. Smale obtained an important result for the gradient flow on a compact
manifold. The result is that generically W*(q) intersects transversally with W#(p)
for each point pair (p,q) € S(f) x S(f). Therefore we can choose a generic
Riemannian metric such that for each critical point pair (¢, p) € S;xS;_1, W*(q)N
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W#(p) is 1-dimensional and is transversal to any level set f~!(a) between them.
This condition for the flow is called the Morse-Smale condition.

Since f~'(a) is compact, W*(q) N W*(p) N f~!(a) is a finite set. Assign
arbitrary orientations to the unstable manifolds of all the critical points. Now we
can assign a number £(7y) to each trajectory v € W¥(q) N W*#(p) which takes its
value in {£1}. Let z € yN f~!(a). Fix the direction ¥(¢), then W*(q), W(p) and
T, X will give the induced orientation to T,,(f~'(a) "NW*(q)), T.(f*(a) NW*(p))
and T,,(f~'(a)). If the orientation of (T,.(f~'(a) "W*"(q)), Tu(f(a) NW?*(p))) is
the same as the one of T,.(f~!(a)), then we let (y) = 1, otherwise, let e(y) = —1.

Define the incidence coefficient n(q, p) to be

n(e,p)= Y, &)

yeEW(g)NWs(p)

Now we can define the boundary operator 0; : S;(f) — S;_1(f) as follows. For
each critical point ¢ € S;(f),

o(@)= Y nle,p)-p

P€S;i—1(f)

It can be proved that 0; 10; = 0. Therefore (S;(f), 0;) becomes a complex. This
is the Morse complex. The important thing is that the homology groups of the
Morse complex are isomorphic to the standard homology groups of the underlying
compact manifold. The reader can consult [24] for more information about the
Morse homology theory.

In fact, the Morse complex was first used in [30] to prove the Morse inequalities
(1.1). The Witten deformation technique used there provides an analytic way to
prove the Morse type inequalities (see [4], [3], etc.), even the Novikov inequalities
introduced below (see [6]).

Let us also remark that Morse theory has been generalized to the infinite
dimensional case. In that situation, one needs to impose a compactness condition
on the funtional, the so-called Palais-Smale condition. See e. g. the books by K.
C. Chang [7] and M. Struwe [29].

In the 80’s, S. P. Novikov considered in [18] and [19] Morse type inequalities
which are used to count the zeros of a closed Morse 1-form w on X. By the
Poincaré lemma, a closed 1-form is locally exact. For instance, we can assume
that w = df, near a zero point p of w. So closed Morse 1-form means that
each zero point p of w is a non-degenerate critical point of f, and has a Morse
index from f,. These inequalities are similar to (1.1) formally. The difference is
that the ordinary Betti number b; at the right hand side of (1.1) is replaced by
the Novikov number b;([w]) which is determined by X and the cohomology class
[w]. These Morse type inequalities involving Novikov numbers are called Novikov
inequalities.

Novikov inequalities are obtained by constructing the Novikov complex (C,, 0)
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with respect to the closed Morse 1-form w. We can give a simple description of the
Novikov complex for rank w = 1. In this case, w can be lifted to the covering space
X with the deck transformation group being the infinite cyclic group Z = (t)
such that the pull-back form by the projection map is an exact form df where
f is a Morse function on X. Introduce the Novikov ring Z((t)) := Z[[]][t7}].
Now the module C; is defined as the free Z((t))-module generated by S;(w), i.e.,
the set of all the zeros of w with index 7. As for the Morse complex, we can
consider the flow generated by the dual vector field of w satisfying the Morse-
Smale condition and choose an orientation for each unstable manifold for each
zero in S(w). Consequently, we are able to define the boundary operator of the
Novikov complex. Let (¢,p) € S;j(w) x S;—1(w) and choose any lifting points ¢
and p. Let Ty(g,p) be the finite set of all the trajectories joining ¢ and p - t*.
Define

nk(Q7p) = Z 5(7)

v€TR(7,P)

n(q,p) = nk(g,p) - t*

Note that n(q,p) € Z((t)). n(q,p) is called the Novikov incidence coefficient.
Finally we can define the boundary operator 0; : S;(w) — S;_1(w) to be

o(a)= > nlepp

pesifl(u})

There are some discussions about the properties of the Novikov incidence coeffi-
cients, for instance, the rationality and the growth properties of ng(q, p) (see [21],
[22] and the references there).

The above construction of the Novikov complex stems from the analysis of
the gradient flow generated by f in the noncompact manifold X. However, we
can define the Novikov complex by triangulating the underlying manifold X and
then studying the action of the boundary operators in the Z-CW complex in the
covering space X. In more detail, we can let C,(X) be the simplicial complex of
X. After lifting this triangulation to the covering space, we get C,(X) which can
be viewed as a free Z-module chain complex. Tensor C,.X with the Novikov ring
Z((t)), to get a complex Z((t)) ®zp-1 C+(X), because the boundary operator
in C,(X) can be viewed as a matrix operator with each entry being a Laurent
polynomial. This is also called the Novikov complex. It was proved in [23] that
there is a closed Morse 1-form w such that the second kind Novikov complex
can be realized by the first Novikov complex given by w. The construction of
the Novikov complex with respect to a Morse closed 1-form implies the Novikov
inequalities.

Since the Novikov ring is a principle ideal domain (see [16]), hence the ho-
mology module of the Novikov complex can be decomposed into two parts, the
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free module part and the torsion part. The Novikov numbers are refered to be
the ranks of the homology modules, and the number of the minimal generators
of the torsion part.

The Novikov numbers can also be obtained from another chain complex with
coefficient ring different from the Novikov ring. One way is to consider the ring
of rational functions: R := (1 + ¢Z[t]) 'Z[t,t']. In [11], M. Farber has proved
that the homology of R ®z;4-1 Cs(X) is isomorphic to H,((C., d)). We will use
this kind of definition of the Novikov numbers in this paper.

Recently, M. Farber ([14]) has used a noncommutative localization method
to construct a universal complex, which can induce many kinds of Novikov com-
plexes.

The Morse complex provides a way to construct the underlying manifold by
attaching handles, and we know not only how many and which kinds of handles
should be attached but also how to attach handles. Actually, we can get more
refined Morse inequalities than (1.1) that contain the information from the tor-
sion part of the homology group which is determined by the boundary operators.
The construction of the Morse complex is based on the analysis of the gradient
flow of the Morse function. From the point of view of dynamical systems, the
information contained in the right hand side of (1.1) is nothing but the local
information (Morse index) of the fixed points of the gradient flow of the Morse
function f. Fixed points are only special invariant sets in a dynamical system. If
we are given an arbitrary flow in a compact manifold and its invariant sets, can
we get Morse-type inequalities that contain the local information of the invariant
sets at the right hand side and the topological information of the underlying man-
ifold at the left hand side? Of course, since a general flow is very complicated,
it is very difficult to do so. However, C. C. Conley successfully generalized the
concepts of nondegenerate critical points and the corresponding Morse index to
the isolated invariant sets and the Conley index (see [9]). The isolated invariant
sets contain many interesting invariant sets, e.g., the Bott type nondegenerate
critical manifolds of the gradient flow of a smooth functions (see [4][5]), and the
hyperbolic periodic orbits, or more general the hyperbolic sets. The Conley index
characterizes the “local” topological information of the isolated invariant sets. C.
C. Conley and E. Zehnder also obtained a generalization of (1.1) (see [10]). They
consider the flow restricted to an isolated invariant set S and assume that S has a
Morse decomposition {M,,---, M;}. It can be proved that each Morse set M; is
isolated and hence has a Conley index. Now the Morse type inequalities provide
a connection between the Conley index of M; and the Conley index of S.

However, in order to prove the Morse type inequalities, the flow must have
a “global” gradient-like structure with respect to all the invariant sets in X.
“Global” here means that if we collapse all the invariant sets into points, then
the quotient flow is gradient-like. Only with a “global” gradient-like flow , we
can get the Morse decomposition.

Now we return to the Novikov inequalities. We can construct a closed Morse



1-form such that its flow has no attractor and no repeller (see [19]). Therefore the
flow generated by this 1-form is not a gradient-like flow in X though its lifting
flow on X is. Therefore, it is not possible to give a Morse decomposition for the
whole manifold X.

After an introduction to the Morse theory for a gradient-like flow and the
Novikov theory for a Morse closed 1-form, we reach the goal in the present paper.
In this paper, we will introduce the concept, “flow carrying a cocycle a (a-flow
and generalized a-flow)”, where « is a 1-dimensional cocycle in the bounded
Alexander-Spanier cohomology which will be defined in section 3.1. When « is
a coboundary, then this flow is a gradient-like flow. Conversely, if a flow is a
gradient-like flow ,then this flow carries a coboundary dg where g is a Lyapunov
function. Moreover, in theorems 3.4.2 and 3.4.3, we give a sufficient and neces-
sary conditon for a flow to be a non gradient-flow if « is a nontrivial cocycle. The
notion of a-flow contains many interesting flows. The gradient flow of a Morse
function f is a df-flow. The flow generated by a closed 1-form w is an w-flow
and the pertubation flows are also w-flows. If an a-flow has no fixed point, then
this flow is a flow “carrying a cohomology class” which is introduced in [8]. A
generalized a-flow has a “global” a-flow structure with respect to the m-stable
nonwandering sets. The m-stable nonwandering sets are those sets that when
lifted to the covering space related to «, are also bounded sets. An example of
a generalized a-flow is the a-Morse-Smale flow. In the definition of the Morse-
Smale flow, one requires that such a flow has no “cycles” connecting the different
hyperbolic fixed points or hyperbolic periodic orbits. The a-Morse-Smale flow is
a Morse-Smale flow when lifted to the covering space with respect to the cocyle
«. However, in the underlying manifold, it is possible that there exist “cycles”
connecting different nonwandering sets or there exist (U(s),T’)-chain cycles for
arbitrary small € > 0 connecting different nonwandering sets. The existence of
such “cycles” or such chain cycles makes the flow a nongradient-like flow by the-
orem 3.4.2.

A flow carrying a cocycle has a m-Morse decomposition (Theorem 3.5.2).
Hence there are the Novikov-Morse type inequalities, Theorem 4.5.1, if ZN, =
N;. This theorem uses the Conley index to get the “local” topological informa-
tion of the isolated invariant sets.

The inequalities (4.5.1) are a generalization of the Novikov inequalities for
a closed Morse 1-form. Starting from these inequalities, we can recover many
Novikov type inequalities found before. For example, we can consider the w-flow
generated by a smooth 1-form w having Bott type nondegenerate zero sets, then
(4.5.1) induces (4.6.2), which was essentially given in [13]. If we consider an
a-Morse Smale flow, then we have Theorem 4.6.6 which provides new Novikov
inequalities. Also, the existence of a flow carrying a cohomology class a implies
the vanishing of the Novikov numbers b;([w]). In addition, if we consider the triv-
ial cocycle a, then Theorem 4.5.1 provides the Morse type inequalities, because
all the representations involving « are trivial.



Since the isolated invariant sets are more complicated than a hyperbolic fixed
point, hence it is not clear what the connecting orbits in the m-Morse decompo-
sition are. The appendix gives another proof of the classical Novikov inequalities
starting from the equality (4.5.1). These Novikov inequalities also contain the in-
formation about the torsion parts of the homology groups of the Novikov complex.

Structure of this paper

1 Introduction
2 Basic results about flows
2.1 Basic concepts and structures of flows
2.2 Local structure of gradient-like flow
3 Flows carrying a cocycle «
3.1 Bounded Alexander-Spanier cohomology
3.2 Integration of cocylces along chains
3.3 Integration of cocycles in a gradient-like flow
3.4 Flows carrying a cocycle «
3.5 m-Morse decomposition of a-flows
4 Novikov-Morse theory
4.1 Deformation of complexes relative to a-flows
4.2 Monodromy representations and Novikov numbers
4.3 Morse type inequalities for a filtration
4.4 Isolated invariant sets and Conley index
4.5 Novikov-Morse type inequalities for flows carrying a cocycle
4.6 Applications to special flows carrying a cocycle
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2 Basic results about flows
2.1 Basic concepts and structures of flows

Let X be a topological space. The continuous function from X x R — X
given by (x,t) — x -t is called a flow on X if for all x € X, and s,t € R it
satisfies (1) -0 ==z and (2) (z-s)-t=x-(s+1). For Y C X and R C R, let
Y - R denote the set of points = - ¢ such that y € Y and t € R'.

A subset I C X is called invariant if /- R = I. If N C X is a subset, we
denote by I(N) the invariant set in N : [(N) = {z € N|z-R C N}. Clearly,
I(N) is invariant and it is closed if N is closed.

For Y C X, the w—limit set w(Y") of Y is defined to be the maximal invariant
set in the closure of Y - [0,00]. If Y -[0,00] denotes the closure in X, then
w(Y) =I(Y -[0,00]). Similarly, the w*—limit set w*(Y") of Y is defined to be the
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maximal invariant set in the closure of Y - [0, —o0].
The w—limit set w(Y") has some properties:
A. w(Y) is a closed set.
B.w(Y)=n{Y - [t,c0)|t > 0}.
C. Let S be a closed compact Hausdorff invariant set in X. If Y C S, then w(Y))
is a nonempty compact invariant set in S and is connected if Y is.

w*(Y") has analogous properties, since w*(Y) is the w-limit set of the inverse
flow. The above conclusions can be easily obtained from the definition of the
w-limit set.

Let S be an invariant set in X. The nonwandering set N, (S) consists of
the points x in S with the property that if U is a neighborhood of = in S,
then € w(U). The nonwandering set is invariant and closed in S. Since the
definition of N, (S) depends on the invariant set S, it is not generally true that
N,(S) = N,(N,(S)). For z € S,w(z) C N,(5).

Attractor-repeller pairs

Let S be a compact Hausdorff invariant set in X. A subset A C S is called
an attractor (relative to S) if there is a neighborhood U of A in S such that
w(U) = A. Similarly a set which is the w*-limit set of one of its neighborhoods
is called a repeller. Let A be an attractor in S, and let A* := {z € S|w(z) ¢ A}.
Then A* is a repeller in S which is called the complementary repeller in S. (A, A*)
is called an attractor-repeller pair in S. C(A, A*) = S\AU A* is called the set of
connecting orbits to the pair, since the point z € C'(A4, A*) if and only if w(z) € A
and w*(z) € A*.

There are two criteria to judge if a set is an attractor.

(1) Suppose U C S and, for some ¢t > 0, (U) -t C intU. Then w(U) is an
attractor contained in the interior of U.

(2) Let U be a compact set in S. If all its boundary points leave S in backward
time, then the maximal invariant set in U is an attractor.

If (A, A*) is an attractor-repeller pair in S and S’ is an invariant subset in S,
then (AN S’ A*NS’) is an attractor-repeller pair in 5.

Chain recurrent set

Let U be a cover of S and let z, 2’ € S, A (U, t)-chain from x to 2’ is a
sequence {x = xy, -+, Tpyy = a'|ty, - ,t,} such that t; > t and each pair
(@i - ti,xip1)(i =1,--- ,n) belongs to the same open set in U.

Let Q(S) C S xS be the set of pairs (z, 2") where for any covering U and any
t > 0 there is a (U, t)-chain from z to z'.

For Y C S, define

QYY) :={a'|there is z € YVs.t.(z,2") € Q(S)}
Q*(Y) :={a'|there is z € Vs.t.(2',x) € Q(5)}

Q(S) is a closed, transitive relation on S, and if (z,2") € Q(S), then (z-1,2'-
I) € Q(S), where I is any interval in the real line. For example, we prove the



last conclusion.

Proof Let U be any open covering of S and take any positive tg,t and t'.
Suppose that (z,z") € Q(S), we want to prove that (z-t,2"-t') € Q(95).

Let ¢ = maxty + |t|,to+ |t'], and {z = x1, -+, Tpy1 = &|t1,-- ,t,} be a
(U, t)-chain from z to 2', then {z -t = x1,-++ 2y, 1 = 2"t —t, -+ Jtp_1, tn+
t'} is a (U, ty)-chain from = -t to 2’ - t'. =

Q(Y) and Q*(Y) have the following two properties:

(1) If Y is closed, Q(Y) and Q*(Y) are closed invariant sets containing w(Y")
and w*(Y"), resp.

(2) If Y is closed, ©2(Y') is the intersection of the attractors in S which contain
w(Y); similarly, Q*(Y') is the intersection of the repellers containing w*(Y).

The chain recurrent set R(S) is defined to be the set of x such that (z,z) €
Q(S), or equivalently z € Q(x). The relation of chain recurrent sets with the
attractor-repeller pairs and the nonwandering sets are as follows:

(1) R(S) =n{AnN A*|A is an attractor in S}

(2) R(S) > Nu(5)

Definition A invariant set S is called chain recurrent if R(S) = S. A flow in
X is called a chain recurrent flow if its chain recurrent set is the whole space.

Morse decomposition

Let S be a compact Hausdorff invariant set in X. The intersection of an
attractor and a repeller in S is called a Morse set (rel S).

Let ) = A,.1 C A, C --- C Ay = S be a decreasing sequence of attrac-
tors in S and let M; = A; N A5, (j = 1,2,---,n). Then the ordered set
D = {M,,M,_1,---,M;} is called a Morse decomposition of S. Clearly, the
Morse sets in D are disjoint and for any x € S, either z is in a Morse set, or
there is 7, j satisfying ¢ < j such that w(z) C M; and w*(z) C M;. This means
that each point in a connection orbit of S goes from a Morse set with low index
to a Morse set with high index.

The Morse decomposition is not unique. For example, let 1 < i < j < n,
consider the decreasing sequence of attractors: ) = A,,1 C A, C -+ C Ay = S,
then Dj; = {My,---, M;, Mj;, M;_4,---, M} is also a decomposition of S. Here

Conversely, let {M,,---, M;} be any collection of disjoint invariant sets in .S.
If for any = € S, there is i < j such that w*(x) C M; and w(x) C M;, then it can
be proved that D = {M,, -+, M;} is a Morse decompostion.

Let M(D) = M, U---U M. Then for any decomposition, we have M (D) =
N {A; U A’}. Hence M (D) D R(S).

Suppose that the nonwandering set N, (5) has finitely many components, then
these can be ordered and become a Morse decomposition with M (D) = N,(S).
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But generally M (D) D R(S) D N,(S), hence in this case M (D) = R(S) =
N,(S).
Gradient-like flows and chain recurrent flows

A flow is called gradient-like, if there is a continuous real valued function
which is strictly decreasing on non constant solutions. Such a function is called
a Lyapunouv function. The concept of a gradient-like flow is a generalization of
one of a gradient flow, i.e., a flow of the form:

v = gradf(v)

where f is a C''-function defined on X. Clearly, — f decreases along the noncon-
stant solutions as ¢ increases.

A gradient-like flow need not be a gradient flow.

A flow is called a strongly gradient-like flow if its chain recurrent set is totally
disconnected. A gradient-like flow with finitely many fixed points is a strongly
gradient-like flow.

We have the basic structure theorem of flows (see [9]).

Theorem 2.1 Every flow on a compact space is uniquely represented as the
extension of a chain recurrent flow by a strongly gradient-like flow.

This theorem means that if we collapse every connected component of the
chain recurrent set to one point, then we get a quotient flow on the collapsed
space which is a strongly gradient-like flow. The flow when restricted to every
component of the chain recurrent set becomes a chain recurrent subflow.

2.2 Local structure of gradient-like flows

This section will provide a detailed description of the local structure near a
fixed point of a gradient-like flow. The conclusion obtained here will be applied
in sections 3.3 and 3.4.

Let v be a gradient-like flow on a compact metric space X having n fixed

points p;, i = 1,--- ,n. Then there exists an associated Lyapunov function g(x)
on X such that for a small » > 0, the sets g(B,(p;)),i =1,---,n do not intersect
mutually.

Let p be a fixed point of the flow v, and let Bz (p) be a closed ball centered
at p with radius §. For 0 < s < &, we define two sets on the sphere 0B, (p),

B (p) = {x € 0B, (p)|[x, = - ] N 0B, (p) # 0 for t > 0}
B, (p) = {x € 0B,(p)|[x,z-t]N 0B,(p) # 0 for t <0}

For any point € B/ (p), let , denote the arrival time of the trajectory
[z, 2 - t](t > 0) to the sphere B: (p). We have the following lemma.
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Lemma 2.2.1 (1) Bj,(p) are closed sets on 0B, (p).
(2) t; is a lower semicontinuous function on B, ((p).

Proof ~ To prove (1), we need only to prove that the set 9B, (p) — B, ,(p) is
open in 0B, (p). Let v € 9B, (p) — B}, (p), then x-£(t > 0) does not intersect with
0B;(p) and will finally drop into another fixed point ¢. In terms of the choice of
g(x), we can choose a < b satisfying

B, (p) € g~ ([b, +00)); B:(q) € g~ ((—00,a]) (2.2.1)

Since z - t(t > 0) drops into ¢, there exists a T, > 0 such that x - T} is in
the interior of B,(q). Therefore there is a closed ball Ds(z) such that for any
y € Ds(x)NOB,(p),y-T, is in the interior of B,(¢q). We can choose ¢ small enough
such that the set Ds(x) - [0,T,] N dBs(p) = 0. Since y-T, € ¢g7'((—00,al), vy -
[T, +00) € g7'((—00,a]). Therefore Ds(z) - [0,+00) N dBs(p) = O in view of
(2.2.1). This shows that 0B, (p) — B/ ,(p) is open in 0B, (p).

To prove (2), let z € B (p) and let t, < +oo be the arrival time. We need
only to prove that for any small € > 0, there exists a neighborhood Ds(z) of x
such that for any y € Ds(z) N B} (p),

ty >ty —e (2.2.2)

Since ¢, is the arrival time of the trajectory = - ¢(t > 0) to 0Bz (p), z - [0,t, — €]
has a positive distance from aB%(p). By the continuity of the flow v, there is a
neighborhood D, such that D, - [0, t, — ] has a positive distance from 0Bz (p) as
well. Hence for y € D, N B/ (p), (2.2.2) is true. =

Since the Lyapunov function g(x) is strictly decreasing along any nonconstant
trajectory, there exists a 6, > 0 such that g(z)—g(z-t;) = 20,. By lemma 2.2.1 (2)
and the property of g(z), the function ¢(y) —g(y-t,) is lower semicontinuous with
respect to y on B/ (p). Hence for each © € B/ (p), there exists a neighborhood
U, in B (p) such that Yy € Uy, g(y) —g(y-t,) > 0,. This implies that ¢} (p) :=
min, ¢ g+ () 0, is positive and Vo € Bl (p), g(x) — g(z - t;) > 6,(p). In the same
way, we can obtain a ¢_(p) > 0 such that Vx € B_ (p), there is g(x - (—t,)) —
9(x) > 6,,(p).

Let 0 < s; < sp < 5, then we have the following conclusions:

(1) B/, (p) € B, (p); B, (p) C B, (p)
(2) o7, (p) <575, ()
(3) There are so > 0, such that for any 0 < s < sy, there is B, (p) N B, ,(p) = 0

The first two conclusions are obvious. For (3), we can choose sy > 0 sat-
isfying osczep,,(py 9() < mind;, (p). If there is a 0 < s < s¢ such that
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Bl (p)NB,,(p) # 0, then this means that there is a trajectory in B,(p) which has
non empty intersection with 0B, (p) and 0B;(p). But this is absurd, because g(x)
is strictly decreacing along any trajectory. After traveling from 0B;(p) to 0B, (p),
then back to B;(p), the value of g(z) will decrease at least J,7,(p) + 9, ,(p) which
contradicts the fact that osceep,p) 9(%) < 05Coep, () 9(z) < mind;,(p). Hence
for 0 < s < sg, (3) holds.

We introduce some notations that we will use later in this paper.

Let v be a flow on a compact metric space (X, d), whose nonwandering set
has finitely many components. Denote them by A = {A4,,---,A;}. Define
B.(A;))(i=1,---,n) to be the open neighborhood of A; having distance less than
r to A;. Now consider the flow v restricted to the punctured space X\U!", B, (4;).
Then all the trajectories can be classified into three types:

(1) trajectories with domain [a, b], —00 < a < b < o0;

(2) trajectories with domain [a, +00) or [—00,b], —00 < a,b < oc;

(3) (—o0, +00).

We denote the sets of three type trajectories by I'f(r), T4 (r) and T'4(r) re-
spectively. If A; is a point p; in X for i = 1,--- ,n, then we denote ['(r) simply
by T'i(r).

Since the flow v can be viewed as the action of the Lie group R on the compact
metric space X, we assume in this paper that this action is Lipschitz with a finite
Lipschitz constant. Therefore we can talk about the tangent vector of a trajectory
of v and integrate the tangent vector to get the length of a segment of a trajectory.

3 Flows carrying a cocycle «
3.1 Bounded Alexander-Spanier cohomology

In his paper [8], Churchill introduced a bounded Alexander-Spanier cohomol-
ogy theory. If we consider the category of compact pairs, this bounded Alexander-
Spanier cohomology theory is identical with the usual Alexander-Spanier theory.
One can see the proof of equivalence in [8]. In this section we will formulate such
a cohomology theory.

Let R be an ordered ring and X be any set. A function o : X — R is
called bounded if there is an element M € R™, called a bound for «, such that
la(z)] < M for any z € X. Let X% = X x --- x X(¢ + 1 times, ¢ > 0),
and C?(X,R) be the module of all bounded function from X9t to R with addi-
tion and scalar multiplication defined pointwise. A coboundary homomorphism
§: CUX,R) — CT(X,R) is defined as

q+1

(50((1’0, e 7'rq+1) = Z(_l)ia(l‘m T wi‘i: e 7'rq+1)

1=0
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where (29, ,2441) € X9 and (zg, -+ , &4, ,2441) denotes the (¢ + 1)-tuple
(2o, "+ yTio1, Tip1,"*+ »Tgr1)- 1t is easy to prove that 66 = 0 and so (C*(X, R), §)
is a complex.

An element a € C9(X,R) is said to be locally zero, if a as a function from
X! to R vanishes in a neighborhood of the diagonal of X4+, All the locally zero
elements of C9(X,R) constitute a submodule of C4(X,R), denoted by C{(X,R).
(C¢(X,R),d) is a subcomplex, since if « is locally zero in X?*! then do is
locally zero in X972, Define C*(X,R) to be the quotient cochain complex of
(C*(X,R),d) by (Ci(X,R),6). Now the bounded Alexander-Spanier cohomology
group H*(X,R) is the cohomology group of the cochain complex (C*(X,R),J).

For any topological space Y and any continuous map f : X — Y, there is the
induced homomorphism f# : C*(Y,R) — C*(X, R) defined by

f#Oé(.’Eo, T 7*/Eq) = O‘(f(wo)a T ,f(l'q)),

where a € CY(Y,R) and (g, ,x,) € YT It is easily seen if a € C(Y,R),
then f#a € C;(X,R). Therefore f# induces a homomorphism from C*(Y,R) to
C*(X,R), and we still denote it by f#.

Let 7 be the inclusion map from a subspace A to X, then we have the cochain
map i : C*(X,R) — C*(A,R). Let C*(A, X,R) := keri#. Now the bounded
Alexander-Spanier cohomology module H*(A, X,R) is defined to be the coho-
mology module of the cochain complex C*(A, X, R).

Let (B,Y) be a topological pair and let f : (A, X) — (B,Y) be continuous,
then the cochain map f# : C*(B,Y) — C*(A, X) induces the homomorphism
f*:H" (B,Y,R) = H" (A, X, R).

As mentioned in the beginning of this section, the cohomology theory con-
structed above is identical to the usual Alexander-Spanier cohomology theory
when restricted to the category of compact pairs. Therefore it satisfies the
Eilenberg-Steenrod axioms and the continuity which is a special property of
Alexander-Spanier cohomology theory.

Let [a] € H'(X,R), then a cocycle a € [a] is a bounded function from X?
to R with da being locally zero. If [a] = 0, then the representation « is called
coboundary and there is a bounded function # : X — R such that 6§ — « is
locally zero. If this is the case, we write d( >~ a.

Let [a] € H'(X,R) and A be a path connected component of X. Suppose
that [a]|4 is zero and there are two bounded function  and 3’ on A such that
df ~ " ~ a, then § — (' is constant on A. Namely, because §(5 — [3) is locally
zero on A, for any point € A there is a small closed neighborhood such that
(B — (' is constant on it. Since A is path connected, any two points on A can be
joined by a chain of such closed neighborhoods. Hence  — 3 is a constant on
A. Define I,(z,y) := p(y) — f(x), where z,y € A. It is obvious that I,(x,y)
depends only on [a].

Now let X be a topological space. Let C'(X) be the group of all the continuous

13



maps from X to S*.(C(X) can also be seen as the set of continuous functions of
absolute value 1 defined on X. then we can talk about the angle of f(z)). Let
R(X) be the subgroup of C'(X) consisting of all the continuous maps having the
form exp 2miH (x) with H(z) being a real-valued continuous function on X.

Proposition 3.1.1[8][25] If X is a compact polyhedron, then the map J :
C(X)/R(X) — HYX,R) is a group embedding, and the range of J spans
(X, R).

Let v be a curve in X and let A, arg f be the change of angular variable
of f along . It is well-known that for any closed curve v in X, %AW arg f is
an integer depending only on the homology class of v and the coset of f in the
group C'(X)/R(X). Hence C(X)/R(X) is in fact the integral 1-dimensional co-
homology group.

Take a group of closed curves {ly,--- , [, }(m = dim X) such that the homol-
ogy classes {[l1],-+,[lm]} constitute a basis of H;(X,R). With respect to this
basis, we have the dual basis {[f1], -, [fm]}- These circle-valued maps fi,--- , fx
are called rank 1 integral cocycles.

3.2 Integration of cocycles along chains

Let (X, d) be a compact metric space with metric d. For any point p € X, we
can choose a sequence of open balls, B; D B; D By D - - - such that N, B; = {p}.
Since the bounded Alexander-Spanier cohomology has continuity, it follows that
lim; o H'(B;) = H'({p}) = 0. Therefore for a fixed cocycle a , there is a small
open ball B, such that 04|Bprp is a coboundary. Then there is a bounded function
B, defined on B, satisfying §, ~ B,x B, Oince X is compact, for any arbitrary
small 7 > 0, there are finitely many open balls {Bj}é-:1 with radius r covering
X. Furthermore, on every closed ball Bj, there is 3; such that 04|Bijj ~ 00;
and |f3;| has an upper bound M; on Bj. We call this covering an r-covering and
denote it by U(r). Define M,(r) = max; M;.

Take a curve 7 : [a,b] — X, and choose a partition a =ty <t; < --- <ty =10
such that for 0 < j <k — 1, y([t;, tj41]) C By, for some 1 <i; < [. Now we can
define the integration of o along 7 to be

/a = 3 5 (0ft30)) - B, (1(43)

Notice when ¥([a,0]) C By, then [ a = I.(v(a),v(b)).

Proposition 3.2.1[8]  The integral fva is independent of the partition of

v, the covering {B;}._, and the functions {3;} selected on {B;}. It depends only
on the cocycle o and the relative homotopy class of 7.
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Let v be a flow on X and choose an r-covering U for small r. Let v =
{zg = z,21,--- , 2k = ylto, -+ ,tk_1} be a (U, T)-chain from z to y. We define
the integral of o along the chain v as

k—1 k-1
[o=S] s - s,
¥ =0 712525 1] j=0

where (-1, 7;11) lies in B;; for some B;, € U.
If we connect point pairs (z; - t;,xj11)(j = 1,--+,k — 1) by any curve lying
in B;;, we get an induced curve 7 from x to y. It is obvious that

[ ]

It is easily seen that the integration f7 « has the following properties:

(1) If X € R, then fv Aa = /\fv a.

(2) If v is a trivial curve, i.e., represented by one point, then f7 a=0

(3) Let 71 and v be two curves for which the end point of 7 is the starting
point of 5. Let v; % 75 denote the curve 7, followed by 7., then

/ a:/ a+/ a
Y1*7Y2 Y1 Y2

Proposition 3.2.2 Let a be a cocycle on the compact metric space (X,d).
Let v be a curve on M with length [(y) < L, then there is a constant Cy, depend-

ing only on L and {M;} such that
/Oé‘ < (g
g

Proof With respect to « there is an r-covering U = { B, } such that 04|Bijj >~ 03;
and |3;| has upper bound M; on Bj. Since v is a curve with length L, we can
use at most [2L_r] + 1 r-balls to cover r. Therefore

L
< i .
‘/704‘ - 2([27“] +1) g;gZ{(M]

Corollary 3.2.3 Let v be a flow on a compact metric space (X,d) and let
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« be a cocycle on it. If y(T) is a trajectory with time interval T < Ty, then there
is a constant Cr, depending on Ty and {M;} such that

[ dsen
Y T)

Proof For any «(T') with time interval 7' < Tj, we have
100 = [ 0] de < Tymax]i o),
(1)
hence by applying proposition 3.2.2, we get the conclusion. [

3.3 Integration of cocycles in a gradient-like flow

In this section we assume that v is a gradient-like flow with finitely many
fixed points {p;;j = 1,2,---,n}. Let a be a cocycle on X. Then there is an
associated r-covering U(r) such that when restricted to the closure of each open
ball in U(r), « is a coboundary. Let r be small enough such that the Lyapunov
function g(x) corresponding to the flow v has mutually non-intersecting images
9(B:(py)) for j =1,2,--+ ,n.

Define d¢(r) = mini<j<p 6;2 (pj). Since g(x) is uniformly continuous, there
exists s < % satisfying oscp, g(x) < $0o(r). By our choice and in view of the
analysis of the local structure of gradient-like flows (see section 2.2), it is easy to

see that the following inequality holds:
3max oscyen, @) 9(y) < 0o(r) < 0,4 (p;) < 07, (1)) (3.3.1)
forj=1,2,--- ,n.

Proposition 3.3.1 Let v be a gradient-like flow with finitely many fixed points.
« is a cocycle with an associated r-covering. Let U(s) be an s-covering with
s < 89 < j for some s satisfying (3.3.1). Then there exist M > 0 and T'(s¢) > 0
depending on r but not on s such that for any (U(s), T (so))-chain 7, we have

‘Aa‘ <M (3.3.2)

Proof Firstly we will prove that given any s < r, for any trajectory v € I';(s)
with domain [a, b], there exists a constant T'(s) satisfying b —a < T'(s).

Let x € 0B;(p;), then the trajectory =-¢ or - (—t) for ¢ > 0 will flow into some
different fixed point of v. (There does not exist any trajectory joining one point
to itself.) Without loss of generality, we assume that (z - ¢)(¢ > 0) flows into the
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point py for k # j. (It is possible that the trajectory may pass through some ball
Bg(py), but this does not influence the result below.) Hence there exists a T, > 0
such that x - T, N Bs (px) # 0. By the continuity of the flow, there exists a small
closed ball D;, (x) which satisfies that for any point y € Dy, (x) N 0B,(p;), the
trajectory [y,y-T,] N 83375(19;6) # (). This shows that for any trajectories starting
from Dy, (x) N OB,(p;) their time intervals are not greater than 7, and covering
the sphere 0B;(p;) by finitely such small closed balls, then it is easy to see that
any trajectory in I'y(s) starting from 0B;(p;) has time interval not greater than
a constant 7T(s). Let T'(s) = maxi<j<, 1j(s), then all the trajectories in I';(s)
have time interval not greater than 7°(s).

Let v = {xo, Y0, T1, Y1, * s Tk—1, Yk—1, Tk |to, Tos - -, tk—1,Tk_1} be a chain. It
is called an (r, sg)-chain if it satisfies the following conditions:

(1) w; € 0B, (py;) for j =0,1,--+ ,k — 1 and x; € B,(py,);

(2) y; -7 € 0B, (py,,) for j=0,1,--- k= 1;

(3) the point pair (z; - t;,vy;) € Bs(m;), for j =0,1,--- ,k — 1, where those
Bg(m;)'s are elements in the s-covering U(s) of X.

(4) Bs(m;),j = 0,1,-++ k—1 and By(p;),j = 0,1,--- , k, are 2k — 1 open
balls and any two of them do not intersect.

(5) tj, 75 < T'(so), where T'(sq) is an upper bound for the time interval of all
the trajectories in I'; ().

Now compute the integration of « along the (r, s¢)-chain ~.

k-1 k-1
FEE Y IRIED oI

+ Z / a + Z 0SCeeB, (p; ) ﬁpl

[z;-t5,5]

(3.3.3)

eI E A
Since 0 < tj,7; < T'(sg), applying corollary 3.2.3, we obtain
I+ I <2kC,

where C} is a constant depending only on max |v(t)|,« and r.
Connect the point pair (z; - ¢;,y;) with a line segment, then its length is at
most 2s. Using proposition 3.2.2, we have

I < kCs

Here C5 depends only on s, and 7.
For IV,
V < 2kM,(r)
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Combining the above estimates, we have
|/a| < kC (3.3.4)
0!

where C' depends on 7, sg, @ and max |o(t)].

Now the proof of the proposition is changed to the problem to reduce each
(U(s),T(so))-chain to an (r, sg)-chain, while keeping the integration of « invari-
ant.

Let ¥ = {wo,x1,- -, Tklto, -~ ,tk—1} be a (U(s),T(s¢))-chain. Consider the
following cases.

(a) If the chain 7 is contained in a ball B,(p;,) for 0 < iy < n, then

| / o] = |y (x) — B (20)]
< 05CyeB, (piy) Bp., (z) < 2My(r)

(b) There is 1 < k¢ < k such that the subchain Jor, = {0, 1, -+ , Tolto, -+,
tgo—1} is contained in B, (p;,) but the point zy, - tx, is not in Uj_oB,(p;). Hence
there is a first intersection point Zy of [Tk, Tk, - tr,] and OB, (p;,). Let ty satisfy
To -ty = Xy, - tg, and let §o = x,11. Denote the ball containing the point pair
(Zo - to, To) by Bs(my). Since ty, > T(sy) and ox, C B, (pi,), this implies that
Tk, € Bs,y(pi,), hence the trajectory [Zg, Zg - tp] does not intersect with Bg, (py, )-
Otherwise,[zg,, Tk, * tg,] starts from By, (p;,), intersects 0B, (p;,), then goes back
to By, (pi,). This conclusion contradicts (3.3.1) when we check the change of the
Liapounov function g(z) along [, , Tk, - tk,]. Therefore [To, Tg- o] is part of a tra-
jectory in I';(sg), and we have £y < T'(sq). Since Zg -ty = T, - tr, is not in B, (p;,),
by the choice of s, we know that ¢y := zx, 11 ¢ Bs,(pi,). Hence gg - tx, 11 meets
firstly Bs,(py,) for some fixed point p;,. Let g - 7o be the last intersection point
of [Jo, To - tko+1] with 0B, (p;;). In the same way, we can prove that 7y < T'(sp).
Joining zy and Z, by a curve l,,z,, then the subchain g, is reduced to a curve
loz, combined with a chain {Zy, Zo|to, To} and it is clear that the reduction keeps
the integration of « invariant.

(c) Thereisa 2 < kg < k such that the subchain Y x,—1 = {0, z1, "+, Tgy—1|t0,
t1,+ ,tge—2} and the trajectory [z, 1, Tro—1 * tro—1] is contained in B, (p;,) but
Tk, & Br(pi,). Then we take a point Zy € B, (p;,) N Bs(mg), where Bs(my) is the
ball containing (g, 1 - tg, 1, Tk, ). Since tg, > T(s¢), the trajectory [zx,, Tk, - tr,)
will firstly meet B, (p;,). We denote g, by 9o and represent the last intersection
point of [zky, Tk, - ] With 0B, (p;,) by 9T for some 7y > 0. Due to the same
argument as in (b), we know that 75 < T'(sg). So ok, is reduced to the combi-
nation of a curve l,,z, and a chain {Z, 7|0, 7o }. It is clear that such inductions
also keep the integration of « invariant. Note that z,_; must be in B (p;,)-

(d) There is a subchain or, = {xo, 1, -, Tk, lto, - ,tk,_1} contained in
B, (pi,) and the trajectory [xg,, Tk, - tk,] goes through B,.(p; ). Let Ty = 7o be
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the first intersection point of [xy,, Tk, - tg,] With 0B, (p;,). Also we can prove that
To < T'(so) asin (b) and (c¢). Then the chain 7oy, followed by [z, §o-To] is reduced
to the combination of I, with the chain {Zy, 7|0, 7o}, while the integration of
« is invariant under change.

(e) If zg & N7_, B (py), then zy-ty will firstly meet some By (p;,). Let z = ot
be the last intersection point of [zg, x¢ - to] with 0B, (p;,). In the same way, we
can prove ty < T(sg).

Now using the above steps (b)-(e) continuously, any (U(s),T'(sq))-chain 7 =
{zo, 1, -+ ,xk|to, - ,tk_1} can be reduced to the combination of a curve Iz, (
or [zg, T - ty] in case (e)) with an (r, s¢)-chain 5 = {Zo, Jo, - - , Tt|to, To, * 711}
if we can prove that (4) in the definition of a (r, sg)-chain holds.

If (4) is not true, then there exists an (r, so)-cycle Y. = {Zig, Yigs - * » Yiy» Tig [ i
Tios '+ » Ty, y Where the point pair (y;, - 7, T;y) € 0By (pi,). Now extend the tra-
jectory @i, - t(t > 0) for j = 0,---,l. Since 7, is obtained by reducing the
(U(s), T(s0))-chain, hence g, -t will go through By, (p;,,,). Welet g, -7, (15, > T,)
be a point in By, (p;,,,). Take the inverse process corresponding to (2)-(4), then
there is a trajectory starting from some point z;,_; € By, (p;~1) to some point
Tj;—1 ;1 in the s-ball containing z;,_, -t;;_, and y;;. Therefore frome the cycle
Ve We get a (U(S), T(SO))'Chain Ye = {l‘ioa Yigs " s Uiy wio|ti07 Tigy 5 Ly Tiz}'

Consider the change of the function g(x) along 7.. On one hand, since the
two ends of 4. are z;, and ¥;, - 77, by (3.3.1)

1
‘/ 59‘ < 08Cren,, (pig) 9(7) < g%(?“)
Ye

On the other hand, each 3;;-t(0 < t < 7;;)(j = 0,--- , 1) goes across B, (pi;)\B: (pi;),
we have

2 1
/ dg >(1+ 1)(511 —2(I 4+ 1) max oscyep,(z) 9(y) > do(r) — 560(7“) = 5(50(7“)
Fe ! v

This is absurd. The contradiction shows that the chain 7 we get from a (U(s), T (s¢))-
chain ¥ is indeed an (r, sg)-chain. Let ¥ = {Zo, %o, - - - , Z1|to, To, - -+ » T1_1}. Since v

is gradient-like, the index [ is less than n. Therefore applying the estimate (3.3.4)
and the fact that the reduction from ¥ to 7 keeps the integration of «, we have

‘/a‘:‘/a‘gna
v v

where C' depends on 7, sg, « and max |9(¢)|. Proposition 3.3.1 now is proved. =
3.4 Flows carrying a cocycle «

Consider a fixed cocycle o on X. With respect to « there is an r-covering for
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small 7 such that the restriction of a to the closure of every r-ball is a cobound-
ary. Let v be a flow on X having n fixed points {p;}?_,. Consider the flow v
restricted to the punctured space X\ U!"; B, (p;). Recall that in the end of section
2.2, we have defined three sets I'; (1), ['y(r) and I's(r). Now we have the following
definitions.

Definition 3.4.1 The flow v defined on the compact metric space (X,d) is
said to be an a-flow, if there exist a cocycle o , a small r > 0 and a Ty > 0 such
that for some p > 0 and 0 < A\ < 1, the following conditions are satisfied:

(1) v is gradient-like in B, (p;)

(2) maX, B, (p:)x B (p) [Ha(T,y)| < Ap, for 1 < i <n.

(3) for any trajectory v € I'y(r),

/aZp
Y

(4) ify(T,) denotes any sub-trajectory of v € I's(r)UL's(r) with time interval

T(), then
/ o> p
7(To)

Similarly, if we replace the fixed points by connected nonwandering sets of v and
replace the set T;(r) by ['#(r) which is also defined at the end of section 2.2, then
we can get the definition of generalized a-flows with respect to the nonwandering
set A.

Definition 3.4.2  The flow v defined on the compact metric space (X,d)
is said to be a generalized a-flow with respect to the nonwandering set A =
{A,, -, A}, if there exist a cocycle a , a small r > 0 and a Ty > 0 such that
for some p > 0 and 0 < A\ < 1, the following conditions are satisfied:

(1)There is a Lyapunov function g;(x) defined in B,(A;) fori =1,--- ,n, such
that g;(x) is constant on A;.

(2) max g \eh, (A)x B, (A [Ta(T,y)] < Ap, for 1 < i <.

(3) for any trajectory v € T'{(r),

S~
Q
A%
s

(4) if y(Ty) is any sub-trajectory of v € I'y(r) UT's(r) having time interval

T(), then
/ azp
7(To)

Definition 3.4.3 A flow v is called carrying a cocyle « if v is an a-flow or a
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generalized a-flow.

We will give examples and some propositions to show that the (generalized)
a-flows include many interesting and important flows. Let us give some examples
first.

Example 3.4.1 Let v be the gradient flow generated by a Morse function
f on a smooth manifold X. We say that the flow v is a df-flow. In fact, in
this case every function 3; defined on the closed ball B; in the r-covering can
be taken as the restriction of f to B,(p). Now let S(f) be the critical point set
and p; denote a critical point. Let p = £ min |f(p;) — f(p;)|, where the minimum
is taken over all pairs (p;, p;) € Si(f) x S;(f),i # j, and choose r small enough
such that max;, cs(s) 05Cp, () | f| < §, then the flow v satisfies conditions (1) and
(2). To prove (3), let v € I';(r) be a segment of a trajectory joining B, (p;) and
B, (pj). Since v is a gradient-flow, the p; and p; must be two critical points with
different index ¢ and j. Then

/ df = F(4(5)) - F(2(a))

= f(pi) = f(pj) + F(y(0)) = Fpe) + F(pj) — F(7(a))

> f(p) — F(p:) — 2 .
> f(pi) — f(pj) Jax, 0SCH, () fl

>2p—p=p,

hence (3) is proved. Since v is a gradient flow, ['y(r) U'3(r) is empty. Hence the
condition (4) is trivial.

Example 3.4.2 Let v be the flow generated by the vector field V' dual to
the closed Morse 1-form w. Take an r-covering of X such that w is exact when
restricted to the closed ball B, (p), for instance, let w = dfyl B,(p)- By the preced-
ing discussion, we know that I,(z,y) and fvw are independent of the choice of
the r-covering and the related functions {f,}. Therefore

max Iw T,Y)| = |0SCxep, fl T

(w,y)GBr(pi)xBT(pi)| ( )= €B(pi)Jp ()]

<2r max |df,]|=2r max |w(z)] (3.4.1)
IGBT(pi) z€ B, (p;

On the other hand, there exists a 7y > 0 such that a good coordinate system can

be chosen in B, (p;) for any i = 1,---  n, to make the dual vector field have the
form (—xy, -, —Zs,Ts41, - - Tpyy). Furthermore, 1y can be chosen small enough
such that

Ty < Iznyél]nd(Bro (pz)a BTO (p]))7
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where p; € S;(w).

Let r < ’"20, then by analyzing the explicit expression of the trajectory in

B,,(pi),i =1,--- ,n, it is easy to see that for any v € I';(r),

b r
| =7,

Using the above inequality, for any v € I';(r), we have

/7 w= Z Fory O1(t530)) = Jo, (1(13))
_2/ | = /|w NP di

(3.4.2)
> )| dt
0 / i
> min |w(x)|-
¢ U; Br(p;)
where C;, = 3
Therefore if we can choose 7, p satisfying
4r max |w(z)|<p<Cp,, min |w(z) (3.4.3)

x€U; Br(p;) - x¢U; By (p;)

then conditions (2) and (3) are satisfied ((1) is obvious). Let ||y be the Euclidean
metric, then there exist constants Cy and C such that for any vector field V near
any point x € X,

ColV]o < [V < CilV]o

Then

min |w(z)| > Cyr
im0 (@) 2 Co

and
max |w(z)| < Cyr
z€U; B, (p;)

Hence (3.4.3) holds if we can choose p satisfying
4011 < p < Gy Cor (3.4.4)

This can be done by choosing 7 small enough. Now we can choose r and p such
that the conditions (2) and (3) are true.
For the condition (4), we can choose Ty large enough such that for fixed  and

p< min |w@)Th < / Wy () dt = / w
2¢UiBr(pi) 7(To) 7(To)

22

P



The above argument shows that the flow v satisfies our definition, i.e., v is a
w-flow, which fits with the fact that v is generated by the vectorfield dual to w.

Remark Example 3.4.1 can also be treated as in the example 3.4.2, but in
this case every trajectory is in the set I'y(r). In the case of Example 3.4.2, it is
possible for some closed 1-forms that the flows they generate have trajectories in
FQ(T) U F3(T).

Example 3.4.3 We let w be a closed 1-form as in the example 3.4.2. Now
we consider a family of flows depending on the parameter £,0 < e < 1:

be(t) = V(v(t) + eU(v(t)),

where V() is the dual vector field of w and U(z) is a vector field vanishing on a
small neighborhood of each zero point of w and satisfying the norm inequality:

U(@)] < [V(2)| = |w(z)].

We claim that the flow v, is also an w-flow. This can be seen as follows. Firstly
(3.4.1) holds. Secondly we study the integration of w along 7. € I'{(r), we have

/ 0 =3 fo, (6ti2)) = fuy (1)
=3 [t et
=3 [ ). V6o + Ut

2(1-) [ (o)

Since U(x) vanishes in a small neighborhood of each zero point, the argument
behind (3.4.2) also holds in this case. Hence (3.4.3) should be modified as

4r max |w(@)| <p<(1-¢)Cy min |w(z)]
QSEUiBT(pi) $¢UiBT(pi)

Thus we can choose 7, p small enough such that the conditions (2) and (3) in the
definition are true.
For (4), we should choose Ty large enough such that

p<(l—¢) min J|w(@)]*T, < / w

x%UiBr(pi) ’Ys(TO)

Therefore, if we choose r, p, T suitably, the conditions (1)-(4) are also true for the
flow v..
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Example 3.4.4 This example will provide a method for changing a gradi-
ent flow of a Morse function to an a-flow with o being a nontrivial cocycle.

It is well-known that in any closed smooth manifold M, there exists a Smale
function with exactly one local maximum point and one local minimum point.
Hence the gradient flow of such a Smale function has only one minimal attrac-
tor and one minimal repeller. Now take small m-disc D§* and D}" whose center
points are the minimum point and the maximum point respectively. Now cutting
the two discs and connecting the two holes by a “bridge” S™! x D!, we get a
new manifold M;. Take the flow on S™~! x D! to be the one generated by the
vector field (0,+4) and let the flow go from the part of the original minimum
point to the part of the original maximum point. After connecting the vector
fields smoothly in the connecting collar, we get an a-flow on M; (This fact can
be shown in the same way as in Example 3.4.9.). It is obvious that this flow on
M; has no attractor or repeller and the set T'y(r) U T'3(r) # 0.

If a gradient flow of a Morse function has more than two minimum or max-
imum points, we can proceed as above and connect some minima and maxima
parwise to construct the a-flow with nontrivial cocycle o and having attractors
and repellers.

Example 3.4.5 (Flows carrying a cohomology class) We consider an
extreme case in the definition of an a-flow v, i.e., that v has no fixed point in X.
In this case, the set I'y(r) U 'y(r) = 0 and the only condition that makes v an
a-flow is that there exist constants p > 0 and Ty > 0 such that for any trajectory
v(Ty) with time interval Tj, we have

/ azp
v(To)

Now the a-flow v becomes a so called “flow carrying a cohomology class” as
introduced by R.C.Churchill in his paper [8]. The reason that the flow is called
“carrying a cohomology class” is that the above condition is independent of the
choice of the representative in the cohomology class [a]. In fact, if «; € [a] is
another cocycle, then there exists a coboundary 8 € H!'(X,R), such that

ap—ax~f
and so
/ o = / o+ Ble(y(KTo))) — Bls(v(KTp)))
(KTo) Y(kTo)
> kp—2Mg

where s(y) and e(7) are the start point and the end point of the trajectory -,
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and Mjg is the bound of 8. Hence if we choose k > [W%ﬂ)] + 1, then we have

/ ay 2 p.
(ko)

The existence of a flow carrying a cohomology class in a manifold will induce
the vanishing theorem for the Novikov numbers. This result will be given in sec-
tion 4.5.

The flow in the following example is a simple example of such an a-flow which
also carries a cohomology class. It was first explained in this way in [8].

Example 3.4.6 Let S* be the unit circle. We will define a nontrivial cocycle «
on S! as follows. Define two open sets in S':

, 5% 5%
Ulz{e“’| —§<0<§}
- 137
U2:{610|§<9<?}
Then U; U U, is an open covering of S!. Define two bounded functions in U; and
Ug. Let ﬂg =01in U2 and let
0\ 1 0 € [07 %]
s ={ 0 €[-3,0)

Now we can define a nontrivial cocycle o : S* x St — R,

i, ioey [ Bi(e) — Bi(e) if |6, — 6y
el e )—{ 0

o <Ii=1,2
’ if 6, — 6y >

ISERNE

Let m; : T™ = St x ... x S — S! be the projection map which projects from
the m-dimensional torus to the i-th factor space. Define «;(z,y) : T™ x T™ — R
to be the pull-back map (m; X m;)*a. It is easy to see that [o;](i =1,---,m) is a
linearly independent basis of the bounded Alexander-Spanier cohomology group
H'(X,R)

Let w = (wy, -+ ,wn,) be a constant irrational vector field in R™. Here “ir-
rational” means that w;(i = 1,---,m) is an irrational number. Then this vector
field can be projected to the torus 7™ such that w is a vector field on T™. Con-
sider the irrational flow generated by w,

v =w(v)

Taking any point x on 7™ and integrating «; along [z, x - t], we can get

oy = |—|-.
[z,z-1] 27
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This shows that the irrational flow is an «a;(—aqy)-flow for i = 1,--- m , if
w; > 0(w; < 0). In particular, it is a flow carrying cohomology class [o;](—[ay]) if
w; > O(WZ < 0)

Example 3.4.7 In Example 3.4.1 and Example 3.4.2, we have considered the
flow generated by a dual vector field of a Morse function or a closed Morse 1-form.
In those cases, the fixed points of the flows are non-degenerate fixed points. In
some cases, those flows generated by a function or a closed 1-form may have Bott
type nondegenerate critical manifolds. For instance, let Z be a non-degenerate
critical manifold of a function f. This means the following condition holds:

(1) gradf(x) =0, Vx € Z.

(2) At any point z € Z, there is a decomposition T,(M) = T;-(Z) @ T,(Z)
and d?f(z) as bilinear form is nondegenrate along the vertical tangent subspace
TH(Z).

Since locally a closed 1-form w is the differential of a smooth function, hence
the Bott type nondegenerate zero set of the closed 1-form w can be defined as
above.

Therefore using the same argument as in Example 3.4.2, it can be proved that
such a flow generated by w is a generalized w-flow with respect to all the Bott
type nondegenerate zero sets.

Example 3.4.8 In the paper [27], S.Smale introduced the Morse-Smale flow.
We give the definition below.

A flow v on a manifold M is called a Morse-Smale flow if it satisfies:

(1) The chain recurrent set of v consists of a finite number of hyperbolic closed
orbits and hyperbolic fixed points. ( The reader can see the meaning of “hyper-
bolic” in section 4.3)

(2) The unstable manifold of any closed orbit or fixed point has transversal
intersection with the stable manifold of any closed orbit or fixed point.

It was proved that such flows have “global” gradient-like structures and have
a Morse decomposition which induces the Morse inequalities.

However, in some cases, although the nonwandering set of the flow contains
only the hyperbolic periodic orbits and the hyperbolic fixed points, the flow is not
a Morse-Smale flow because of the existence of “cycles” which consist of some or-
bits “connecting” different invariant sets and form a closed curve. We can give a
definition of such flows when restricted to the category of flows carrying a cocycle.

a-Morse-Smale flow Let v be a generalized a-flow with respect to the non-
wandering set A = {A,,---,A;}. If A contains only the hyperbolic orbits or
hyperbolic fixed points, then v is called an a-Morse-Smale flow.
The following example provides a concrete a-Morse-Smale flow.

Example 3.4.9 Let W be a compact oriented connected manifold with bound-
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ary OW = 0, W UJ_W. W is called a flow manifold if it satisfies the following
two conditions:

(1) 0, WnoWwW =10

(2) The Euler characteristic number x(W) = x(0_W).

In his paper [1] and [2], D.Asimov has proved the facts that if W is a flow
manifold such that dim(W) # 3 and W is not a Mdbius band, then W has a
round handle decomposition and a manifold with a round handle decomposition
has a non singular Morse-Smale vector field, i.e., the flow generated by this vector
field has only hyperbolic periodic orbits and at the boundary 0 W (0, W), the
vector field points outward (inward). Actually, he obtained the following result
(see [15]):

Let f : W — [a,b] be a Morse function with two critical points p and ¢ of
index k£ and k + 1 respectively, such that the unstable manifold of ¢ does not
intersect the stable manifold p, then there is a non-singular Morse-Smale vector
field X on W satisfying,

(1) X = =V on a neighborhood of 0W, and

(2) the flow of X has exactly one closed orbit and this orbit has index k and
is untwisted.

Now we can use this fact to construct many a-Morse-Smale flows. A simple
example is that we can reverse the flow and then double the manifold to get a
closed manifold 2W and a flow on it such that the nonwandering set of the flow
are the untwisted hyperbolic periodic orbits with index £ and index n — 1 — k.
This is actually an a-flow. The cocycle a can be defined as follows. Take a metric
d on 2W, and define two open sets on 2W to be

Uy ={ze2W |d(z,0-W) < 2¢}
Uy={xe2W |d(z,0_W) > e}.

Then U, U Us is a covering of 2W. Denote the two half parts of 2W by W,
and Wy. Define fy(x) = 0 on Uy and define () in U; to be

L0 ifd(z, W) =0
ﬁl(w)_{1 ifd(x,W1)>0

Now the cocycle o : 2W x 2W — R is defined as

( Bily) = Bi(z) ifd(x,y) <e, fori=1,2
ale,y) = { 0 ifd(z,y) > ¢

In the same way we can piece together many flow manifolds with boundary to
get a-Morse-Smale flows that possesses hyperbolic periodic orbits and hyperbolic
fixed points with different indexes.

Theorem 3.4.1 Let v be an a-flow on the compact metric space (X,d). If
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« is a trivial cocycle, then v is a gradient-like flow. Conversely, if v is a gradient-
like flow, then v is a dg-flow with g being the associated Lyapunov function of
the flow v.

Proof  Firstly we will show that if v is an a-flow with « being a trivial co-
cycle, then I's(r) U I's(r) is empty. In fact, if we assume that there exists a
trajectory v € T's(r) U T's(r), then for large T' the integral fv(T) « can be larger
than any pre-given number. Now using a shortest curve K joining the two ends of
v(T), then fv(T)*K a = 0, since « is a trivial cocycle. This gives fv(T) a=|[al,
however, this is not possible, since |fK a is bounded for any finitely long curve
K.

Secondly, we will show that there is no trajectory in I'y(r) forming a ”cycle”.
If this case happened, then there would exist a (U(r), T')-cycle ¥ = {p ,- - ,p; =
Pi,lto, -+ tr—1} where the point pair (p;j 'tj>p;j+1) C B,(pi;) forj=0,--- ,k—1.
Since « is a trivial cocycle, we get f7 a = 0. On the other hand, we have

k—1 k—1
/ 0>Y / o= osen ) By
gl j=0 7 1Pi;pi; ti] j=0
>kp— Akp >0

This is a contradiction. Therefore this result with the first one implies that
for any z € X, its limit sets w(x) and w*(z) are in U, B,(p;), furthermore in
{pi, i =1,--- ,n} in view of (1) of the definition 3.4.1. Hence v is a gradient-like
flow.

For the second conclusion, since each gradient-like flow v has an associated
Lypunov function g, if we define o : X? — R to be

a(z,y) = g(y) — g(x), ¥(z,y) € X*

then it is easy to see that v is a dg-flow. [

Theorem 3.4.2 Let v be an a-flow on the compact metric space (X,d). Let
{si} = 0 as i = oco. If « is a nontrivial cocycle and for any M > 0 and T > 0
there is a (U(s;),T)-chain 7; for each s; such that

‘Aa‘ > M (3.4.5)

then v is not a gradient-like flow. Furthermore, if it is known that for any
M > 0 there is a trajectory 7 satisfying (3.4.5) or there is an oriented cycle 7,
consisting of some orbits joining fixed points where the direction is determined
by the forward direction of the flow v such that

‘Aa‘ > 1 (3.4.6)
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then v is not a gradient-like flow.

Proof The first conclusion is a direct corollary of proposition 3.3.1. and the
third one is obvious. We only consider the second case. From proposition 3.2.3, if
the time intervals of the trajectories have an upper bound, then for any cocycles
on X the absolute value of the integration, | f% «/ has a uniform bound. There-
fore the trajectory v with respect to the arbitrary large M has arbitrary large
time interval and it is the chain needed for the hypothesis in the first conclusion.m

Theorem 3.4.3 Let v be a a-flow with a non-trivial cocycle o on a com-
pact metric space (X,d). If v is not a gradient-like flow, then for any small
sequence {s;} which tends to zero as i — oo, and for any M > 0,7 > 0 there is
a (U(s;), T)-chain 7; for each s; such that

‘la‘ > M (3.4.7)

Proof If v is not a gradient-like flow, then there is a non fixed point z( in
the chain recurrent set of v. Therefore for any s and 7' > 0 there is a (U(s),T)-
chain ¥ = {wo,- -+, 2 = @olto, -+ , tk—1}-
Now we consider two possibilities:

(1) If wo - ¢ & Uiy Br(pi)

In this case, we have the integration:

[ azig
o> [=]p
[z,x-t] Ty

Since o is a point in the chain recurrent set of v, there is a (U(s),T’)-chain
v = {xo, -+, = molto, - ,tk_1}, and we can modify the chain ¥ to get a
(U(s), kT)-chain 4, = {xg,xo|kT}. We can let 5 to be a (U(sp),T)-chain for
small sy < s such that there exists a xj in the ball Bs(m;,) containing the point
pair (xg - T, x;) satisfying xf, - (=7T) € Bs(pi,) and xj, - T € By(m;,). The point
is that a (U(sg),T)-chain for small sy can provide a chain (U(s),T’) for large s,
while decreasing the number of trajectories it contains. Hence we can obtain a
(U(s), T)-chain 4, = {xg, z¢|T} for any s and T. The integration of « along n¥,
has the following estimates:

T T
/n a2l = osen, ) 2 o —2Ma)

Therefore if we choose T > a0 4 1 and n large enough, then (3.4.7) is true.
(2) If g - tg € U B, (p;) for some ¢,
In this case we can replace xy by zy - tg, since -ty is also a point in the chain
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recurrent set of the flow v. So we assume that zy € B,(p;,). Using the same
argument as in (1), there exists an sy > 0 depending on xy such that for any
s < So, there is a (U(s),T)-chain 7 = {xg,- -, = xo|to,- -,k 1} satisfying
(zj-tj,2j41) € Bs(mjs1) C By(piy,,) for j =0,1,--- ,k — 1. Thus we have

/ a > n(kp — \kp)

v

If n is large enough, the integration will be larger than any given number. So
(3.4.7) holds. n
In view of Theorem 3.4.1-3.4.3, the following corollary is obvious.

Corollary 3.4.4 Let v be an a-flow on the compact metric space (X,d).

If for any chain 7,
| / al <M
;?

for some M > 0, then v is a gradient-like flow.

Example 3.4.10 Theorem 3.4.2 and 3.4.3 give a sufficient and necessary con-
dition (3.4.5) for an a-flow to be a non gradient-like flow on X. The following
simple example shows that an a-flow with a being a nontrivial cocycle can be a
gradient-like flow if it does not satisfy the condition (3.4.5).

Let S* be the unit circle with the standard metric. Choose r > 0 small enough
and consider the following four open sets

U1:{0||0—g|<2r}
U2:{0||9—3§|<2r}
U3:{e|g+r<e<3§—r}
l@z%|—%+r<0<g—ﬂ

Then U}, Uj; is a covering of S. Define bounded functions 3;(i = 1,2, 3,4) on U;
as follows
Bi(x) =0, ifi = 1,2

and

; 0 fZ+r<f<m
ﬁ?)(e@):{ 2

1 if7r§0<37”—r

; 2 if-Z4+7r<0<0
54(60):{ o 20 .

0 if0o<O<f—r
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Consequently, we can define a cocycle a(x,y) : S? x S — R to be

(el i) = { Bi(e2) — B;(e?) if |0, — O] <7, fori=1,2,3,4
’ 0 if |91 — 92| Z r
This cocycle is a nontrivial cocycle. Since if we let v be the oriented curve starting
from the point # = 7 and then going around the circle in the clockwise direction,
then for any integer [, we have
/ a=I.
by

Now we consider the gradient-like flow v on S!, that has two fixed points

at 0 = +7, and flows from the point § = 7 to the point # = —7. Then it is

2
easy to check that v carries the cocycle a with the parameter A = 0,p = 1 and

Lo(r) UT3(r) = 0 in the definition 3.4.1.

Example 3.4.11 Let v be a flow on S' which has three fixed points at
0 =0, %”, 4?”, and the forward direction of the flow is the anticlockwise direc-
tion. It is easy to see that v carries a nontrivial cocycle and is a non gradient-like
flow.

Example 3.4.12 Let v be the flow in Example 3.4.2, i.e., generated by a
closed Morse 1-form w. If [w] is a nontrivial cohomology class, then v is a non-
gradient-like flow.

This result can be seen as follows. We can lift w to a covering space X
such that the pull-back form by the projection map is an exact form, say, df.
Then the lifting flow © is the gradient flow of f on any cobordism f~![a,b] for
—00 < a < b < 0o0. Since f is strictly decreasing along the nonconstant tra-
jectory of —@, there does not exist a global attractor in the interior of f~![a, ).
Therefore, there is always a trajectory or a chain consisting of orbits joining fixed
points such that the start point is at the level set f~1(b) but the end point is at
fY(a). Since |al, |b] can be arbitrarily large, hence by Theorem 3.4.2, v on the
underlying manifold X is not a gradient-like flow.

Remark However, for general a-flows, things would be complicated, since
in the definition of the a-flow, we use a “global” integration. Hence this allows
some “fluctuation” to occur in the flow

3.5 m-Morse decomposition of a-flows
From proposition 3.1.1, we know that there is a group embedding J :
C(X)/R(X) — HY(X;R) whose image spans H'(X;R). Let {f;}", be func-

tions in C'(X) such that the image o; = J(f;)(: = 1,2,---,m) is the cocycle
representing the rank 1, indivisible integral cohomology class [«;], while making
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{[e;]}™, linearly independent. Let [I;] be the integral homology class dual to [oy]

fori=1,---,m,ie.,
/

Let 7 be a subgroup of the fundamental group of X spanned by {l,---,l;}. Since
X is a compact polyhedron, there is a covering space X with deck transformation
group 7. Let P, : X — X be the projection map. Take a function f; : X — S*
for 1 <i < s. There is a function f; := f; - P, : X — S'. Since the pair

((fi)e - (Pr)s - (X, Z0), dO) = ((Pr).m1(X, Zo), (fi)"(dF))
= 27T<(P7T)*7T1(X,i'0), sz'> = 0,

fod=fe={0 i3]

J

for 1 < i < s, each f; has alifting map f; : X — Rsuch that f;(z) = exp 27if; ().

Assume that 1 is a regular value of f; for 1 < i < s. Define N;(k) =
FoLR), Walk) = £ [k e+ 1)) and N; = f;1(1), then Pr(N) = U2 Ni(k)
and [; - N;(0) = N;(1). Define X, = {7 € X;0 < f;(7) < 1,1 < i < s},
then Xj is a fundamental domain in X. Let Nj(1) := Xy N Ny(1) and let
NZ()(O) = X() N NZ(O) Then the boundary of X() is Ule(Nzo(O) U NZ()(]_)) The
functions {fi; 1 < i < s} divide the boundary of Xj into two parts:

N = UL No(1): Ny = UL, Na(0)

Definition 3.5.1 (7-Morse decomposition) Let v be a flow in a compact
polyhedron with metric d. Let v be the lifting low of v in the covering space X
which has a deck transformation group m as above. If v satisfies the following
conditions:

(1) The nonwandering set A of ¥ has finitely many connected components
{A,, -, AL} in the fundamental domain X,.

(2) {Ny, Apn,---, AL} is a relative Morse decomposition of v in X,, where
“relative” means that Vz € Xy, w(z) Uw*(z) ¢ UL, A;, the trajectory ¥ -t goes
through N (Ny) at forward (backward) time and w(z) Uw*(z) ¢ Xo.

Then we say that v has a m-Morse decomposition.

Lemma 3.5.1 Let v be a flow in a compact space X and let P, : X — X be
the covering projection mentioned above. If A is a nonwandering set in X, then
P, (A) is also a nonwandering set in X.

Proof  Let Aﬁ be a nonwandering set in X and let £ € A. Take an open
neighborhood U of Z such that P, : U — P,(U) is a local homeomorphism.

Since 7 € w(U), there is a sequence 7; € U and t; € R, t; — oo, such that for
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any smaller neighborhood V' of Z, when i becomes large enough, then z; - t; € V.
Fix z; and project the integral curve z; - t to X, then we get an integral curve

P.(Z; - t) = Pr(Z;) - t starting at P.(Z;) € P;(U) ending at Pr(Z; - t) € P(V).
Therefore P(Z) is a nonwandering point in X, which shows that P,(A) is a non-
wandering set in X. [

By lemma 3.5.1, the set P, (4;)(i =1,--+ ,n) is a nonwandering set of v in X,
and is called a T-stable nonwandering set of v. Denote the set {P,(A,), -,
Pr(A1)} by N (v).

Now we let v be an a-flow on X and the cocycle « is nontrivial with rank s.
Without loss of generality we can assume that the cohomology class [a] has the

following representation:

fori=1,---,s. (3.5.1) implies that there is a bounded function 5 : X — R such
that

o — Z Ny ~ 63 (3.5.2)
=1

We still use 7 to represent the subgroup of the fundamental group of X spanned
by {lla e 7ls}-

Theorem 3.5.2 Let v be an a-flow with a being a nontrivial cocycle having
rank s on a compact polyhedron X with metric d. Then v has a m-Morse decom-
position with rank m = s and the w-stable nonwandering set is N (v) = {p;}1;.

Proof  As before, we denote the lifting flow of v in X by ¥ and denote the
lifting trajectory of any v by 7. To show that v has a m-Morse decomposition,
we should prove the following facts:

(1) There is no oriented cycle in Xj.

(2) For any 7 € Xy, either 7 - t goes through Ny (N, ) and then out of Xj
forever at forward(backward) time, or w(z) Uw*(x) is contained in the union of
the fixed points in Xj.

Since an oriented cycle in X, when projected down to X will be an oriented
cycle in X, therefore for the proof of (1), we will show that any oriented cycle in
X can be “untied” when lifting to the covering space X, i.e., the lifting trajecto-
ries go from the infinitely far place to the infinitely far place.

Let ~,. be an oriented cycle consisting of fixed points p;,, -+ ,pi, = pi, and
trajectories [piy, pi,], -+, [Pir_y, Di,). Consider the integration of « along 7.. Ap-
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plying the definition that v is an a-flow, we have

k—1
[5)
Ye j=0 [

pij 7pij+1}7“

k-1
a— Z 0SCaeB, (pi,) Py, (x) > kp—Akp >0
=0

where [p;;, pi;,.]r € ['1(r) is a sub-trajectory of [p;;,p;,,,].

Notice that )
Z)\Z/ Q; :/ a>0
=1 Ye Ye

Hence there is an index 1 < ¢ < s such that

/04121
Ye

Here we use the fact that ; is an integral cocycle. Let 7. be the lifting curve of
Y. on X. It is easy to see that the following holds:

. 1
/ ) 5fz':2—A%fz'=/%'Zl
ANW; (0) 7T Ye

and furthermore, for any integer m > 0,

/ 5f;i >m
Fe (U Wik))

This shows 7. goes from the infinitely far place to infinitely far place. Therefore
(1) is proved.

To prove (2), we only need to prove for any x € X with its limit set w(x)(w*(x))
not in the union of all the fixed points of v , that the lifting flow z - ¢t will pass
through N (V) then go to infinity at forward (backward) time.

Assume that w(x) ¢ U ,{p;}. There are two cases which may occur for the
trajectory x - t(t > 0).

Case 1. z -t meets infinitely many balls {B,(ps,), B (pi,), -, Br(pi,), - - }-
Then the integration of « is

I(t)-1

1(t)—1
/ o> Z / @ Z OSCweBr(pzk)ﬂpzk ()
[z,2-1] k=0 Y [T:Ttk k=0

where [(t) is an integer representing the number of balls that [,z - ¢t] has met
and [z, - t];, € I'1(r) is a trajectory of [z, z - t] between B,(p;,) and B,(p;,,,)-
We have the estimate

/ o> 1(H)(1 = A)p (3.5.3)
[z,2-1]
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Since o >~ Y7, Ny + 60 and 3 : X — R is a bounded function(let its bound
be Mpg), then

;Ai /[ a; > 1(H)(1 = Np — |8z - ) - B(z)|

z,z-1]
> 1(t)(1—X)p —2Mjg (3.5.4)
. 2M5+C
If ¢ is large enough such that [(t) > T, then we have
Saf asc

for arbitrary large C. Now we can use the same argument as in (1) to show that
the trajectory [z, x -] must pass through N; and then travel to the infinitely far
place of X.

Case 2. After meeting finitely many balls, « - ¢ travels in the region X\ U,
B,(pi).

In this case, we have (assume that [z, z - t] meets no balls).

[ azig
a>[—]p
[I,I't} TO

In the same way as in case 1, we can prove that [z, z - t] will pass through N,
and then go to infinity.

We can also discuss the case that w*(z) ¢ U7_;{p;}. In that case the trajec-
tory z -t will pass through NV, and then go to infinity as ¢t = —o0.

Now we have proved (2), and the theorem is proved. n

Using the same argument as in the proof of Theorem 3.5.2, we get

Theorem 3.5.3 Let v be a generalized a-flow with respect to the nonwan-
dering set A = {A,,---, A1} on a compact polyhedron X with metric d. If «
is a nontrivial cocycle having rank s, then v has a m-Morse decomposition with
respect to A with rank m = s and the m-stable nonwandering set is N (v) = A.

4 Novikov-Morse Theory
4.1 Deformation of complexes relative to a-flows

In this section, we let X be an m-dimensional compact polyhedron. Let v
be an a-flow on X, where « is a nontrivial cocycle.

By Theorem 3.5.2, the flow v has a m-Morse decomposition, where 7 is a sub-
group of the fundamental group of X determined by the cocycle a. Assume that
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7 is spanned by G := {ly,--- ,l,}, where s is the rank of a. Let X be the cover-
ing space of X with deck transformation group 7. As in section 3.5, the boundary
of the fundamental domain Xy, X consists of two parts, Nj = U_, Nio(1), and
Ny = UL Njy(0) and satisfying for i =1,2,--- s,

li - Nip(0) = Nyp(1)

Define 7 to be the monoid constructed by (G, e) with the group action from
.

Now the triangulation of X provides a triangulation of X, such that 90X is
an m — l-dimensional subcomplex. Define R to be the subcomplex formed by
those m — 1-cells in N . For any p-dimensional cell e in R, we can define a map
k from R to G such that r(e) is a replacement map sending e to x(e) - e € Ny .

Now we fix the triangulation of X, and modify the inner simplices in Xj.
In detail, we will replace those cells supported on the boundary by cylinderical
cells.

Note that 0X is a simplicial complex, we can retract 0.X, a small distance
¢ into the interior (if we choose a metric). ¢ is so small such that each cell in
90X, does not degenerate during the movement. In this way, we actually get a
CW-decomposition of Xy with the cells around the boundary being cylindrical
cells. Denote the m — 1-dimensional subcomplex obtained by retracting N~ by
distance ¢ by R;.

Lifting X, to the universal covering X, we can get a fundamental domain X,
in X. At this point, we forget all the information about the flow.

Now the lifted part of the boundary 0X, forms some part of the boundary
9X,. Hence the elements of G are still replacement maps. We can view x(e)
for e € R as a replacement map acting on R, the lifting of R.

Define a set Ny in X; to be the space getting rid of all the cylindrical cells
supported on R; having the form: e x eI, I = (0,1). Lifting Ny to X, we get
Ny. Let i : R — RN 8X, and iy R— R; N ANy be two injections. Then 74
are injections from R to Ny. Define f, to be a map from C,(R) to Cy(No):

fo=r(i2)e() = (i4)+()

where k- (i_).(-) is a Z-linear extension of the map defined on the basis as follows:
Ve € Cy(R),

Here k(e) is the element in G .
K- (i-).(-) also commutes with the differential d. Take a simplex e € Cy(R)
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and let dge =), €', then we have

= dy, (K- (i-)s(e))

Therefore f = {f, = & (i_). — iy} is a chain map from C,(R) to C.(Ny).
Consequently, we can construct the algebraic mapping cone (con(f).,d.),
whose ¢-th term and differential are

con(f)y = Cy1(R) & Cy(No)

—dr 0
d. =
( foody, )
Now our aim is to construct the chain equivalence between (con(f).,d.) and
(C.(Xo). dy,). )
Since the basis of the Z-module chain complex C,(Xp) contains two kinds of
cells, the cylindrical cells supported on i+ (R) and the other cells in Ny. Each

element § € C,(Xy) can be represented linearly and uniquely in the following
form:

B=(-1)""(iy).(e) x el + s

where e € Cy 1(R),I = (0,1) and s € C,y(Np).
Define 6, : con(f), — C,(Xp) as

O,(e®s) = (1) (i )u(e) x el + 5=
and define 7, : C,(Xo) — con(f), as
m(0) =e®s
Clearly, 0 = {0, } and 1 = {n,} are chain maps satisfying -n = Id;, and n-0 = Id.

Proposition 4.1.1 Let (con(f).,d.),0 and n be defined as above, then the fol-
lowing diagram commutes and 6 defines a chain equivalence between (con(f)., d.)
and (C,(Xo),dg,)-
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Proof Let e ® s € Cy_i(R) ® Cy(Np), then

Oy—1 - de(e ® s)

= 0g1((—dre) ® (r(e)(i-):(€) — (it):(e) + dg,5))

= —(=1)72(i1)«(dre) x eI + r(e)(i-).(e) = (i+)s(e) +dy,s
On the other hand,

dg, - Og(e @ )

= dg,((=1)"7"(i4).(e) x &l +5)

= (=1)97"(iy) * (dre) X el + (ig)u(e) X € = (i1):(e) X 0+ dg, s
= (=1)* (i) (dre) x eI + k) - (i-)u(e) = (iy)ule) + dys

Hence the diagram is commutative, and the claim is true. [
Let p, : m(X) — 7 be the extension of 7 by the normal group 7 (X). Since
7, is a monoid in 7, the set p;'(m,) is also a monoid of 7 (X). We denote
pot(my) by m(X)4. Zmi(X), is a subring of Zm(X).
Now we can tensor C, (R), C,(X,) and con(f), with the ring Zm,(X), then we
have Zm(X)-module chain complexes (Zm(X)+ ® Ci(R), I @ dg), (Zm(X) 4+ ®
C.(Xo),I ®dy,), and Zm(X)4 ® con(f)., ] ® d..), where

—1I®dg 0
I®f I®d]§,0

and IQ f = I (k- (i)« — (i3 )s) is @ Zm1(X)4-chain map from Zm(X) @ C,(R)
to Zm (X)y ® C\.(Np). )

Let Ry = Uger, (x), 9 i (R), then C,(Ry) becomes a Zm(X)-module chain
complex. Let X = Uger (x), 0 - Xo, then C,(Xy) is also a Zm(X) -module
chain complex. Define a chain equivalence s, : Zm(X), ® C,(Xy) — C.(X4)
as follows,
for g ® e € Zm (X); @ C(Xo),

red.-(

si(g®e)=g-e
Extending the maps (i+)., f equivariantly to (gi)*Lf, acting on ~C*(R+), e.g., let
g€m(X)s.e € Cu(R), then g-e € Cu(Ry) and flg-) = g f(¢) = g - f(e) =
g~k - (1-)(e) = (ig):(e)].

The following diagram is commutative

Zmy (X)) © Cu(R) =25 2y (X)), © C.(No)

. . (4.1.1)

~h
R

C.(R)

C.(Ny)

38



where N+ = Ugem (X)4 9 ° No.
Consequently, we have the following commutative diagram with exact rows
and with the vertical chain maps s, being Zm (X)-isomorphic.

0 —Z1(X)4 ® Cy1(R) —Zm (X )4 @ con(f). —Zm(X)+ ® C*(NO) —0

Sx \/SS* Sx

C**l(é+) con(f). Ci(Ny)

0

where con(f), = C,_1(R.) ® C,(N,) is a Zm;(X) -module chain complex with

differential,
i = < _dj%+ 0 >
fodg,

Here the fact that ss, := s, @ s, is a chain map is justified by the commutative
diagram (4.1.1).

From the Five-Lemma for complexes, ss, is a chain equivalence. Thus we get
the following corollary from proposition 4.1.1.

Corollary 4.1.2  The two Zm(X)i-module chain complexes (Ci(X4),dg.)

and (con(f).,d.) are chain equivalent.

Similarly, if we extend the maps « - (i_)., (iy). and f to Zm(X)-equivariant
maps from C,(R) to C,(N), we have

Corollary 4.1.3 The two Zmy(X)-module chain complexes (C,(X),ds) and

(con(f),,d,) are chain equivalent. Here the q-th term and differential of the
mapping cone (con(f).,dx) is

con(f)q = Cg-1(R) ® Cy(N)

I~ e~

where f = - (i_), — (iy)s.
4.2 Monodromy representations and Novikov numbers

In this section, we will construct the Novikov complex associated with a co-
cycle a and establish some properties of this Novikov complex.

Abelization of fundamental groups
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Recall the group 7 is relative to the a-flow. Take the generator set G, of
7w, Gy = {ly,---,ls}. There is a natural homomorphism

pa: ™ — Z°, s = rankm

which sends [; to (0,---,0,e;,0---,0), where e; is the unit 1.
Combining p4 with the extension homomorphism, we get a group homomor-
phism:
Py = pa-pet m(X) — Z°

This group homomorphism can be extended to a ring homomorphism:
pm : Zlr(X)] — L2

However, there is a natural ring homomorphism p, from Z[Z?] to the Laurent
polynomial ring Q, = Z[t;,t; ;i = 1,2,+++,s]. p, is defined as follows. Let
g = Y zjE;, where E; = (a1,--+,as) is an s-dimensional vector with integral

entries, then

palg) =D 4t = gttt
Hence combined with p.,, we get the representation

Priqg = Pq * Pry * Z[Wl(X)] — Qs

In fact, pr, 4 is fully determined by the group 7 and its representation. Restricting
Pr1q to the subring Z[m (X),], we can get a ring homomorphism

PP = Pryglzim(x)s] : Llm(X) ] — Py = L[ty -+ - 1]

Monodromy representations

Let E be a local system of free abelian groups on the compact polyhedron X,
then E is determined by its monodromy representation pj:

pp: (X, 20) — Aut(Ey) = GL(k,Z)

where Ey is the fibre of the free abelian group at x, and k = rank(F,). Let
E = FE ®C, then E is a complex flat vector bundle with the holonomy pg

pr: ™ (X,x0) — GL(k;Z) @ C

Now the tensor product of the representations p, ® pj; gives a representation
of a Z[r(X)]-ring to the linear space (Q,)*, where Q, is the polynomial space
with s variables over Z.

Since pj is an anti-homomorphism, i.e., Vg, ¢’ € Z[m(X)], pe(9-9') = pe(d’) -
pi(g), hence pp @ pj gives a right Z[m (X)],-module structure on P*. With the
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Py-module structure of itself, Pf becomes a (P, Z[r(X)4])-bimodule.
Define D, = P¥ Qg r,(x), C«(X4), then D, is a Pi-module chain complex.

Evaluation representations

Take any complex s-vector a = (ay,- -+ ,as) € C*. The complex number field
C can be given a P;-module structure, whose module structure is provided by
the action: for a polynomial P(ty,--- ,t5), P(t1, -+ ,ts) & = Play, - ,a5) - =

P(a) -z for x € C. We denote the Pi-module of C evaluated at ¢t = a by C,.
Similarly for any a € (C*)®, C can be viewed as a QQs-module. If p is a prime
number, then the field Z, also has a Ps-module structure which is given by the
evaluation at ¢ = 0. We consider the complexes C, ®p, D, and Z, @p, D,. The
following theorem for s =1 is given in the paper [13]. Here we consider the case
s > 1 and use a different argument, which is based on section 4.1.

Theorem 4.2.1 Let D, = P¥ ®;;,(x),] C.(X,). We have

(1) For any nonzero complex vector a € (C*)*, the homology H.(C, ®p, D,)
is isomorphic to H,(X, a® ® E), which is viewed as the homology of the presheaf
a*®FE on X.

(2) Let p be a prime number and let Z, have the Ps-module structure which
is provided by the evaluation at t = (ti,---,t;) = 0. Then the homology
H.(Z, ®p, D,) is isomorphic to H,(Xy,|R;| x ¢I; Z, ® P:E), where E is a local
system on X and P*E is the pull-back local system on X, by the projection
P X — X.

(3) H.(Cy ®p, D,) is isomorphic to H,(Xy, |Rf| x eI; P*E).

Proof  Since the proof of (3) is the same as that of (2), we only give the
proofs of (1) and (2).
Proof of (1)

Since the Z[r (X),]-basis of C,(X,) is finite, all the complexes related to
C’*()N(Jr) are finitely generated, and hence all the homology groups are finitely
generated.

For a € (C*)*, we have the isomorphism

Co ®p, D" =C, Qp, ((PS)k Q7 [r1(X)+] C*(X-I—))
=(Ca ®q, (Qs)") @zpmx)) (Z[m1(X)] ®zry(x)4) Co(X 1))
g((ca Rz Zk) ®Z[7r1(X)] C, (X)

=lox Qzmy(x) Ci(X)
Here the representation of Z[m(X)] is given by

9 — pra)(9) ® pe(9)
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Hence the homology of C* @z, x) Cs (X) is the same as the homology of the
presheaf a® ® F on M that corresponds to the flat vector bundle produced by

the above holonomy representation. (1) is proved.
Proof of (2):

Zy ®p, D* 22 Ly ®p, (PF ®zm,(x),) Co(X4)) 2 ZE @pjmyx),) Ce(X5)

Here the representation of Z[ri(X),] on Zk is

9 — pp)(9) ® pe(9) (4.2.1)

Since pp0)(9) = ppr) - pape(g), except in the case that g € Z[m(X),] satisfies
pe(g) = 0 € Z*, the evaluation representation will make the final representation
vanish. Hence (4.2.1) becomes

g — pe(9), if pe(9) =0
g — 07 lfpe(g) 7£ 0

By corollary 4.1.2, in order to prove (2), we need to prove that ZF®zx(x),jcon(f).
is equivalent to (Z, ® P*E) ® C.(Xo, |R;| x €I). Now we have

Z @z im(x)4) con(f)g = (Z§ @zimx)s) Co1(Ry)) & (ZE Qpim(x).) Cy(N4))

—I ®yr d 0
I ®Z [m(X d = ®Z[ UX)+] (®~R‘L ~
I ®zmx)af I ®zmx), dy,

If we take £ ® C.(R) as the complexes of R with twisted coefficients E:, then
Z]; ®Z[7r1()£)+} C*(}?+) = Zp (Xi (E X C*(R)) Similarly Z]; Qz[r1(X)4] C*(N+) =
Z,® (P:E ® C.(Xo, |R(| x €I)). Therefore

ZI; ®Z[7r1(X)+] con(f)* = (Zp® (E & C*,l(R))) ©® (Zp ® (P:E (059 C*(Xo, |R[| X Sj)))

and its differential is the same as

te= < —_(53 dio )

The conclusion of (2) now comes from the following lemma.

Lemma 4.2.2 Let N be a compact manifold with a piece of bound-
ary denoted by N,.. Let R be a topological space having a continuous map
iy : R — N, which is a homotopy equivalence, then the homology of the map-
ping cone C = con((i4). : C.(R) — C.(N)) is isomorphic with that of C,(N, N;).
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Proof We have the short exact sequence of complexes
0—=C,(N,) —L~ O (N) — C,(N,N,) ——0
Then we have the long exact sequence of homology groups:
— Hy(N) —— Hy(N, Ny) — Hyy (Ny) = Hy (N) —- -
Similarly, from the short exact sequence of the mapping cone
0——C(N) —con(iy), —C, 1(R) —>0

we get the long exact sequence

o Hy(R) 5 Hy(N) —— H,(con(iy)) — Hy 1 (R) —

——— H,1(N)

The two long exact sequences yield the following two short exact sequences

0 Coker(j, : H,(N}) = Hy(N)) —— H,(N, N}) —
——Ker(ju : Hyo1(N2) = Hyoa (N) 0
and
0 Coker((i4 ). 1 Hy(R) = Hy(N)) ——= Hy(con(iy)s) —

— Ker((i1). : Hy1(R) = Hy 1 (N)) 0

Note that (iy). : H,(R) — Hy(N) is the combination of the isomorphisms
H,(R) - H,(Ny) and j, : H,(N;) — H,(N), and therefore using the Five-
Lemma, we get for any ¢ > 0

Hy(N,Ny) = Hy(con(iy).)

Novikov numbers

In Theorem 4.2.1, we have considered the complex D, = P¥®yz,(x),1C+(X4).

+]
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In this part, we always let the vector bundle F that appears in the previous sec-
tion be a trivial line bundle. Therefore the complex D, we consider here has the
form D, = P; ®zpm(x),] C+(X,). Since the representation of Z[r (X),] in P,
is completely determined by the cohomology class [@], we denote the homology
group H,(C, ®p, D,) as H.(X,a%), or in other words, view the homology group
H,.(C, ®p, D.) as the homology group of the presheaf a® on X which is given by
the monodromy representation pp : Z[m(X)] = Py =Z[t1, - , 5]

Definition b;([e]) := rank(H,(D,)) for i = 0,1,--- ,m are called the Novikov
numbers.

The following is essentially given in [20] and the proof here is essentially the
same as in the paper [12] except that we consider here s > 1 and X a compact
polyhedron. For the sake of completeness, we give the proof here.

Theorem 4.2.3 Let X be a compact polyhedron. Define a function for fixed i
to be
€ (C")° — dime H;(X, a®),

then it has the following properties:

(1) It is generically constant, more precisely, except on a proper algebraic
subvariety L in (C*)®, the dimension dim¢ H;(X, a®) is constant and this constant
is just the Novikov number b;([a]) we defined above.

(2) For any point a € L,

dim¢ Hy (X, a%) > b;([o])

Proof we denote by B;(a) the rank of the following linear map
I®d: (Ca Xp, Dz — (Ca Xp, Difl

It is easy to see that this map I ® d can be represented by a matrix with entries
being polynomials with s variables on (C*)°. Therefore, we know that except
on a proper algebraic variety in (C*)*, B;(a) is constant and on that algebraic
variety Bj;(a) is smaller than the generic constant.

Consider the following truncated complex,

—C,®D; —C,®D;_1 — 0,

and using the Euler-Poincaré formula, we obtain

Z rank (C (59 Dz 1+] Z ] dlm(c j((Ca (59 Di—l-l—*))

Jj=0 Jj=0
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Therefore we obtain

o0

dim¢ H;(X; a® Z Y rank(C, ® D)

Mgg

(—1)rank(H;;(C, ® D.)) — Bi(a)

1

<.
Il

Now it is easy to see that (1) and (2) are true.

Remark If s =1 and X is a closed manifold, then it was proved in the paper
[11] that the Novikov number we defined here is the same as the Novikov number
which is defined as the dimenion of the homology group of the Novikov complex
and which was originally introduced by S.S.Novikov in his papers [18],[19] and
[20] (see the introduction).

4.3 Morse type inequalities for a filtration

In this part, we always assume R to be a commutative Noetherian ring, and
C be a f.g. finite R-module chain complex. Suppose that C has a filtration of
finite length:{0} C Cyy1 C -+ C C; C Cy = C. We will give a Morse type
inequality for C' under the above filtration.

First, we consider a triple (7/,7",7) of complexes, satisfying the inclusion
relations 7/ C 7" C 7. Then we have a short exact sequence of complexes

0 —s 7_///7_/ N 7_/7_1 — 7-/7-” — 0 (4.3.1)

Define C(p,7) = 7/p to be the quotient complex of complexes 7 and p. Let
H.(u,7) = H,(C(u, 7)) be the homology groups of the quotient complex C'(u, 7).
We get from (4.3.1) the long exact sequence of the homology groups of the triple
(', 7", 1),

c— Hi(7",7) 2 Ho(7',7") — Ho(7',7) — Ho(",7) 250 (4.3.2)

where §; : H;(7",7) — H,;_4(7',7"),j = 0,1,--- is the connecting homomor-
phism.
Introduce some notations as follows

bj(p, 7) = rank(H; (1, 7))
di(r', 7", 1) = rank(im5')

Pl 7, t) = bi(p, T

3>0

QTTTt ZdTTTj

3>0
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Then we have

Lemma 4.3.1 If (7',7",7) is the triple of f.g. R-module chain complexes
in (4.3.1), then

p(r",7it) = p(r', 73t) + p(7', 7" 1) = (L + t)q(', 7", 75) (4.3.3)

Proof Truncating the long exact sequence of (4.3.2), we obtain the exact se-
quence for j =0,1,--- (we define 6_; = 0),

0 — im(d;) — H;(r',7") = H;(7',7) — H;(7",7) = imd; ; — 0

Now it is easy to get the result by using the standard method. [
For the given filtration of C, we let (7', 7", 7) = (Cp41,C},Cj1), j =1, ,n.
By lemma 4.3.1, we have for j =1,--- ., n
p(Cj, Cj-15t) = p(Cry1, Cjo15t) + p(Cryr, Cjs 1)
= (14 )g(Cui1, G, Gy 1:1)

Hence we get

Proposition 4.3.2 If C is a f.g.finite R-module chain complex with filtra-
tion {0} C Cpyy C C,, C --- C Cy = C, then we have

n+1 n
Zp(cja ijl; t) = p(cn+17 Ca t) + (1 + t) Z q(Cn+17 Cj7 ijl; t)
j=1 j=1

Morse type inequalities for a filtration of a G-CW complex

Let G be a topological group acting on a CW-complex X. Suppose that X
is a finite G-CW complex(i.e., X/G is a finite CW-complex) with a G-invariant
filtration

fcXmnCX,C--- X=X (4.3.4)

Remark For a G-CW complex X, there is a natural filtration filtered by its
own skeleton, e.g.,

D=X'1CXoC - XPC-Upg X=X

The p-th chain group is C,(X) = H,(X?, X?™!), and its basis consists of the
p-dimensional equivariant cells. The differential d, : C,(X) — C,_1(X) is the
connecting homomorphism of the triple (X?, X?~1 X?~2),
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Let R be a commutative Noetherian ring and p: ZG — End(R) be a repre-
sentation of the group G in R. Then (4.3.4) induces a filtration of the R-module
chain complex R ®z¢ C.(X),

0CR®zcCi(Xnt1) C-- C Rz Ci(Xo) =R Qua Ci(X) (4.3.5)
Denote R ®z¢ Ci(X;) by D, for j =1,---,n+1, then (4.3.5) becomes
0cD,.1C---CDy=D (4.3.6)

Since X is a finite G-CW complex, the R-module chain complex D is finitely
generated. Hence we have

Proposition 4.3.3 Let R be a commutative Noetherian ring with a G-
representation. Let X be a finite G-CW complex with a G-invariant filtration
(4.3.4), then

n+1

Zp Dj 1;t) = p(Dyi1, Dst) + 1+th i1, D, Dy 15t) (43.7)

where Dj = R ®z¢ C.(X;), and p(-, ;t),q(-, -, ;) are defined as above, e.g.,

p(Dj, Dji;t) =Y by(Dj, Dj_y)t!

>0

bi(D;, Dj—1) = rank(H; (R ®z¢ C.(X;, X;-1)))

Comparison of Poincaré polynomials for prime ideals

Let R be the ring mentioned above and C a chain complex over the ring
R . Take a prime ideal P in R, and we can define a chain complex C(P) over
the quotient field Q(R/P) of the entire ring R/P,

C(P):=Q(R/P)®r C
Define the j-th Betti number of C'(P):

b;(C;P) = 0;(0, C; P) = dimgerp)(H;(Q(R/P) @= C))

Let Q be another prime ideal such that P C Q. We can define the torsion number
T;(P, Q) of C(P) with respect to Q as:

T;(P, Q) = rankp(imd;;1(P)) — rankg(imd;;(Q))
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where d;(P) represents the boundary operator in C(P).
In the same way, we define the Poincaré polynomial of C(P) as:

P(C;t,P) =Y b;(C, P)¥

7>0

The following result is proved in [13]. However, since we need more informa-
tion than provided in [13], we will give a different proof below.

Proposition 4.3.4 Let R be a commutative Noetherian ring and C' a chain
complex on R. If P, Q are two prime ideals in R such that P C Q, then there is
a polynomial Q(P, Q;t) with nonnegative integer coefficients such that

P(C;t,Q)=P(C;t,P)+ (1 +t)Q(P, Q;t) (4.3.8)
where (1 +1)Q(P, Q;t) = >_,o(Tj(P, Q) + Tj 1(P, Q)¥/
Proof For any j =0,1--- ,we have two short exact sequences.
0 — kerd;(P) — C;(P) — imd;(P) — 0

0— imde(P) — ker d](P) — H](C(P)) — 0
Therefore

rankpC;(P) =rankp(ker d;(P)) + rankp (imd;(P))
=rankp (H,;(C(P))) + rankp (imd;(P)) + rankp (imd,(P))

In the same way, for the prime ideal Q, we have
ranko(;(Q) = ranko(H,(C(Q))) + rank, (imd,(Q)) + ranko(imd,1(Q)).
Since C} is free module on R, we have
rankpC;(P) = rankoC}(Q)
Thus, by taking the difference we get
b;(C; Q) = b;(C;P) = T;(P, Q) + T4 (P, Q)
and then

P(C;t,Q) — P(C;t,P) = > (T(P,Q) + T;_1(P, Q)

J=0
Note that the Euler-Poincaré equality holds:

P(C;—1,P)=P(C;-1,9Q)
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which implies that the right hand side can be written as (1 + ¢t)Q(P, Q;t) with
Q(P, Q;t) a polynomial with nonnegative integer coefficients.

4.4 Isolated invariant sets and Conley index

In this section, we will explain the concepts of isolated invariant sets and
Conley index which were introduced by C.Conley (see [9],[10]) as a generaliza-
tion of critical points and Morse index of a Morse function. Using the Conley
index pair, we can generalize the Novikov inequalities for counting the zeros of
a closed Morse 1-form to the Novikov-Morse type inequalities for the isolated
a-flows which will be defined in section 4.5.

Isolated invariant sets

Let a flow v be defined on the space X and let N C X be a compact set. N
is called an isolated invariant set of the flow if the invariant set I(/N) C intV.

It is easy to prove that if D = {M,,,---, M;} is a Morse decomposition of an
isolated invariant set S, then each Morse set M;(i =1,--- ,n) is an isolated set.
Index pair

Let S be an isolated invariant set. A compact pair (Ng, N7) in X is called an
index pair for S, if

(1) N1\ Ny is an isolated neighborhood for S.

(2) Ny is positively invariant relative to N;.

(3) if v € Ny and v - Rt ¢ Ny, then there is a ¢ > 0 such that v - [0,¢] C Ny
and v-t € Ny

Here condition (2) means that if v € Ny and v-[0,t] C Ny, then v-[0,¢] C N,.
(3) implies that for any point v € Ny, either v flows into the invariant set or flows
out of N at finite time through the “exit set” Nj.

The index pair has the following two important properties:

Homotopy invariance

Let (Ng, N;) and (Ng, N;) be two index pairs of an isolated invariant set S.
Then the two index pairs as space pairs are homotopically equivalent.
Continuation principle

Since we do not use this property in this paper, we refer the interested reader
to the fourth chapter of [9].

Because of the homotopy invariance, the index pair defined by C.Conley is
called the Conley index, and we define h(S) to be the homotopy type of the index
pair (x, N7 /Ny) of the isolated invariant set S.

Computation of the Conley index

Sum formula

If S; and S, are isolated invariant sets with S; NSy, = (), then S; U Sy is an
isolated invariant set and h(S; U Ss) = h(S7) V h(Sz), where V denotes the join
of pointed topological spaces.
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This formula can be achieved as follows. Let (N, N;) and (N, N;) be the
index pairs of S; and S, respectively, then (Ny U Ny, N1 U N;) is the index pair
for the isolated invariant set S; U Sy. Hence h(S; U Ss) = (x, Ny U N \Ng U Np) =
h(S1) V h(S2)

Product formula

Let S; and S, be isolated invariant sets with index pairs (Ng, N1) and (Ng, V)
respectively, then S; X Sy is an isolated invariant set with index pair (N, N7) X
(N(),Nl) = (8]\70 X Nl U 8N0 X Nl,Nl X Nl) Hence h(51 X 52) = (*;Nl X
Ni\ONy x Ny UAONy x Ny) = (%, N\\No) A (%, Ni\No) = h(S1) A h(Sy). Here “A”
is the smash product between two pointed spaces.

Index of hyperbolic fixed points of the flow

Let zy be a fixed point of the flow © = V' (v). Consider its linearized equation

at xo,

0 =DV (xy) - v (4.4.1)

xo is called a hyperbolic fixed point if the real part of each eigenvalue of the
coefficient metrix DV (xg) is not zero. Hence the tangent space T,,M = E* &
E~, where ET(E~) represents the eigenspace of the eigenvalues having posi-
tive(negative) real part. Let k& = rank(E™') and D* be the k-dimensional unit
disc in E*. Since the local unstable manifold and the local stable manifold are
transversal at the hyperbolic fixed point x¢, the Conley index h(vy) = (*, D /0D¥)
(%, S*).
Index of an orientable hyperbolic periodic orbit

Let zy be any point in the hyperbolic periodic orbit vy and let TQ;EM be the
tangent subspace vertical to ©y. Then the derivative of the Poincaré map defines
the stable eigenspace F~ and the unstable eigenspace E*. Let k = dim E, then
this means that the eigenspace of the unstable manifold is orientable, the Conley
index h(vg) = (x, ST {x}) A (OD*, D¥), where (x, S* I {*}) is the Conley index

of the flow § = 1 in S'. Therefore,

2

h(ve) =2 (%, ST {*}) A (x, S%)
s, STIT{x}) A (%, S") A (%, Sk_l)
%, 52V SY A (%, 8571

x, SV (x, 8571)

1

1

(
(
(
(

1

i.e., the index of vy is the sum of a pointed k-sphere and a pointed k + 1-sphere.
Index of an unorientable hyperbolic periodic orbit

Let Py, be the Poincaré map at a point of the hyperbolic orbit. Without loss of
generality, we can assume that dP,, € O(m—1). Now the unstable manifold is the
integral submanifold of E*. If the unstable manifold is unorientable, E* xp S*
is a twisted vector bundle on S' twisted by dP,,. We can connect dP,, with
—I € O(m — 1) by a path, so the homotopy type of E* x_; S! is the same as
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E* xp S Hence we can assume that dP,, reverses only 1 eigensubspace and the
Conley index of vy is the product of a pointed k£ — 1-sphere with a Mobius band
collapsing its boundary, hence

h(ve) = (x, RP? I {*}) A (, Sk_l)

Index of a critical manifold

Let Z be a non-degenerate critical manifold of a smooth function f. This
means that the following two conditions:

(1) gradf(x) =0,Vz € Z.

(2) at any point z € Z, there is a decomposition T,M = T:}(Z) & T,(Z)
and d?f(x) as bilinear form is nondegenerate along the vertical tangent subspace
TH(2)

The subspace T:(Z) can be decomposed again into the direct sum of E;
and £, which correspond to the eigenspaces of positive eigenvalues and negative
eigenvalues of d* f|y.L(z).

If Z is connected, rankE_~ does not depend on the point z. Hence ind(Z) =
dim (rankE}) is an invariant of Z and is called an index of Z with respect to the
Morse function f.

Let kK = m —dim Z — indZ and let D% S*=! be the unit disc and unit sphere
in Ef. We let D*(Z), S*"}(Z) represent the fibre bundles on Z with fibres D*
and S*! respectively.

Now giving a metric to the manifold M, there is an e-small closed tubu-
lar neighborhood U(Z) such that U(Z) is homeomorphic to the normal bundle
TH(Z). Let QU (Z) be the intersection of the boundary OU(Z) with the unstable
manifold Ut (Z) of the gradient flow of f. Then (x,U(Z)\oU™(Z)) is the index
pair of Z which is homotopic to (x, UT(Z)\OU"(Z)). The latter pointed space is

—_~—

homeomorphic to (x, D¥(Z)\S*71(Z)). Let o(Z) be the local system on Z such

that C ® o(Z) is the orientation bundle o(Z) on Z. Let E be a local system
of abelian groups on M and £ = E ® C. Applying the Leray-Hirsch theorem
(see[28]) to the fibre-bundle pair (S¥~1(Z), D¥(Z)), we have

H.(x, DNZ)\S*!(2); 0(Z) ® Bl) = H.(5*1(2), D"(Z);0(7) @ B)

~ H,(Z,0(Z)® E|z) ® H(x,5%C) 2 H, 1(Z,0(Z) ® E|z)

Hence

—— —_~—

H.(h(2),0(Z) ® Elz) = H. #(Z,0(Z) ® Elz)

4.5 Novikov-Morse type inequalities for flows carrying a cocycle

Let v be a flow on a compact polyhedron X having a m-Morse decomposi-
tion. Assume that the 7m-stable nonwandering set of v, Nz(v) = {An,---, A1}

o1



We have the following definitions.

Definition 4.5.1 (Isolated n-stable nonwandering sets) Let the flow v
be as above. A m-stable nonwandering set A; in A is called an isolated m-stable
nonwandering set if A; is also an isolated invariant set of v.

We denote the set containing all the isolated m-stable nonwandering sets by

IN (v).

Definition 4.5.2 Let v be a generalized a-flow with respect to A = {A,,---, A1 }.
Then by Theorem 3.5.3, v has an associated w-Morse decomposition and N (v) =
A. If each A; is an isolated m-stable nonwandering set, then v is called an isolated
generalized a-flow or an isolated flow that carries a cocycle .

It is easy to see that all the previous examples are isolated (generalized)
a-flows.

Before formulating our main result in this section, we introduce some alge-
braic notations.

Ideals

Let P; = Z[ty,--- ,ts] be the polynomial ring with s variables over the in-
tegers Z. Define a prime ideal I in Py to be I = 14 (ty,- - ,ts), where (t1,- - ,t5)
is the ideal generated by ti,---,t;. Then the zero set of I is a codimension 1
arithmetic variety in C*. Let a € (C*)® be not in the zero set of I. Define I,
to be the prime ideal in the polynomial ring P, consisting of the polynomials
vanishing at a. By the choice of a, the free terms of all the polynomials f(t) € I,
are divisible by some prime number p. Therefore we obtain

IaCIp:<p>+<t1>"' ;ts>

Theorem 4.5.1 Let X be a compact polyhedron with a metric d. Let v be
a flow on X having a m-Morse decomposition with rank m = s and satisfying
IN(v) = Ny(v). Let E be a local system of free abelian groups and let E =

C®E. Ifa € (C*)® is not in the arithmetic variety associated to the prime ideal
I =1+ (ty, - ,ts) C Ps, then there is a prime number p relative to a such that

> p(h(A);t,Z,® JE) = p(X;t,a® @ E)
AETIN (v)

+ (1 4+8)Q1(1y, Ip;t) + (1 + 1) Q21 1) (4.5.1)

where J 4 is the inclusion map from the isolated neighborhood of an isolated in-
variant set to X, Q1(I,, I,;t) and Q2(Ip;t) are all polynomials with nonnegative
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integer coefficients, and a¥ is a complex line bundle determined by the represen-
tation of the group .

Proof Since v has a m-Morse decomposition, the lifting flow © of v has a
relative Morse decomposition

D:{N(Tale’na 7A1}

and it is easy to see that A;(i = 1,--- ,n) are isolated invariant sets in X, because
of that A;(i = 1,---,n) are isolated invariant sets. Now we use the following
lemma about the existence of a filtration of a Morse decomposition which was
given in [10], with a slight improvement here.

Lemma 4.5.2 Let S be an isolated invariant set in a compact space X and let
{M,,---, M} be a Morse decomposition of S. Then there exists an increasing
sequence of compact sets N,, C N,,_1,---,C Ny such that, for any j > 1, the pair
(Nj_1, N;) is an index pair for Mj;. In particular, (N,, Ny) is an index pair for S,
and (N;j, N;_1) is an index pair for M;. Those compact sets N; can be chosen to
be CW-complexes if the space X is a CW-complex.

Applying this lemma, we can get a filtration R; x el C N, C N,_; C --- C
Ni C Xo. Let U be a set in X,. Let the lifting of U in the fundamental do-
main of the universal covering be Uy. We can define a semi-equivariant set in the
universal covering X to be (7+ = Ugem(x),. 9 * Us. With that notations we get a

71(X) 1-equivariant filtration in X:

Ryxel € (N,)y C(N,_y)y C---C X, (4.5.2)

This filtration of spaces induces the following filtration of complexes:

0 C Pr®zpmyx)1C(Rr x €I) C PF@pyx),1C0:(Nn)4) -+ C PF®py(x),Co(X )

Here the representation of the subring Z[m;(X),] in the space P¥ is described in
section 4.2.

Continue to tensor the above filtration by Z,®p, and use proposition 4.3.3,
we get the Poincaré polynomial

n+1

> p(2,® JE®C.(N;), L, ® J'E ® Co(Nj_1); 1)

7=1

= p(Zy® J'E®C,(R; x el), 2, ® J*E ® C,(Xy) ; )

+(1+)Y q(Z,® J'E®C.(R; x €I), (4.5.3)
7=1

Z,2 J'E®C.(N;), Z,® J'E® C,(N;_1); t)
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where we define Ny = Z, ® J*E ® C.(Xp) and Ny = Z, ® J*E Q@ C.(R; x el).
Denote the sum term on the right hand side of (4.5.3) by Q2(Z,;t), then (4.5.3)
can be written as

n+1

> p(Z,® J'E®Cy(N;, Nj_1); t)

7=1

=p(Z,® J'E® C,(R; x e]), Z,® J'E ® C,(Xy) ; t) (4.5.4)

+ (1 4+1)Q2(Zy; 1)

Since a is not in the arithmetic variety associated to the prime ideal I, we have
I, C I, where I, is defined before this theorem. By Theorem 4.2.1, (2), we have

p(Zp® J*E (%9 C*(R[ X Sj),Zp@) J*E® C*(Xo) ,t)

= p(Zy @p, (PF @zpmy(x),) Co(X4)); 1)
= p(Zp ®PS D*7 t)

— ij(Zp ®p, D)t

§>0
=Y dimgqr, ) H; (Q(P:/I) ®p, DY
§>0
= p(D*;t, ]p)
Now by proposition 4.3.4,
p(Ds;t, 1,) = p(Da;t, 1) + (1 + 1) Q1 (Ly, Ip; t) (4.5.5)
where
(1 + t)Ql(Iaa Iy; t) - Z(Tj(faa Ip) + Tj—l(]aa Ip))tj- (4-5-6)
Jjz0

But by Theorem 4.2.1, we have
p(Duit, 1) = dimgp, i1,y Hi(Q(Py /) @p, D)

7>0

= Zdlm(c (C ®PS D ))t]
7>0

= dimc(H;(X;0? @ E))V/ (4.5.7)
7>0

Combining (4.5.4), (4.5.5) and (4.5.7) and using the notation p(X;t¢,a* ® E) for
p(Ds; t, 1), we get

n+1

> p(Z,® J'E® Cu(Nj, Nj_y);t)

7=1

=p(X;t,a* @ FE) + (L +t)Q1(Ly, Ip; t) + (1 + 1) Qa2 (Lp; 1) (4.5.8)
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Note that (N;, N;_;) is the index pair for the isolated invariant set A; and
hence is the index pair for the isolated invariant set A; € ZN ;(v). (4.5.8) induces
the equality (4.5.1) n

Corollary 4.5.3 (Euler-Poincaré formula) Under the hypothesis of Theo-
rem 4.5.1,

> ph(A); -1,Z,® JiE) =p(X, -1, a* ® E) (4.5.9)
AETIN = (v)
In particular, if E is a trivial line bundle, then
> p(h(A); -1, Z,) = x(X) (4.5.10)
AETIN (v)

for any prime number p. Here x(X) is the Euler chracteristic number of the
compact polyhedron.

Proof ~ We only need to prove the second conclusion. If E is a trivial line
bundle, then

p(X; =1, a%) = dime(H;(X;a%))(-1)

7>0

= " dime(H;(Cy ®p, D.))(—1)
7>0

= rankp, (P, ®gjr,(x),) Cj(X4))(—1)
J=0

= rank,Cj(X)(—1) = x(X)
J=0

Here we use the fact D; is a free module over the ring F. [

If v is a generalized a-flow with respect to the nonwandering set A = {A4,,,-- -,
A, }, then by Theorem 3.5.3 v has a m-Morse decomposition with rank 7 = rank «,
and A = N;(v). Therefore the following theorem is the direct consequence of
Theorem 4.5.1.

Theorem 4.5.4 Let X be a compact polyhedron with a metric d. Let v
be a generalized a-flow with respect to the nonwandering set A = {A,,---, A}
and assume that each A; is an isolated invariant set in X. Let E be a local system
of free abelian groups and let E = C® E. If a € (C*)* is not in the arithmetic
variety associated to the prime ideal I = 1+ (ty,--- ,ts) C P, then there is a
prime number p relative to a such that

> p(h(A);it, 2, ® T4, E) = p(X;t,a% & E)
A;€EA

+ (1 4+1)Q1(1y, Ip;t) + (L + 1) Q2(1,; 1) (4.5.11)
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where J,, is the inclusion map from the isolated neighborhood of an isolated
invariant set to X, and Q1 (l,, Ip;t) and QQ2(Ip;t) are both polynomials with non-
negative integer coefficients.

4.6 Applications to special flows carrying a cocycle

In this section, we will start from the general formula (4.5.1) and use the
Conley index introduced in section 4.3 to get some Novikov-Morse type inequal-
ities for some special important flows.

If v is a generalized a-flow with respect to the isolated nonwandering set
A ={A,, -, A} with « being a trivial cocyle, then v has actually a “global”
gradient-like structure in view of Theorem 3.4.1. Therefore the formula (4.5.1)
is a Morse type inequality for an isolated invariant set which has the Morse de-
composition A = {A4,,---, A;}. This result was given in the paper [10].

Now we consider the case that « is a non-trivial cocycle.

The important example is the w-flow generated by a closed Morse 1-form w
(see Example 3.4.2). One can also consider the Bott type Novikov inequalities.
The following two theorems were given in [13] for s = 1.

Theorem 4.6.1 Let X be an oriented closed smooth manifold and w a rank s
closed Morse 1-form. Let E be a local system of free abelian group and E = CQE .
Assume that a € (C*)® is not in the arithmetic variety associated to the prime
ideal I = 1+ (1T4,--+,Ts) C P;. Then the number c¢;(w) of zeros of w having
index j satisfies

dim¢ Hj(M,a* @ E)
W) 2 dim B

NEIPIIBES SR LR (46.1)

for;=0,1,--- ,m.

Theorem 4.6.2 Let w be a closed 1-form with Bott type nondegenerate zero
sets with rank s. Let the quantities E/, E and a be the same as in Theorem 4.6.1.
Then there is a prime p such that

> dimg, Hy(Z, 2, ® E|7 ® o(2))t 47

Z j>0

=p(X,t;0* @ E)+ (1 +t)Q(E,t) (4.6.2)

where o(Z) is the orientation bundle on Z and the sum in the left hand side is
taken for any zero manifold of w and Q(E,t) is a polynomial with nonnegative
coefficients.
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Proof of Theorem 4.6.1 and 4.6.2 From Example 3.4.2 and 3.4.7, we know
the flow generated by the dual vector field of w is a flow carrying the cocycle w.
Since the fixed points of these flow are just the (Bott type) nondegenerate zero
points(sets), by section 4.3, we have the following result.

(1) For a zero point z,

H,(h(z¢),Z,® J*E) = H)(x,5;Z,® J*E)
Q{ ImMEC®Z, |l=j
Lo L#j

(2) For a Bott type zero set Z, it has

—~— —_~—

H.(h(Z),0(Z) ® E|z) & H._x(Z,0(2) ® E|z)

Now applying formula (4.5.1), we get the conclusions. m

In view of Example 3.4.3, the formulas (4.6.1) and (4.6.2) not only hold for
the closed 1-forms, they also hold for a family of flows which is a small pertur-
bation of the flow generated by w because the Conley indices of fixed point sets
are invariant under the perturbation. Hence we have

Corollary 4.6.3 Let v. be a family of flows with parameter ¢ in Example
3.4.3. Under the hypothesis of Theorem 4.6.1 and 4.6.2, the formula (4.6.1) holds
ifw is a closed Morse 1-form and the formula (4.6.2) holds if w is a closed 1-form
having Bott type zero sets.

If we let E be the trivial line bundle and let each entry a; of a = (aq,- -+ ,a5) €
(C*)® be a transcendental number, then from Theorem 4.6.1 we have the follow-
ing corollary

Corollary 4.6.4 (Classical Novikov inequality) Let X be an oriented
closed smooth manifold and w a rank 1 Morse closed 1-form. Then the numbers
¢j(w) of zeros of w having index j satisfy

¢j(w) Zb;([w])

Y (Demiw) =) (1)) (4.6.3)

1=0 =0

for;=0,1,--- ,m.

In the appendix, we will give a proof of the refined Novikov inequalities that
include the information of the torsion part.
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In Example 3.4.5, we have considered a flow carrying a cohomology class. The
existence of such flow gives a vanishing theorem for the Novikov numbers.

Theorem 4.6.5 (Vanishing theorem) Let X be a compact polyhedron with
a metric d. If there exists a flow carrying a cohomology class [a] on X, then

bi([a]) =0, Vi=0,1,---,m

Theorem 4.6.6 Let v be a a-Morse-Smale flow on a closed oriented man-
ifold X and let its nonwandering set be A = {A,,---, A} consisting of the
hyperbolic fixed points and hyperbolic periodic orbits. Let ¢; be the number of
hyperbolic fixed points with index j, a; be the number of the hyperbolic periodic
orbits with index j, and p; = ¢; + a; + aj41. Then

| Hj >bj([a])
DEEIATES SESINIS) (4.6.4)

forj=0,1,---,m.

Proof  The conclusion is obtained by applying Theorem 4.5.4 with E being
the orientation bundle of X and the calculation of the homology of the Conley
indices of the hyperbolic fixed points and the orientable or unorientable hyper-
bolic periodic orbits.

For the calculation of the Conley indices, we can use the results in section
4.3. |
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Appendix

In this section we will provide a proof of the classical refined Novikov inequali-
ties which includes also the information from the torsion parts of the homology
groups. The starting point is the equality (4.5.1). If the a-flow we consider is
generated by the dual vector field of the closed Morse 1-form, then the connecting
homomorphism is easily determined.

Let X be a CW-complex with subcomplex Y and let X* be the k-skeleton of
X, and define

Xk =XxFuy.

Then we have a filtration relative to Y,

V=X,'cXyC--CXy=X
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This filtration induces the filtration of the complex C,(X):
Cu(Xyh) € Cu(Xy) C -+ C CL(XY) = Cu(X)

Let G be a field and set the subcomplex C; = GQC, (X7, j=0,1,--- ,m,m+
1. Then we obtain the filtration

0CCpy1CcCy,C--CCh.

For this filtration of complexes, we get from proposition 4.3.3 the following for-
mula:

m—+1 m
Z p(C5, Cj1;t) = p(Cray1, C51) + (1 + 1) Z 4(Cnt1,Cj, Cj-151), (1)
j=1 j=1

where

p(Cy, Cii;t) =Y bi(C, Cj)t!

1>0

q(Cm+17 Cja ijl; t) = Z dl(Cerla Cja ijl)tl

1>0

di(Cpg1, €, Cj_1) = rank(imd;)

and 6, : H;(C;,Cj-1) — H;_1(Cyy11,C;) is the connectiong homomorphism of
the triple of complexes (C,11,C;, Cj—1).
Because of the choice of the filtration, we have

H,(Cy,C1) ZH (G ® Co (X7 7, X3

%{ MG l=m—j+1 )
0 l#m—j+1

where k,, ;11 is the number of m — j + 1-cells in X but not in Y.
We also have

Hy1(Cro41,Cj) 2 Hia (G ® Go(Y, X™).

The connecting homomorphism §; can be identified with the homomorphism going
from H)(G® C.(Xi 1 XL)) to H 1(G®C,(Y, X'"1). Consider the commutative
diagram

H)(G® C.(Xy7', X))

L‘” K

Hi_y(G @ C.(Y, X)) — H_y (G ® C.(X5?, XEY)
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Here i : (Y, X)) — (X172, XU is the inclusion map of the space pair. There-
fore d; = i, - §; and d; is just the boundary operator in the cellular complex
G @ W.(X,Y) with coefficients in G. Thus

rankg(imd;) = ranke(im(iy - 6;)) < rankg(imd;) (3)
and the inequality holds if and only if 7, is an injection.

Therefore using (1)-(3), we have

m

zm: kit! > p(G@W.(Y,X);t)+ (1+1) Z rank¢ (imd;)#/ (4)

where d; : G @ W;(Y, X) — G ®@ W;_1(Y, X) is the boundary operator.
Let X Xo, Y Ry x eI and G = Z,, (4) becomes

m

i kit > p(Z, @ W.(Y,X); t) + (L+1) Y rankg, (imd;)t’ (5)

j=0 j=1

Now we continue the progress from (4.5.4), to get

St 2plXst,a) + (1+0)S a1
§=0 i=t
+Z Iaal (IGJI)) (6)

3>0
Note that
T;(1,,1,) = rankc(imd;; (1,)) — ranky (imd;;, (1)),

where d](la) : Q(Ps/la) ®ps D] — Q(Ps/la) ®Ps Djfl and dj(lp) : Q(Ps/lp) ®Ps
D; — Q(Ps/I,) ®p, D;_; are the boundary operators.
Therefore, from (6), we have

Z kith >p(X:t,a®) + Z(rankc(imdj (1)) + ranke(imd;_y(I)¥  (7)

Define the minimal number of the generators of the torsion part of H;(X,a®)

by ¢;([w])-
Now we can prove the following classical Novikov inequality

Theorem (Novikov inequality) Let w be a closed Morse 1-form on a closed

oriented manifold X. Let ¢;(w) be the number of zero points of w with index j,
then

¢j(w) = b([w]) + g ([w]) + g5 ([w]),
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for;=0,1,--- ,m.

Proof  Lift the 1-form w to the covering space X such that w becomes a
Morse function f. By considering the handle decomposition of the fundamen-
tal domain X, with respect to f, it is easy to see that kj = ¢; in (7). Since
rank(imd;(1,)) > ¢;([w]), (7) then induces the result. "
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