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Abstract

Let  C R" be a bounded starshaped domain. In this note we consider
critical points @ € £y + W, * (Q; R™) of the functional

Flu, Q) = / F(Vu(y)) dy,

where f : R™*™ — R of class C' satisfies the natural growth

IF(O] < c(1+1€]7)

for some 1 < p < oo and ¢ > 0, is suitably rank-one convex and in ad-
dition strictly quasiconvex at £ € R™*™. We establish uniqueness results
under the extra assumption that F is stationary at u with respect to
variations of the domain. These statements should be compared to the
uniqueness result of Knops & Stuart [5] in the smooth case and recent
counterexamples to regularity produced by Miiller & Sverdk [7].

1 Introduction

Let Q C R" be a bounded starshaped domain and to avoid unnecessary tech-
nicalities assume that it has a C! boundary. In this note we consider integral
functionals of the form

Flu, Q) = /Q F(Vu(y)) dy, (11)

where f : R™*™ — R is of class C! and its gradient satisfies the growth condition

IDFE)] < e(1+ ") (1.2)

for some ¢ > 0 and 1 < p < co. We address the question of uniqueness for
critical points of F subject to linear boundary conditions. We refer to a function
u € WHP(Q; R™) as a critical point of the functional (1.1) if and only if the first
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variation of F subject to variations of @ in the target space R™ is zero. This
means that

Do = [ fr(Val) ¢alv) dy =0, (13

for all ¢ € C5°(; R™).

Another condition of first order that we use in the sequel, is what is often
referred to as stationarity. Here one introduces variations in the domain and
demands the corresponding variation in the functional to vanish. More precisely
one considers the one-parameter family of diffeomorphisms ¢, : R* — R", given
by ¥.(y) = y + ep(y) for arbitrary ¢ € C3(2; R*) and small enough €. Setting
@ (y) = @(v(y)) it should then follow that

%f(asaﬂ)|6=0 = /Q (f(Vﬂ(y))5§ — () fp; (Vﬂ(y))) @h(y)dy =0. (L4)

It can be easily checked that if @ of class C' is a weak local minimizer, or
a € WHP(Q;R™) is a WP local minimizer of F (cf. [9] for terminology) then it
satisfies the stationarity condition. In a similar way, if f is of class C* and @ is
a critical point also of class C2 then (1.4) holds. Under less regularity, equation
(1.4) is genuinely different from (1.3).

We recall that a continuous function f : R™*" — R is said to be quasiconvex
at & € R™*™ if and only if

F(&y, ) < F(u, Q) (1.5)

for every u € &y + W&’OO(Q,R”). If the inequality is strict for u # £y then
we say that f is strictly quasiconvex at £. Similarly f is said to be rank-one
convex at £ € R™*" if and only if for every A € R™, u € R™ the inequality
&) <tf(€+rop)+(1—t)f(€— 5 A®p) holds for all 0 < ¢ < 1. Finally f is
quasiconvex (rank-one convex) if and only if it is quasiconvex (rank-one convex)
at every point £ € R"™*™.

Note that if f is rank-one convex, then it is locally Lipschitz. Moreover if it
satisfies the growth condition

£ ()] < (1 +1€17) (1.6)

for some ¢ > 0 and 1 < p < oo, then (1.2) holds (for a possibly different
constant ¢ > 0 and) for L™"- a.e. £ € R™*™ (cf. e.g. [1]). We also note that
(1.6) together with the Meyers-Serrin approximation theorem imply that (1.5)
holds if we replace W (€, R™) with W, (Q; R™).

The question of uniqueness for critical points of F subject to linear boundary
conditions was discussed by Knops & Stuart [5]. There it is shown that under
strict quasiconvexity of the integrand any C? critical point of F in a starshaped
domain and subject to the linear boundary condition @ = &y coincides with the
linear function &y throughout Q. Their result relies on an integral representation
for the energy of a critical point of class C? in a bounded domain presented in
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[3] (cf. [5] Proposition 2.1). It turns out that the weak form of this identity is
an immediate consequence of the stationarity condition (1.4).

It is important to observe that in such uniqueness statements some restric-
tion needs to be imposed on the domain topology. Indeed when Q C R? is an
annulus, following a heuristic argument of F. John [4], one can construct, even
for linear boundary conditions such as u = identity, at least countably many
smooth critical points for F. The idea being that one can define appropriate
homotopy classes in the function space corresponding to fixing the inner bound-
ary and rotating the outer one by integer multiples of 27 and then minimize F
in each such class. A recent article by Post & Sivaloganathan (cf. [8]) studies
this example in more details. The effect of domain topology on the multiplicity
of strong local minimizers of F on arbitrary Lipschitz domains Q C R? is settled
in [11].

In addition to the domain topology the regularity of the critical point in
question also plays a significant role. Indeed Miiller and Sverdk [7] have con-
structed, for the case when ) is the unit ball in R?, Lipschitz solutions (but no
better) to (1.3) corresponding to a strictly quasiconvex integrand f that vanish
on the boundary, a sharp contrast to the uniqueness result in [5].

In this note we aim to study this gap and prove somewhat optimal uniqueness
results for critical points of F in starshaped domains when in addition the
stationarity condition (1.4) holds (for convenience we refer to such functions
as stationary points of F). The precise form of this statement appears in the
following section.

An interesting question to pursuit would be to see how far can one push
the uniqueness result for linear boundary conditions, e.g. can one replace the
assumption of Q being starshaped by €2 being contractable? And can one classify
domains with nontrivial topology in terms of their homology and homotopy
groups? (Recall that for a starshaped domain the Poincaré lemma implies that
all the homology and homotopy groups of order d > 1 are trivial.) We refer the
interested reader to [12] for further results in this direction.

We end this introduction by noting that there is a simple argument establish-
ing uniqueness for W1 local minimizers of F in starshaped domains (without
loss of generality with respect to the origin) when 1 < p < oo. Indeed it follows
from the growth condition (1.6) and the strict quasiconvexity of f at ¢ that
the linear map uo = &y is the absolute minimizer of F over &y + Wy *(€; R™).
Therefore if u; # ug is a WP local minimizer of F in the above class, it must be
that F(ug, ) < F(u, ). One can then consider the sequence {us} for 6 < 1
where

(Eul(%) in Qg

us(y) = { &y in 0\0,

and Qs = 69Q.

It is easy to see that F(us, Q) = F(u1,Q) + (1 — ™) (F(uo, Q) — F(u1,)),
and so the contradiction is reached by noting that us — uy in WHP(Q; R™) as
0—17.
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2 Proof of the main result

According to the starting assumption on the domain 2 and without loss of
generality there exists a strictly positive function d : S"~! — R of class C* such
that

Q={yeR": |yl <d(y/lyD}-
It is then clear that 0Q = {y € R™ : |y| = d(6)} where § = y/|y|, and therefore
the unit outer normal to the boundary at a point y € 9 is simply v(y) =
™ (0)(0— (T-020) T ), where a(6) = d(6) 7 (d(8)* +|Vd(0)[— (6-Vd(6))*) %
We now claim that for every f € L'(Q),

_ ! n—1 Eﬂgl n—1
[rwan=[ o [ S5 o @t wyap (21)

A straight-forward proof of this assertion follows from the co-area formula (cf.
Federer [2] Theorem 3.2.12, pp. 249) with the particular choice of f(z) =
|z|/d(x/|z|) there, and noting that d and « are bounded away from zero. An
alternative way of seeing this is to consider the map F' : B"™ — () given by
F(z) = zd(x/|z|). Then

VF(z) = dw)] +w & (I —w@w)Vd(w),

where I denotes the identity matrix and w = x/|z|. Since F' is invertible and
its Jacobian is det VF(x) = d"(w), we can immediately deduce that

[y = [ jr@)ae

B
= [ [ e arted @)

for every f € L*(2). With the particular choice of f. = X {ye: dist(y,0Q)<e}» this
formula leads to the following identity:

H 1 (90) = / a(w) d" (@) dH" ().

Sn—1
Using a similar formula for relatively open subsets of 912, arguing first for char-
acteristic functions and then passing to the limit, we have for every g € L*(09)

/ oy) M (y) = / () g(w d(w)) d* (@) dH" ().
oQ

Sn—1

Setting g(y) = %f(py) in the above identity and substituting in (2.2) gives

the conclusion.

We continue by considering the homogeneous degree-one extension map
ahom : Q) — R™, associated with a given function @ € WP(9Q;R™). This
is defined as @™ (y) = (|y|/d(8)) @(0 d(f)). It can be easily checked that

u(0d(9))

Vaom(y) = V(o d(e))+< 0

— V(b d(9))0> ® (e —(-6® e)%é% .
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Assume now that f : R™*" — R is a given C! function that is rank-one
convex at points £ € R™*" with £ = Va(y) for y € 0Q. Then using the
inequality f(6+A® u) > f(€) + Df(§) A ® p that holds for all A € R™ and
u € R" and (2.1) above we can write

[ npwatn) dy =
[ S iwa + (G - vaws)

We now proceed by taking the particular choice ¢(y) = - +(|y|/d(8))y in (1.4)
for 0 <t <1 and e > 0 where

1 for0<s<t—e¢
rea(s) =4 1- =) fort—e<s<t
0 fort <s<1.

One can then easily verify that

Vely) = ’l“s,t(d|é19|) M+ d(le) ré’t(c)iye') v ® (6 SUee 6)%}9&;)> '

Substituting this into the equation, we have

[ e £(Ta(w)) d =

[ gt (6= - 600 ) f(va) dy+

| el v, DS (Tat) dy +

| g 0 (Tat). Vaty e (6 - (- 000 5 ) dy =
I+ IT + III. (2.4)
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Using (2.1) and Lebesgue’s differentiation theorem we have for £!- a.e. t € (0,1]

. _ . —1 ! n d(a) — n—1
lim I = lim e /Hp /SQ wf(w(py))d% (y) dp.
d(a) — n—1
|t T w),

where Oy = {y € Q : |y| < td(d)}. Using a similar argument for III it can be
shown that again for £!- a.e. t € (0,1] the limit as € — 0 exists and equals

lim III =
e—0+

ao, Vo) \\ 0
-/ DAV, Tuly) 65 (e ~-000) 50 )>d’H ).

Recalling that r.; — xq, in L*(Q) as € — 0", using (1.2) and Lebesgue’s
theorem on dominated convergence, we can pass to the limit in II. Applying
(1.3) and ignoring a further subset of (0, 1] with zero £- measure we can re-
write this limit as

/Q (Va(y), Df(Va(y))) dy = / (a(y) ® v(y), D (Valy))) dH" ()

2192

where as before v is the unit outward normal to the boundary. Based on the
above argument, we can deduce from (2.4) that after passing to the limit ¢ — 07,
for L-a.e. t € (0,1]

/Q nf (Va(y)) dy =
/ 40 (g drr ) + [ () & v0), D1Vl a1 )
oA 04(9) 90,

qo), o SO,
- [ ST Vawee (8- 000l ) an ).

Comparing this to the right-hand side of (2.3) after replacing d(#) with td(6),
leads us to the following statement.

Proposition 2.1. Assume that Q C R” is as above and let f of class C' satisfy
(1.2). Let u € WHP(Q; R™) be a stationary point of F(-,Q). Then there exists
E C (0,1] with L*(E) = 0 such that if t € (0,1]\E and f is rank-one convez at
Vi(y) for H" - a.e. y € 0Qy, then

F(a, Q) < F(ahom, Qy),

where ™ is the homogeneous degree-one extension map corresponding to
ﬂ|agt.
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As mentioned earlier in the introduction if f is rank-one convex and satisfies
(1.6) then (1.2) holds. Thus the conclusion of the above proposition holds in
this particular case.

It is now clear that if the restriction @|sq, is linear, then we have the following
uniqueness result.

Theorem 2.1. Under the assumptions of the previous proposition, assume in
addition that for some t € (0,1]\E the restriction i|sq, = {y with £ € R™*".
Then the strict quasiconvezity of f at & implies that u(y) = &y in Q.

Proof. We have @™ (y) = £y. The conclusion now follows from the previous
proposition. (I

Corollary 2.1. Assume that Q) and f are as in Proposition 2.1 and that @ of
class C' is a weak local minimizer of F with @|sq = &y, and f is rank-one
conver at Vu(y) for H" '-a.e. y € 0Q. Then the quasiconvexity of f at &
implies that 4 is an absolute minimizer of F in &y + Wol’p(ﬂ; R™). Moreover if
f is strictly quasiconvex at & then 4 = Ey.

Remark 2.1. The conclusion of the above corollary does not hold if @ is a weak
local minimizer that is only Lipschitz (cf. [6] for a particular class of examples).
This shows that the statement of the corollary is optimal.

Remark 2.2. It is possible to show that in the case of WP local minimizers
(1 < p < o0), there exists 1 < 7 sufficiently close to 1 such that the function

p=4 in Q
] &y in Q:\Q
is a WP local minimizer of F(-,Q;). Indeed if this were not the case, there
would exist a monotonically decreasing sequence 7; — 11 and a sequence v; €

€y + Wy P(Q,,; R™) with v; — v in WH(Q,,;R™) such that F(v;,Q,,) <
F(v,Qy;). Setting u;(y) = Tj_lvj (15y) for y € €, it follows that
f(ujaﬂ)+(7_n_1)]:(ujaﬂ) = ‘7:(1)]'797']‘)

< Fu, Q) + (17 = DF(Ey, Q).

Thus using the quasiconvexity of f at £ and recalling that u; € gy+W01’p(Q; R™)
the contradiction is reached once we show that u; — @ in WP(Q; R™). But

- / 19 (us(y) — a(w)) dy =
Q

[ 190w - Vawldy= [ Vo) - vaLipdy <
Q . J

i

| e v+ [ 9o - vaypdy =
Q.,-j .

Q‘r] J

| e - v+ [ 9o - voedy
QTJ, . J

Q.
J
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The first term converges to zero by the definition of the sequence v; and the
second term converges to zero by the continuity of dilatations. Thus the claim
is justified. O
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