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ABSTRACT. Motivated by the supersymmetric extension of Liouville theory in
the recent physics literature, we couple the standard Liouville functional with a
spinor field term. The resulting functional is conformally invariant. We study
geometric and analytic aspects of the resulting Euler-Lagrange equations, cul-
minating in a blow up analysis.

1. INTRODUCTION

The classical Liouville functional for a real-valued function u on M is
1
E(u)= / {5 Vu)® + K u — e** }dv, (1)
M

where K is the Gaussian curvature of M. The Euler-Lagrange equation for E(u)
is the Liouville equation

—Au =2e*" — K, 2)

where A is the Laplacian with respect to g. Liouville [Liou] studied this equation
in the plane, that is, for K; = 0. The Liouville equation arises in many contexts
of complex analysis and differential geometry of Riemann surfaces, in particular
in the prescribing curvature problem. The interplay between the geometric and
analytic aspects makes the Liouville equation mathematically rich. It also occurs
naturally in string theory as discovered by Polyakov [P2], from the gauge anomaly in
quantizing the string action. There then also is a natural supersymmetric version
of the Liouville functional and equation, coupling the bosonic scalar field to a
fermionic spinor field. It turns out, however, that we also obtain a very interesting
mathematical structure if we consider ordinary instead of fermionic (Grassmann
valued) spinor fields. In particular, the fundamental conformal invariance of the
Liouville action can be preserved under the coupling. This makes the resulting
functional geometrically very natural and, so it seems to us, a worthy and interesting
object of mathematical analysis.

Therefore, in this paper, we consider the following functional for a real-valued
function u and a spinor v

1
B(w0) = [ (GIVuP + Kyut ((P+ i) = e} 3)
The Euler-Lagrange system for F(u, ) is

—Au = 2 —e" (Y,Y) — K, .
Dy = —e'y ’
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This system couples the Liouville equation and the Dirac equation in a rather
natural way. We call (4) the super-Liouville equations. When 1 vanishes, we
obtain the original Liouville equation. In other words, here we are considering a
system generalizing the prescribing curvature equation. The important point is
that this generalization preserves a fundamental property of the energy functional
on Riemann surfaces, namely its conformal invariance.

In this paper we aim to provide an analytic foundation for system (4). We start
with basic points like the regularity of weak solutions. An analytic foundation
was established for the Liouville equation (2) in [BM], [LS] and for a Toda system
in [JW], [JW2] and [JLW]. In those references, it was established that the key
analytical points are that singularities in solutions u, of the equations on closed
surfaces, or, more generally with bounded energy [ e**», can form only at isolated
points x where the limit w,(x) tends to infinity. Away from those singularities, wu,,
remains either uniformly bounded or converges to —oo which, in fact, is a regular
situation for the field ¢ with u = log¢. At those isolated singularities, rescaling
produces an entire solution of the Liouville equation of finite energy fR? e2* in the
plane which then can be compactified to a solution on the 2-sphere. Therefore,
the asymptotic behavior of such entire solutions is also an important point. In this
paper, we therefore perform such an analysis for the super Liouville equations. As
in the classical case, this provides a complete analytical picture, and other regularity
results follow in a standard manner that is known to the experts and therefore need
not be repeated here.

Assume that (u,,vy,) is a sequence of solutions of (4) with

/ e*rdv < g, and / | dv < C
M M

for some positive constants €9 and C. If g¢ is sufficiently small (in fact g9 < 7
suffices), then we can show that (u,,, ¥, ) admits a subsequence, which we still denote
by (un,¥n), converging to a smooth solution (u, ) of (4). Note that [,, e*»dv
and [}, thn|* dv are conformally invariant, see Section 3.

When ¢q is big, then the so-called “blow-up” phenomenon may occur. Let
(un, ¥n) be a sequence of solutions of (4) and satisfying

/ e*rdy < C, and / |thn|* dv < C.
M M

Define
Y1 = {z € M, there is a sequence y,, — x such that u,(y,) — +oo}
Yo = {x € M, there is a sequence y,, — x such that [, (y,) — +oo}.

Then, one can show that X5 C X and (uy, 1, ) admits a subsequence, still denoted
by (un, ), satisfying one of the following cases:

i) w, is bounded in L (M).

ii) u, — —oo uniformly on M.

iii) ¥; is finite, nonempty and either

Uy, is bounded in Ly5, (M\X1)
or
U, — —oo uniformly on compact subsets of M\¥;.
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Furthermore, we rule out the first case in iii) if 31\X5 # 0. Then the only case
is u, — —oo uniformly on compact subsets of M\X;.

Finally, we consider entire solutions of the super Liouville equations on R? with
finite energy fR2 e?% +|¢|*, which can be viewed as “bubbles” or obstructions to the
compactness of equation (4). We analyze the asymptotic behavior of such solutions
and obtain

u(x):—;ln\m\+0+0(|x|_l) for |z| near oo,
7r
Y(w) = g g ot ollal ™) for o
- . r near
x o Tap? &0 o|x x| mnear oo,

where - is the Clifford multiplication, C' € R is some constant, o = fR2 202 —
e“|y|2dx, and & = Jg2 €“pda is a constant spinor.

Furthermore, by using the associated holomorphic quantity T(z) = (9,u)? —
0u + %<w,dz - 0z) + %(di - 0,1, we show a = 4m. For the definition of T,
see Section 3. Then we show such an entire solution can be extended to a smooth
solution on S?, i.e. the global singularity (the singularity at infinity) is removable.

2. SPINORS

For presenting our equations, we need to recall some background about spin
structures and spinors. Let (M, g) be a closed Riemann surface and Pso2) — M
its oriented orthonormal frame bundle. A Spin-structure is a lift of the structure
group SO(2) to Spin(2), i.e., there exists a principal Spin-bundle Pgin2) — M
such that there is a bundle map

Pspinzy — Pso()
! !

M — M.

Let Xt M = Pspin(2) X pC be a complex line bundle over M associated to Pgpin(2)
and to the standard representation p : S — U(1). This is the bundle of positive
half-spinors. Its complex conjugate ¥~ M := 3+ M is called the bundle of negative
half-spinors. The spinor bundle is XM := YT M @ X~ M. There exists a Clifford
multiplication

TX xc ™M — ™M
TX xc XY™ M — StM

denoted by v ® 1¥» — v - 1, which satisfies the Clifford relations
veow-tw-v-p =—2g(v,w)Y,

for all v,w € TM and ¢ € T'(XM).

On the spinor bundle ¥ M, the metric g induces a natural Hermitian metric (-, ).
Let V be the Levi-Civita connection on M with respect to g. Likewise, V induces
a connection (also denoted by V) on XM compatible with the Hermitian metric.

The Dirac operator P is defined by P := Zi:1 e, Ve, 1, where {e1,ez2} is an
orthonormal basis on TM. (For more details about the spin bundle and the Dirac
operator, we refer to [LM] or [J].)
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3. PROPERTIES OF SUPER LIOUVILLE EQUATIONS

We start by giving some examples of solutions of the super Liouville equations
(4). When M = S?) the standard sphere with Gaussian curvature K = 1, it is
obvious that solutions u of (2),

—Au+1—2e* =0on S (5)
yield solutions of the form (u,0) of (4),

—Au = 2e* —e" (i) — 1 (©)
po = e

In fact, all solutions of (5) are of the form u = 1 log  + 1 logdet |dy|, where ¢ is
a conformal map of S?. This can be understood in terms of the complex geometry
behind the Liouville equation, but we do not go into this aspect here.

There exists another type of solution of (4). Let us recall that a Killing spinor
is a spinor ¢ satisfying

Vxy =AX -9, for any vector field X

for some constant A. On the standard sphere, there are Killing spinors with the
Killing constant A = 1, see for instance [BFGK]. Such a Killing spinor is an
eigenspinor, i.e.
pw = _wa
with constant |1|2. Choosing a Killing spinor ¢ with |1|?> = 1, (0,) is a solution
of (4). If we identify S?\{northpole} by the stereographic projection with the
Euclidean plane R? with the metric
4 2
(IEAEEE
then any Killing spinor has the form
v+T-v

VI z[2

up to a translation or a dilation. See [BFGK].

Now we come to an important property of the functional F.

Proposition 3.1. The functional E(u,v) is conformally invariant. Namely, for
any conformal diffeomorphism ¢ : M — M, set

u = uop—InA

o= NEgog
where \ is the conformal factor of the conformal map ¢, i.e., ¢*(g) = A\2g. Then
E(u,v) = E(u,v). In particular, if (u,v) is a solution of (4), so is (4,).

(7)

Proof. It is well-known that [, & IVu|? 4+ K u is conformally invariant, see e.g. [H].

Since the terms
/ e dv, / e [y|? dv,
M M

are invariant under a conformal transformation, it is sufficient to show the confor-

mality of [,, (D¢, ) dv. Let g = ¢*g, where g is the metric on M. Let ﬁ be the
4



Dirac operator with respect to the new metric g. By the conformality of ¢, we have
g = M\2g for a positive function A on M. We identify the new and old spin bundles
as in [H]. Since the relation between the two Dirac operators J) and J is

DY =A"EPAEY) = A2 Py,

we can show by a direct computation that

/ (P, ) dvol(g) = / (D, D)dvol 7).
M M

The proof of the proposition is complete. O

As before, we identify S?\{northpole} by stereographic projection with the Eu-
clidean plane R? with the metric

4 2
(EarRE
By Proposition 3.1 from any solution of equation (4) on S? one can obtain a
solution of
2u u
Au = 2e e (Y, ) in B2, ®)
Py = —e"y
where A and P are operators with respect to the standard metric on R2.

Equation (8) is very interesting, since its solutions are obstructions for the com-
pactness of equation (4), namely they are the so-called “bubbles” in the geometric
analysis.

Let us note that on a surface the (usual) Dirac operator J) can be seen as
the (doubled) Cauchy-Riemann operator. Consider R? with the Euclidean metric
dz? + dz3. Let e; = % and ey = 0%2 be the standard orthonormal frame. A
spinor field is simply a map ¥ : R?> — A, = C2, and e; and e, acting on spinor
fields can be identified by multiplication with matrices

(0 1 (0 i
A=\-1 0)0 27 o)

If U= <£> :R? — C2 is a spinor field, then the Dirac operator is

of of 2
_ O 1 8.731 0 { 8.732 _ ?
o= (o) | % ) (o) | B | 2| )

0x1 0xo 0z

where
o 1/ 0 .0 o 1/ 0 .0
Therefore, the elliptic estimates developed for (anti-) holomorphic functions can be
used to study the Dirac equation.
Proposition 3.2. Let M =S? and ¢ a Killing spinor with |1)| = 1. Then

(0,1)
is a solution of (4),



Proof. This is obvious, and we have observed it above. In order to understand
the conformal invariance of the super Liouville equation better, it is instructive to
carry out the proof on R2. From the above discussion and Prop.3.1, it is sufficient
to show that

u = —log(1+ |z|*) +log2,
2 1 v+T-v 9
Vo= () )

1+ [

V14 |x|?
with v € {v € C?||v| = 1} is a solution of equation (8).
We write £ - v = x1e1 - v + x2es - v. Recall the Clifford multiplication

€i'€j"¢—|—€j'€i'w:—25i]"¢, fOI‘lSi,jSQ
and

<7/17<P> = <ei : 1/1761‘ : 90>
for any spinor fields 1, . It is clear that

(x-v,2-v) = |z and (w,z-v) + (z-v,v) =0.

Then by a direct computation, we have

(¥, ) W@)J’_x.v’v—i_x”w
2
- W«v’w+<$'U’$'U>+<”7$'U>+<x~v,v>)
- 2
TN

Thus we can easily check that (u, ) satisfies the first equation.
Next we calculate that

sz;(v—i—xw)—kﬁ

and Y /3
—24/2x9 2

= W(’U-ﬁ-l“’l})-’-m@g'v.

Then we have

Py

€1+ Opy P + €2+ Oy
2v/211

(14 |z[*)?
2v/225 21/2

——————(ea-v— 220+ T1€2 €1 V) —

(e1 - v —x1v + xoeg - €2 - V)

T+ [2P)? T+ 2P
22
= —W(’U +x - ’U)
= —e"Y.
This implies that (u, ) satisfy the second equation. O
By conformal transformations, we know that
V2 2 v+ (z—x0) v

log —Y2 ) and (1 ,
(og1_|_|g€_£0‘2 ) an (0g1+\m—xo|2 1+ |z — 20 )
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are solutions of (8). It is clear that all such solutions of (8) obtained from solutions
of (4) on S? satisfy

I = [ (IVuP 4o} < C. (10)

In the last section, we will show that all solutions of (8) with bounded energy I are
obtained from solutions of (4) on S2.

Proposition 3.3. Let (u,) be a smooth solution of (4) and z = x + iy a local
isothermal parameter with g = ds® = p \dz|2. Then the quadratic differential

1 1
T(2)dz* = {(9:u)* = Fu+ 7 (¥, dz - 9=0)) + 7 (dz - 0., 4) }d=?
s holomorphic when M is a constant curvature surface. Here dz = dx + idy and
dz = dx —idy.

Proof. We prove this lemma by a direct computation. Let {e1,es} be a local or-
thonormal basis on M. It follows from the Clifford multiplication that

<6a'1/)»1/)> = <ea'€a"¢}vea"¢}> = —<1/J,€a'1/f>~

Therefore we obtain the real part of (e, - 1, %) vanishes, i.e.

Re <ea : ¢7¢> =0. (11)

Furthermore we have

<¢a€a . V€5w> = - <€a . anng> = - <€,6 ‘€ ¢a€ﬁ . v€5¢>
and
<'l/}7 €a * ve;g'l/}> - <'l/}7 €3 - veaw> = - <eﬁ ‘€t "/)7 Eilf)
= <€/8 T wa €u¢> 3
Hence from (11) we have Re (¢, eq - Ve, 1) is symmetric.
Set
Ti(2) = (0.u)? — 0u,
and

Ty(z) = (¥, dz - Oz¢) + (dz - 0., ).

Then, we choose a local orthonormal basis {e1,e2} on M such that V. eg = 0 at
a considered point. By using the Ricci curvature formula we have

Dot = (8, (Au) + 2K, 0.u).

4
Now we can compute
0:T1(z) = 20.zu0,u — 0,,zu
= Lawdu-to.rw - Lk,
= FOudsu—20:(Au) - SKg0:u
1 1 1
= 5(—262“ + e [Y)? + Ky)0.u + 182(262“ — ey - K,) — iKgﬁzu
1 ., 2 1, o 1
= ¢ Y] Bzu—ze 0, || —ZBZKQ.

7



By using the symmetry of Re (1, eq - Ve, ¢), we have

0:T5(2)

+

+

385(«61 - ie2) ! (v€1w - iveﬂ/’)ﬂ/’) + </(/)v (61 + ie2) : (Ve1¢ + Zvezw»)
85(R6<w7 €1 v€1w> - 21Re<7/’7 €1 v€2w> - Re<w7 €2 - v@zw»

%(Re<v61w7 €1 v€1w> - 2iRe<v€1w7 €1 v€2w> - Re<v€1wv €2 - v62w>)
%(iRe<v€2wv €1 Veﬂ/’) + 2R‘e<v€2w7 €2 v€1w> - iRe<Ve21/% €2 - v€2w>)
%(Re<wv €1 ve1 Ve1¢> - 2iRe<w7 €1 ve1 vezw> - Re@/& €2 - ve1 vezw»

%(iRe(zﬂ, €1+ Ve, Ve, ) + 2Re(t, ea - Ve, Ve, ) — iRe(), €2 - Ve, Ve, 1))

It follows from (11) that

for any i,j =
REM

Re<vei'¢v €j - Vez‘¢> =0

1,2. Furthermore, by using the definition of the curvature operator

of the connection V on the spinor bundle ¥ M, that is

Vea vegw - Vegvea¢ = REM(eav eﬂ)%

and a formula for this curvature operator (see for example [J])

2
> ea R (eq, X ) = %Ric(X) -, for VX € T(T M)
a=1

we can obtain that

BETQ(Z)

(=3Re(Ve, 1, €2 - Ve, ¥0) + 3iRe(Ve, 1, €1 - Ve, ¥))

(Re<w7 ve1 (p¢)> - ZRGW» vez (p¢)>)
+(Re(th, ea - R¥M (g, e1)1p) — iRe(1h, e1 - R¥M (e1, e2)1)).

By (11) we have

and

We also have

Re(t), e - R¥M (e, e9)1)) = Re (v, %Ric(el) ) =0,

Re(th, e1 - R™M (er, e2)th) = Re(th, %Ric(@) -

Re<v€1 wv €2 - v€2w> = Re<V€1w7 —€u¢ — €1 Vel ¢>

Re<V€1w7 _euw> - Re<v€1 wa €1 V€1'¢>
1
_ieuvm ‘w‘Qv

and in the similar way

1
Re<Ve2¢, €1 Ve1¢> = _§€UV€2|¢|2'
8



We also compute

Re(, Ve, (D)) — iRe(h, Ve, (DY)
= —Re(y, Ve, ("¢)) + iRe(y), Ve, (€9))
= —2e“[y*0u — 0. |y|?
Therefore we get
0:Ts(2) = e“0.|h|* — e*|¢|?0.u.
Hence ) )
agT(Z) = 85T1(z) + ZagTQ(Z) = —Zang.
Therefore 0;T(z) = 0 when K|, is constant and 7'(z) is holomorphic. We finish

the proof.
O

Remark 3.4. It is well-known that every holomorphic quadratic differential on S?
vanishes identically (see [J]). Therefore T'(z) = 0 if M = S2.

Remark 3.5. By a similar method as in [CJLW], we can construct the holomorphic
quantity in the following way. Let (u, ) be a solution of (4) on M. Define a tensor
2

2
Tag = 2(uuu,) =8ap Y (Ur,ttr) = 2uas + Sag Y tpr + 2Re(V,e, - Ve 1))
r=1

r=1
+8age” [

where u, = V._u, and {e1, ez} is a local orthonormal basis on M. Then we can
check as in Proposition 3.3,

(1) Th1 +Te2 =0,

(2) Tap = T3a, i-e., the tensor T,z is symmetric.

2

(3) o1 Ve Tap = —0pK,.
Define T'(z) = §(T11—iT12). Then T'(z)dz? is the holomorphic quadratic differential
of Proposition 3.3.

4. COMPACTNESS THEOREM

In this section we consider the compactness of solutions of ( 4) under the condi-
tion that

I(u,2) = / (e* + |v|[YYdv < C.
M
Since (4) is conformally invariant, in general the set of solutions of (4) with a
uniformly bounded energy I(u,) is non-compact.

First, we define weak solutions of (4). We say that (u,) is a weak solution of
(4), if u e WY2(M) and ¢ € Whs(T'(SM)) satisfy

/VuV¢dv = /(262“—e“|¢|2—Kg)¢dv
M M

[ wpgar = - [ ewga

M M

for any smooth function ¢ and any smooth spinor £. It is clear that (u,v) €
WL2(M) x Whs(T(EM)) is a weak solution if and only if (u, ) is a critical point
9



of E in Wh2(M) x W3 (D(SM)). A weak solution is a classical solution by the
following

Proposition 4.1. Any weak solution (u,v) to (4) on M with I(u,9) < oo is
smooth.

To prove the proposition, we first need a basic inequality in [BM].

Lemma 4.2. Assume Q C R? is a bounded domain and let u be a solution of

—Au = f(x) in Q
u = 0 on 0f)
with f € LY(Q). Then for every & € (0,4r) we have
_ 2
/ exp{w}dm < g(diamﬂ)a (12)
o 111y 0

where |[f]l, = Jq |f ()| dz.

Let B, = B,.(z) be a geodesic ball at a point  on M with radius r. Here r is
smaller than the injective radius of M.

Lemma 4.3. If (u,v) is a weak solution to (4) in B, satisfying [ e + [y|tdr <
oo, then we have
ut € L®(Bz) and || € L(Bx).
Proof. First we consider u. Set
f1=2e" — e Y - K,
Then we have
—Au = f1~
We consider the following Dirichlet problem

—Aul = fla in Br
{ u; = 0, on 0B,. (13)
Since [ e?*dr < oo and I5, [|* dz < oo we know that f; € L(B,). By applying
Lemma 4.2 on a smaller domain we have

eFlul e LY(B,) (14)
for some k > 1 and in particular u; € LP(B,) for some p > 1.

Let us = u — uy so that Aus = 0 on B,.. The mean value theorem for harmonic
functions implies that

ez Wl sy < Clluz 1 s, -

Since uy < ut + |uy| and 2 [ ut <[4 e?" < oo, we have uj € L'(B,) and
consequently

H“2+HLOO(B ) < 00 (15)

[N

Next we write
fi = 2e%42e2M1 _ gUrgt2 |1/)|2 - K.
From (15) and (14) we have f; € L'*¢(By) for some ¢ > 0. Hence standard elliptic
estimates imply that
10



HU+HL°°(B£) <C HquHLl(BT) +C ”leLHE(Bg) < .

Since ut € L>(B:), then the right hand of equation Pt = —e“4 is in L*(T'(£Bz)).

-
Hence ¢ € C°(T(XB:)) and especially [¢] € L>(B:). O
Proof of Proposition 4.1. The standard method, together with Lemma 4.3, implies
that v and v are smooth. O

Next we discuss the compactness of a sequence of smooth solutions to (4). We
begin with studying uniformly L boundedness of solutions for (4). Assume that
(un,¥n) is a sequence of solutions of (4). Similarly as before we set

S =262 — e [P - K,

Lemma 4.4. Leteg < m be a constant. For any sequence of solutions (uy,, ¥, ) with

/ e dr < g, / [thn|* dz < C
B, B

for some fized constant C' > 0 we have that Hu,fHLoc(Br) is uniformly bounded.
T

Proof. Similarly as in the proof of lemma 4.3, it is sufficient to show that f{* is
uniformly bounded in L} (B,) for some ¢ > 1.
Let w,, be the solution of following problem:

—Aw, = 2e%un, in B, (x)
wy, = 0, on 0B, (z).

It is clear that w, > 0 in B,(z). Since gy < m, we can choose 6 > 0 such that
4dm —§ > 2¢9(2+ 6). By lemma 4.2 we get

/ c2Hun < (16)
B, (z)

for some constant C.
Next let z be the solution of the following equation

-Az = —-K, in B, (x)
z = 0, on 0B, (z).

It is clear that A(u, — w, — 2) = ¢*[1)|?> > 0 on B,(z) and

/ (Up —wy, — 2)F / (U, — wp)* + |2]dz
B, (z) B, (z)

IN

IN

/ (i +|2) < / i 4 0y < C,

By (x) B, (x)

for some constant C' > 0. Here we have used w,, > 0. Therefore, by the mean value
theorem for subharmonic function, for any y € Bz (z), we have

(un—wn—z)(y) < C (un—wn_z)
BT(I)

< C (up —w, —2)t < C (17)
BT(I)
11



Thus, from (16) and (17), we deduce that

/ e < (18)
By (z)

r
2

By the Hoélder inequality, for [ = 4£29 > 1 we have

446
| e ean <[

O an) ([ [ da) <

r Br
2 2

Let ¢ = min{l,2 + §}. We have established that fJ* is uniformly bounded in
LY(Bg(z)) with ¢ > 1. O
Since [|u}t || L (B,) is uniformly bounded, by the standard method and the boot-

T

strapping method of elliptic equations, we can get uniform estimates for higher
derivatives of the functions u,, and ,. That is,

Theorem 4.5. Assume that (un,n) is a sequence of solutions for (4) with

/ e*rdy < g, and / [ihn|* dv < C
M M
for some positive constant g < m and C. Then we have
”un”Ck(B%(m)) + Hwn”Ck(B%(m)) <C. (19)

for any geodesic ball B%(x) of M.

From Theorem 4.5, we have the following Theorem:

Theorem 4.6. Assume that (u,,n) is a sequence of solutions for (4) with

/eQundv<50, and/ [thn|* dv < C
M M

for some positive constant g < w and C. Then (un,vy) admits a subsequence
converging to (u,v) which is a smooth solution of (4).

5. BLOW UP BEHAVIOR

When the energy [, e?“dv is large, then the blow-up phenomenon may occur as
in the case of the Liouville equation. In this section we will analyze the asymptotic
behavior of a sequence of solutions for (4) when the blow-up phenomenon happens.
Assume that (u,,1,) satisfies

—Au, = 22 — et |ih, |2 — K,
" " ’ on M 20
{ Dip = —e"mipy, (20)
with
/ e*rdy < O, and / ihn|* dv < C (21)
M M

for some positive constant C.

We shall follow [BM], where the authors analyze the behavior of a sequence of
solutions for the Liouville-type equation on a bounded domain. Similar results for
the Toda system, which is another natural generalization of the Liouville equation,
were obtained in [JW].

12



Theorem 5.1. Let (un,¥n) be a sequence of solutions to (20) satisfying (21).

Y1 = {x € M, there is a sequence y, — x such that u,(y,) — +oo}
Yo = {x € M, there is a sequence y, — x such that |, (yn)| — +oo}.

Then, we have X9 C X1. Moreover, (un, ) admits a subsequence, denoted still by
(Un, ¥n), satisfying that
a) 1y, is bounded in LiS (M\Xs) .
b) For u,, one of the following alternatives holds:
i) uy, is bounded in L (M).
ii) u, — —oo uniformly on M.
iil) X4 4s finite, nonempty and either

Up, 18 bounded in L. (M\%1) (22)
or
Up, — —00 uniformly on compact subsets of M\X;. (23)

Proof. First, if z € M\X4, then from the equation P, = —e“r),, we know z €
M\X,. Therefore we have 9 C 3¢ and v, are bounded in Ly (M\X2).

Next let f' be as before. Since e?“» is bounded in L'(M), we may extract a
subsequence from wu,, (still denoted u,) such that e?“» converges in the sense of
measures on M to some nonnegative bounded measure p i.e.

/62“"@dv—>/ wdu
M M

for every ¢ € C(M). A point € M is called an e—regular point with respect to
if there is a function ¢ € C(M), suppp C By(z) C M,0< o <1 withp=11ina

neighborhood of x such that
/ pdp < €
M
We define

Q4 (e) = {x € M : x is not an € — regular point with respect to p}.

By definition and (21) we see that €;(e) is finite. We divide the proof into three
steps.

Step 1. 31 = Q1 (eg) provided gp < 7.

First we show that Qq(g0) C X1. Supposing that xo € Q1(g0), we claim that
for any R > 0, limy— o0 U] | oo (B (ng)) = +00- We demonstrate the claim by a
contradiction. So we assume that there would be some Ry > 0 and a subsequence

such that HujHLOO(BRO (o)) 18 bounded. Especially we have He2unHLx(BR e
0

and therefore fBR(%) e2undy < CRS for all R < Ry and some ¢ > 0. This implies

/ pdp < g9 for some suitable .
M

Therefore x( is regular, contradicting xp € Q1(gp). So the claim is proved. Now
we choose R > 0 small enough so that Br(xz¢) does not contain any other point of
Q1(g0). Let z,, € Br(zp) be such that

+
un

+

n — T00.

(zn) = max u
Br(zo)

13



We claim that x,, — xg, i.e. Tg € X1. Otherwise there would be a subsequence
Tn, — T # 20 and T ¢ Qq(eo)
that is, T is a regular point. This is a contradiction. Therefore we have proved that
Ql(&‘o) C .
Next we show that X1 C Q4(egg) by using the approach to the Toda system in
[JW]. Let 2y € ;. Assume by contradiction that z¢ ¢ Q(gp). Thus fB5 (20) e2n <

go for any small constant § > 0. Note that —Au, = 2e%%r — eUr |1/Jn\2 - K, <
2e*n — K. Define w : Bs(zo) — R by

{—Aw = 2% — K,  in Bs(x) (24)

w = Up on 0Bs(xp).

The maximum principle implies that u,, < w. Since ¥; is finite, we may assume
that w,, is uniformly bounded in L*°(0Bs(x¢)). In view of fBé(xO) e?un < g <,
and the boundedness of the curvature R of M, as in the proof of lemma 4.4 we
have wt € L>(Bjs (x0)), which in turn implies that ub € L>(Bjs (x0)). Hence we
have a contradiction. Therefore ¥ C Q1(g0).

So we have X1 = Q4 (o).

Step 2. X1 = () implies (1) and (2) hold.

Y1 = 0 means that u; is bounded in L (M). Consequently 1, is bounded in
L>(M). Thus, f* is bounded in LP(M) for any p > 1. Applying the Harnack
inequality as in [BM], we have (1) or (2).

Step 3. X1 # 0 implies (3).
In this case, we know that u; is bounded in L{S (M\X;) and therefore f* is

loc
bounded in Lf (M\X;) for any p > 1. Then as in step (2) we know that either

Uy, is bounded in L7S (M\X4),
or
Up — —OQ on any compact subset of M\
Thus we complete the proof of the Theorem. O
Actually in Theorem 5.1 the case (22) will not occur if 31\Xs # (). Next we will
show this.

Theorem 5.2. In Theorem 5.1, if in addition 21\Xo # 0, then the first case of ii1)
does not happen, i.e. u, — —oo uniformly on compact subsets of M\X1. Moreover,
setting ¥1 = {p1,p2, -+ ,mi}, we have

l
e2un uw= E ;0p, with o > 7.
i=1

Proof. We should show that (22) does not happen when ¥1\Xs # 0. Fix some
point zyp € ¥1\¥s and choose § > 0 to be so small that xy is the only point of
¥1\%s in Bs(zg). Let fJ* be as before, i.e.

fi =267 — e i — K,
14



Since xg is a point of ¥1\X3, we can select ¢ to be sufficiently small such that

Bo= @ e g - Ky

e, (z),

where vy, (z) = 2 — e """ |¢h,|? — Kge= 2" and v,(z) — 2 in Bs(zo). Therefore we
can rewrite the first equation of (20) as
—Auy, = v, (x)e2un, in Bs(xo)
0 <wy(z) <b, in Bs(xo)
2uUnp
fBé(io) e?undy < C

for b and C positive constants.
Noting that x( is a blow up point for w,, we can apply the Brezis-Merle result
(see [BM]) to conclude that

Up — —00, for any compact subset K C Bs(xo)\{zo}-

Consequently, by the alternative proved in Theorem 5.1, we have that (22) does
not happen and only (23) holds.

Moreover since the case (23) is valid, then e?*» — 0 in L? (M\X;) for any
p > 1. Therefore, if e2“» — u, then the measure p is supported on X;. Hence,

setting ¥1 = {p1,p2, -+ ,pi}, we have e?%n — = 22:1 a;0p; with a; > . O

6. ASYMPTOTIC BEHAVIOR OF RESCALING EQUATIONS

It is well known that a “bubble”, an entire solution of (4) with finite energy, will
been obtained after a suitable rescaling at a blow-up point. In the rest of the paper
we will analyze the asymptotic behavior of an entire solution with finite energy. We
will show that an entire solution on R? can be extended to S?, i.e. the singularity
of infinity is removable.

The considered equations are

—Au = 2% — e (1, 1)), r € R? (25)
Dy = —e"y, r € R2.
The energy condition is
I w) = [ (@ oo < . (26)
R2

Next we start to deal with the asymptotic behavior of solutions of (25) and (26).
First we have
Lemma 6.1. Let (u,v) be a solution of (25) and (26) with u € Hllo’f(R2) and
4
b € HYS(R2). Then ut € L™(R?).

The proof of Lemma 6.1 follows from the idea of [CL2]. Since u™ € L>(R?), it
follows from the discussion in the previous section that (u,1)) is smooth in R2.

oc

Denote (v, ¢) be the Kelvin transformation of (u,), i.e.

o(z) = u(#) —21n|z|

p(z) = |$|71¢(W)
15



Then (v, ¢) satisfies

CAv = 26T et (g, 8), z € R2\{0}
{ Do —e’¢, z € R?\{0}. 27)

And, by change of variable,
/ e?Vdx z/ e?tdx
[z <ro lz|> 75

/ 6]1dz = / [4de
el <ro ] >

o

could be small if r is small. Therefore we obtain that there is a ro small enough
such that (v, ¢) is a smooth solution to (27) on B,,\{0} with energy f\w\<ro e20dy <

gp < m for any sufficiently small positive number g, and fl |p|*dx < C. Since
(27) and (26) are conformally invariant, in the sequel we may assume By, to be the
unit disk Bj.

Lemma 6.2. There is an 0 < g9 < 7 if (v,¢) is a smooth solution to (27) on
Bl\};{O} with energy f\x\gl e?vdx < gg, and flmlél |p|*dx < C, then for any x € By
we have

z|<rg

|6(2)|z]2 + [V (2)||z]2 < O /B |p|*da)5. (28)
2|z

z‘%,g), then, for any x € B%, we have

Furthermore, if we assume that e?* = O(

|p(x)||2]F + [Vo(z)||z]2 < Cla]ie ( /B 6| da) (29)

for some positive constant C. Here ¢ is any sufficiently small positive number.

Proof. We use a similar argument as in [CJLW] to prove the Lemma. Fix any

xg € B%\{O}, and define (v, ¢) by
v(x) = v(ro+ |xo|z) + log|xol,
d(x) = |aol* (w0 + |zola).
It is clear that (7,¢) is a smooth solution to (25) on B; with fBl e?dx < go and
[5, |¢*dz < C. Applying Theorem 4.5, we have
‘$|01(B%) < Clo|La(my)-

Scaling back, we obtain (28).

Next recall that the spinor field ¢(x) satisfies

Po=—c"9  in B\{0}.
We choose a cut-off function n. € C§°(Bs:) such that 7. =1 in B.(0) and |Vn.| <
%. Then we have

P =ne)p) = —(1 =n:)e’ ¢ — dne - ¢,
From the elliptic estimate with boundary (see [CJLW]), we have
I1(1— WE)QSHWl,%(Bl)

< Clle’llzzylldllLas,) + Cllgl|
16
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By (28) we have

1
lim =[] 0.
13

e—0
Now letting € — 0, and in virtue of the smallness of | B, e?*dzr and the Sobolev
embedding theorem, we obtain

</Bl 6)*da)’ SC“/aBl Vo|tds)} +</aBl 6]tds)).

By rescaling, we have for any 0 <r <1

4 =
L3 (ng)

(f It < CC / | Vol o /  loltas)?
< | woltantact [ joltant
/ Jol'as < O / | IVolids + / , loltds) (31)

Next let ¢ := ﬁ [, ¢dx. Note that

P(é—¢)=—e"(d—¢)—¢"¢ in Bi\{0}.

By an similar argument for obtaining (30) and using the Poincare inequality, we
have

16 =Bl g ) < CU Neollo = Bllyn g gy + IV g o, 1B g )

Again, in virtue of the smallness of [, e*dx we obtain

Vo|sds)i C 3ds)1 + Clb 2002V 3
</Bl| oltdn)t < (/le 9i + ¢|</Ble )

IN

$ds)’ 1 ([ )t
c</831v¢| s) +0</Bl|¢~| dz) (/Bf dz)

IN

C’(/aB1 \V¢|%ds)% —|—81(/B1 ‘¢\4dx)% —|—C’(51)(/ 62”dx)37

B1
where €1 is a small constant. Hence, for 0 < r < 1, we have

/ |v¢\%dmgcr/ |V¢\%ds+51/ \¢\4dm+0(61)/ 2dp. (32)
B, OB B, B,

T

Note that e?* = O(lml%) for some ¢ > 0. We have

/ e?dr < C’r/ e?Vds (33)
. aB,
Form (31),(32) and (33), for any 0 < r < 1, we obtain

/e%dﬁ/ |v¢\%dx+/ |¢|4dx§0r(/ e2vds+/ \V¢|%ds+/ |¢|*ds),
B, B, B, OB OB, OB,

for some constant C' > 0. Denote F(r) := [, e*dx + [ V|3 de + [z, |o*da.
Then we get
F(r) < CrF'(r).
17



Integrating this inequality yields
F(r) < F(1)re. (34)
From (34), we can easily get (29). Thus we complete the proof of Lemma. O

From Lemma 6.2 and the Kelvin transformation, we obtain the asymptotic esti-
mate of the spinor ¢ (x)

lp(z)| < Clz|"27%  for |z| near oo (35)
for some positive number 8y provided that 2 = O(m%)

Now let @ = [, 2€?* — e¥|¢)|2dzx, and a constant spinor & = [g. e“pda. It will
turn out that the constant spinor & is well defined. Then we have

Proposition 6.3. Let (u,v) be a solution of (25) and (26). Then u satisfies

u(r) = —2& In|z|+C + O(jz|™1) for |x| mear oo, (36)
T
1 =z 1
Y(x) = o TR o+ o(lz]™) for x| mear oo, (37)
7 ||

where - is the Clifford multiplication, C € R is some constant, and o = 4.

Proof. First, we analyze the asymptotic behavior of u(x). To show (36), we follow
essentially an argument used in [CL1]. Set

1 u
wnle) = =52 [ (e =yl =In (ol + D)edy,

wata) = =5 [ (nle =yl =t (] + D)oy

Then, it is easy to check that

1
wi(z) 1 e2udr, as |z| — 400, uniformly,
In |z| 21 Jge
wa(x)

1
—>——/ e|e|de, as |z| — +oo, uniformly,
In |z 21 Jpe

Moreover, —Aw; (x) = €** and —Awz(z) = €%[1|? on R?. Therefore, if we define
v = u(z) — 2w (x) + wa(z), we have Av(z) = 0 on R%. Since u™ € L*°(R?) by
Lemma 6.1, we get that
v(z) < Cp + Cyln |z,
for |z| sufficiently large, with C1,Co positive constants. Therefore, by Liouville’s
theorem on harmonic functions, v(z) has to be constant and hence we get

u(x) @

— —— as |z| — +oo, uniformly.
In |x| 27

Since [, €*“dx < 400, the above result implies

a > 2.

18



Next we show that « > 27. Assume by contradiction that o = 27. Let (v, ¢) be
the Kelvin transformation of (u, ). We know (v, ¢) satisfy (27) in B1\{0}. Denote
f(x) == 22" — e|¢|?. Then we have

~Av=fx) in B\{0}

From the asymptotic estimate (28), we know that f(z) > 0 in a small punctured
disk B1\{0}. Set

h(x) = —%/B log |z — y| f(y)dy

and g(z) = v(x) — h(z). It is clear that Ah = —f and Ag = 0.
On the other hand, we can check that
. v
lim ——— =
|z|—0 — log |z|
which implies

g(z) _v(@) —h(z) u(W)—2log|x|:

im ———— = = lim
lz|—0 —log |z|  |z|—0 —log|x] 2| —0 —log |z|

Since g(z) is harmonic in B1\{0}, we have g(z) = —log|z| + go(x) with a smooth
harmonic function go in B;. By definition, we have h(x) > 0. Thus, we have

1
/ eXVdy = / e29thdy > / —269°dx = 400,
By B1 B |$|

which is a contradiction with fR2 e?Vdr < co. Hence we have shown that a > 27.

From o > 27, we can improve the estimate for e?* to
e < Cla|7%7 for |z| near oo. (38)
From (38), and by using potential analysis we also get
—%ln\m\ —C<ux) < —%ln|x| +C

for some constant C' > 0, see [CL2].
Then by using (38) and (35) and following the derivation of gradient estimates in
[CK], we get

|{(z, Vu) + 2&\ < Clz|™* for |z| near oo,
™
consequently we have
|ur 4+ i| < Cle|™'7¢ for |z| near oo. (39)
2nr
In the similar way, we can also get
lug| < Clz|™¢ for |z| near oo. (40)

Here (r,6) is the polar coordinate system on R? and C, ¢ are positive constants.
From (40) and (39), we can obtain (36). The idea of proving (36) can also be seen
in [WZ].

Next, we show that o = 4w. Set

T() = (o) — 0%+ {0,z 0u0) + 7(dz 0.0,
19



where - is Clifford multiplication. From Proposition 3.3, we know that T'(z) is a
holomorphic function. Using (35) and 36), we have the following expansion of T'(z
near infinity

1l a,1 lal 1
4(277) 22_527rz2+0(z2)+”
1 1, a, « 1

N 2z2(5(27r) _27r)+0(22)+”

Hence, T(z) is a constant and (%)% — £ =0, i.e. = 47.

2
From « = 47, we can improve the estimate for e?* to
e < Cla|™* for |z| near oo. (41)

This implies that the constant spinor & is well defined.

Finally, we analyze the asymptotic behavior of the spinor ¢ (x). We set

(@) =5 [ Y

u
il . d
21 Jg2 |z —y? Py,

where - is Clifford multiplication. Since the Green function of the Dirac operator
in R? is

1 z—y
2 |z —y?”

G(x,y) =

for any x,y € R? and z # y, see [AHM], we have P& = —e1).
We compute

o £(e) — o] = 27T| <#+1>-ew<y>dy

_ e (@-y) @y @=Y\ uyng
_ ( “Y Y

- | R2 ‘.’E—y‘Q € ¢(y)dy|

i |yl
27 Jr2 | — 9|

<

e*[¢ldy. (42)
From (41), we also have
llet < Cla|~27¢ for |z| near oo, (43)

for some positive constants C' and €. Then following the derivation of gradient
estimates in [CK], we get

1
|z - &(x) — 2—50\ < Clx|™* for |z| near oo. (44)
T

Set n(x) = ¥(x) — £(x). Since Py = —e“, we have Pn(x) = 0. By (35)
and (44) we have |n(x)| < C|z|~'=%, which implies n(z) = 0, i.e. ¥(z) = &(z).
20



Furthermore,

1 z T 1
W(@*'%W'&ﬂ = \W'(x'lﬂ(x)—%fo)\
1 1
< gz -
S 2 9 (2) = 5ol
< Claf™'7,
for |z| near co. This proves (37). O

Since the equation (25) is conformally invariant, the solutions u and ¢ of (25)
can be viewed as a function and a spinor on S?\{northpole} with finite energy. In
the following Theorem, we shall prove that such a singularity can be removed as
in many conformal problems. Hence, at the end we obtain that the solutions are
actually defined on S2.

Theorem 6.4. Let (u,v) be a smooth solution of (25) and (26). Then (u,)
extends to a smooth solution on S?.

Proof. Let (v, ¢) be the Kelvin transformation of (u,%). Then (v, ¢) satisfies (27)
on R?\{0}. To prove the Theorem, it is sufficient to show that (v, ¢) is smooth on
R2. Applying Proposition 6.3, we have

v(z) = (2g —2)Inljz| + O(1) for |z| near 0. (45)
m
Since a = 47, we get that v is bounded near 0. By recalling that ¢ is also bounded
near 0, elliptic theory implies that (v, ¢) is smooth. O
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