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Abstract

We discuss qualitative aspects of a continuum theory for thin films
rigorously derived in [21]. The stored energy density is examined for con-
vexity properties and limiting behavior under large and small strains. A
study of the dependence of the theory on relaxation parameters leads to
the result that the scale of convergence used in [21] is the only scale for
which a limiting theory that also accounts for atomic relaxation effects is
non-trivial.
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1 Introduction

The aim of this paper is to examine qualitative features of a macroscopic theory
for thin films that was derived as an effective continuum theory from atomic
models in [21]. Deriving thin film limits from three-dimensional elasticity is still
an active area of research, see, e.g., [17, 18, 19, 13, 14, 16] and, most recently, [15]
where a whole hierarchy of different scaling limits is discussed. For the more
classical developments see, e.g., [20]. On the other hand, by now there are
also rigorous I'-convergence results for the passage from discrete to continuum
theory: for suitable pair interaction models, especially in one dimension, see
[5, 6, 7]; more complicated potentials under additional assumptions as, e.g., the
Cauchy-Born rule are considered in [2, 3, 4].
In [12], starting from reference configurations

Lr=7301[0,k] x [0,k] x [0,v —1]

for fixed v € N, the number of film layers, and k£ € N, a limiting continuum
theory for the energy of deformations was proposed in the limit £ — oo taking
into account atomistic relaxations effects. In [21], this effective theory was
obtained rigorously as a variational limit of the elastic energy functional (y(k))
of deformations y*) : £, — R3. This continuum theory was expressed in terms
of the gradient of a map u : [0,1]*> — R? and v—1 director fields b° : [0, 1] — R3,
1=1,...,v—1:

Theorem (cf. [21]) Under suitable assumptions on the energy function E, and
for an appropriate definition of convergence of deformations, there exists ¢ :
R32 x (R3)Y~! — R such that

E(y™) R o(Vu,b', ..., 0" 1) as k — oo.

[0,1]?

In section 2, after introducing the model, we will recall the precise state-
ments from [21]. Also we will gather some preparatory material that was proved
in [21] and will be needed in the sequel.

The following sections are devoted to studying this continuum theory, i.e.
the macroscopic energy density ¢ qualitatively. First, cf. section 3, we examine
the dependence of ¢ on the relaxation parameter ¢y and study the limiting cases
cog — o0 and ¢g — 0. Moreover, we will see that the physically motivated rate
of convergence for which continuum theory was derived in [21] is the only scale
that leads to a non-trivial limiting theory.

In the following two sections 4 and 5, we derive the limiting behavior under
large extensive and compressive strains, and explore the convexity properties
and symmetries of the limiting energy functional.

Finally, in section 6, the scaling behavior of certain systems near O(2,3) is
examined. We still find non-trivial energy response to compressive strains in
this regime. It is, however, weaker than calculated without taking into account
atomic relaxation effects. In order to prove this result we are led to study
the one-dimensional version, an atomic chain, in detail. The results of this
paragraph might be of independent interest.



2 The passage from atomic to continuum theory

We give a brief account of the results obtained in [21] on the passage from

atomic models to a continuum theory for thin films. For details, motivations of

the concepts, and proofs of the results of this section we refer to [21].

2.1 The model

Kinematics

We consider a film of v atomic layers whose reference configuration will be
L= LN (S x[0,h]),

where Sy, := [0, k] x [0, k] for k € N, h := v — 1 is the height of the film and, for
sake of simplicity, £ = Z3.

k
The deformations of this configuration will be denoted by
y=y® L, — R

In order for y to be defined not only on the atomic positions, we will assume
some interpolation between the atomic positions: for a deformation y : £;, — R3
let # =z + (1/2,1/2) for z € {0,...,k — 1}? and set

1
y(i,z’)zz E y(z,i), i=0,...,v—1.
2€72,
o2tV

Now on each of the four triangles with corners (z,1i), (z,1), (2’,4), where 2,2’ €
7? with |z — | = 1/v/2, |z — /| = 1 interpolate linearly to obtain y(x,) for
x € Sk. Interpolating in between the layers is not so subtle, for definiteness
we choose y to be linear on the segments [(z,7 — 1), (x,4)]. By this particular
choice we guarantee that (local) averages depend only on atomic positions.

Our aim being to study the limit k¥ — oo, it is natural to introduce the
rescaled functions § defined on the common domain S; x [0, h:

B 1
y(k)(x) = Ey(k)(kxl,kxg,xg).

Considering weak*-limiting points of ¢ as natural variables for a continuum
theory, we are led to elements u of W1°°([0, 1]?; R?) as limiting deformations. In
our regime of thin films of fixed atomic height, we also introduce the quantities

Aigj(k)(xp) = gj(k)(xl,xg,i) — gj(k)(xl,xg,O), i=1,...v—1,

xp = (x1,22), to measure the relative shift of the layers of our film. Also these
have weak*-limits in L.
As in [21] we define:



Definition 2.1 Letu € W1°(S1;R3) andb = (b!,..., 0" 71) € L>°(Sy; (R3)V~1).
We say that (u,b) is admissible (for given co > 0), i.e. (u,b) € A, if there exists
c1 > 0 such that

lu(z) —u(z)| > 1|z — 2| Vz,z€ 8 (1)

(minimal strain hypothesis), and there exists b° € L™ such that
16%oo, 16" = 0le < co,  i=1,...,v— 1. (2)

The un-rescaled version of u is denoted U, i.e. U=u. An easy consequence of
our interpolation is the following

Lemma 2.2 Suppose u is admissible and y : L}, — R3 some deformation with
sup,er, [y(x) — U(wp)| < c. Then y is Lipschitz. For any (rescaled) Lipschitz
interpolation y : S x [0,h] — R® (i : S x [0,h] — R3) there are constants
C1,C9,C3 > 0 such that,

(i) supges, xjo,n [9(z)| < Co,
(i) Cilx —z| — Cs < |y(x) —y(2)| < Caolz — 2| Va,z € Sk x [0, A,

We next define in what sense we understand deformations to converge to
the limiting quantities « and b.

Definition 2.3 Let u € WH®(S;;R3), b € L®(S1;R3). Choose ¢y > 0 a
constant. We say that y*) — (u,b) (w.r.t. ¢g) if

5% —ul| < co/k and kAGHE 0 in L
Here and in the sequel we denote by || f||, respectively || f|| in rescaled variables,

Il == sup [f(@),  resp.  |[f]l:= sup |f(zp/k,a3)|-
€LY x€L

As detailed in [21], this corresponds to a relaxation scheme where the indi-
vidual atoms are allowed to move in a region comparable to atomic dimensions.
Energy

The energy of a system of N atoms at positions yq,...,yx € R3 shall be a
function E : (R*)Y — R only depending on atomic positions. To study E we
will endow the configuration space (R?)" with the norm

[(y1,- s yn)ll = sup |yila.
1<i<N

The elastic energy of a deformation y, i.e. the energy of the system (y(x) : z €
L};) respectively a subsystem M = y(K), K C Ly, is denoted

E(y)=E(y(x):x € L) resp. EM)=E(y(x):xz € K).

We normalize E so that E(()) = 0.

The two main assumptions on E are firstly the following splitting estimate.



Assumption 2.4 Suppose u is admissible. There exists a function ) : [0, 00) —
R such that
| <M and  Y(r) < Mr9 (3)

where M, q are constants, M > 0, q¢ > 3, such that for disjoint sets M and N
of atoms we have

IE(MMUN)=EM)—EWN)[ < Y (jo—w)),
vEM,weN

whenever ||y —Ul|loo < C. (The function b may depend on C and on u through
c1 and cg where c1|xy — xo| < |u(zy) — u(za)| < colxy — 22|.)

Secondly, we need to assume some regularity of E:

Assumption 2.5 Let u be admissible. We assume that E is locally Lipschitz
and in a C-neighborhood of U

0
E < L
]ayi <y>] <

where L might depend on C and on U through c1, co.

Furthermore, we assume E to be frame indifferent and only depending on
the atomic positions, i.e. E remains unchanged after renumbering of atoms and
rigid motion of the configuration y(K).

For some results we will have to impose an additional restriction:
Assumption 2.6 Assume that ¢ and L of assumption 2.4 resp. 2.5 depend
only on Ci and C3 where y satisfies |y(x) —y(z)| > Ci|lx — z| — Cs.

2.2 Convergence theorems

Suppose F satisfies assumptions 2.4 and 2.5, and a relaxation parameter cy > 0
is chosen. The main result of [21] is the following variational convergence result:

Theorem 2.7 There exists a macroscopic stored energy function ¢ such that
(in the spirit of T'-convergence, cf. [10]),

(i) if y*) — (u,b), (u,b) admissible, then

lign inf E(y*)) > E(u,b),

(i) and for all admissible (u,b) there exists a sequence y*) — (u,b) such
that
lim E(y®) = E(u,b).

k—o0

Here E(u,b) is the macroscopic energy

E(u,b):/s O(Vu, b, ... b"7h). (4)



To compute ¢ more directly than by the associated cell problem, set

~ - 1 . .
0,1 _ . 3. E : ) X
T€Z2NS)
(5)

where £} = 7? N Sy.
Theorem 2.8 The macroscopic energy density ¢ of theorem 2.9 is given by
P(A,b) = lim gi(A,D) (6)

where for later use we have introduced the quantities

1
(A, b) = — inf E(y). 7
AD) =l EW @

This limit is uniform on compact subsets of Anom and depends continuously on

A,b.
Here, Apom C R32 x (R3)¥~1, the set of admissible (A, b), is defined by

Apom = {(A,0',..., 0" 1) : rank(A) = 2,

F° e R® st 00, max |b' — 0% < o}
1<i<v—1

for matrices A € R3? and vectors b!,... oY1,
We also mention the following quantitative version of theorem 2.7:

Theorem 2.9 Suppose | = (k) is such that l(k) — 0 and kl(k) — oo as
k — oo. Let

Wi(u,b) = {y : [§ —ul < co/k, [kA"G —[lw-100 <1}

1,1
where ||fllw-roe i=sup { [ f-x © x € W, Illyar = IVxlln = 1} Then

1
lim —=  inf  E(y) :/ o(Vu(z),b)dz.
k—oo V yEVV,lC (u,b) S1

In fact, theorems 2.7 and 2.8 also apply to the more general case where F
is of the form
1
By) =5 > Wy = vil) + Eo(y) 8)
i#j
where Ej satisfies the usual assumptions, but W (r) becomes infinitely large as
r tends to zero. (In particular, the Lennard-Jones potential is covered by these
energy functions.)



Theorem 2.10 For any ro > 0 assume that W is Lipschitz on [rg,o0) and
there exists M = M (rg) € R such that for (a.e.) r > 1

(W (r)| < Mr=9,  [W'(r)] < Mr—9*,

for r > ro. Then theorem 2.7 extends to energy functions of the form (8)
where, as in theorem 2.8, ¢ : Apom — (—00,00] is given by (6), continuous as
a function with values in R U {oo}.

As another extension we note that the above results also apply to suitable
systems of distinguishable particle systems with finite range interaction. Let
a > 0. To each x; € L}, we assign a neighborhood

Up, ={xj € L |xj — x| <a}={al,...., 2L}
where the enumeration of elements of Uy, shall be such that ¢ = x; and if
($i1)3 = ($i2)3> then
i1

€

_ i -
J T Ty = — T forj=1,...,7q4.

J

Let S? = [a,k — a)? and suppose the energy of a deformation y is given by

Ex(y)= Y faly(ad) —y@),... y(er,) —y(e1) + Ok),  (9)

2, €LN(Sx[0,h])

where f,, : R3(e=1) _ R are given functions representing the energy of the
interactions between the i-th atom at its position y(x;) = y(x}) and its neigh-
boring atoms in their positions y(z5), ..., y(zL ). (The term O(k) is introduced
to compensate for boundary effects, since Uy, is not contained in Sy, x [0, h] for
x; in a boundary layer of constant width.) We need the following periodicity
assumption: there exist fixed p1,p2 € N such that

f(:El—‘rpl,l‘Q,l‘g) - fCE == f(l‘l,mz—l-pg,l‘g) (10)

for z = (z1,22,23) € (Z4+)?> x {0,...,v — 1}

Proposition 2.11 Suppose Ey is defined as in (9) and (10) holds. Assume
that the f,, are locally Lipschitz. Then the limit @g of theorem 2.8 exists and
we have

1
lim — inf Eg(y) = +(Vu(x),b(z))dx
Jim S Fely) = [ en(Vu(e), b(e)

asl — 0 and kl — oo.

Remark: For such systems we do not need to suppose that u satisfies a minimal
strain hypothesis. Thus, ¢ is defined on all of R3?2 x (R3)¥~1,



2.3 Technical results

We now gather some of the technical results obtained in [21] that will be useful
in the following sections.
Consider deformations y : kQ x [0, h] — R? for Q C [0,1]%.

Lemma 2.12 Let y be a deformation satisfying |§j — u| < ¢/k and K C LN
(k2 x [0,h]). Then there is a constant C' (not depending on K) such that if
K =K1 UKy for disjoint K1 and Ko, then

|E(y(z) :x € K) — E(y(z) : x € K1)| < C#Ka.

Suppose @ = [0,a)?, a < 1, is partitioned by squares Uy, ..., U, of side-
length [ where ¢y/k <1 < a plus some rest R with |[R| = O(a-1'), ! < a, as in
the following picture. (Then 7 ~ (a/1)%.)

€2

a

Ur

1 b
Set M :={y(x) : x € LN(kQX[0,h))}, M; :={y(x) : x € LN(kU; x[0,h])}.

Lemma 2.13 Suppose y : kQ x [0, h] satisfies |§—u| < ¢/k for some admissible
u. Then there exists C' > 0 such that

ZE

Remark: In both of the previous lemmas, C' will only depend on C7 and Cs
provided assumption 2.6 is satisfied.

< C (ka®/l + k*al') .

To measure local spatial averages, we define the measure p = p(k) =
> zez2 Oz/k Where 0, is the Dirac measure at z/k. Also set (after extend-
ing b boundedly outside S (constantly if b’ is constant))

B (x) :][ b (2)de. (11)
a+[—1/2k,1/2Kk]2

Let b° as in (2) be given. For later use we introduce the deformations v = v*),

defined by (interpolation of)

(xl,xg) — Y (xl,xg) fori=0

v, 2,9) = { u(wy, w2) + (bz(xhl?) —W(z1,22)) forl1<i<v-—1 12

for (z1,22) € 1Z* N Sy. Clearly, v®) — (u,b). Its un-rescaled version will be

denoted V,ie. V =w.



Lemma 2.14 Suppose y is a deformation with

ly—Ul <co+3d and < 0y,

JARCS T
[0,1]2
01,00 < 1. Then there exists y' : L, — R> with
Iy -Ul<a | KaGdp=b,
[0,1]2

and

E(y) — E(y)| < C(6Y° + 65°)k2.

(This combines lemmas 3.11 and 3.13 in [21].)
Instead of b, it is sometimes more convenient to work with the quantities
B defined by choosing b minimizing

7% 7101 110 <
max{ max (7= PLFL (<)

and setting

Bi=bp"1 - fori=2,...,u, B! .= -0, (13)

3 The dependence of ¢ on the relaxation scheme

Our notion of convergence y*) — (u,b) of atomic deformations to macroscopic
variables u, b depends on the constant ¢ (cf. definition 2.3). (To keep track
of this dependence, we will sometimes add ¢y as an additional subscript as e.g.
in A,S:Clo, Vk.co-) Our first task is to analyze this dependence of our continuum
theory on the relaxation parameter cy. It will turn out that we can not relax
sending cp to infinity. This is due to the (physically reasonable) decay assump-
tions on atomic interactions. Moreover, cy/k will prove to be the only scale
which both accounts for atomistic relaxation effects and yields a non-trivial
continuum theory. We start by proving the following regularity result.

Proposition 3.1 Fiz (A,b) € Apom. The mapping co — ¢c, (A, b) is decreas-
g and continuous.

Proof. Suppose ¢y > ¢;. By theorem 2.8, ¢, (A,b) < gocg(A,b). Conversely,
given y € /\Aflg’clo (A,b), by lemma 2.14 we find a deformation y’ € /(f,?’j, (A,b)
5 0]

with E(y') < E(y)+C(co—c))'/°k? provided (A, b) is admissible for . There-
fore ¢/ (A, b) < e, (A,b) + Clco — ch)L/o. O



3.1 The limit ¢g — o0

Suppose E is an admissible pair potential with purely attractive pair interaction
W <0, W # 0. Considering deformations with larger and larger periodic cells
where every atom is mapped to a single point, we see that for all admissible A,
b,
lim ¢q(A,b) = —o0.
Ccp— 00

In this paragraph we will show that the limit ¢y — oo in general will be trivial
if assumption 2.6 is satisfied.

Theorem 3.2 Suppose E satisfies assumptions 2.4, 2.5, and 2.6. Define po :=
limey—o0 Py (This limit exists pointwise in [—o00, 00) by proposition 3.1.) Then

Poo(A,b) = oo (A, B') for all admissible A, A';b,b’.

Proof. Suppose first that A’ = A. By V41 we denote the un-rescaled version
of v (cf. (12)) corresponding to u = A and b° set to zero. For b such that the
projection of each b’ onto graph(A) has norm less than 2|A|,

|A(zy — 7)) + b7 — b7
| Az — )] — 4]A]
C1|x - $,| - C3a

[Vap(z) = Vap(z)]

AVANAY

(4, C5 independent of b. From assumption 2.6 and lemma 2.12 we then find a
constant C' such that for those b, E(V4p) < Ck% On the other hand, if for
two vectors by, by

b%:b{, for j #4, and by =0 + Az, z €72

then E(Vap,) = E(Vap,)+O(|2]k). So for all b we obtain limj_.oo == E(Vap) <
C, whence ¢ (A4,-) is an upper bounded function on R3@=1 with values in
[—00,00). Since it is convex (by proposition 5.3 all ¢, (4,-) are convex), it
must be constant.

For the remaining part it suffices to show that

Poo(A',b) < Poo(A, ).

We proceed similarly as in the proof of proposition 3.16 of the existence of ¢
under homogeneous conditions in [21].

Fix ¢g and § > 0. Choosing kg large enough we find by theorem 2.8 y €
N2 (A4, b) with

ko,co

VikgE(y) < 0ep(A,b) + 6/2. (14)

We construct a deformation v : £, — R3, k > kg, by patching together
appropriately translated copies of y: let Uy, ..., U, be translates of [0, ko + 1)2.

10



k T Us
ZS
ko +1
Ui —
ko +1 koo
Let 21, ..., zs denote the lower left corners of these sets, set f* = A’z" and define

y'(z1,20,23) = yla1 — 2}, 20 — 24, 23) + f*
for x € LN (U; x [0, h]). Then

|y — A'|| = sup |/ (z) — A'zy| < sup |y(z)|+ sup |A'z,| =: &.

xeﬁko xe[lko Ipesko

So ¢y depends on kg (and A, A") but is independent of k. Since

2
][ (kA'§ —b")dp = ][ (kA'G — ") dp+ O (k—ko>
[071]2 UUj

1< i k2
— W;/U (kAy’—b)der(’)(?O)

-o(f)

(note |kA'| < 2¢), by lemma 2.14 we find a deformation

€N (A D). (15)
such that
1,1 K2\ P
1 L mal <oy (R
i PW) = 5 E)| < Cla) < k) (16)

Using lemma 2.13 and translational invariance, we would now like to split
the energy to find that

%E(y/(x) cx € Ly) —

v

1
V—k(Q)E(y(fﬁ) cx € L)

50(/%#%)' (17)

If this is possible, we find that by (17), (15), (16) and (14) for k> ko > 1

1 .
Pr,a (A, b) < V—sz(y(fﬁ) cx € Ly)
1
V—k(Q)E(y(x) cx € Li,) +0/2

Yo (A, b) + 6.

IN

IN

11



Letting first £ — oo, then ¢y — oo, we deduce from proposition 3.1
poo(A',b) < ¢cy(A,b) + 6.
Since § was arbitrary we finally get sending ¢y — oo
Voo (A’ b) < oo (A, b).

It remains to justify the application of lemma 2.13. The problem is that ¢
depends on k. (For nearest neighbor models as discussed in proposition 2.11,
this splitting in (17) will in general not be possible: for y’ as described above
neglecting the bonds between sets y(U; x [0, h]) could result in neglecting an
essential part of the energy.) By the remark after lemma 2.13, however, this will
be possible if we can replace y’ by some 3" such that still ||y” — A|| < ¢y depends
only on ko and y” consists of translates of y(Lg,), but in addition satisfies a
far-field minimal strain hypothesis with constants C7, C'5 independent of ky, i.e.

Y (x1) — " (x2)| > Cilw1 — 22| — Cs. (18)
We re-enumerate the squares Uy, ...,Us as depicted in the following dia-
gram.
Uia \Us2 | -~ |Usr
U; Ui
Ui,’rZ
Uj Ui,; Uj Uz,j

———
T(ko —|— 1)
(r € N to be specified later.) Depending on A, A’, k (and c¢g, ¢y) we choose a unit

vector e € R? perpendicular to the graph of A’ and numbers 0 < a; < ... < a,2
(to be specified later), and define

y”($17$27$3) = y,(xlvx%xi%) +aje

ifxe LNU;; x [0,h], j € {1,...,’/“2}.

We will now find C4, C5 independent of kg such that (18) holds. Since still,
on each of the sets U; ; x [0,h], " is a translated copy of y, we may replace 3’
by y”. Applying (17) then finishes the proof.

If 21 and x5 lie in the same U; ; x [0, h] this is clear from lemma 2.2 since
ye NIS(;,lco (4,Db).

Now suppose this is not the case, but still |21 — x2|ec < 7(ko + 1). Then
1 € Ui17j1 X [O,h], T € Ui27j2 X [O,h] with jl 75 jg. But then

" (1) = y"(@2)] = lajy = az| = [/ (21) = o/ (22)]

12



> Jagy = agl — [F19 = 5]~y = 209) — y(ap — 25|
> aj, —agp| — |f7 — f272] = 2¢
—|A(zy — 291) — A(mg — 2272)|
> |aj, — aj,| — C'rky — 2¢o — Chy
> 2rko for |aj, — aj,| sufficiently large
> |zy — xof.
So we assume that |aj, — aj,|, ji,j2 € {1,...,7%}, are large enough to justify

the above calculation.

Finally, let x; € U;, 5, % [0, h], 22 € U;, 4, X [0, h] and |21 —22|e > (ko +1).
Since e is perpendicular to the graph of A" and ¢’ lies in a ¢y-neighborhood of
that graph we find that for  not too small

" (z1) = y"(@2)] = [aj, = az)e +y'(x1) — o/ (z2)]

(aj, — aj,)e + A'(z1 — x2)]
—y'(x1) — A'w1] — |y (x2) — Ay

v

> |A’x1 - A/J}2| — 250
> [y (z1) — ¥/ (22)| — 4o
Z |f117]1 _ f7421.]2| _ |y($1 _ 2127]1) _ y($2 _ 2127]2)| _ 4C~0
> |fi1,j1 _ fiz,jz| — 2¢y — 2| Alko — 46
> |z — Z2I2| — 2¢y — 2| Alkg — 46
> |ptd1 502,02
> Sl - 2
c
> 6!961 — @,

where ¢ = minj,—; |A'z|. The last but one inequality follows from the fact that

for il 75 ig
crko

c . . .
§|z:”’71 — 2'02] > > 2co + 2|Alko + 4y,
if we choose r sufficiently big.

Setting ¢y = ¢y + max; < ;<2 laje| we furthermore have |y" — A’|| < ¢. So
by possibly enlarging ¢y to ¢y, we can indeed split the energy to obtain (17),
and the proof is finished. O

For systems that do not satisfy assumption 2.6, ¢, may be nontrivial (for
an example see proposition 4.5 in [21]). In paragraph 5.1 we will prove that ¢oo
is quasiconvex with respect to the first variable and convex with respect to the
second.

3.2 The limit ¢y — 0

In our definition of convergence 3*) — (u, b), it does not make sense to consider
the limiting case of very restricted relaxation, i.e. cg — 0, unless all b’ are zero.
Instead of asking ||j—u/|| in definition 2.3 to be less than ¢y /k one could demand
that

15— vl < co/k (19)
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where v is as in (12) corresponding to u, b with b set to zero. (Condition (2)
is not needed for this definition of convergence.) This alternative set-up leads
to analogous results in the passage to continuum theory, as shown in [21].

It is not hard to calculate the limit

©vo(A,b) = Cloiglo ey (A, b)

which exists in (—o0, 00| since ¢y — ¢, (A4, b) is decreasing.

Proposition 3.3 Let V1, be as in (12) for constant Vu = A and b. Then

1
vo(A,b) = lim TE(VA b(x) 1z € Ly).

k—oo UV

In particular, the limit on the right hand side exists (in R under the usual
assumptions 2.4 and 2.5, in (—oo, 00| for energies of the form (8)).
Proof. Suppose first E is of the form (8) and there are i # j € {0,...,v — 1}
such that b* € b/ + AZ?. Then, if ||y — Vapl <,
> —

E(y) > 1 Ogsl;W(s) Ck* — o0
as r — 0. For the remaining cases note that £(V4 ) is bounded by lemma 2.12
a'nda if ”y - VA,bH < T,

|E(y) — E(Vap)| < Lvk®r.

Therefore,
. 1 1
limsup  sup —FE(y) — —5E(Vap)| < Leo.
k=00 yeNL(Ab) vk vk
Now letting ¢y — 0 proves the claim. (I

Example: For admissible pair potentials (i.e. W satisfies the conditions of
theorem 2.10)

D) =5 > Wllyi — i) (20)

i#]
we get
A,b) = i .
#o(4b) = lim M W(Van(@) = Van(2))
z;éz

Restricting this sum to those x such that dist(x,, 9]0, k]?) > kI, where 1 <
| < k yields an error term of order O(kl/k*) = o(1). Then summing over all
2 €Z?x{0,1,...,v — 1}, z # z, instead of Ly \ {z} gives another error term
of order O({>7%) = o(1). This sum now being independent of x,, we obtain

v—1
p(Ab) = 3 S W(Van() — Van(0,0,0)

i=0 zeLn(R2x[0,h])
2#£(0,0,7)

v—1
= % > W(lAz + ¥ - ).

Z,]ZO zp €72
(2p,4)#(0,0,1)
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By theorems 2.7 resp. 2.9, the macroscopic energy is given by

1 v—1 ' '
E(u,b) = /S o > Y W(IVula)z + V() - ¥(w))dz,
1,7=0 €72
(2,5)#(0,0,%)
This expression can be seen as a thin-film version with directors b',...,b"~! of
a formula derived in [4].

3.3 Triviality for slowly converging deformations

By our definition of convergence, the effective continuum theory depends on
the scale I; = ¢g/k measuring the rate of uniform convergence of §*) to u. This
paragraph serves to prove that in fact only the physically motivated choice
l1(k) = const./k yields non-trivial results.

It is easy to see that for [; < 1/k we reproduce the limit obtained in
proposition 3.3. So suppose now Iy = Iy (k) > 1/k. (Then all b € (R*)*~1 will
be admissible.) In analogy to W, (cf. theorem 2.9) we define

Wi (u,b) =y |5 —ull < b, [KATG = b w1 < Lo}

Theorem 3.4 Suppose E satisfies assumptions 2.4, 2.5, and 2.6. Assume
l1(k), la(k) satisfy kly(k),klo(k) — oo. Then for all admissible u (cf. (1))
and all b the limit

exists in [—00,00) and is the same for all (u,b).

Proof. The proof follows along the lines of the proof of theorem 3.2. We indicate
the necessary modifications.
Let E(u,b) = liminfg_, # inf

ko, we find y € Wi (u, b) with

YEWI2 (ub) E(y). Choosing a suitable large

1
L B(y) < Blu,b) + 6/2
vk§
(resp. < —1/6 for E(u,b) = —o0). Construct 3 as in the proof of theorem
3.2 with A’ replaced by u/. Considering local spatial averages we still find
J € Wb (u/,b;) such that

1 1

WE(?/) - WE(Q) < g(k, ko)

with limg_, o g(k, ko) = 0. (To prove this, one may use the estimates for W,?’lz

obtained in [21], lemma 3.14.) Letting k tend to infinity gives

lim sup inf E(y) < E(u,b).
k—o0 yEW,il’lz (u’,b)
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For the construction of y” we can only guarantee that
y" (1) = y"(22)| > Cilz1 — w2| = C3

for 1 and x9 that do not lie in the same U; ;. But lemma 2.13 still works in
this more general case. r now might not be a fixed number, but still it only
depends on kg, the same being true for ay,...,q,2.

Now first setting v’ = w this proves that in fact

E(u,b) = lim inf E(y).
k—oo yEW,lCl’lQ (u/,b)

Secondly, for b fixed and general u,u’ we obtain
E(u,b) = E(v/,b).

Independence of b is seen as in the proof of theorem 3.2. Note that if in the
above construction 3 is patched together from translates of two deformations ¥
and ys in a checker-board pattern where y; € )/V,lcl’l2 (u,b;) with b = %(bl +bs),
then the argument shows that for u = o’

E <u %) < S(B(wb1) + B, by)).

As in the proof of theorem 3.2 we see that b — FE(u,b) is bounded from above.
Hence it must be constant. ]

4 Extremal strains

In this section, we examine ¢(A,b) for A with very large (cf. paragraph 4.1)
or small (cf. paragraph 4.2) singular values. Physically, the limit A — oo is
of limited relevance since we do not allow for fracture in our model. However,
it is mathematically not difficult, so we include this discussion for the sake of
completeness. The limit A — 0 is more interesting. Our relaxed atomic to con-
tinuum limit leads to an intermediate energy regime between purely continuum
membrane theory, for which all short maps yield zero energy, and pointwise
discrete to continuum limits that assume the Cauchy-Born rule.

4.1 Strongly extensive deformations

Again in this paragraph we suppose that v satisfies assumption 2.6.
For a system y of v atoms at positions 3, ...,y ! we define E by

_ _ [ E(y) for y € B,
E(Y)_{ oo else

where B., = {y € (R®)” : |y’| < ¢} is the ball of radius ¢y centered at 0 in
configuration space. E** denotes the convex envelope of F.
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Proposition 4.1 The large strain limit limg_,o (A, b) ezists, and

1 _
li A.b) = = min E**(a, b* N .
Aim (A, b) = - min E%(a,0" +a,....b""" +a)

Here, A — oo means that both singular values s1(A) and so(A) of A tend to
mfinity.

Proof. Let y € NIS’I(A,b) and y., = (y(2p,0),...,y(zp,v — 1)), Ay, =
(y(zp, 1) —y(2p,0),...,y(zp,v — 1) — y(xp,0)). By assumption 2.4,

| =

E(y)— > Elys)| < > W(ly) =)

TpEZ2 NSk z,2ELE  TpF2p

By definition of /(flg’l, if c; < s1(A), then |y(z) —y(2)| > c1|xp — 2p| — 2¢o which
is > G|z, — zp| for ¢1 large, x, # 2.

If the singular values of A tend to infinity, we may choose ¢; as large as we
want and find that

B) =Y By < B Y lwla) —u(2)
p M

TpF#zp
< CkPc]?,
SO
1 1
Tp
as ¢; — 00.

We thus have to minimize kl—z pr E(yz,) subject to y € NIS’I(A,b). By
frame indifference this is the same as minimizing

1 . 1
e ZE(yzp) subject to y., € B, and (e Z Ay, = b.
Tp Tp

Now the claim is an elementary consequence of Carathéodory’s theorem (cf. [9]
Cor. 2.9, p. 42). O

Remarks:

(i) If in definition 2.3 we request that ||J —va || < co/k instead of |7 — Al <
co/k as in (19), the result is analogous if we replace B, by B.,(b) =
{y € (R®” : |y —b'| < co} (B° := 0). Then, while holding cq fixed,

17



we may send (A,b) — oo in the following sense. Let A — oo as above.
If e is a unit normal to graph(A), suppose that |[(b’ — b/, e)| — oo for
i #7€{0,...,v—1}. Clearly, this leads to

I A,b) = 0.
4l (A, b)

(ii) It is necessary to require that assumption 2.6 be satisfied. If ¢y, is
the continuum energy density for an interaction potential given by har-
monic springs between nearest neighbors in the reference configuration
(see proposition 4.5 in [21]), then we clearly have

Am p(A,b) = 1im (4,b) = co.

4.2 Strongly compressive deformations

In this paragraph we consider the limiting behavior of the macroscopic energy
for strongly compressive strains, in particular, if the energy diverges or remains
bounded in this regime. If the energy of two particles at distance r scales like
r~% as r — 0, it turns out that « = 3 — not a = 2 as expected from taking
pointwise limits — is a critical exponent for typical values of A and b. This is
due to our allowance for atomic relaxation.

Recall the definition of B!,... B” from (13). We consider pair potentials
with interaction function W as in (20) satisfying the conditions of theorem 2.10.
The main result of this paragraph is the following

Theorem 4.2 (i) Assume that r3W (r) — oo as r — 0. Then

lim A,b) = co.
det(Sp)—0 (4, b)
|Sp|<C<oo

(ii) For each 3 < 3 there are examples of pair potentials, with pair-interaction
W(r) ~r=" — o0 asr — 0, such that

limsup ¢(A,b) < oo
det(Sp)—0
|Sp|<C<oo

for b such that |BY| < co.

We first prove two preparatory lemmas, the first is a refined version of the far
field minimal strain property (cf. lemma 2.2). For A € R3? let S, = VATA €
RZXZ,

(Sp)1r (Sp)iz O (Sp)ir (Sp)i2
S = (Sp)21 (Sp)22 0 |, S=1 (Sp)ar (Sp)a2
0 0 1 0 0

Define A’ € R33 by A’ = A ® e, where e is the unit vector perpendicular to
graph(A) such that det(A’) > 0. By the singular value decomposition there is
an orthogonal matrix R € SO(3) such that

A= RS, A= RS

18



We will investigate the limit det(S,) — 0 while the singular values of A, i.e.
the eigenvalues of S}, remain bounded, which we will assume for the rest of this
paragraph.

Lemma 4.3 Suppose |ly—A| < ¢p and z,2' € Ly, are such that |y(z)—y(z")| >
a > 0. Then for ¢ such that %a > 2¢o + 2h:

ly(x) —y(@)| = c|§'z — '],

Proof. Clear, if |S'z — S'2'| < a/e. If |S'x — S’2'| > a/c, then

19(2) — 52|
> A — A| — |y(z) — Avy| — | Az — y(2")| — |Az, — A'z] — |A's! — Az))
= |S'z — S| — |y(x) — Axp| — |Az), — y(2")| — |Szp — S'z| — [S'z" — S|
> |8'z — §'a'| — 2¢0 — |as| — |25
> ]Sz — 82|+ (1 — c)a/c — 2¢co — 2h
> Sz — S'7|.

O

In the second lemma we estimate the number of atoms that are close to
other atoms.

Lemma 4.4 Given p > 0 and N atoms at positions yi,...,ynN in a bounded
region U C R3. Let U, be the p-neighborhood of U. Then

#{(yi,v) i # 5,y —yil <pp >N — —’U .

Proof. We place one atom after the other into U. If an atom has distance larger
than p from all the previous atoms it shall belong to M C {y1,...,yn}. Now,
since atoms in M have pairwise distances greater than p, we find that

s (@) <

It follows that
., 6
#{ (i ys) i # G lyi —yjl <py >N —#M >N — W—pgyUpy.

O

Proof of theorem 4.2. (i) If y € N,S’l(A,b), then all the atoms lie in the c¢g-
neighborhood of A([0,%]?). The volume of the rg-neighborhood of this set is
2(co + 10) det(Sp)k? + O(k). By lemma 4.4 we have
6
vk?® — —5(2(co + 7o) det(S,)k* + O(k))
0
k*/2,

#{(visyj) 1 # 7. lyi — y;] < ro}

v

v
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provided r§ > det(S,), and therefore (fix a > 0 such that W is positive on
(0, a] and suppose that 9 < a)

Eop(w) = 3 3 W(lyi )

i#]
1 1
Z 5 Z W(’yi_yj’)+§ Z W(lyi — yjl)
i#j i#]
lyi—yjl<ro a<|y;—y,l
K? Ck?
2 R

f W(p) — ——=
7oL, V0~ oSy
(see below). Now since W (r) > r~3, we also have info<,<, W (r) > r~3, and
we may choose 79 — 0 as det(S,) — 0 such that

inf Wi(p) > >y

0<p<ro det(Sp)

Then indeed Epp(y) > vk? for v = v(A) independent of y and k with y(A) — oo
as det(S,) — 0. This proves

1
li inf —E = 00.
det(}S’IS—@ yE/\Afiﬁ (A,b) vk? pp(y) o

It remains to show that

Ck?
S Wlyl) —y(@))| < .
ly(z)—y(z')|>a det(Sp)

This follows from lemma 4.3: the left hand side can be estimated by

Yoo Wly@) g+ Y WI(y(e) - y()))

ly(z)—y(z')|>a ly(z)—y(z')|>a
|S'z—S'z! |<a |S'z—8'z! | >a
< ) Ma'+ ) Mly(x) -y
ly(z)—y(z')|>a ly(z)—y(z")|>a
|8’z —8'z! |<a |S'z—8'z! |>a
< vk +1)>2*Ma 9% {x € Z?: |S'z| <a} + Mc ™1 Z |S"x — S'2! |71
|S'e—S"z'|>a
Cvk?
< —— + Cvk? S'z| 1
= det (9 +Cv Z S
[S'z|>a
Ck?
< — = +Ck2/ |S"z| " 9dx
det(S’) |S'z|>a
Ck? dz
= —— + Ck? —4
det(S) /|z|za 2 Fer@)
B Ck?
det(Sp)
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This finishes the proof of the first part of theorem 4.2.

(ii) As before, e denotes a unit vector perpendicular to the graph of A. By
convexity in b (cf. proposition 5.3) and max; |B!| := c3 < ¢y we may assume
that

(b, e) # (V' €)

for ¢ # j and choose constants ¢ > 0 and [ small such that

min [(b' — ¥, e)| > ¢ and  co > /202 + (¢/2)? + cs. (21)

i#]

Consider (k + 1)? points z;; = A(i, j,0) at positions A({0,...,k}?). Since
the singular values of S, are bounded, for each of these points there is another
one closer than d to it for d sufficiently large. Now partition the graph of A
by disjoint translates of a square of side-length [, such that every such point is
covered. The number those points in such a square @ is bounded by C'/ det(S)).

On the other hand, if A = RS, each set Q. = {z € R® : I\ € [0,¢/2] :
z — Xe € @} contains at least Cr—3 points of the lattice rRZ3, if r is small.
Choosing r such that 73 = &det(S,), ¢ sufficiently small, we can move the
original points z;; within the sets (). onto distinct lattice points z - of rRZ3
such that [z;; — 2[;| < \/20* + (¢/2)%.

Now define a deformation y by

y(w1, 32, 3) = 2}, + BT
By (21) and |B!| < c3, y lies in /(f,?’l(A,b). y satisfies a minimal distance
hypothesis with r: |y(z) — y(2')| > r for x # 2/. If z3 = % this follows from
the definition of y. If xg # % this follows from

ly(z) —y(@)| = [{y(x) —y(a"), e)l
= ooy + B = 2l — B )
> |(B f3+1—3f3+1,e>|—|<z;m el
> [ — %, €] — /2
> ¢/2

by (21) and construction of y.
Now suppose W is admissible and as in the picture below,

A W(T)
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ie. [W(r) < Cr=®, with a < 3, for r < a, and W(r) < 0 for » > a, moreover
W(r)<—1fora<r<b 0<a<bgiven. Then for x fixed

> Wly(z) —y(a)))

z'#x
< > W) -y + > W(|y(z) —y(=))
ly(z)—y(z')|<a a<ly(z)—y(z")|<b
<C DY y@) -y T+ > (1)
ly(z)—y(2')|<a a<|y(z)—y(z")|<b
<C > lra!| 7 — #{2 : a < |y(x) — y(a')| < b}

' €73 : 0<|ra’|<a
= Cr > )= #{a e < Jy(x) —y(2))] < b}
0<|z’|<a/r

< Or e — o’ sa < Jy(a) —y(2')] < b}
Now, since the singular values of S, are bounded, the number of atoms that lie
in {z:a < |z—y(x)| < b} is bounded below by C(b— a)/det(Sy), if b —a is
not too small, and we find that

b—a

det(Sp)

#{a' o <|y(x) -y <b} = C
Together with the above estimate and our choice r® = ¢det(S,), this shows that

Y Wlly(e) —y(@)) < Cr=* = Cr3(b —a).

z'#x
So if b — a is chosen sufficiently large, this energy is negative. Now sum over all
x to deduce that also the overall energy is negative. O
Remarks:

(i) Tt is not hard to see that if (cf. (2)) 8" is uniquely determined and there
are B® (cf. (13)) with |Bi| = ¢, then a = 2 is the critical exponent for
hmdet(Sp)—>0 SO(Aa b)

(ii) Part (i) of theorem 4.2 applies to more general energies E is of the form

E(y) = Epp(y) + Eo(y),

where E},;, is an admissible pair potential with interaction function W
as in (8) satisfying the conditions of theorem 4.2 (i) and Ey > —Ck?
independent of ¢; or assumption 2.4 is satisfied with ¥ not depending on
¢1. The latter follows from applying theorem 4.2 (i) to the right hand side
of
1
By) > 5 3 W (ly: — D) — (i — 3])) — Ok
i#j
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5 Qualitative properties of ¢

In this short section we discuss convexity and symmetry properties of p. The
proofs of the following results are rather elementary.
5.1 Convexity properties

In this paragraph, we explore if ¢ satisfies certain convexity properties. By
frame indifference of the model, convexity of ¢ is in general not to be expected
(cf. [8], p. 170, and recall theorem 4.2 (i)). First, we show that, under the usual
assumptions, even rank-one convexity fails in general. This is due to the re-
strictions made in the relaxation process. Convexity in b depends on the ‘right’
definition of convergence. Finally, for systems as in (9) where the cp-relaxed
energy density may be non-trivial, we show quasiconvexity resp. convexity of
Yoo in the first resp. second component.

Loss of rank-one convexity

In this paragraph we again suppose assumption 2.6 holds. Recall the notion of
rank-one convexity:

Definition 5.1 Suppose f : Q0 — R, where Q C R™" is a set of m Xn-matrices.
We say that f is rank-one convex on €, if

A— f(AMA+(1-=XN)B), Xe]0,1],
is convex whenever NA+ (1 — X\)B € Q for all A € [0,1] and rank(A — B) = 1.

The following result shows that ¢ will typically not be globally rank-one
convex. Fix b and consider (-, b) : Ay, := {4 € R32 : rank(A) = 2} — R.

Proposition 5.2 Suppose ¢(-,b) is rank-one convex. Then for all A € Ay,
¢(A,b) > lim p(A,b).
A—o0
Here, limy .o p(A,b) is the large strain limit discussed in proposition 4.1.

Proof. First note that ¢ is in fact bounded on each Ap(c;) := {A € R3? .
s1(A) > 1}, e1 > 0, by lemma 2.12 and assumption 2.6. Let 6 > 0. Set

PO = A A A= (5 ) ez

Note that
inf |AAz|? = infM - mfw
|z[=1 a£0  (x,x) a#0 (Ao, A=1z)
) . . (Az, Ax) ) )
> mln{A?,Ag};%W = mm{k?,k%}‘;‘n:fl | Az|?.
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From proposition 4.1 we infer that for Aj, Ay sufficiently large f(A1, A2) >
E**(b) — 6. Fix such A1, A2. By convexity of A — f(\1,A) on [1,00] we deduce
that

FA1) > E*(b) — &

Now convexity of A — f(A, 1) implies that
f(1,1) > E™(b) — 4.

Convexity in b

Discussing convexity in b we now insist on y*) — (u, b) being defined as usual,
i.e. not as proposed in (19) in terms of v instead of u. Then, kA'j = b is
weak*-convergence without explicit constraints with respect to b. So by lower
semicontinuity of I'-limits we obtain:

Proposition 5.3 For A fized, the map b — p(A,b) is convex.

A direct proof is straight forward:
Proof. (A, -) is continuous. Suppose b = (b1 +bs). Divide S; into four equal

squares Q11, Q12, Q21, Q22 choose yz(f) € N,S”é)/if(A,bj) satisfying

1 (k)
£y
v(k/2)? (v

) S@(Avbj)_‘_o(l)a i, =1,2,

by theorem 2.8 and frame indifference. Defining y*) by

y(k)(x) — y(l.c) (z) forz € LN (kQZj X [Oa h])’

ij

it is easily seen that y € N*'(A,b) and

1
liminf E(y®™ (z) : z € £},) < 5 (#(4,b1) + (4, by)).

k—o0

O

Remark: Defining convergence as in (19), it is not clear (and for ¢y small
enough false) that y constructed in the previous proof satisfies ||y —vap| < co.
Consider the example from paragraph 3.2. For v =2 and A = 1d

1
¢o(A,b) = o E E W(lAz + b — b))
2,7=0 €72
(2,5)#(0,0,%)

_ ST ow(lAz) + Y w(lAz +bt)

2€722\{0} z2€72

Now if W : [0,00) — R satisfies W(0) > 0 and W(r) = 0 for r > 1, then
o (Idg,3,0) > 0, while g(Idz 3, (0,0,£1)) = 0. Hence, ¢q is not convex in b.
Since g = lim., 0 ¢c,, convexity also fails for values of ¢y bigger than 0.
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Quasiconvexity of .

For energy functions that do not satisfy assumption 2.6, the limit ¢y — oo can
be non-trivial. In the following proposition we examine this limit for convexity
properties. As in proposition 3.2 we define ¢ = lim., o0 ¥¢,- If assumption
2.6 holds, the following is trivial by proposition 3.2. We therefore treat only
finite range energies given by (9). For such energies, ¢ is defined on all of
R32 x R3“=1) cf. [21].

Recall the definition of quasiconvexity (cf., e.g., [1], p. 350):

Definition 5.4 A continuous function f : R™™ — R is said to be quasiconvex
if
70 = 1)
Q
for every bounded open subset @ C R™, ¢ € C°(Q), and all F € R™".

Proposition 5.5 Suppose that E is of the form (9). Then ¢ is quasiconvex
with respect to the first variable and convexr with respect to the second.

Remark: This reflects the fact that the limit ¢g — oo corresponds to the
unconstrained limit y — u in W i.e. the full (lower semicontinuous) I'-limit
of E.

The proof is very similar to the proof of proposition 3.2. We indicate the
modifications.
Sketch of Proof. Convexity in b is clear since by proposition 5.3 all ¢, co > 0,
are convex. Let f € C2°(S1;R?) and set u := A + f. We need to show that

(Poo(Aab) < /S CPOO(A-F Vf, b)dw.

Let § > 0 and ¢y be given. By theorem 2.7, for arbitrarily large kg we find

a deformation y : Ly, — R? with ||§ — ul| < cp/ko and |f[0 l]z(koAig] —b')dp| as
small as we wish such that

1
2B < [ pol(Tub)+ 572
]/ko ’51

Using lemma 2.14, we may even assume that Jf[o l]g(kOAig —b)dp = 0.

Proceeding as in theorem 3.2 we construct a deformation 3’ : £;, — R? for
k > ko by patching together appropriately translated copies of y, so that

sup |y (z) — Azp| = sup |y(z) — Axy)
rELy $€£k0

The crucial point to observe is that, since y € N, ,S(;ICO (u,b) and u satisfies the
same boundary conditions as A, in contrast to proposition 3.2 the energy split-
ting works without further assumptions. First, since we are dealing with sys-

tems of finite range interaction, the energy error stems only from neglecting
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interactions between the boundary layers of the regions that were patched to-
gether. Second, since u satisfies the same boundary conditions as A, this error
is negligible.

So again we find y' € N,g’éO(A, b) (¢p depending on f, ky) with

1
— E()< —F
5 (y)_ykg (y) +6/3

if kg and k are large enough. Taking the limit £ — oo, it follows that

1
poo(Ab) < e (A b) < —— B(y) < / e (Vi b) + 6.
VkQ S1

Now sending ¢y — oo the claim follows from monotone convergence and the
arbitrariness of 9. O

5.2 Symmetry

In this paragraph we discuss general symmetry properties of ¢ and indicate —
for v =1 or 2 — their implications for a linearized theory.
By frame indifference of F,

O(A b, .. ") = o(RA, RV, ... RV (22)
for all R € SO(3). So to evaluate p(A,b) we may only look at matrices
aix a2
A= aio agy (23)
0 0

whose last row is 0 and whose top part is symmetric. Moreover, for systems of
indistinguishable particles we have

Proposition 5.6 ¢ satisfies the following symmetry properties:
(i) If o is a permutation of {1,...,v — 1}, then

QO(Av b17 ce 7byil) = ()0(‘,47[)0'(1)7 o 7b0'(1/71))‘

(ii) For1<j<v-—1

SADY, ) = (A B b, H b b By ),

(1ii) If v < 2, then for all R € O(3)

(A, b, .. 0" = o(RA, RV, ... RV,
(iv) If R = (? _01>, then
O(A, b b TY) = (AR, B, YT,
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(v) If P = ((1) (1)>, then
O(A b, b)) = (AP B, .. 0.

Proof. Without loss of generality we may switch to the reference configuration
LN ([~k/2,k/2)* x [0,R]).

Then (zp, z3) — (Pxp, x3) and (xp, x3) — (Rxp, x3) are lattice restoring, so (iv)
and (v) follow. Also (i) is clear, since this only amounts to a renumbering of
the film layers, the O-layer held fixed. Interchanging the 0** and the j** layer
gives (ii). Finally, (iii) is trivial for » = 1, and for v = 2 it follows from (22)
since by (ii) and (iv)

go(A,bl) = go(ARQ,bl) = (p(ARQ, —bl) = (A, —bl).
O

Remarks:

(i) Note that the reflection P and R, rotation about 90°, span the set of
symmetry operations of [—1/2,1/2]2.

(ii) If v <1, then (i) and (ii) are trivial. For v = 2, (ii) states that

‘P(A7 bl) = @(A7 _bl)‘

(iii) The above statements only hold for systems of indistinguishable atoms.
For situations as in (9) we can not permute the b or rotate the lattice.

Suppose now our reference configuration is a natural state. By the results in
section 6 and proposition 5.3 we can not expect that there is a unique quadratic
form approximating ¢ for small strains. (An example of a macroscopic energy
density ¢ which is zero on contractions is given in proposition 4.5 of [21].)
However (as e.g. in proposition 4.5 of [21]), for purely extensive deformations,
i.e. s1(A) > 1, |b" —b/| > 1 for i # j, there can be a symmetric quadratic form
Q such that for A (of the form (23)) and b° with

—~

10 - 0
A~TIdyz= (01|, b—blaxes=1|0
00 1

the energy can be written as
E(A,b) ~ Q(A — Idy3,b" —e3,b* —b' —e3,..., 0" 1 —b""2 —¢3).

Then Q is a symmetric form on R? x (R3)¥~! = R leading to (902 + 3v)/2
elastic constants.

In the following we examine the cases v = 1 and v = 2 to show how
symmetry reduces this number. We only treat the case v = 2 and comment on
the much easier case v = 1 thereafter. Here, (902 + 3v)/2 = 21.
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Set b := b and let Q be given by
Q(676) = {ij€i€5,
where 1 +¢1 = a1, 1 + €2 = asg, €3 = ajo, €4 = by, €5 = by and 1 + ¢ = b3.

Proposition 5.7 Under these hypotheses

q11 Q12 13 q14 Q15 q16 g 12 0 0 0 g6
G21 G22 923 G24 G25 426 q12 g1 0 0 0 g
0= 931 q32 433 934 35 36 | _ [ O 0 g O 0 0
q41 42 943 Ga4 Q45 Q46 0 0 0 g O O
q51 952 953 454 455 456 0 0 0 0 qu O
g61 G62 963 64 465 466 g6 gqi6 0 0 0 ges

In particular, there are only six elastic constants.
Sketch of Proof. First note that by symmetry of Q
ij = Gji- (24)
Define
3 010 } 0
, P=(1100 and R=1[ -1
001 0

10 0
S=101 0
00

S O =
= o O

-1

From (iii) and (ii) of proposition 5.6 we get that ¢(A,b0) = ¢(SA,Sb) =
»(SA, —Sb) which implies

qaj =qs5; =0 for j =1,2,3,6. (25)

Next from from (iii) and (v) of proposition 5.6 we deduce ¢(A, b) = (P AP, Pb)
and hence
qu1 =22, q44 = G55, 13 = q23, q16 = G26- (26)
Finally by (22) and (iv) of proposition 5.6 we have ¢(A,b) = o(RAR, Rb) which
leads to
q13 = —q23, 45 = q36 = 0. (27)
Summarizing (24) — (27) yields the result. O

If v =1, (92 + 3v)/2 = 6, a similar reasoning shows that

qi1 q12 q13 q11 qi2 0
Q=11 @2 @3 | =| @12 qu1 0O
g31 932 433 0 0 g2

In particular, there remain three elastic constants.
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6 Small strains

In this section, we study the response of our continuum theory to deforma-
tions that are locally close to rigid motions. For a simple mass-spring model
with nearest neighbor interaction discussed in [21], we could give an explicit
formula for ¢ which turned out to give zero energy response under contrac-
tive boundary conditions due to microscopic ‘crumpling’. This model, however,
lacks some physically desirable features, in particular it has no shear resistance.
We will examine more realistic models which also include next-nearest neighbor
interactions or angular-dependent terms. In particular, we find that ¢ shows
resistance to compressive deformations which may, however, be weaker than to
extensive strains. Again, the crucial parameter is cy. Still, the relevant scaling
of energy with respect to dist(A4, O(2,3)) turns out to be quadratic. At first we
study a one-dimensional atomic chain in detail, which might be of independent
interest modeling a polymer chain in a confined region. Using these results we
also obtain estimates for thin films.

6.1 Energy scaling of an atomic chain

Consider L + 1 atoms at o, ...,yr, € R® whose energy is given by

L L1
Ey)=> Willyi —vial) + > Wales),
i=1 i=1

where ¢; € (—m, ] denotes the angle between ;11 — y; and y; — y;—1. Assume
that W is locally bounded, W5 bounded and symmetric, Wi(1) = 0 = W5(0),
and there are a1, > 0 and p > 0 such that

ai(r—1)2 for|r—1]<p
Qs for [r—1| > p

a1¢? for |¢] < p

Wl(r)Z{ ’ WQ(@Z{ ag  forp<|p|<m

For given a > 0, we want to examine

1
pla) = lim 7 inf B(y). Ni(o)={v:ly~ (0.0.0] S} (25)

(Nz(a) is a one-dimensional version of ] ,S 1) In particular, we are interested
in the energy scaling for deformations near the zero-energy state y = (k,0,0),
ie a~1.

Lemma 6.1 For each a > 0 the limit in (28) exists.
Proof. This is just an easy one-dimensional special case of theorem 2.8. We

include a proof for sake of completeness. First note that since Wi restricted to
[0,2¢o + a] and Wy are bounded, say by C > 0, we have |E(y)/L| < 2C, so

1
o(a) :=liminf — inf FE
L—oo yENL(a)
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exists in R. For ¢ > 0 choose Lg such that

1 1
— inf F <pla)+e and — Inf FE > p(a) —e VL > Ly.
To verll ) (y) < ¢(a) souf (y) = ¢(a) 0

Then choose y° € N, (a) such that

1
—E(yo) < p(a) + 2e.
Lo

We may assume that yJ = (0,0,0) and y%o = (Loa,0,0) if Ly is large enough.
For L > Ly we can break the atomic chain into pieces of length Lg plus a
remaining part of length smaller than Ly and define y by (0 <7 < Ly)

YrLo+r = (kLoa,0,0) + y2.
Clearly, y is in N7 (a) and, by translational invariance,

E(yo,---yr) < |L/Lo)E(yg, - . y?,) +2CLo + 2C| L/ Ly).

So

1 1 2CLy 2C

—E(yo, . .- < —FEy, ... y) —

L (yOa 7yL) = LO (y()a 7yL0) + I3 + LO
Choosing Lg large enough, this shows that for L sufficiently large indeed

1
pla) —e < EE(ZJOw--»Z/L) < p(a) + 3e.

It is easy to get upper bounds for ¢(a):

Lemma 6.2 Suppose that in addition there exists ag > v such that Wi(r) <
az(r —1)2 if r — 1| < p, and Wo(0) = 0. Then for |a —1| < p

v(a) < ag(a— 1)2.

Proof. Just insert the Cauchy-Born state yx = (ka,0,0) and let L — oo. O

We will now prove lower bounds for . Suppose first 1 < a < 2. Noting
that imposing the additional constraint that yo = 0 and yyr = La leads only to
negligible energy errors (of order O(1/L)) we define E, by

EL(G‘) = lnf{E(y) : |yZ - (ZCL,0,0)| < ¢ and yo =0,y = (LG,0,0)}
But if |y; — (ia,0,0)| < cg, then |y;11 — yi| < a+ 2¢p < 2(co + 1), so we have
L
Er(a) > inf{Zf(zi) 22,20 ERY and 2 .. 42 = (La,0,0)} ,
i=1
where f:R?® — RU {oo} is given by

F(z) = Wi(|z]) for |z| < 2co+2
N oo for|z] >2c+2
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Now clearly there exists ay > 0 such that

0 for |z] <1
7 (2) > < au(lz] = 1)? for1<|z] <2c¢0+2 .
00 for |z| > 2co + 2
It follows that
1
¢(a) = lim —Er(a) > lim f*((a,0,0)) > ay(a — 1) (29)
L—oo L L—oo

Suppose now a < 1. Since the inter-atomic distances |y; — y;—1| remain
bounded, by rescaling E we may assume that

Wi(r) > (r—1)%  Wy(¢) > ¢

If y is any deformation with E(y) < ¢, then

L

L1
D (yi—yial 1> <6, > @7 <6
i=1

=1

and hence by Cauchy-Schwarz
L L-1
ZHyi—yFl!—l!S\/Z\/g, Z]d)i]g\/L—l\/S.
i=1 i=1

Noting that the absolute value of the angle between y; — y;—1 and y; — y;_1 is
bounded by S5} |¢x| we find that for 6L < 1

L
Z Yi — Yi-1
i=1

= > Wi vi-1,y5 — Yj-1)

1<i<L

2

’yL - yo|2 =

1<j<L

> > 1y — yi-1lly; — yj-1 cos(V'LS)
1<i<L
1<j<L

2

= Z yi — yi-1l COS(\/L_5)

1<i<L
> (L- \/5)2 (1 - Lo),
in particular, choosing § = 6(L) = L3, we obtain
lyr — ol > L*(1 = 3L7?). (30)

If y satisfies |y; — (ia,0,0)| < ¢y for i = 0,...,L, then La — 2¢y < (yr)1 —
(yo)1 < La + 2¢y. So, for |a — d'| < 2¢y/L, we define Ej, depending on two
parameters a,a’ by

Ni(a,a’) = {y € Ni(a) : (y)1 — (yo)1 = La'}
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and
Ep(a,d')= inf E(y).

Ni(a,a’)

Also, let m = %/3 +4c3 + 1-‘ and define a1, a9,... and Ly, Lo, ... by

11— 4m .
1—an:4 I=n and Ln:ﬁ:2d+nm.
Lemma 6.3 There exists ¢ > 0 such that for all k € N,
1 2
r Brra(a,d) 2 (1= dP ¥ d € Blsan, o —d| < kz(;

Proof. The lemma is proved by induction on n. The case n = 0 follows directly
from the following

Claim. There exists C' > 0 such that, for all k£ € N,

1
——FEyry(a,ad') > C Vd e€[1/2,a0], la—d]| <
kLg

260
kLo

Suppose it is proven for n and choose ¢ = min{(4m)~4,C}. For a’ < a2

L, = 4m _ m > m
Vi—ap V1—anp = V1-d
implies
L2(1 —d') > 3+ (2¢0)?,
and thus

(Lna')? + (2¢9)% < L2(1 — 3L 2).

But if y € N7, (a,a’), then |yr, —yo|> < (Lna’)? + (2¢)?, so (30) can not hold.
It follows that

1 o(L
—E(y) > (Ln) =L4 VyeN(ad), 0<d <ano. (31)
L, L,
Now let 3/4 < a < any1, la—a'| < 22—, Considering the first components

kLpt1®
of the atoms yo,yL,,---,Y2kL, (note that L,yi/L, = 2) we deduce

2k

EkLn+1 (a, a,) > Z Er,(a,x;),
=1

where 21 + ... + x9p = 2ka’ and z; > 1/2, because

2
Ln— — 9cy > 3L, /4 — 3c > Ln/2.
kLn+l

Soif f: R — RU{oco} is defined by

L,x; > Lpa —2co > Lpa' —

00 for  <1/2
) = c(l1—2)? for1/2 <z <a,
B L4 for ap <z < apyo ’
0 for apyo < x
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we have by (31), the above claim (note that C > ¢(1/2)?), and induction
hypothesis

2k
1
kLn+]_ EkLn+l Z ELn a, 1"7/ Z Zl /) :

f(z)

Small dots show continuation of = — c¢(1 — z)?,
larger dots indicate line through (an,c(1 — an)?)
and (an+2, 0)

R

Now, since L, = (4m)~4(1 — a,)? > ¢(1 — a,)? and 1 — a,, = 16(1 — a,,12),
f** is given by

o0 for z <1/2
*ok C(l_-T)Z for1/2 <z <a,
Fr@) =9 cman) (1601 .
S (16(1 —2) — (1 —ap)) for ap <o < ant2
0 for api0 <

So for a’ < a,, we are done. But also for a’ € [ay, ap41]

1—
prota) = L (160 )~ (1 - a) 2 et — )2
(Set 1 —a’ = A(1 — ay), then this is equivalent to 7=(16A — 1) > A% which in
turn is equivalent to A € [1/15,1]. This is guaranteed by a € [an, an+1].)

The claim at the beginning of the proof can now be shown by analogous
arguments: y € N, (a,a’) implies

1 d(Lo _
L—OE(yo, s YLy) > (Lo) _ Lyt Yy € Npyla,d), 0 <ad <ai.
Again considering the first components of the atomic sites yo,yry, .-, YkLos

x1+ ...+ a3 = kd, x; > 0, we deduce

1

k
i z:: z) > f*(d)>C >0

??'IH

1 1
EkLo(a7a/) Z Ez L EL() a, 1"1, Z

where now f: R — RU {oco} is defined by

oo forxz <0
flx)=< Ly* for0<az<ay .
0 forag <z

O

We can now state the main result of our one-dimensional model problem:
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Proposition 6.4 There exist 6,c > 0 such that for all1 —6 <a <1490
p(a) > ¢(1 —a)”.

If in addition W1 and Wy are bounded from above as in lemma 6.2, then there
are C,c > 0 such that

c(a—1)* < p(a) < Cla—1)%

Proof. The upper bound is immediate from lemma 6.2. The lower bound for
a > 1 was established in (29). The additional constraint in A/ (a, a’) is negligible,
so the lower bound for a < 1 follows by choosing n such that a = a’ < a, and
letting £ — oo in lemma 6.3 noting that, by lemma 6.1, it suffices to consider
a subsequence in (28). O

So the energy scales quadratically with the distance of a to 1. The following
example shows that even for quadratic energy wells

Wi(r) = ar(r —1)% resp. Wa(¢) = agg?, (32)

¢ will not be C? at a = 1.

Examples: 1. Let W7, W5 be as in (32). If a > 1, then, as in the derivation
of (29), we see that the Cauchy-Born state yr = (ka,0,0) is asymptotically
optimal, leading to

p(a) = ar(a—1)%

For 0 < a < 1 consider the spiral deformation y; = (ka, co cos(k), co sin(kv))),
k=1,...,L with [¢)| < 1. Then |yg+1 — yx|> and ¢}, are independent of k. An
elementary calculation shows that ¢2 = ¢31?/a?+O(1)°%). Choosing 1 such that
cy?/(2a) = k(1 — a) and minimizing the corresponding energy with respect to
k we find Yy, with energy
[05Ke%)

By = ——1%2
o g+ arcd/4

(1—a)*+0((1 - a)®).
This is by a cy-dependent factor smaller than the Cauchy-Born minimizer y;, =
(ka,0,0) which has mean energy a;(1 — a)?.

Also this shows that the minimal energy is not twice differentiable in a at
a = 1 since for a > 1 the Cauchy-Born state is optimal. Note that for cg — oo
this expression converges to 0 reflecting the fact that without this constraint we
would expect pure bending energies for a < 1 that occur only at lower energy
scales.

0.01
0.008
0.006 |
A s v
0.002 for a1 = as =1,¢0 = 2.

0.9 0.95 1.05 11
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2. To extend this observation to thin films, we also study the following two
dimensional deformation (E as in the preceding example). Consider a piece of
a circle in the x;-z3-plane with radius R (large):

v +— (Rsin(v),0, R(1 — cos(y)) — d)

for 0 < v < Ymax, Ymax given by R(1 — cos(ymax)) = d. We place atoms on this
curve starting at v = 0 with distances 1 between neighboring atoms:

yr = (Rsin(k®/L),0, R(1 — cos(k®/L)) —d), k=0,...,L,  (33)

where 2Rsin(®/2L) = 1 and ® < ypax, © + ®/L > Ypax. Now, for given a < 1
(near 1), we choose R so big that

Sin(f}/max) = G"Ymax-

An elementary analysis proves that for d < ¢y and a sufficiently close to 1,
y € Ni(a) and ®/L = 3(1 — a)/d + O((1 — a)?). For later use we mention that
(in powers of (1 —a))
V2d

% ma V(1L =) R 3d(l-a), LxT(l-a)

The mean energy of y is thus

1 d\* 9y
ZE(y) = Z) 2222
I, (y) = a2 ( L) 2

Now patching together appropriately translated and reflected copies of this
configuration leads to y in Np(a) with arbitrarily large L and mean energy
~ 96%(1 —a)?. Finally, set ¥/ = ay € Np(aa) for @ < 1 near 1 and, for given
x < 1 near 1 minimize E(y’) subject to aa = z. It follows that

(1—a)>+0((1—-a)®).

Pla) < o

< m(l — )2+ 0((1 - 2)*).

Again, this is is preferable to the Cauchy-Born energy (1 — x)2.

Remark: In terms of scaling with ¢g the lower and upper bound for ¢(a)
derived in the preceding examples respectively in proposition 6.4 do not match:
the factors of (1 — a)? scale like ¢ ? respectively ¢ ~ m™ ~ ¢;* (cf. lemma
6.3). In fact, the lower bound can be improved as we shall now detail.

Fix ¢p and let k € N. Suppose y € Njr ke, (a) and consider the corresponding
k-step chain Y = (Yo, ...,Yr) defined by Y; = y;,;. For the corresponding angles
we obtain

k(j+1)—1
@] < Z |-
i=k(j—1)+1
To estimate |Y; — Yj_1], let ®; = Zfi;(lj_l)ﬂ |¢5|. Then, if ® < 1, similar as
on page 31, we obtain
kj kj
YVi=Yial=| Y wi-v)|= D> lyi—wiall-®3).
i=k(j—1)+1 i=k(j—1)+1
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On the other hand, clearly |Y; — Y;_¢] < Zfik(j—l)-H lyi — yi—1], so setting
kj
Vk:ZZE:Z]kO ]7+1|yz y#—ﬂ7

N

< 2(yk—k)?+2 (’yk@?)Q
< 10 (vk — k)? + 2 (2k®;)°

(If v < 2, this is clear. If v > 2, it follows from 10(y — 1)2 > 2(y — 1)% + 242
and @? <1. If @j > 1, we get such an estimate even easier:

(IY; = Yj_1| — k)* < 2((2c0 + a)k)® + 2k* < CK* @3

Now let v/ := Y/k. Then clearly y' € N7 ¢ (a). Without loss of generality
we may assume there exists ag as in lemma 6.2. By Cauchy-Schwarz,

L L1
EL(y) < o3y (0 —vjal -1+ a3y @3
7j=1 7=1

(1Y) = Yja| = k)* +a3z¢?

[
Tl &

7=1
L L1
< 0432 (10(7— 1)2+C§>§) +a32@§
Jj=1 Jj=1
L1 & )
< Oész ﬁk Z (lyi —yi—1| — 1)
j=1 i=k(j—1)+1
L1 k(j+1)—1
+ag Ck Y ol
j=1 i=k(j—1)+1
| Lk ,
< C<k1_1(|yz Yi-1| —1) +k;’¢z,>

It follows that

1 Ck?
— < 2
LEL(?/) S Tk Ery(y)

and since y € Ny ke, (a) was arbitrary, letting L — oo in fact

Preo (@) > clco)k ey ().

This proves that also the lower bound scales like ¢ 2, [l

6.1.1 Application: a polymer chain in a confined region

The atomic chain described above can serve as a model of a polymer confined
to a tubular region about itself, e.g. by neighboring chains. The above consid-
erations suggest that its energy, at least for small strains a, can be described
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by a Hamiltonian

[ ai(1—a)? fora<1
H(a) = { as(l —a)?, fora>1

where 0 < a1 < ag. The corresponding Boltzmann distribution of statistical
mechanics is
dPg(a) = Le_ﬁH(a)da,
Zg
8 =1/kT > 0, where k is Boltzmann’s constant and T temperature. For large
0, i.e. sufficiently small temperature, we may take this as an approximation for
all a.
It is elementary to see that the partition function Zg is given by

The mean of this distribution, i.e. the preferred elongation of the atomic chain,
can also be calculated explicitly:

Since ag > «, this is strictly less than 1 and increasing in (3, reflecting thermal
contraction as expected for polymers (cf. [23]).

6.2 Energy scaling near O(2,3)

Taking into account only next neighbor interactions leads to zero energy re-
sponse to compressions, as noted earlier (see proposition 4.5 of [21]). Using
the results of the previous paragraph, we will now examine the energy scaling
near the zero energy set O(2,3) of a thin film. To simplify the discussion, we
consider two related models of nearest and next nearest neighbor interaction
resp. nearest neighbor and angular interaction. We also add an additional en-
ergy penalty for two atoms getting too close to each other, as is physically not
unreasonable.

Suppose Wi, W] : [0,00) — R, Wy : R — R are continuous, W is 27-
periodic, Wi (1) = W{(v/2) = W(0) = 0, and there is an a > 0 such that

Wi(r) > a(r— 12, Wi(r) > alr —v2)%, Wa(d) > a¢?

for r in a neighborhood of 1 resp. v/2, and ¢ in a neighborhood of 0.
Let § > 0 and define the energy function E,, by

1 1)
Eaw(y) = 5 >, Willi—uD+5 > Xoso(vi — )

|zi—z;]=1 |zi—z;]=2
1
+§Z!yi — yklly; — vkl Wa(0ik;) (34)

where the third sum runs over all & and all 4, j such that x; —x;, and x; — x), are
perpendicular and of norm 1. The next-nearest neighbor interaction is given by
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Bun) = 5 3 Wali-uh+y > Wilyi—u)

|i—a;]=1 |zi—x;|=v2

)

+5 > Xiowo) (i — y51). (35)
|zi—zj]=2

Proposition 6.5 Both F,, and Enn, are admissible energy functions leading
to continuum limits Qan resp. Yonn. For v > 2 there exist §,¢ > 0 such that for

dist(A,0(2,3)) <0,
@an(A4,b), nnn (A, b) > ¢ dist? (4,0(2,3)).

Clearly, E,, and E,y,;, are admissible energy functions (see proposition 2.11).
It remains to prove the lower bound on ¢ in terms of dist?(A4,0(2,3)). To give
a detailed proof is cumbersome, we mention the main ideas.
Sketch of proof. The film contains various atomic chains. For v > 2, the
film energy can be bounded from below, e.g., by the energies of the chains
y(j,x2,23), 7 =0,...,k, where these chain energies also contain angular terms
as in the previous paragraph due to the angular resp. next nearest neighbor
part in E. Similar this holds for the diagonal chains. Since the deviation of A
from O(2,3) for A in the vicinity of O(2,3) can be estimated by the deviation
of |A(1,0)| and |A(0,1)| from 1 and the deviation of |A(1,1)| and |A(1,—1)]
from /2, applying proposition 6.4 gives the result. (I

Remarks:

(i) Proposition 6.5 is false for v = 1, i.e. films consisting of only one single
layer. (This can be seen by considering folded configurations.)

(ii) Define ¢(A) := infp, ¢(A, b). For v > 2 this result implies that ¢ (defined
on R32 cf. the remark below proposition 2.11) is not rank-one convex.

This is because ¢ vanishes on O(2,3), but not on its rank-one convex hull
{A e R32: 55(A) < 1} (see [11], page 50, corollary 2.3.2).

In the rest of this paragraph we will see that ¢ is not twice differentiable at
A = 1d. For sake of simplicity we assume that cy is not too small.

Recall the construction (33) for the atomic chain. Let R, L and ® be the
same as in (33). Set R(z3) = R+ %% — 3. We define a film deformation
patching together appropriately cylindrical configurations

y(z1,x2,23) = (R(x3)sin(x1®/L), xa, (R(x3)(1 — cos(x1®/L)) — d),

for x € {0,...,L} x{0,...,k} x {0,...,v — 1}. The nearest neighbor, next
nearest neighbor lengths and bond angles are approximately

1 /v—1 N 1 v—1 n 1 P
r\2 ~ ") /2 2 )T ABL 2L
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respectively. Since ®/L ~ R~! ~ 3(1 — a)/d, this implies that, similar as in
(33), for A = (aeq,e2), a <1 near 1,

provided there exists 4 > 0 such that, in a neighborhood of 1 resp. v/2 resp. 0,
Wi(r) < B(r —1)2, Wi(r) < B(r — v/2)2, Wa(¢) < Bé?. For a > 1, however, it
is not hard to prove that @(A4) > a1(1 —a)?. (This can be seen considering the
one dimensional atomic chains i — y(i, 2, x3).) O
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