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Abstract

We show that in n < 4 space dimensions, weak solutions of the Landau-
Lifshitz equation of the ferromagnetic spin chain are smooth in an open
set with a complement of vanishing n-dimensional Hausdorff measure with
respect to the parabolic metric.

1 Introduction

For n =2, 3, or 4, let 2 C R™ be an open set and 7" > 0. We consider solutions
u=(ul,u? u®): Qx (0,T) — S? of the Landau-Lifshitz equation

Ou = —au X (ux Au) — Bu x Au, (1)

where o > 0 and 8 € R are given constants. Here S? C R? is the standard
2-sphere, and x denotes the vector product in R3. By rescaling the time axis,
we can normalize the equation so that

o + 3% = 1. (2)

We will henceforth assume that (2) holds. It is then easy to see that for classical
solutions, (1) is equivalent to

ou = aAu+ o |Vul*u — Bu x Au, (3)

and also to
adpu+ Bu x du = Au + |Vul?u. (4)

We are in particular interested in weak solutions of the Landau-Lifshitz
equation in the version (4). We define

HY (V) = {ue H'(,R?): |u| = 1 almost everywhere}

for any open subset Q' of R™ or R® x R, and call a map v € H*(Q2 x (0,T),S?)
a weak solution of the Landau-Lifshitz equation, if

T
/ /(<a dyu+ Bu x du — |Vulu, ¢) + (0yu, 0,¢)) drdt = 0
o Ja



for all ¢ € C§°(Q2 x (0,T),R3), where 9, = B%, and where (-,-) denotes the
standard scalar product in R3. Here and throughout the paper we sum over
repeated Greek indices from 1 to n. For compact manifolds (instead of Q) as
domains, Guo-Hong [18] proved the existence of global weak solutions to the
Cauchy problem for (4).

In the special case a = 1 (and § = 0), the Landau-Lifshitz equation reads
Ou = Au + |Vul?u, (5)

which is the heat flow for harmonic maps, i. e. the negative L?-gradient flow of
the energy functional

1
E(u) = §/Q|Vu|2 dx

for u € H'(2,S?). In general, (4) differs from (5) by a rotation of the vector
O,u by the fixed angle arcsin 3 in the tangent space of S? at u. Since a > 0, the
equation retains its parabolicity with this transformation.

For the heat flow for harmonic maps, there is the following partial regularity
result, due to Feldman [12] (and proved in a different version independently by
Chen-Li-Lin [5]). If a map u € HY(Q x (0,T),S?) satisfies (5) and a certain
stability condition, then there exists an open set R C Q x (0,7, such that
u € C*(R,S?), and the n-dimensional Hausdorff measure of (Q x (0,7))\R
with respect to the parabolic metric d((z,s), (y,t)) = max{|z — y|,/|s — t|}
(subsequently called the n-dimensional parabolic Hausdorfl measure) vanishes.
Even better results hold for the case n = 2. Namely, under certain conditions,
weak solutions of (5) are smooth except at finitely many points. This follows
from a uniqueness result of Freire [13, 14] for the Cauchy problem and the
construction of such solutions by Struwe [22]. These results for dimension 2
have been extended to the Landau-Lifshitz equation by Chen—Guo [4], Chen—
Ding-Guo [3], and Ding-Guo [8, 9] (with some inaccuracy in the arguments
however; see Section 1.4 in [19]).

The question that we study in this note is whether partial regularity can
also be obtained for weak solutions of (4) in higher dimensions. The answer is
yes if n < 4. The reason why we have to restrict ourselves to small dimensions
is the following. For the equation (5), a main tool for proving regularity is a
monotonicity formula which was discovered by Struwe [23], and certain esti-
mates derived from it. For the Landau-Lifshitz equation, no such formula is
available. If n is however at most 4, we can nevertheless derive a monotonicity
inequality that serves our purpose. Our main result then is that under a certain
stability condition, any weak solution of (4) is smooth in an open set that has
a complement of vanishing n-dimensional parabolic Hausdorff measure.

2 The stability condition

Even for solutions of the heat flow for harmonic maps, no partial regularity
result holds without any additional conditions. Indeed there is an example, due
to Riviere [21], of a weak solution of the elliptic problem (giving rise to a time-
independent weak solution of (4) for any parameters «, 3), which is nowhere
continuous.



In [12], Feldman proposed a stability condition for weak solutions of (5),
which is a parabolic version of the usual stationarity condition for the elliptic
case, and which allows to prove a local energy inequality and the monotonicity
formula of Struwe [23] for such solutions. We impose a similar condition on
weak solutions of (4).

But first, we introduce a convenient abbreviation.

Notation. For p € S2, let R, : T,S* — Tp82 denote the rotation R,v = av +
Bp X wv.

Definition 2.1 Let u € HY(Q x (0,T),S?) be a weak solution of (4). Consider
for £ € CP (2 x (0,T),R™) and 7 € C3°(2 x (0,T),[0,00)) the variation

Uo (x,t) = u(z + o§(z,t),t + o7(z,1)),

which consists of maps in H*(2x(0,T),S?) for small |c|. We say that u satisfies
the stability condition, if for all such & and T, the inequality

T T
/ /<Ruatu,(a—iag)|a=o> dx dt + (a;/ E(aa(-,t))dt>
0 Q 0

holds, where 8} denotes the right hand derivative with respect to o.

<0

o=0

Remark. A simple integration by parts shows that smooth solutions of the
Landau-Lifshitz equation satisfy the stability condition.

Lemma 2.1 Letu € HY(Qx (0,7T),S?) be a weak solution of (4) which satisfies
the stability condition. Let ¢ € C§°(Q,R™) and 7 € C§(Q2 x (0,T),]0,00)).
Then

1
/ ((Z) - (RyO¢u, Vuy — 3 div ¢ |Vu|? + 9,¢° (9, u, a(;u)) dz =0 (6)
Qx{t}

for almost every t € (0,T), and

/ 7|Vul? dx —/ 7|Vul? dz (7)
Qx{ta} Qx{t1}

ta
< / /(8,57'|Vu|2 — V7 - (Vu, 0u) — a7|0u|?) do dt
t1 Q

for almost all t1,to with 0 <t; <ty <T.

Proof. Inequality (7) is proved exactly like Proposition 8 in [12]. Like Proposi-
tion 7 in [12], we prove the equality

1
/ (§ - (RyOru, Vuy — 3 div ¢ |Vaul? + 0,£° (0.u, 85u>) dz =0
QX(tl,tQ)

for all £ € C§°(Q x (0,T),R™) and almost all ¢1,ty with 0 <¢; <ty <T. From
this, (6) follows immediately. O

From (6) we can now deduce a monotonicity inequality.



Lemma 2.2 Forn =3 or 4, let u € HY(Q x (0,T),S?) be a weak solution of
(4) which satisfies the stability condition. Suppose Bs(xo) C Br(x9) C Q. Set

2
D(p,t) = p2’”/ ot (|Vu|2 ~ 3 ((z — zo) - Vu,Ruatw) dx
p(Zo)X

B
for s < p<r, and for allt € (0,T) such that this is well-defined. Then
B(r,t) — (s, t) (8)
— 2/ (|(x—x0)-Vu|2 _ <($—x0)-Vu,RuatU>) dzr
B (0)\B. (20) |z — 20| (n —2)|z — 20|72 .

for almost every t € (0,T). In particular, we have

52*”/ |Vu|2d:c < 47’2*”/ |Vu|2d:c (9)
By (o) x {t} Br(wo)x{t}

+ 8t n / |0pu|? da
B, (zo)x{t}

for almost every t € (0,T).

Proof. The estimate (9) follows from (8) by Young’s inequality. To prove (8),
we use the usual arguments.

The following can be done for almost every fixed t € (0,T). Set v(z) = u(x,t)
and w(x) = Ry(gn0iu(x,t). We assume for simplicity that zo = 0. Inserting
test functions of the form ¢(z) = ni(|z|)x into (6) for smooth functions 7y, :
[0,00) — [0,00) which converge to the characteristic function of [0, p) (where
s < p <), we prove that

/13p<o>((" —2)|Vol2 = 2 (z - Vo, w)) dz = /

2
<p|V’u|2 ——|x- Vv|2) do.
9B, (0) p

Hence

d { o / ( 9 2 )
— | p" Vol — z-Vo,w) | dx
dp< IR R
2—n

= 2/ <p”|:£ - Vol? — P (x - Vv,w>> do.
9B,(0) n—2

Integrating this over the interval (s,r) yields (8), and the proof is complete. O

Remarks.

(i) Whereas everything else in this paper works regardless of the dimension
of the domain, this is where we use the restriction n < 4.

(ii) The same computations give a monotonicity inequality similar to (9) for
any solution u € H'(Q,S?) of the equation

Au+ |Vul|®u = w

with w € L2(2,R?), or the corresponding equation for different target
manifolds, provided that a condition similar to (6) is satisfied. This might

be of independent interest, in particular in view of certain inequalities in
[20].



3 Energy decay

Many of the arguments which follow are well-known and have been used before
to prove partial regularity for harmonic maps or for the heat flow for harmonic
maps (cf. [1, 5, 11, 12, 20]). We only have to adapt them to the present situation.

The following inequality was proved in this form by Feldman [12] (cf. also [2, 6]).

Lemma 3.1 Let f,h € H'(R") and g € L?>(R",R"), such that divg € L*(R")
in the distribution sense, and

sup 7“2_"/ |Vh[?de | = A% < .
zoER™,7>0 B, (z0)

Then

fg-Vhdz
R?L

< CA(IV fllz2llgllez + 1 £l 2= Nl div gl =)

for a universal constant C.

Using this, we can estimate the energy of solutions of (4) which satisfy the
stability condition as follows.

Lemma 3.2 For any § > 0 there exists a number g > 0, such that for any
weak solution u € HY(P-(20),S?) of (4) satisfying the stability condition, the
inequality

r_”/ |Vu|>dz < €* < e} (10)
Py(z0)
implies

[ wuPd s o [ u P d:
Pr./s(z0) Pr(z0)

for a constant C1 = C1(«, §), where

1

(U)Pr(zo) | P (z0) P,-(Zo)u ’

Proof. Note first that all the quantities appearing in the lemma are invariant
under the transformation (z,t) — (ro + xo, r*t +to). We may thus assume that
P.,-(Zo) = Pl(O)

Given a number A € (0,1), we infer from (7) that there exists a set A C
(=1, 1) of measure |A| < A, such that

2
/ |0ul? dx < o<
BI/Z(O)X{t} A
1 1

for all t € (—3,3)\A. Here and in the sequel, we denote by C' indiscriminately
any constant which depends only on the parameter a. Moreover, for almost

every t € (—1,1), we have

2
/ |Vul|? de < Ceé?
By /2(0) x{t}



by the same inequality, and for almost all ¢ € A, we even obtain the estimate

2
sup 7"2*"/ |Vu|?dz | < o
B, (20)C B14(0) B, (w0)x{t} A

from (9). Pick a ¢t with these properties.
Choose ¢ € C§°(By/4(0)) with 0 < ¢ <1, ( =1 in By5(0), and |V(¢| < 16.
Note that

[ gvePar == [ Clu ) R do
B1(0)x{t} B1(0)x {t}

Jr/ ¢{u— (u)p, (o), |[Vul?u) dz  (11)
B (0)x{t}

7/ V¢ - <u — (u)pl(o),Vu> dx.
By (0)x{t}

Since u takes values in S? almost everywhere, we have
3
|Vul?u’ = ZVUJ S(u'Vu! — V).
j=1

Furthermore, o o o o

div(u'Vu! — o/ Vu') = v'w’ — v,
where w = R,,0su, and hence

|| dlv(((’uqu] — ujVui))||L2 S 32HVU(, t)||L2(B1/4(O)) + 2”8{[1,(, t)||L2(B1/4(O))
< Ce

SR
Extending the functions u — (u)p, oy and Vu appropriately to R"™ and applying
Lemma 3.1, we find that

Ced
/ ¢ <u — (u) Py (0), |Vu|2u> dx < ~ + Cé? lu — (u) p, (0)| dv.
B1(0)x{t} B1(0)x{t}

Using Holder’s and Young’s inequality to estimate the other terms on the right
hand side of (11) and the second term on the right hand side above, we obtain

1)
/ Vul® dz < <ﬁ + _> e+ [u — (W) py o) * da.

Bys(0)x{t} A2 OA JBy(0)x {1}

Hence
C ) C
/ |Vul|? de < (—E—i-C)\—i——) €2+—/ lu— (u)p, (0)|* da.
P1/s(0) A 2 0A Jpi(0)

With the right choice of A and ¢, this implies the claim. O

Lemma 3.3 There exists a constant ¢ > 0, such that for any 6 € (0, %], there
is a number €9 > 0 with the following property. For any weak solution u €
HY(P:(20),S%) of (4), satisfying (7) and the small energy condition (10), we
have

(97")7”72/13 o) [u— (w) p,,. (20| dz < €.
or (20



Proof. We may assume again that P.(z9) = P;(0). Suppose the claim were

false. Then for any fixed ¢ > 0 we could find a number 6 € (0, 3] and weak
solutions uy € H'(Py(0),S?) of (4), satisfying (7), such that
/ |Vup|?dz =: € — 0 as k — oo, (12)
Py (0)
but
/ luk — (ur) py(0)|* dz > 0" €. (13)
P, (0)
Set v, = é(uk — (uk) py(0y)- This sequence is bounded in H'(P;/5(0), R?) by

(12) and (7), thus we may assume that it converges weakly in H* (P /5(0),R?)
and strongly in L?(P;5(0),R?) to a map v € H'(P;/5(0),R?). Obviously,

/ vdz=0 and / |Vol?dz < 1.
Py (0) Py /2(0)

Moreover we may assume that uy, converges strongly in L?(P, /2(0), R3) to some
constant p € S* as k — oo. Then for any ¢ € C5°(Py/2(0), R3), we have

/ (a8 + Bp X 0w, d) + (B0, 0, 6)) d=
Py /5(0)

1
~ lim —/ (o Byur, + Bug, X Dy, &) + (0yup, 059)) dz
Py /5(0)

k—oo €

1
lim —/ IVl (g, @) dz = 0.
Py /2(0)

k—oo €}

Thus v satisfies
adw+ Bp x v — Av =0,

or, equivalently,
1
v+ ap X (px Av) + 8p x Av — o (p, Av)p = 0.

This is a linear parabolic system, and standard estimates yield

/ [v|? dz < CO™ T,
Py (0)

Choosing ¢ > C, we obtain a contradiction to (13) by the strong L2-convergence
of v to v. O

Combining Lemma 2.1, Lemma 3.2, and Lemma 3.3, we obtain immediately the
following energy decay estimate.

Proposition 3.1 There exists a constant ¢ > 0, such that for every 6 € (0,1]
there is a number eq > 0 with the following property. If u € H'(P,(20),S?) is a
solution of (4) which satisfies the stability condition, then (10) implies

(97’)*"/ |Vul|? dz < ch?€>.
Por(z0)



4 Partial Regularity
Finally, we are able to prove the main results.

Proposition 4.1 There exist constants €9 > 0 and ¢y < oo (k,1=0,1,2,...),
such that any weak solution uw € HY(P.(29),S?) of (4), which satisfies the sta-
bility condition and (10), is smooth in P, 3(20) with

Haivkuﬂpo(prm(z()) § Cle_k_2l€, k,l = 0,1,2,... (14)

Proof. Proposition 3.1 implies that for any A € (0,1), if g > 0 is sufficiently
small, we have under the conditions above

/ (IVul? + s%|0pul?) dz < Oys™ T2
PS(Zl)

for any z1 € P3,/4(20) and s € (0, 7), where C is a constant depending only

on A and a. By Lemma 4.1 in [5], u is A-Hélder continuous in Ps,./4(20) with
respect to the parabolic metric. In particular it is the solution of a parabolic
systems with Hélder continuous leading coefficients. Lipschitz continuity for u
can now be proved like in [12] (Lemma 21), using the fundamental solutions
for general parabolic systems, as constructed e. g. in Chapter 9 of [15], instead
of the fundamental solution for the heat equation. A bootstrapping argument
eventually gives higher regularity. The bounds in (14) follow from a scaling
argument. We omit the details. O

Theorem 4.1 Let u € H'(Q x (0,T),S?) be a weak solution of (4), satisfy-
ing the stability condition. There exists an open set R C Q x (0,T) with a

complement of vanishing n-dimensional parabolic Hausdorff measure, such that
u € C™®(R,S?).

Proof. Consider the relatively closed set S of all points zp €  x (0,T) such

that
lim inf 7’*"/ |Vul>dz | > €2,
™0 P, (z0)

where ¢y > 0 is the constant from Proposition 4.1. Then the n-dimensional
parabolic Hausdorff measure of & vanishes. This is proved by a standard cov-
ering argument (cf. Lemma 11 in [16]).

If zp € R = (2 x (0,7))\S, then we can find a radius r > 0, such that
the conditions of Proposition 4.1 are satisfied. Regularity in R thus follows
immediately. O
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