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The efficient treatment of dense matrices arising, e.g., from the finite ele-
ment discretisation of integral operators requires special compression tech-
niques. In this article we use the H-matrix representation that approximates
the dense stiffness matrix in admissible blocks (corresponding to subdomains
where the underlying kernel function is smooth) by low-rank matrices. The
low-rank matrices are assembled by a new hybrid algorithm (HCA) that has
the same proven convergence as standard interpolation but also the same
efficiency as the (heuristic) adaptive cross approximation (ACA).
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1 Introduction

The efficient treatment of dense matrices arising, e.g., from the finite element discretisa-
tion of integral operators requires special compression techniques to avoid the quadratic
cost for the assembly and storage.

The standard techniques in this field of research include but are not limited to panel
clustering [19, 22], multipole expansions [21, 16], interpolation [5] and (adaptive) cross
approximation (ACA) [23, 1, 2]. If the underlying geometry can be described by a
small number of smooth maps, wavelet techniques can be used in order to compress the
resulting dense matrix [9].

Panel clustering often uses an explicit Taylor series expansion of the kernel function,
which implies that suitable recursion formulae have to be derived analytically for any
given kernel function. This disadvantage can be overcome by the use of general inter-
polation formulae. However, the separation rank produced by these methods is rather
large since one neglects the special structure of the kernel function. Multipole expansion
on the other hand exploits this special structure but requires an explicit expansion of
the kernel. Thus, this method is limited to the standard kernels where these are known.



The (adaptive) cross approximation is an algebraic method where no expansion of the
kernel is needed. However, a convergence proof does only exist for Nystrgm discretisa-
tions of the single layer potential. Moreover, a simple counterexample shows that this
method may fail for more general kernel functions and geometries with edges.

Our contribution is a new hybrid method that combines the ACA algorithm with
the interpolation based separation of the kernel function. For the new method we are
able to rigorously prove convergence, both for single layer and double layer potentials
of asymptotically smooth kernels as well as Nystrgm, collocation or Galerkin boundary
element formulations.

A convenient format to store the arising matrices is the H-matrix format [17, 18, 13, 15]
which is at the same time useful to construct an efficient preconditioner or even an
accurate inverse.

The rest of this article is organised as follows: in Section 2 we introduce a simple
model problem, describe in short the H-matrix format and summarise two standard
compression methods. In Section 3 we introduce the new hybrid cross approximation
(HCA) algorithm, estimate the approximation error in Section 4 and provide numerical
examples that underline the theoretical results in the last Section 5.

2 The H-Matrix Format

2.1 Model Problem: Integral Equation

We consider a Fredholm integral operator of the form
Glul(z) = /Qg(x,y)U(y) dy (2.1)

on a submanifold or subdomain Q of R? with a kernel function
g:QxQ—-R.

The kernel function might be (but is not limited to) the classical single or double layer
kernel for the Laplacian on a manifold :
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‘H-matrices are based on the fact that the typical kernel functions can be approximated

by local degenerate expansions. We assume that the kernel function g results from
applying a partial differential operator to a sufficiently smooth generator function
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i.e., that there are coefficients

¥ — R g Q=R (2.2)



such that
g = DzDyy (2.3)

holds for differential operators

3
D, := (", V) +¢§ = Zcf@mi + ¢,
i=1

Dy = (¥, Vy) +cf = chayj + .

In typical applications, the generator function v is asymptotically smooth, i.e., there exist
constants C,g1 and Cyso and a singularity degree o > 0 such that for all o, 8 € Ng the
inequality

10205 (2,y)| < Cast (Casz|z = yl) "= (a + B)! (2.4)

holds. In the case of the classical Laplace operator, the function v = g5 satisfies this

property with Cys1 = Cas2 = 1, and setting ¢*(z) = 0, ¢¥(y) = n(y), cf(z) = 1 and
c(z) = 0 yields g°** = Dy Dyn.

A standard Galerkin discretisation of G for a basis (¢;)icr, I = {1,...,n}, requires
the computation of the stiffness matrix G € R™*" given by

e :—//soz (z,y)p;(y) dy da. (2.5)

Since the support of the kernel g is in general not local, one expects a dense matrix G.
The algorithmic complexity for computing and storing a dense matrix is quadratic in
the number of degrees of freedom, so for large problem dimensions data-sparse represen-
tations or approximations have to be used.

2.2 Low-Rank Approximation

Hierarchical matrices [17, 18, 6, 15, 5] are the algebraic counterpart of the local degen-
erate approximations used in panel clustering and multipole techniques. On the discrete
level, replacing a function by a degenerate expansion means that blocks of the matrix
are approximated by low-rank matrices.

Definition 2.1 (R(k)-Matrix Format) Let X € R™™ k € N such that the rank of
X is bounded by k. An R(k)-matriz representation of X is a factorisation of the form

X = ABT U

with matrices A € R"*k B € Rm*F,



Bs

Figure 1: The block ¢ x s C I x I corresponds to a subset 2; x Q4 of 2 x Q.

The storage requirements for an R(k)-matrix are k(n+m) instead of the quadratic cost
nm for standard full matrices. Since the rank k is expected to be k =~ log(n) this is a data-
sparse representation of the matrix X. Moreover, the matrix-vector multiplication w :=
Xwv can be split into two multiplications x := BTv, w := Ax so that only 2k(n+m)—k—n
additions and multiplications of real numbers are necessary to perform the exact matrix-
vector multiplication.

2.2.1 Low-Rank Approximation by Interpolation

Let us now investigate how a low-rank approximation of the matrix G (cf. (2.5)) can be
constructed. Let t x s C I x I. We set

Q := Ujer supp(pi), Qg := Ujes supp(y;)
and fix axially parallel boxes B; and By such that €; C By and €3 C Bg hold. We
require that the strong n-admissibility condition

max{diam(B;), diam(Bs)} < ndist(By, Bs) (2.6)

holds (cf. Figure 1). A low-rank approximation of the corresponding matrix block G|;xs
can be computed by interpolation: let ¥ be the polynomial constructed by m-th order
tensor-product Chebyshev interpolation of ~.

Let M := (m + 1)3. Since 4 has been constructed by tensor-product interpolation,
there are interpolation points (z!)*, in B! and (x s)ﬁ/le in B® with corresponding La-

grange polynomials (£%)M | and (Es) ', such that

Z Z V(@ ()L (y) (2.7)

v=1p=1

holds. By applying D, and D, to 7, we can construct an approximation

g(x,y) = D Dyi(w Y)

ZZv )(DoLL) () (Dy£3) (y) (2.8)

v=1p=1



of g, and replacing g by g in (2.5) yields an approximation G ~ G with entries

Gij :—//301 g(z,y)pj(y) dydz

—sz 2, /Q oi(x) (Do 1) (2) d /Q 3 (9) (Dy£3)(y) dy

v=1pu=1
= (UiSts (Vo) )i (2.9)

for i € t, j € s. The matrices U; € R*M v, € R&*M and S, , € RM*M are given by
(Ut)iv == /Q@z'(ﬂf)(Dxﬁi)(ﬂf) da,  (Vs)ju = /Qsog'(y)(Dyﬁi)(y) dy, (2.10)

(St,s)op = ’y(xfj,x#) (2.11)

Since the coupling matrix S; s is of dimension M, the rank of the factorised matrix
USy, SV is bounded by M, i.e., the matrix block G|;xs can be approximated by the
R(M)-matrices (UpS;s)VI or Ut(V SE)T.

We note that U, depends only on ¢ and V; depends only on s, while the coupling
matrix Sy s depends on ¢, s and the generator function . Therefore, U; and V, can be
constructed by standard quadrature algorithms, while S; ; contains pointwise evaluations
of the generator function.

2.2.2 Low-Rank Approximation by ACA

We will now introduce the ACA algorithm for a matrix
Xij = g(xi,95), i=1,...,n, j=1,...,m.

The procedure is given in detail in Algorithm 1.
For matrix entries X;; that stem from the evaluation of an asymptotically smooth
function, as it is the case for the matrix X = S; ; above, [1, Theorem 4] states

Xy = (ABT)i5| = 0 (2(n/2) VF)

where 7 is the admissibility parameter and k is the rank. In practice, the factor 2* does
not appear and the convergence rate for the single layer kernel seems to be O ((n / Z)ﬂ),

so we observe that k = log(e)? is often sufficient for a relative approximation error of
O(e).

The ACA algorithm with partial pivoting (as it is used in [2] or modified as in [11]) may
fail if the kernel function is not asymptotically smooth with respect to both variables.
In order to prove this we give a simple counterexample.

Example 2.2 (Counterexample for Partial Pivoting) Let Q; = Q;, Uy, and let
Qs = O, UQ, with



Algorithm 1 ACA with partial pivoting
procedure ACA(X, var A, B)
Choose an initial pivot index ]
=1
repeat
Compute the entries of the vector by € R™ by

k—1
(br)j = Xiz 5 — D (a)iz (by);-
p=1
Determine an index j;; that maximises ¢ := |(by);z |

Compute the entries of the vector a; € R™ by

k—1
(ar)i = | Xigr = Y _(an)i(bu)je | /(br);z
p=1
Determine the next pivot index iZH # 47 that maximises 0 := |(ak)iz+1|
k=k+1
until [lag([2|bkll2 < €llar]l2][b1]l2
2 sl
| |
Q, :=1[0,1] x [0,1] x {0}, —— ~—
Qy, :=10,1] x {0} x [0,1],
Qg :=1[4,5] x {0} x [0, 1],
Qs, :=[4,5] x [0,1] x {0}.

tl s2

We have diam(§);) = diam(Qs) = /3 and dist(Q, Q) = 3, so the domains are admissible
for allmp > 1/\/§

Let us fir n,m € N and points (z;)!" and (y]);l;m satisfying

xiE{Qtl ifi<n 46{951 ifj<n

Q,  otherwise Qs,  otherwise

fori,j€{1,...,n+m}. Evaluating the double layer potential gP*" (which is asymptot-
ically smooth in the x variable, but not in the y variable) in the points x; and y; yields
the matriz X € ROFMIX(4+m) given by Xij = g"""(xi,y5). X is a typical block in the
Nystrom discretisation of the double layer potential operator on a cube in R3. The do-
mains y, and Qs, as well as Qy, and Qg, lie in the same plane, while the outer normal
vectors of 1y, and s, and Y, and Qg, respectively are perpendicular. Thus, all entries
Xij witht < n and j > n ori > n and j < n vanish, while the diagonal blocks are
non-zero. The matrix X bears the block structure

X — Xll 0 Xll c Rnxn’XQQ c Rmxm'
0 Xo



In [2, Algorithm 4.2], the first n row indices fulfil 1 < i¥ < n for v € {1,...,n}. Due
to the block structure, we can infer 1 < 5 < n for all v € {1,...,n}. For these pivot
indices, the row and column vectors vanish outside of the block X |nxn and the generated
approzimant ABT is of the form

T
ApT — (Ar) (B _ ABT 0
0 0 0 0
with Ay, By € R™"™. As a consequence, the approximation error satisfies

|X — ABT||3 > || X222,

which means that no convergence will occur until the rank exceeds n. In other words,
the partially pivoted ACA algorithm works on the first block X11 (where we can expect
it to converge exponentially) but does not recognise the second block Xao. If we chose
the initial pivot index i > n, we would instead approximate the second block but not the
first. In both cases, the error estimator ||ay||2||bull2 (as it is proposed in [2]) converges
exponentially to zero, thus suggesting a good convergence of the total error, when, in
fact, no convergence occurs.
Obuviously, similar statements hold for collocation or Galerkin discretisations.

Example 2.2 implies that asymptotic smoothness of the kernel function in only one of
the two variables does not ensure convergence of the ACA method presented in [2]. At
least for our examples, there are heuristic modifications (cf. Algorithm 4) that seem to
lead to good convergence.

We conclude that ACA works nicely for matrices X of the form X;; = g(z;,y;) where
g is asymptotically smooth with respect to both variables, while it will possibly fail if
this is not the case. Later, we will apply ACA to the matrix S; ; from (2.11) where these
requirements are fulfilled.

2.3 Clustering and Standard 7-Matrix Compression

The low-rank approximations apply only to matrix blocks txs C I x I that are admissible
with respect to (2.6). Therefore we have to subdivide the matrix into blocks that are
admissible, preferably large blocks in order to compress the matrix by a maximal factor.
The standard way to choose the blocks (testing all blocks would be too expensive and
not lead to a useful partition) is to cluster the index set I hierarchically in a cluster tree
T7 and use a canonical construction for the partition of the matrix.

Notation 2.3 (Tree) Let T' = (V, E) be a tree with vertex set V' and edge set E. The
unique vertex v € V. with (w,v) € V for all w # v is called the root of T and denoted by
root(T'). The levels of the tree are defined inductively by

T° := {root(T)}, TH ={weV|eT: (v,w) € E}.



The set of successors of a node v € T* is defined as sons(v) := {w € T | (v,w) € E}.
The set of leaves (sons(v) = () is denoted by L(T). The depth of the tree T is given by

T) : =1+ maxi.
p(T) max

We will use the short notation v € T instead of v € V' and p instead of p(T).

Definition 2.4 (Cluster Tree T7) {0,...,7}
A cluster tree T7 for an index set (0 3}/\{4 0
I is a tree with root root(Tr) = I ;/\; ;/\;
where each vertex fulfils {0,1} {2,3} {45} {6,7}
t= U s andt#0 {0} {1} {2} {3} {4} {5} {6} {7}
s€sons(t)

For all practical cases the cluster tree T7 is a binary tree (each node has exactly two
successors or it is a leaf), the depth p is O(log #I) and the cardinality of T7 is O(F#I).
Next, we want to construct the cluster tree 77 with underlying index set I = {1,...,n}.
Each index i € I corresponds to one of the basis functions ¢; € V,, (cf. (2.5)). The
geometric location of the index ¢ is given by the Chebyshev centre z; of the support of
¢; (the Chebyshev centre is the centre of the smallest ball containing the support of ¢;).
Instead of the Chebyshev centre one could choose any point x; from the support of ;.

Construction 2.5 (Geometrically Balanced Clustering) We fix a bound npyi, €
N for the size of leaf clusters and construct the cluster tree TT recursively. If a cluster
t and a bounding box B satisfying x; € B for all i € t are given, we introduce new
bounding boxes By and By by splitting B in the coordinate direction of maximal extent
and new son clusters by setting ty :={i €t : z; € Bi} andty:={i €t : x; € Ba}. If
#t1 > Nin 0T F#to > Npin, we proceed by recursion.

Construction 2.5 terminates if and only if the number of points x; with the same geo-
metric position is less than nyi,, and a minimal value of ny, guaranteeing termination
can be determined a priori by an algorithm of complexity O(#I).

Pairs of clusters (t,s) € Tr x T are candidates for blocks of the matrix, and among
these blocks we can choose those that we want to approximate in the R(k)-matrix format
(cf. Definition 2.1). The number of all possible pairs is too large, therefore we test only
pairs of clusters on the same level of the tree. This motivates the definition of a block
cluster tree T« that stores the admissible pairs of clusters in a hierarchical form.

Definition 2.6 (Block Cluster Tree T7.;) A block cluster tree Trxr based on the
cluster tree Tt is a cluster tree for I x I such that (cf. Figure 2)

VoeTt,, It,seTi: v=1tXs.
Remark 2.7 (Cluster Tree yields Partition) The leaves of a cluster tree Ty form a

partition of the index set I. As a consequence, the leaves of a block cluster tree Trxr
yield a partition of the product index set I x I.
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Figure 2: Depicted are four levels of a block cluster tree based on the cluster tree from
Definition 2.4. On level 2 of the tree there are six leaves (shaded), e.g., the
block {0,1} x {6,7}.

If the underlying tree 17 is a binary tree, then the block cluster tree 17y« is a quad-tree.
Based on the cluster tree T7 (Construction 2.5) and the n-admissibility condition (2.6),
we construct the canonical block cluster tree Ty« as follows.

Construction 2.8 (Canonical Block Cluster Tree T7;) Let the cluster tree Ty be
given. We define the block cluster tree Trxr by root(T) := I x I and for each vertex
t x s €T the set of successors by

1] if min{#t, #s} < nmin
Stxs):=4q 0 if t X s is n-admissible (2.6)
S(t) x S(s) otherwise.

The block cluster tree T« is the basis for the hierarchical matrix format. It defines
the partition of the matrix into sub-matrices that are represented in the R(k)-matrix
format.

Definition 2.9 (H-Matrix) Let T := Trx1 be a block cluster tree and k : L(T) — Ny
a rank distribution. We define the set H(T, k) of hierarchical matrices (H-matrices) by

H(T, k) = {X e R | ¥t x s € L(T): rank(X|ixs) < k(t x s)}.

A matrix X € H(T, k) is said to be given in H-matrix representation, if for all leaves
t x s with #t < npin or #s < npin the corresponding matrix block X |« is given in full
matrix representation and in R(k)-matrix representation for the other leaves.

The result of Construction 2.5 followed by Construction 2.8 is a block cluster tree T7x
for which we can estimate the depth and the sparsity Cg, defined next. The sparsity
is needed to estimate the storage requirements and complexity of the matrix-vector
multiplication of an H-matrix.

Definition 2.10 (Sparsity) Let Trx; be a block cluster tree. We define the sparsity
(constant) Csp, of Trx1 by

Cop =max#{seTr|txsecTicr}
teTr



So far, we have not imposed any condition on the locality of the supports of the basis
functions ;. If all the supports cover the whole domain €2, then there is no admissible
block, so we have to demand locality of the supports in order to be able to apply our
technique.

Assumption 2.11 (Locality) We assume that the supports are locally separated in the
sense that there exist two constants Csep and nyin such that

max #{j € 1 | dist(suppy;, suppy;) < Cs_elljdiam(suppcpi)} < Nmin- (2.12)

The left-hand side is the mazximal number of basis functions with ‘relatively close’ sup-
ports (see Figure 3). Note that we will apply Construction 2.5 with a parameter npmin
that satisfies (2.12).

Figure 3: The triangle §2; := suppy; under consideration is dark grey. The area with
a distance of Cgldiam(€);) is light grey (Ceep := 44/2). Here, 15 triangles
(including ;) are ‘rather close’ to ;.

Based upon Assumption 2.11 the sparsity constant Cy, as well as the depth p of
the block cluster tree T7y; is estimated in [15, Lemma 4.5]. It should be noted that
Csp = O(n~3) and thus the choice of 1 in the admissibility condition (2.6) enters the
estimate in a critical way.

The estimates for the storage requirements and the complexity of the matrix-vector
multiplication of an H-matrix depend only on the cardinality of I and the depth and
sparsity of the block cluster tree T':

Lemma 2.12 (Storage) Let T be a block cluster tree based on the cluster tree Tt with
sparsity constant Cs, (Definition 2.10) and minimal block size nmin. Then the storage
requirements Ny si(T, k) for an H-matriz X € H(T, k) are bounded by

Ny,sie(T, k) < 2(1 + depth(T))Csp max{k, nmin } #1.

Proof. [15, Lemma 2.4] |

10



Sphere Cube
Time Strg. Rel. Err. | Time Strg. Rel. Err.
ACA, ¢ =102 238 9.2 3.3x1073| 474 8.1 4.7x1072
ACA, e =103 281 11.2 7.5x107* | 553  10.7 4.4x1072
ACA, e =104 350 14.2 3.3x107° | 658 13.9 4.2x1072
ACA, ¢ =107° 419 171 3.5x107% | 771 17.2 4.2x1072
Interpol., m =2 | 267 44.1 1.3x1072] 282 39.1 6.5x1072
Interpol., m =3 | 561 823 6.0x1073| 568 74.8 5.2x1073
Interpol., m =4 | 1183 1245 5.2x10~% | 1164 127.6 8.1x1074
Interpol., m =5 | 2426 175.9 7.0x107° | 2082 178.8 5.0x107°

Table 1: Comparison of ACA and tensor interpolation on the unit sphere and the unit
cube (without further recompression)

Lemma 2.13 (Matrix-Vector Product) Let T be a block cluster tree. The complez-
ity Ny (T, k) of the matriz-vector product in the set of H-matrices can be bounded from
above and below by

Ny st(T, k) < Nyo(T, k) < 2Ny 50(T, k).

2.4 Numerical Example: ACA versus Interpolation

In order to compare the algebraic method ACA and the analytic tensor interpolation we
apply the two methods to two different geometries €2, first the unit sphere and second
the unit cube. We consider the model problem from Section 2.1 with the kernel function
g™ of the double layer potential. The two domains are discretised with neupe = 30000
and ngphere = 20000 panels and basis functions ¢; that are constant on each panel. The
minimal block size is set to nyi, := 20 and the admissibility parameter is n := 2. The
parameter € in the stopping criterion for ACA is chosen as 1077 for j = 2,...,5.

The results in Table 1 show that ACA is advantageous for the sphere (less storage
requirements and shorter setup time), but also that the method fails to reduce the
relative inversion error below 1072 in the case of the unit cube (compare Example 2.2).
The column labeled “Time” gives the time in seconds for constructing the approximation,
the column “Strg.” gives the storage required for the resulting H-matrix in kilobytes
per degree of freedom (keep in mind that this amount will be reduced by coarsening
strategies) and the column “Rel. Err.” gives the relative error ||[I—G~ 1@y approximated
using a power iteration.

It should be noted that the storage requirements are not an immediate difficulty,
since a simple algebraic recompression [14] eliminates the unnecessary singular vectors
and coarsens the block structure automatically. However, the initial rank generated
by either ACA or tensor interpolation enters the complexity quadratically, so that the
time for the coarsening will be increased. For all computed examples the time for the
coarsening is less than for the assembly.

11



The results in Table 1 were obtained by the HLIB package [4] on one 900 MHz Ultra-
SPARC IlIcu processor in a SunFire 6800 computer.

In the following section we present a combined method, the hybrid cross approximation
(HCA) technique, that inherits the provable approximation property from the tensor
interpolation while keeping the computational complexity close to that of the ACA
heuristic.

3 Hybrid Cross Approximation

3.1 First Approach: Lagrange Polynomials

Since the ACA algorithm works well for pointwise evaluations of an asymptotically
smooth kernel function, we will apply it to the coupling matrix S;s from (2.11). The
matrices Uy and V; will neither be computed nor stored, instead we exploit the fact that
they are nested.

Let ¢ be a cluster with a son t’. Since we use interpolation of constant order, we have

span{L! : ve{l,...,M}} =span{Ll, : v e{1,...,M}},

i.e., the different Lagrange bases span the same polynomial space. This implies
M
L, =" Lhh)Lh.
V=1
We collect the coefficients of the basis transformation in a transfer matriz Ty defined by

(Tir)urv = [l’t/(wi’/)

For i € t/, we find

U = Qt¢i(fv)ﬁ’i(96)dw
M !
= > (T N ¢i(2)LL (z) dz = (Up Ty )

v'=1

Obviously, the same relationship holds for the matrices V;, so we have to compute U,
and V; only for leaves of the cluster tree and can construct all remaining matrices by
using the transfer matrices.

We are now able to formulate the hybrid cross approximation based on tensor interpo-
lation. This first variant HCA(I) (cf. Algorithm 2) is closer to interpolation than ACA,
in particular one could replace ACA by any rank revealing scheme.

In order to set up the matrices U; and V;, we have to compute (#t+#s)M integrals of
the form [, ¢;(x)Ll (x)dz. Since we use nested cluster bases, we have to compute these
integrals only for the leaves of the cluster tree, and since the leaves form a partition of
I, we only have to evaluate 2M #1 integrals.

12



Algorithm 2 HCA(I)
procedure HCA1(S; ;, var A, B)
Call ACA(S,,, A, B) with A, B € RM*k o that

1Se,s — ABT |2 < €||Ssl2

Multiply A := Ut;l\ and B := VSE using the backward transformation.

A further orthogonalisation [3] of the cluster basis can be done on-the-fly and reduces
the storage requirements for the basis. The multiplications U; A, V;B in the nested
structure can be performed efficiently by using the H?-matrix backward transformation
7, 8]. Instead of the ACA algorithm with complexity O(k*M) one could as well compute
an SVD of S; s in complexity O(M?3).

3.2 Numerical Example for HCA(I)

We consider the model problems from Section 2.4, namely the Galerkin discretisation
of the double layer potential operator on the unit sphere and unit cube by piecewise
constant basis functions on a quasi-uniform grid.

Sphere Cube

€ m | Time Strg. Rel. Err. | Time Strg. Rel. Err.
ACA 1072 238 9.2 33x107%| 474 81 4.7x107?
ACA 1073 281 11.2 7.5x107* | 553 10.7 4.4x1072
ACA 1074 350 142 3.3x107° | 658 13.9 4.2x107?
ACA 1075 419 171 35x107% | 771  17.2 4.2x1072
HCA(I) 1073 2 | 205 162 1.6x1072| 229 13.3 6.3x1072
HCA(I) 107* 3 | 338 21.6 3.3x1073| 372 18.0 1.8x1072
HCA(I) 10=° 4 | 619 275 3.5x107*| 609 255 3.1x1073
HCA(I) 107¢ 5 | 1135 33.9 14x107*| 1170 294 2.7x1074

Table 2: Comparison of ACA and HCA(I)

Table 2 contains the results of a comparison between the ACA heuristic and the
interpolation-based HCA(I) algorithm. The column labeled “Time” gives the time in
seconds for constructing the approximation, the column “Strg.” gives the storage re-
quired for the resulting H-matrix in kilobytes per degree of freedom (keep in mind that
this amount will be reduced by coarsening strategies) and the column “Rel. Err.” gives
the relative error ||I — G~1G||2 approximated using a power iteration.

We can see that HCA(I) requires more time than the ACA heuristic, but also that it
converges on the unit cube while ACA fails.

13



3.3 Second Approach: Cross Approximation

The idea for our second approach is to approximate the generator function v(z,y) in an
admissible bounding box By x B by some functional skeleton

M (x, y) = '7(% yj1)7($i1 > y)/')’(wil ) yjl)’

where z;, and y;, are appropriate interpolation points from an mth order interpolation
scheme in By x Bs. The pivot elements iy and j, coincide with those from an ACA
approximation of S; s, because a rank 1 ACA approximation is just the evaluation of ¥,
i o \M
mn (xuyy)i,jzl-

Successively, we approximate the remainder v — 25;11 ¢ in the same way and obtain
in the end an approximation of the form

k 4 l
Ha,y) = Y @ 95,)Ceq | | D @iy y)Deg | 5
(=1 \q=1 q=1

where Cy 4, Dy, are given by recursion formulae. The final degenerate kernel is defined
by

g = Dach’?
k y4 y4
= > | DDyl y;)Co | | D Dyv(@iy y)Deg
=1 \g=1 g=1

The twofold integrals [, [, ¢i(#)g(z,y)$;(y) will now resolve into single integrals of the
form

/ 6i(2) Doy (2, ), / 63 (4) Dy, y)dy,
Q Q

and thus the complexity of a g-point quadrature per basis function in the Galerkin
discretisation is reduced from squared cost ((#t + #s5)kq?) to linear cost ((#t + #s)kq).
For collocation discretisations the integration with respect to one of the two variables is
replaced by a simple evaluation of the kernel.

In order to compute the k% entries of C, D in Algorithm 3, we have to perform O(k?)
arithmetical operations. The total complexity for HCA(IT) amounts to O((#t+ #s)k? +
ME?).

3.4 Numerical Example for HCA(II)

Again, we consider the model problem from Section 2.4. Table 3 contains the results of
a comparison between the ACA heuristic and the cross-approximation based HCA(II)
algorithm. The column labeled “Time” gives the time in seconds for constructing the
approximation, the column “Strg.” gives the storage required for the resulting H-matrix
in kilobytes per degree of freedom (keep in mind that this amount will be reduced by

14



Algorithm 3 HCA(II)

procedure HCA2(S; ;, var A, B)
Call ACA(S,s, A, B) with A, B € RM*F g0 that

1Se,s — ABT |2 < €||Ssl2

and store the pivot indices (ip)5_,, (jo)5_,
Initialise C, D € R¥** and ¢, d € R* by zero
for /=1,...,k do
fori=1,...,—1do
di = O, C; 1= 0
forg=1,...,ido
¢i := ¢ + Cigy(iy, yj,)
di = di + Di,gv(2i,, Yj,)
end for
end for
Cee:=1/7/I(@e)i,|s Do = sign((ae)i,)/\/1(@e)i, |
forg=1,...,/—1do
Crg:=0,Dpq:=0
fori=gq,...,/—1do
Coq:=Cpq—CiqdiCyy
Dg’q = Dg’q - Di7qCZ’DZ7g
end for
end for
end for
Compute the entries of U € Rk and V € Rexk by

~

Multiply A := UCT and B := VDT

Uy = (z)i(x)DxV(x?yje)? ‘7]'[ = / ¢j(y)Dy7(xie7y)
Q Qs

coarsening strategies) and the column “Rel. Err.” gives the relative error ||[I — G1G||s

approximated using a power iteration.

We can see that HCA(II) requires roughly the same time as the ACA heuristic, but

additionally it converges on the unit cube while ACA fails.
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Sphere Cube

€ m | Time Strg. Rel. Err. | Time Strg. Rel. Err.
ACA 1072 238 9.2 33x107% | 474 81 4.7x1072
ACA 1073 281 112 7.5x107%| 553 10.7 4.4x1072
ACA 1074 350  14.2 3.3x107° | 658 13.9 4.2x1072
ACA 1075 419 171 35x107 | 771  17.2 4.2x1072
HCA(II) 1072 2 | 213 171 34x1073| 246 144 1.5x107?2
HCA(II) 107* 3 | 275 248 95x107*| 326 21.2 2.9x1073
HCA(II) 1075 4 | 368 325 99x107°| 451 28.2 6.8x107%
HCA(II) 1075 5 | 494 405 42x107%| 580 36.8 1.5x107*

Table 3: Comparison of ACA and HCA(II)
4 Analysis

4.1 Interpolation Error

Let I, : C[-1,1] — P, for m € N be a stable interpolation operator of order m
satisfying the projection property

Inpl=p for all p € Py, (4.1)
and the stability property

[ [ fllloo < Amllfll for all f € Cla, b]. (4.2)

For a given set (2, ), of interpolation points, the operator I, is of the form

m

L[ f(z) = Z f(@mp) Lo (@),

v=0

where the Lagrange polynomials are given by

-z
Ly (x) = H p— ; .
p=0,pztv YT

The Chebyshev interpolation operator is defined by setting z,, , = cos(m(r+1)/(2m+2))
and for this operator the stability constant is bounded by A, < (2/7)Iln(m+ 1)+ 1 <
m+ 1 (cf. [20]).

Lemma 4.1 (Stability of derivatives) The estimate

||(Im[f])/”oo < AmmszIHOO

holds for all f € C'[—1,1].
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Proof. Let fo = f(0). Due to f§ =0 and I,,[fo] = fo (cf. (4.1)), we find

I(Zm[f]) oo = 1(Tm[f] = f0) lloo = I[Zm[f = fo])llo-

Markov’s inequality [10, Theorem 4.1.4] implies

1T f = fol) lloc < M2 Il f = follloo,

and we can use the stability (4.2) of I, to find

[ [f = follloo < Amll.f = folloo-

By the standard error estimate for the zeroth-order Taylor expansion, we get

I1f = folleo < 1Nl

and can conclude
||(Im[f]),||oo < AmeHfIHOO-

This is the desired estimate (note that this proof can be generalized for higher derivatives
by replacing fo by appropriate Taylor polynomials). [

The multi-dimensional case can be treated by tensor arguments. Let d € N and B :=
JU x ... x J¢ for closed intervals J', ..., J¢ of positive length. For each i € {1,...,d},
we fix the (unique) affine monotonous bijective map ®¢ : [~1,1] — J? and define the
transformed interpolation operator

Ly : C(J') = Py = (I[f 0 @) o (@) 7.

Lemma 4.1 also holds for the operators I' , i € {1,...,d}. The tensor interpolation

operator for the box B is given by "
B=Ire. ol
and we can prove the following generalisation of the result of [5, Lemma 2.1]:
Lemma 4.2 (Multidimensional Stability) Let o € {0,1}¢. We have
10° I [ Tlloo < Afum®l10° flloo
for all f € CY(B).

Proof. Let f € CY(B) and k,¢ € {1,...,d}. We denote the interpolation points and
Lagrange polynomials corresponding to J¢ by

xfn,u = (I)Z(xmﬂ/)? ‘Cfn,u = [’mﬂ/ ° (@4)—1

and define the interpolation operator in the £th component by

Br=Io.0IlLela.. .aI).

17



We observe

m

Igj[f](x) = Z f('rlv s o1, $f71,1n Le4+1s - 7xd)£fn,u($f)'
v=0

Differentiating and using (4.2) and Lemma 4.1 yields

Amm?|0 flloo i €=k
A |19k £l oo otherwise.

Hmﬁﬁmks{

Due to .
B B
Ly =] 12"
/=1

this inequality implies the desired estimate. [
In order to prove an error estimate for the derivatives of multi-dimensional tensor
interpolations, we will apply [5, Theorem 3.2] to a suitable derivative of . Since the
error estimate only holds for asymptotically smooth functions, we have to demonstrate
that derivatives of asymptotically smooth functions are again asymptotically smooth.

Lemma 4.3 (Smoothness of Derivatives) Let a € {0,1}¢, let f € C*°(B) such that
there are constants Cyp,co € R>1 satisfying

16° flloe < Cocl!1

for all B € Ng. Let ¢; € Rs,. There is a constant C € R, depending only on «, d and
co/c1, such that

079" flloc < C1d13
holds with Cy = C’C’ocloa‘ for all B € Ng.

Proof. We find

10°0° floo = 110°77 flloo
d
< CocgleMa+ o) =Coc' [ T B+1) | '8
iZl,Oéi#O
o [T o\ 15
< Cocy II B+ (—) L.
i=1,0;0 €1

Due to ¢1 > ¢p, we have ¢p/c; < 1 and can find a constant C' € R+ satisfying

ﬁ (B+1) (%)lﬁ <C

i:l,ai #0

18



|af

for all g € Ng. The proof closes by setting C := CCyc, ' and observing

A

d 18]
1090 f o < Cod | T] 54 1) (—0) e

i=1,a;#0

Coclod’pr = ¢y g1,

IA

|
Now we can proceed to prove an error estimate for the derivatives of multi-dimensional
tensor interpolants by generalising the result of [5, Theorem 3.2]:

Theorem 4.4 (Approximation of Derivatives) Let o, € {0,1}3. Let m > 1. Let
c1 > cg. There is a polynomial Capx satisfying

Capx (M)A AD, < n ) "
(Cas2 diSt(Btv Bs))oﬂa—i_ﬂl n + CasQ .
for all m € N and all admissible bounding boxes B; and Bs.

1020, (v = L P ) oo <

Proof. Let B := B; X Bs, let d = 6, let p:= (o, 3) € Ng. The generator function 7 is
asymptotically smooth with

Co = Cas1(Casa dist(By, Bs))™° and ¢y := Cp

as2’
and this implies v|p € C*°(B). Due to Lemma 4.3, the function ~' := 8;“357 = OHy is
also asymptotically smooth with

C1 = C(Casa dist(By, Bs)) 771l and  ¢1 := v2¢

for a constant C' that does not depend on B, Bs; or m. We can apply~[5, Theorem 3.2]
in order to find a tensor polynomial 4’ of order m — 1 and a constant C' := 8e satisfying

C(1 + ¢y diam(B; x B,))C1A% _m

2 m
(1 + c1 diam(BtXBs))
Since B; and By are admissible, (2.6) holds and we find

2.
o diam(B; x By) < ¢ (diam(B;)? + diam(B;)?)'/?

< ¢1V2max{diam(B;),diam(B;)}
2n dist(By, Bs)
Clas2 dist(By, By)

1Y = #lleo < (4.3)

< 2¢ondist(By, Bs) =

= 277/03,527
so the error estimate (4.3) takes the form
CC(1 + 217/ Casa) Nty _ym 1 Cas2 ) "
(Cas2 dist(By, Bg))otul
_ C'(m)Ag,_4 n "
(CaSZ diSt<Bt7 Bs))odrm‘ n + C’asZ

17" =¥l <
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with C'(m) := CC(1 + 21/ Cas2)m.
Let 4 be an antiderivative of 4’ satisfying

02005 = 4.

Since 7/ is a tensor polynomial of order m — 1, 7 is a tensor polynomial of order m and
we can apply Lemma 4.1 to find
10505y — 820, Ly [Wlloo < 1058y = 059 Alloo + 10505 I [y = Alloo
< (1+ AGm*o ) 1920 (v = F)lloo
= (L4 ALm® )1y = 4]
C'(m)Ag, A (1 +m?leto) n_\"
B (CaSQ diSt(Bt, Bs))a+|a+ﬁ‘ N+ Cas2 '

Setting Capx(m) := C’(m)(1 4+ m?**+81) concludes the proof. [
In order to find an error estimate for g, we have to bound the norms of the coefficients.
We set

lesll == sup{|c§(z)] : =€ Q},
]| == sup{|ci(z)|+ |c5(x)| + |c5(x)| : = € Q},
gl = sup{leg(y)| : y € Q},
Il == sup{lei(y)| + c5(W)| + [e5(y)| : = €Q}

and get the following error bound:

Corollary 4.5 (Separable Approximation) There is a polynomial Cy such that

A6 A6 m
9~ Gloosoxa, < oAb ( v )
(CaSZ dlSt<Bt7 Bs))o n+ Cas?

e, Caalle”l yi . Caslle|
(”CO| * Tist(Br, By leoll + dist(B, Bs)

holds for all m € N and all admissible bounding bozes By, Bs.

Proof. This is a direct consequence of Theorem 4.4. [
We will now use this estimate to derive error bounds for the discrete matrices. In
order to do so, we fix a constant Cf € R+ satisfying

1Y @igill 72 < Creh™ |23 (4.4)
i€l

for all vectors € R, a mesh size h € Rs and the intrinsic dimension dq € N of Q.
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Lemma 4.6 (Low-rank Approximation) Lett x s be an admissible block, and let §
be an approximation of g. Let Cte,dq,h be as in (4.4). Then the factorized matriz from
(2.9) satisfies

1Glexs = UsSes Vi, llo < CrelQul2[2Y2h% |lg = §lloo,0x0, -
Proof. Let u € R and v € R®. Let

U = E Ui P45 V= E V@5
i€t Jjet

Using the short notation § := ||g — §/|cc,0,x0, We find

U th_ttsTU: —g)(x,y)u(z)d T
(u, (Gl — UiS1aVT o) /Qt/gfg 3)(, 1)) (y) dy d

< |a(w)]dﬂc/g 0(y)| dy

of

-8
< 32| 2 |22 | 2

(44) 1/2 1/23,do
< Cred|0 7106 |/ 7R5 |ul|2[|v][2-
Since this estimate holds for arbitrary v and v, it implies the desired upper bound. =

Corollary 4.7 (Chebyshev Interpolation) Lettxs be an admissible block. Let dg, h
be as in (4.4). If the local interpolants are constructed by Chebyshev interpolation, the
factorised matrixz from (2.9) satisfies

Ce(m) |24 [M/2 10|/ 2Rl ( n )m
(CaSQ diSt(Btv Bs))a n + Cas?

|Glixs — UtSt,sV;THQ <
Coaglle”|
X as2
% (”CO| T TGst(BL By )

Coszll |
X Y _Tas2llZ 1
(”COH T Tst(Br, By
for a polynomial C. that does not depend on t, s, m or h.

Proof. Combine Lemma 4.6 with Corollary 4.5 and the fact that A,, < m 4+ 1 holds for
Chebyshev interpolation (cf. [20]). |

4.2 HCA based on Lagrange Polynomials

In HCA(I), we replace Sy s by a low-rank approximation :S’Vt,s, so the total error in an
admissible block ¢ X s can be split into the sum

1Glixs — UiSesVEll2 < |Glixs — UsSi sV |l
+[|Ue(St,s — St,s)VSTHQ
||G’t><s - UtSt,s‘/sTHQ
H|\Uel|2|[St,s — St.sll2l|Vsll2-

IN
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The first term is bounded due to Corollary 4.7, so we only have to consider the second.
Here, the error ||S;.s — Sy.s||2 introduced by the ACA algorithm is scaled by the matrices
||U¢||2 and ||Vs||2 corresponding to discretised Lagrange polynomials. The ACA error
can be controlled directly, so we have a complete error estimate once we can bound the
latter two norms.

Lemma 4.8 (Bound of U;) Let Ci,dqo,h be as in (4.4). Then the matriz U from
(2.10) satisfies

10l < €203 0209072 ez + —27 ).
- fe Tm diam(By)

Proof. Let u € Rt and v € RM. We set

M
~ e N t
U= g (THOIR D= g v, L),
v=1

i€t

and find

[(u, Upv)| = < | Dadlloo| 2l 2| 2

/ (x)(Dy0)(z) de
Q¢

(4.4)
< Crel]V2h 2| Dy o ul -
We have to bound

3

1Dz8lloo < Nle§ 9100 + Y 165 lloo |08 loo-
j=1

For the first term, we use the stability (4.2) of the interpolation in order to find
- 3 3
[9]lo0 < A llollee < A lv]l2-

For the remaining terms, we use Markov’s inequality [10, Theorem 4.1.4] to find

2m?
0.6 < R
10|00 < diam(Bt)HvHoo

and then use the previous estimate. We end up with the bound

. Uy | < CL203 oo /2n0 (g 4~ 20

u, Upv)| < ¢ —_—
! fo TmlH 00" diam(By)

and since this holds for all 4 and v, the proof is complete. [
Obviously this Lemma can also be used to find an upper bound for the norm [|Vj]l2.

The difference eaca := ||St,s — S™*|| is due to the ACA approximation (see Assumption

4.9) but any rank revealing scheme could be used, even a singular value decomposition

of the M x M matrix S ;.

||c$|) lolla el
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4.3 HCA based on Cross Approximation

In HCA(II) we replace the kernel function g(z,y) = D,Dyvy(x,y) by the approximant
g =D, D,y(z,y) with

k
Z Z’W%q Crq vazq,yqu : (4.5)

(=1

The coefficient matrices C, D above are given by the following recursion formula (see
Algorithm 3):

d® = ZL: V(iy Yje) Dig
CEE) = Z:: V(@igs Y5y ) Clg
Cla { K&c{zl ’Zlf/lc i Zzﬁ o
o = { S 1

In order to estimate the approximation error | g — g| we consider the error at first in
the interpolation points for the generator function . Since we use the adaptive cross
approximation from [1] and only the pessimistic estimate

o~ e~ 3
1St,s — ABT |}y = O(2"n V)

has been proven, we have to check convergence and stability. The existence of a low rank
cross approximation is proven in [12] which gives rise to the hope that a convergent and
stable cross approximation algorithm can be found. Until then, we have to check this a
posteriori.

Assumption 4.9 We assume that the coefficients for the ACA approximation are stable
in the sense
Crg,Deg < Gy,

where the stability constant may depend on v, and we assume that the estimate
(St,s — ABT)ij] < eaca
holds for alli € t,j € s and a prescribed accuracy eaca .-

If the previous Assumption 4.9 is not fulfilled (it is a pointwise estimate for M? pairs
of interpolation points and can be tested in O(M?k)), then we use the standard tensor
interpolation in the block t X s, i.e., the interpolant of « with separation rank k = M
instead of 7. Therefore, even if ACA fails to converge for the matrix S; ; — which we
don’t expect — we still have a reliable approximation scheme.
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Theorem 4.10 (Approximation Error in Interpolation Points) Under Assump-
tion 4.9 the function 7 from (4.5) with coefficients Cyq and Dy, defined in (4.6) and
(4.7) satisfies

v(@,y) — ¥z, y)| < eaca (4.8)

for all interpolation points x = x1,...,Tp,Y = Y1, .-+, YM-
Proof. We apply ACA [1, Section 2| to the function y(x,y). In the first step we produce
the rank 1 function

il ($, y) = 7(x7 yj1)7($i1 ) 9)7(%1 ; yj1)7l'

The ¢th approximation v,(x,y), £ = 1,...,k, will be of the form

L

7€(x7y)zz Z’Y(xnyjq)cb,q Z'Y(xiqyy)DL,q , (49)
q=1

=1 qg=1

which is true for the first term with

A~

Cii = |o1| Y%, Duy = sign(on)|o1| 7Y%, 01 1= y(@i,, y5) = (@1)iy-
For the induction step from ¢ to £ + 1 we apply the ACA step

7@+1($7y) = Vf(way) +
(V(xvyjeﬂ) - W(x?yjeﬂ)) (V(xiuuy) - 'W(xiuuy))
’Y($i¢+1 ) yje+1) - ’VZ(xieJA ) yje+1)

_l’_

Inserting the ansatz (4.9) and comparing the coefficients of the functions v(z,y;,) and
v(x,,y) yields the desired formulae for C,, and D, ,. The approximation error is es-
timated in [1, Theorem 4] for all interpolation points z;,vy;, ¢ = 1,..., M, and due to
Assumption 4.9

(@i, y7) — (@i, y5)] = (ks — ABY)ij| < enca.

|

The previous theorem proves the convergence of ¥ — ~ in the interpolation points.

In order to estimate the approximation error for arbitrary points x,y, we have to re-

late 4 and v to their respective interpolants. For ~ we have required the asymptotic
smoothness, while 4 inherits this property from ~.

Lemma 4.11 (Smoothness of 7) Let v be asymptotically smooth with constants Cag1,
Cas2. The function 7 is asymptotically smooth with constants

Cast (7) = K2 C2CZ (Cas2(1 4 m) ~dist(By, Bs)) 7,
Cas2(7) == (1 + n)ilcasl
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Proof. Let x € By,y € Bs. Then the («a, §)-derivative of 74 is estimated by

k
02003z, y)| < Y Z 2y (2, y,)| [Crgl | %
/=1 \qg=1

Y4
< D105y, y)| | Degl
q=1

< KC2097(@, )loo, 8. 1057( )l so,B. -

Due to the admissibility condition we conclude ||z — y|| < ||z — || + diam(B;) < ||z —
gl + nllz — gl and thus

1057 (@, )lloo,B, < Cast (Casa(L +m) " = yl) 71" =7al,
analogously for the 85 derivative. Both together yield
105077 (2, y)| < Ca (Cas2(1+ )~ [lz = yl)~ V=27 al !
|

Corollary 4.12 (Approximation Error) Under Assumption 4.9 the function 4 with
coefficients Cy 4, Dy 4 defined in (4.6) and (4.7) satisfies

17 = Voo, B xB: < Apdeaca + 2eint, (4.10)
where i 15 the interpolation error that is estimated separately in Theorem 4.4.

Proof. We apply the tensor interpolation I2t*5s to the asymptotically smooth functions

v and 4 and define vy := IB*Bs[4] A1 := IB*Bs[3]. Both interpolants fulfil the
estimate

H7 - 'YintHoo,BtXBs <  Eint,

H:Y - :YintHoo,BtXBs < Eint

with an accuracy ej, estimated in Theorem 4.4. Since both interpolants use the same
interpolation points and the difference between v and 7 in the interpolation points is
bounded in Theorem 4.10 by eaca, the stability of the interpolation scheme yields

[ Yint — Fint||co,BixBs < AT enca.

Theorem 4.13 (Separable Approximation) Under Assumption 4.9 the function

k
gl@y) = ngygq )Ceq ngzquDZq : (4.11)

(=1 =
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with coefficients Cyq, Dy 4 defined in (4.6) and (4.7) satisfies

2m?||c?| 2m?||cY

— 0 < T [t | e 1 Y i | el | A2d

Hg gHOO,BtXBs — <|CO| + dlam(Bt) HCOH + dlam(Bs) mSACA
+2€int7

where gt 1S the interpolation error of the derivatives estimated separately in Corollary

4.5.

Proof. By definition we have ¢ = D,D,vy and g = D,D,y. We apply the tensor
interpolation IB+*Bs to the asymptotically smooth functions v and 4 and define i :=
IBxBs[y] 3:¢ := IB+*Bs[3]. Both interpolants fulfil the estimate

HD:JSDy’Y_D:EDy'}/intH<><>,Bt><BS < Eint,
HD:sty:?_D:sty:}/intH<><>,Bt><BS < Emt

with an accuracy ejy; estimated in Corollary 4.5. It remains to estimate the difference
between the interpolants gint := Dz DyYint and ging := Dz DyYint:

_ (2.3) N
gint = Gintlloo,BexB. < egllllcg Vit = Fint lloo, Bex B,
e 11(c? s Vy (Vint = Fint)) oo, Br x B
+||Cg||H<C:C7 vx(’Yint - ’S/int»Hoo,BtXBs
(e, Vale?, Vy (Yint — Hint))) lloo, B x B,
Markov . y 2d
< leglillepllAz eaca
2m?
T Y A2d
Hlehe! | gy Adeaca
2m?
Y T AQd
Hleblle | g Abieaca
4m*
X Y A2d )
e | e BBy oA

Corollary 4.14 (Cross Approximation) Let t X s be an admissible block. Let Ce,
dq, h be as in (4.4). If the degenerate kernel approzimation is based on the cross ap-
prozimation (4.11), the factorised matriz ABT from Algorithm 3 satisfies

|Glixs — ABTHZ < Cfe’Qt|l/2’QS]1/2hdn <2£jnt + A?ggACA X
2m?|c”|| 2m?||cY|
X - Y )
<’COH + diam(By) leoll + diam(B;)
Proof. The estimate from Lemma 4.6 applies in the same way and with the same

estimates for § constructed by cross approximation and AB7T instead of Ui Sy, SVST. The
error due to the degenerate kernel approximation is bounded in Theorem 4.13. [
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5 Numerical Results

We will now consider a more complicated (and more realistic) geometry, namely the
crank shaft from the NETGEN package of Joachim Schéberl (see Figure 4). For all
numerical tests reported in the tables of this section, “Time” gives the time in seconds for
constructing the approximation (including the automatic coarsening from [14]), “Strg.”
gives the storage required for the resulting H-matrix in kilobytes per degree of freedom

and “Rel. Err.” gives the relative error ||[I — G~1G||o approximated using a power
iteration and a sufficiently accurate representation of the stiffness matrix G.

Figure 4: The crank shaft geometry from NETGEN.

In order to compare our new approximation scheme with a working heuristic, we have
to modify Algorithm 1 (ACA). This is done by intercepting the situation from Example
2.2 as well as the situations from [14, Example 2.3] depicted in Figure 5. We do this by

Figure 5: Three situations where ACA fails to converge (the shaded regions are the non-
zero parts of the matrix)

inspecting an arbitrary row i,¢ of the matrix block G|ixs to be assembled. A column
index jief is chosen among the minimisers (not maximisers !) of |G, j|. The row iyt
and column j.f serve as a pivoting guide in ACA+ [14]. For the sake of completeness
the ACA+ algorithm is contained in Algorithm 4. It should be noted that the above
mentioned modification of ACA remedies the three situations from Figure 5 but it does
not prove convergence, not even the pessimistic O (2% %) estimate.
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Algorithm 4 ACA+ with partial pivoting
procedure ACA+(X, var A, B)
Choose an initial reference row i..¢ and compute the entries b;ef = X, ,j of pref € R™

Determine an index jyof that minimises ]b;‘:‘eff]
Compute the entries ai°f := X; ; . of a™ € R"
k=1, Lt :={1,...,n}, Jes :={1,...,m}
if min; |a!*!| < 107® max; [a}*| and min, ]b;ef] < 107® max; ]b;ef] then
Lot = Ter \ {i | || > 108 ming [a}*f|} and Jrep := Jeer \ {5 | 57| > 10® min [}
end if
repeat
if max; |ai*f| > max; ]b;ef] then

ref

Determine an index ¢} that maximises |ai;g | and compute by, € R™ by

k—1

(b)j == Xirj — > _(a)ir (bu);-

p=1

Determine an index j; that maximises |(by) j;;| and compute a; € R™ by

k—1

(ak)i = Xi,j;; - Z(au)i(bu)j; /(bk)ﬁz

p=1

else
Determine an index j; that maximises |b§%f| and compute aj € R" by

k—1

(ar)i = Xijr — Z(au)i(bu)j;;'

p=1
Determine an index i} that maximises |(ax);;| and compute by € R™ by

k—1

(b)j == | Xirj— Y _(aw)iz (b); | /(a)ir

p=1

end if
if Z}; = iref then
Choose iyef € Lot and set Iyef := Lot \ {tret }
end if
if j; = jrer then
Choose jief € Jrot and set Jref 1= Jref \ {jref}
end if
Update the reference entries a;°
k:=k+1
until a2 [bell2 < ellas 2oz

t = a;ef — (ak)i(bk)j;; and b;ef = b;-ef — (ak)lz (bk)j

28



ACA HCA(II)

Time Strg. Rel. Err. | Time Strg. Rel. Err.
333 49 19x107' | 362 5.0 2.0x107!
449 89 1.8x1072| 537 89 1.7x1072
837 145 34x1073| 796 13.2 1.6x1073

2306 42.0 1.8x10~*| 1151 187 1.5x10~*

Table 4: Comparison of ACA and HCA(II) on the Crank Shaft

5.1 Dependency on the Accuracy of the Quadrature

In our first numerical test we investigate the dependency of the compression by ACA
and HCA(II) on the accuracy of the quadrature used in the farfield. Typically, one
uses a given quadrature formula and chooses the accuracy for the compression so that
it is below the quadrature error. In the farfield one can even lower the order of the
quadrature, because the integrand is smooth compared to the diameter of the elements.
In the numerical test we try to approximate the stiffness matrix G (assembled with
a fixed quadrature) with n = 25744 degrees of freedom by ACA and HCA(II) with
increasing accuracy

The results in Table 4 indicate that ACA is deteriorated by the quadrature error and
produces approximations with much higher storage requirements. Both methods yield
an approximation of approximately the same quality in almost the same time — except
for the higher accuracy where ACA is deteriorated. We conclude that for ACA one
should choose a sufficiently accurate quadrature formula and omit the lowering of the
quadrature order in the farfield.

The situation is different for HCA. Since we separate the kernel in the bounding box
before applying the quadrature, the blockwise rank produced by HCA is independent of
the quadrature order, the basis functions or the element size.

5.2 Dependency on the Meshsize

According to Lemma 2.12, we expect the storage requirements as well as the time for
the setup of an H-matrix approximation with fixed accuracy (rank) to be O(nlog(n)),
i.e., an increase per degree of freedom as the mesh is regularly refined. This behaviour
can be observed in Table 5 where we approximate the stiffness matrix on three different
levels with n = 25744,102976,411904 degrees of freedom. The order of the quadrature
is increased from the first to the second row and from the third to the fourth row.
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n = 25744 n = 102976 n = 411904
t Strg. Rel. Err. t  Strg. Rel. Err. t Strg. Rel. Err.
27 49 1.9x107!' ] 1.06 7.0 1.6x107' | 4.45 84 1.6x1071
56 89 1.5x1072(230 122 1.3x1072| 9.72 14.7 1.4x1072
83 132 1.1x1073|3.43 182 1.2x1073|14.77 219 1.7x1073
1.73  18.6 T7.4x107°|7.09 254 6.6x107° |30.04 30.6 7.0x107°

Table 5: HCA(II) on the Crank Shaft with increasing number of degrees of freedom, the

2]

3]

elapsed time ¢ is measured in 1000 seconds

Mario Bebendorf and Sergej Rjasanov. Adaptive Low-Rank Approximation of Col-
location Matrices. Computing, 70(1):1-24, 2003.

Steffen Borm. Approximation of integral operators by H2-matrices with adaptive
bases. Technical Report 18, Max Planck Institute for Mathematics in the Sciences,
2004. To appear in Computing.

Steffen Bérm and Lars Grasedyck. HLIB — a library for H- and H?-matrices, 1999.
Available at http://www.hlib.org/.

Steffen Borm and Lars Grasedyck. Low-rank approximation of integral operators
by interpolation. Computing, 72:325-332, 2004.

Steffen Borm, Lars Grasedyck, and Wolfgang Hackbusch. Introduction to hierar-
chical matrices with applications. Engineering Analysis with Boundary Elements,
27:405-422, 2003.

Steffen Borm and Wolfgang Hackbusch. Data-sparse approximation by adaptive
H2-matrices. Computing, 69:1-35, 2002.

Steffen Borm and Wolfgang Hackbusch. H?2-matrix approximation of integral oper-
ators by interpolation. Applied Numerical Mathematics, 43:129-143, 2002.

Wolfgang Dahmen and Reinhold Schneider. Wavelets on manifolds I: Construction
and domain decomposition. SIAM Journal of Mathematical Analysis, 31:184—230,
1999.

Ronald A. DeVore and George G. Lorentz. Constructive Approzimation. Springer-
Verlag, 1993.

J. M. Ford and E. E. Tyrtyshnikov. Combining kronecker product approximation
with discrete wavelet transforms to solve dense, function-related linear systems.
SIAM J. Sci. Comput., 25(3):961-981, 2003.

S. A. Goreinov, E. E. Tyrtyshnikov, and N. L. Zamarashkin. A theory of pseu-
doskeleton approximations. Lin. Alg. Appl., 261:1-22, 1997.

30



[13]

[14]

[15]

[16]

[17]

[18]

Lars Grasedyck. Theorie und Anwendungen Hierarchischer Matrizen. PhD thesis,
Universitat Kiel, 2001.

Lars Grasedyck. Adaptive recompression of H-matrices for BEM. Technical Re-
port 17, Max Planck Institute for Mathematics in the Sciences, 2004.

Lars Grasedyck and Wolfgang Hackbusch. Construction and arithmetics of H-
matrices. Computing, 70(4):295-334, 2003.

Leslie Greengard and Vladimir Rokhlin. A new version of the fast multipole method
for the Laplace in three dimensions. In Acta Numerica 1997, pages 229-269. Cam-
bridge University Press, 1997.

Wolfgang Hackbusch. A sparse matrix arithmetic based on H-matrices. Part I:
Introduction to H-matrices. Computing, 62:89-108, 1999.

Wolfgang Hackbusch and Boris Khoromskij. A sparse matrix arithmetic based on
‘H-matrices. Part II: Application to multi-dimensional problems. Computing, 64:21—
47, 2000.

Wolfgang Hackbusch and Zenon Paul Nowak. On the fast matrix multiplication
in the boundary element method by panel clustering. Numerische Mathematik,
54:463-491, 1989.

T.J. Rivlin. The Chebyshev Polynomials. Wiley-Interscience, New York, 1984.

Vladimir Rokhlin. Rapid solution of integral equations of classical potential theory.
Journal of Computational Physics, 60:187-207, 1985.

Stefan Sauter. Variable order panel clustering (extended version). Technical Re-
port 52, Max-Planck-Institut fiir Mathematik, Leipzig, Germany, 1999.

FEugene Tyrtyshnikov. Incomplete cross approximation in the mosaic-skeleton
method. Computing, 64:367-380, 2000.

31



