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Abstract

We derive plate theory from atomistic models in the spirit of [11] as a
I-limit as the number of atoms tends to infinity. While in the ‘thick film
regime’; i.e. when the film consists of many layers of atoms, we recover the
well known plate theory derived from 3d-elasticity in [11], for ‘thin films’
new terms in the limit functional are obtained. These terms are due to
the discrete nature of atomic models and surface effects, and cannot be
detected from continuum elasticity.
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1 Introduction

The derivation of effective theories for thin elastic structures is a classical prob-
lem in elasticity theory, see, e.g., [18]. Rigorous results deriving membrane,
plate or shell theories from three-dimensional elasticity have been obtained only
recently (cf. [15, 16, 17, 10, 11, 12, 13]). By now there has emerged a whole
hierarchy of plate theories according to different scalings of the stored energy
(cf. [12]).

Another area of research concerns the passage from discrete atomic models
to continuum theories. Rigorous I'-convergence results, especially in one dimen-
sion, are proved in [3, 4, 5] for pair potentials under suitable growth assumptions
on the atomic interactions. The results in [1, 2] on the other hand deal with
both pair potential and quantum mechanical energy models, but assume the
Cauchy-Born rule to deduce continuum limits in this general framework.

An effective theory for thin films derived from atomistic models in the realm
of membrane theory was proposed in [9] and rigorously derived in [19, 20, 21].
The aim of the present work is to derive plate theory in the regime of finite
bending energies, starting from a microscopic atomic model. We assume that
the energy can be decomposed into certain cell-energies similar as in [6]. The
main goal will be to rigorously derive plate theory as the number of particles
becomes large and the aspect ratio of the film tends to zero. In particular, we
will not make use of the Cauchy-Born rule.

In section 2, we first introduce our models of thin and thick films and also
some notation that will be used in the sequel. We describe the energy func-
tions that we will consider and define in what sense discrete deformations are
understood to converge to continuum deformations as the number of particles
tends to infinity and the aspect ratio of the film tends to zero.

In section 3, we prove rigidity estimates for deformations in terms of their
elastic energy in the spirit of [11]. The main point will be to estimate the
discrete atomic energy in terms of suitable continuum deformations and make
use of the continuum estimates obtained in [11]. This is built up on [22] and
[6] and generalizes two-dimensional results in [22] to higher dimensions.

Section 4 serves to prove compactness for sequences having finite bending
energy, thus complementing the I'-convergence results in the later sections. We
also recall some basic estimates from the continuum theory for later use.

In section 5, we specialize to thin films, i.e. films consisting of a fixed number
v+ 1 of atomic layers. The main result is a convergence theorem for the energy
as the length k of the lateral directions of the film tends to infinity, i.e. the
aspect ratio tends to zero, in the spirit of I'-convergence. To leading order in
v, the continuum theory coincides with a formula derived in [11] from three-
dimensional continuum elasticity theory. However, for thin films new terms in
the limiting functional appear. These contributions are due to surface terms
which can not be neglected in this very thin film regime and to the discrete
nature of our underlying atomic model. The derivation is inspired by the work
in [11], and we refer to this paper rather than re-deriving the results that
are needed here. The main difficulty arises when estimating the cell-to-cell
fluctuations of the converging film deformations. Here, continuum theory gives



only partial results since usual deformation gradients are 3 x 3-matrices whereas
we have to consider discrete gradients which are elements of R3*8. Additional
matrix elements have to be identified which lead to new terms in the limiting
functional.

Keeping only the leading term in powers of v, the thickness of the film, we
are formally led to a continuum theory for thick films. By thick films we mean
the regime k,v — oo, i.e. films of many atomic layers, such that still v/k — 0.
That this is indeed the correct I'-limit in the realm of thick films, is the content
of section 6. This way we obtain the functional of plate theory derived in [11] on
the basis of three-dimensional elasticity rigorously as a thick film limit starting
from atomistic models.

The last section 7 discusses a mass-spring model as an elementary but physi-
cally realistic example of atomic interactions to which the results in the previous
sections apply.

2 The model

We consider films of v + 1 atomic layers, v > 1, whose reference configuration
is given by the lattice

Ay =10,1,... k}? x {-v/2,—v/2 +1,...,v/2}.
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The lattice of centers of unit-cubes with corners in Ay is denoted by A). If
z € [0,k]? x [v/2,v/2] we denote by Z an element of A} closest to z. The unit
cell corresponding to x is Q(z) = = + (—1/2,1/2)3.
Deformations of this film are mappings y : A, — R3. We define eight vectors

2t ..., 28 by
8 7
5 g : 6 ’ 2l = %( 1, - 17_1)7 2= %(_1’_1’_'_1)’
z z z2 = %(—I—l, 1,—1), ZG = %(_‘_]—7 _17+1)?
N o A= HLAL D, = (L),
AT S z 2 =1(-1,+41,-1), 28=3(-1,+1,+1)
21 2?
and view 7(x) = (y1,...,y8) = (W@ + 2Y),...,y(x + %)) and z = (z',...,2)

as elements of R3*8,
Our basic assumption is that the energy of a deformation y can be expressed
by cell energies W : A} x (R3)® — R in the form

= > W(z,§(x)) (1)
zeN
where W(Z, -) splits into a bulk and a surface part
W(i7 ) = chll(') + Wsurface(iv ) (2)



with Wsurtace(Z, ) = 0 if Z does not lie in a boundary cube. We assume that
Wiurtace (%, §) depends on z only through the number of boundary faces and
the direction of their outward normals, and, if Q(Z) does not contain a lateral
boundary face, can be written as

Wemt(y1,...,y4)  resp.
Wsurface (-f; 37) = Wsurf(y5> cee 7y8) resp. (3)
Wsurf(y17 cee 794) + Wsurf(y57 “e. 7y8)

for 3 = —(v —1)/2 resp. T3 = (v — 1)/2 resp. v = 1.

Our goal being to prove a I'-convergence result for the limit £ — oo, we
have to make precise what convergence of deformations means. We study two
distinct regimes:

e Thin films: Let £ — oo with v € N fixed.
e Thick films: Let K — oo and v — oo such that v/k — 0.

When proving compactness and the lower bound in the following I'-convergence
results, it will convenient to choose particular interpolations of the lattice de-
formations.

To interpolate y on Q(z) in the thin film regime, set y(z) = Z§:1 y(z+2")
and interpolate linearly on

Ty () == co(Z, T + 2, & + 2™, T + 2")

for I,m,n such that 7 = {T},,,} is a decomposition of the cube into twelve
simplices, 2!, 2™, 2" on a single face of [~1/2,1/2]>. In particular, let

Ty :==Ty12, To =T34, T3 :=T356, T4y =178 € 7.

In the thick film regime, we again set y(z) = %Z?:l y(Z + 2%), and in
addition we let y(z + w') = iZj y(Z + 27) where w!,...,w% are the centers
of faces of [~1/2,1/2]* and the summation runs over j such that z/ are the

corners of the cube face centered at w’. Now interpolate linearly on

Ty () := co(Z, % + 21, T + 2™, & + w")
for I,m, n such that 7 = {T};,,, } is a decomposition of the cube into 24 simplices,
|2l — 2™ =1, and 2!, 2™, w™ on a single face of [~1/2,1/2]3.

In order for the deformations to be defined on common domains we also
rescale defining 7 : Q — R3 by

N 1

g(x1,x9,23) = %y(kxl,kxg,xg), Q=S8 x[-v/2,v/2], (4)
respectively

5 1

y(x1, e, 23) = Ey(kxl,kxg,uxg), Q=8x[-1/2,1/2], (5)

S = [0,1]?, for thin respectively thick films. By ]\k,[\% C Q we denote the
correspondingly rescaled lattices.



We now make precise in what sense we understand deformations §*) to con-
verge to some limiting deformation g. While for thick films a natural function
space to consider is L?(£2,R?), for thin films the limiting deformations are ele-
ments of L2(S%;R3)@. .. @ L?(S%R3?) = L2(S?x{—v/2,—v/2+1,...,v/2}; R3).

Definition 2.1 FElements of these spaces will be called limiting deformations.
Suppose § is a limiting deformation (extended by zero outside Q). By x' =
(w1, 22) denote the planar components of x € R3.

(i) In the thin film regime we say §*) — § if

2
1
LN~ ) () — ][ e ,
k2 zez% (=) (—1/2k,1/2k]2 ( )
Interpolating § linearly in x3 on intervals [i,i+1], i = —%,..., 5 —1, this
is equivalent to
g® =g in L2 R3).
(ii) In the thick film regime we say §%) — § if
) 2
LS i) — ][ y
7\ (x ylx +&)dg] — 0.
k2v % (=) [—1/2k,1/2k]2x[1/2v,1/20] ( )

This is equivalent to

g*) — g in L2(:R3).

3 Discrete geometric rigidity

As elaborated in [11], the main tool to derive plate theory from three-dimensional
elasticity is a quantitative rigidity estimate for deformations near SO(3). In our
setting we need such an estimate for discrete lattice deformations. The main
point of this section is to state the relevant assumptions on the cell energies
(compare [6]) and to prove lemma 3.2, a generalization to arbitrary dimensions
of a result in [22]. The results of this section actually hold in any dimension
n € N.

Suppose 2 C R" is a domain consisting of translated unit cubes and y some
lattice deformation:

0= U r+[—-1/2,1/2]", A Ca+Z" finite, a € R",
TEA

and

y: |Jz+{-1/2,1/2}" > R™.
TzEA
The discrete deformation gradient is defined to be

2n
_ I |
Vy(z) == (y1 =¥, Y2n — 7), y:=2—n§ Yi,
i=1

5
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for x € A, y; = yi(w) = y(x+2%), 21, ..., 2%" some enumeration of {—1/2,1/2}".

Also let
SO(n) :={V(z+— Rz) = RZ: R € SO(n)}.

The energy of y shall be of the form

B(y) = S Wear (i)

xEA
where §(z) = (y(z + 2) : z € {—=1/2,1/2}") and W, satisfies the following

Assumption 3.1 (i) Wee : R™2" — R is invariant under translations and
rotations, i.e. for ij € R"*2"

chll(jo_'_ (C7 s 70)) = chll(?j)
for all R € SO(n), ce€R".

(i) Weenn(y) is minimal (= 0) if and only if there exists R € SO(n) and ¢ € R™
such that ‘
yi=Rz"+¢c, 1=1,...,2"

(iii) Ween is C? in a neighborhood of SO(n) and the Hessian Q, = D*Weep at
the identity is positive definite on the orthogonal complement of the sub-
space spanned by translations (x1,...,zon) — (c,...,c) and infinitesimal
rotations (x1,...,oon) — (Azy1,..., Axon) where AT = —A.

(iv) Ween grows at infinity at least quadratically on the orthogonal complement
of the subspace spanned by translations, i.e.

Remark. For ),,, the Hessian of W, at the identity, these assumptions imply
Qn(v,...,0) =0, Qn(Azt,... ,A2*")=0

for all v € R™ and A € R™*" with AT = —A.

Now choose an appropriate interpolation u of y: partition the cubes Q(z) =
x+[—1/2,1/2]" into simplices with corners in z+ {—1/2,1/2}" and interpolate
linearly or, analogously to the previous section, first define y at the cube center
resp. face centers as appropriate averages and interpolate piecewise linearly on
a partition into simplices having one corner at x resp. one corner at x and one
corner at a face center.

The following lemma generalizes to higher dimension a lemma in [22]. For
the proof also compare [6].

Lemma 3.2 For u thus defined, Q = Q(x) and § = y(x),

/Q dist*(Vu, SO(n)) < CWeen (7).



Proof. Let Wret(§) = Wit (Vi) = [ dist?(Vu, SO(n)). Both Ween and Wies

are invariant under rotations and translations:

chll/ref(yla s 7y2") = chll/ref(Ryl +¢,..., Ryon + C)

if R € SO(n), ¢ € R". So it suffices to prove the claim for deformations
perpendicular to the space Vy = R" ® (1,...,1) of infinitesimal translations
(X1,...,29n) — (v,...,v), v € R™

Suppose first 4 € R™*2" is given such that ¥ L Vp and dist(y, SO(n)) is
small. Let G be the orthogonal projection of 7 onto SO(n). By assumption,

Ween(§) = Weetl(G) + DWeen(G) (7 — G)
1 o o
+§D2WCQH(G)(y -G, 7—G)+o(ly— G|2)
> oj— G

(Note that ¥ — G L TSO(n) and §f— G L Vj since R L V; for all R € SO(n).)
On the other hand, since Wyt > 0 and Wyt(7) = 0 if Vi € SO(n), we
have Wiet(G) = 0, DW,et(G) = 0, and, § — Wiet(%) being C?, |7 — G|> =
dist?(77, SO(n)) > cWiet (7). So we have shown that, for 77 with dist(%, SO(n))
small, indeed
Weet (%) < CWeen(¥)

if C is large enough.

Now if dist(%, SO(n)) is not small, we only have to consider the limit dist(,
SO(n)) — oo. Then, by continuity, the claim follows in the intermediate regime,
too, since Ween(7) > 0 for ¢ ¢ SO(n) (and i L Vo). But this case is clear by
assumption 3.1 (iv), since Wit (%) grows quadratically in ¢ L Vj. O

Theorem 3.3 (Discrete Rigidity.) Suppose y is some lattice deformation, and
letu: Q — R™ be the associated interpolation (on the unit cubes Q(x) as above).
Then there exists a rotation R € SO(n) such that

(i)
[ 1Vu—RE <0 Y Weailo))
Q TEA
(ii) ) i
ST Vya) - RIE < €S W)

FASIAN TEA

where R = RZ. The constant C only depends on Ween and 0 and is invariant
under rescaling of €.

Remark. The inequality in (ii) can be rewritten as

||?y - RHZZZ(A) < CZ chll(gj(x))‘
zEA

Proof. The proof of (i) is immediate from the lemma above and the following
rigidity result for continuous deformations (cf. theorem 3.4). For the second
part simply note that on a unit cube Q, |[Vy — R| < C' [, [Vu — R|. O



Theorem 3.4 (Continuous Rigidity, cf. [11].) Suppose @ C R™ is a Lipschitz
domain. Then there exists a constant C'(2) invariant under rescaling of Q such
that for all v € WH2(Q; R™) there is a rotation R € SO(n) with

Vv = Rl|2(q) < C(Q)]|dist(Vv, SO(n))]|12(0)-

4 Compactness

In this section we will show that sequences having finite bending energy are
precompact: there exists a subsequence that converges in the sense of definition
2.1. Form now on we will suppose assumption 3.1 is satisfied for all W(z,-).
(Note that by (1), (2) and (3), {W(z,-) : £ € A,.} consists of no more than 27
functions.)

Recall the rescaling from (4) respectively (5), and for 3 : Q2 — R3 set

_ o _ _ ko
Vig = (Vg kgg)  vesp. Vigi=(V'5,-§3) (6)
in the thin respectively thick film regime. Also for z € {—1/2,1/2}3 we define

Vig(@)(z) = k(5(z + (2 /k, 23)) — ()  resp. (7)
Vi i(x)(2) = k (gj(i + (' [k, 23/v)) — gj(i)) (8)
for 2 € Q(x), a rescaled unit cube with center Z. We view V;J and Vind

as mappings from 2 to R3*® where the columns of the image are labeled by
Rl R8-

Theorem 4.1 (Compactness.) Suppose a sequence y®) Ay — R? has finite
bending energy, t.e.

1
limsup E(y®) < 0o resp.  limsup —3E(y(k)) < 0.

k—o0 kyv—oo V

Then Vi5*) resp. Vk’l,gj(k) is precompact in L*(Q): there exists a subsequence
(not relabelled) such that

ngj(k) resp. V;wg](k) — (V'g,b) in LQ(Q)
with (V'g,b) € SO(3) a.e. Furthermore, (V'y,b) is independent of xs and
(V'g,b) € HY(Q).
The piecewise constant mappings of lattice gradients satisfy (for the same
subsequence)

Vg™ () (2) resp. Vi, g™ (x)(2) — (V'§,b)(x) -z in LA(Q)

where z € {—1/2,1/2}3.



Proof. Consider thin films first. As noted at the beginning of this section,
there are at most 27 functions W(Z,-) as & runs through Aj. Therefore, finite
bending energy, i.e. E(y*)) < C, by lemma 3.2 implies that

1

/ dist? (Vi ™), SO(3)) = / dist2(Vy®), S0(3)) < <
QO kSx(—v/2,v/2)

5"

ol

The first part of the theorem now directly follows from the corresponding
compactness result in [11]. We recall two inequalities derived in [11] that will
be used in the sequel. Applying the geometric rigidity estimate (in un-rescaled
variables) to the sets

(T’ + (—1/2,1/2)*) x (—v/2,v/2)

yields a piecewise constant map R¥) : S — SO(3) with
| 1R9@) - vigD @) < c/i ©
and, for |(| < ¢/k and Q' = 85" x (v/2,v/2) C Q with S’ CC S,
N IR®) (2 +¢) — R¥)(2)]2dz < C /Q dist?(V,5*) (), SO(3))dz < C/k? (10)

such that R®) — Rin L?, R = (V'§,b) € H', b= {1 A §2.

For the second part let z be a corner of T' = Tj,,,,,. Choose ¢ : 2 — Q to
be the function mapping Q(x) onto Tjy(2) isometrically when restricted to a
single simplex T}, . Since gj(k) is affine on T', we have

Vii()(z) = Vg™ (er(@)) - 2,

z € {—1/2,1/2}3. Now applying lemma A.1 with S; = S and Sy = (—v/2,1/2),
by the part already proven,

lim Vig(z) = lim Vig- 2= (V'3,b) -2
k—o0 k—o0
strongly in L?.
The reasoning for thick films is similar. We obtain a map R™ : § — SO(3)

(h := v/k), piecewise constant on a partition of S into cubes of side-length h
as in [11], with

[ IRO@) = Vi, ® @) P < o1, 1)
Q
and, for || < ch and Q' = 5" x (v/2,v/2) C Q with S’ CC S,
IRM (24¢)—RM(z)?dz < C / dist?(V, 5" (x), SO(3))dz < Ch%. (12)
QY Q

For part two of the claim again apply lemma A.1, this time with S; = Q and
Sy ={0}. O



5 Limiting plate theory for thin films

In this section we will derive a continuum plate theory for thin films in the
bending energy regime E(y®*)) ~ 1 from our discrete model. (This corresponds
to the well known fact that for the rescaled expression k—%E(y(k)) which leads to
finite energy per volume, bending energies scale cubically in the film thickness,
i.e. aspect ratio v/k.) As before, we will assume that assumption 3.1 is satisfied
for all W(Z,-). The Hessian of W (Z,-) at the identity Id is denoted Q3(Z,-). In
addition, we will need some decoupling property of Q3 and ()2, the Hessians of
Ween resp. Wyt (cf. (2) and (3)) at the identity. Sufficient will be to suppose
up-down-symmetry in the following sense:

Assumption 5.1 Both Wy and Wyyace are C? in a neighborhood of SO(3).
Let P be the reflection P(x',x3) = (2',—x3). For the bulk part of the energy
(cf. (2)) we assume that

Ween(Pys, Pys, Pyz, Pys, Py1, Pya, Pys, Pys) = Ween(¥)
for all j € R3*®. For the surface part (cf. (2) and (3)) we require that
Waurt (Py1, Py2, Pys, Pya) = Waut (%)
for all ij € R3*4,
Remarks.
(i) For the quadratic forms @3 and Q5 this implies
Q3(Pys, Pys, Pyr, Pys, Py1, Pya, Pys, Pys) = Q3(Y) (13)
for all i/ € R3*® respectively
Q2(Py1, Py2, Pys, Pys) = Q2(Y) (14)
for all 7 € R34,

(ii) These assumptions are satisfied for suitable mass-spring models (see sec-

tion 7).
Depending on @3, we define a relaxed quadratic form Qg‘ﬂ: for gy = (y1,...,y8) €
R3%8 et
gel(gj) = min Q3(y15 ceos Y4, Y5 + U, Y8 + U)'
veER3

Note that with this definition (13) remains valid when replacing Q3 by Q.

As a last preparation we introduce the following notations. For a 3 x 8-
matrix A we denote by Ay, its left 3 x 4-part, by A its right 3 x 4-part. If A is
any 3 x n-matrix, we write A’ for its upper 2 x n-part and, for n = 3, A, for
its left 3 x 2-part.

Now suppose assumption 3.1 holds for all W (z, -) and W and Wiy, s satisfy
assumption 5.1. Then, in the spirit of I'-convergence (cf. [7]), our main result
for thin films is:

10



Theorem 5.2 (Limiting plate theory for thin films.) For k — co, E = E®)
converges to Fynin defined below in the following sense:

(i) If y®) - A — R3 is such that y*) — § (cf. definition 2.1), then
liminf E(y™) > Egin (7).

k—o0

(ii) For all limiting deformations § (cf. definition 2.1) there exists a sequence
y ) Ay — R3 with y®) — § in the sense of definition 2.1 such that

lim E(y®™) = Bypin(9).

k—oo

If y € A (see below), the limit functional Eyny s given by

~ V - rel =1/ Vd_l/ rel =/
Einin(9) = / [g 5 (oM + N - 27) + ——Q (N - ')
S

1 V2 .
+ZQ2 (IllgMb) + ZQZ (N . zé) dx

with 7 = (—2', =22, =23, =24 2%, 20 27 28) and
00000000 I11; IIis
M=1000000001], N=/[ Iy Iy
10101010 0 0

If g ¢ A, then Epin(9) := +00. The class A of admissible functions consists of
isometries from S into R3:

A={g e W2(S;R?) 1 |§1| = |§a| = 1, §1- 02 =0},

and 11 € R?*? s the second fundamental form ILj=9:-0;, b=91ANYp2.

5.1 Proof of the lower bound

Suppose y*) is a sequence converging to  and has finite bending energy, so
7*) — § in L? and, by theorem 4.1, V;5® = (Vg% k54)) — (V',b) € H.
Let

G0 (@) =k (RO (@) V™) (@) — 1a)

which is bounded in L? by (9), say (up to choosing a subsequence)
GH @G, (15)
In [11] it is shown that
Gp(2',23) = Gp(2',0) + 23N (2'). (16)

For our discrete system this will however not be sufficient to describe the
deviations of these deformations from rigid motions. We also need to consider

GO (@) =k (RO (@) Vi) @/ 25) — Ta)

piecewise constant with values in R3*8.

11



Lemma 5.3 Let G be as in (15). Then (for a subsequence)

G (2)(2) — H(z, ) - 2 — % o (') M (2)

in L? where H(z,24) € R3*3 with Hy(z,24) = Gp(2, 23 + 23).

™ Q — Q mapping Q(z) onto Ty () and

Proof. As before we define ¢
Ty () 0nt0 Ty (2) isometrically. By (9) for Tim, = Uzca Timn (),

/ Vg™ — ROP s/ Vg ® — RO2 < o/k2,
ﬂmn Q

So Vi5*) o ap(k) also satisfies

Imn
/ |ng](k) o cpl(:;)n — R(k)|2 < C/kQ.
Q
T

Extracting if necessary a further subsequence, it follows that fl(ﬂl = k((R"®)

Vig®) o ‘Pl(:jl)n — 1Id) converges weakly in L? to flm@ say. If 2% is a corner of

Timn, then fi, - 28 = G(-)(2*) where G®) (1) (2}) — G(-)(2}).

Now suppose r € {—v/2,—v/2+1,...,v/2 =1}, r < z3 < r + 1, and for
£ > 0 consider the layer Q. = S x [r,7 4+ ¢]. Then G®|q. — G|q. by (15), and
hence

r+e r+e
/ G (2 ) dt —\/ G(z',t)dt on 8.
On the other hand,
r+e
2’ |—>/ GW (2 t)dt

is a fine mixture of certain fl(i)n with volume fraction of fl(k) = fﬁ% and fQ(k) =
f2(§31 each /2 + O(g?). Sending ¢ — 0, we deduce that

1 1 r—+e ,
§(f1 + fo) =1 H = ilil[l) g/ G(2',t)dt, (17)
T
in particular,
1 _
§(f1 + fz)p(l'/,l'g) = Gp(l‘lﬂ“) = Gp(x/71"3 - 1/2) (18)
Consider the corners Z + 2%, i = 1,...,4, of Q(x) lying in Q..
T+ 2 T+ 2
T+ 2t T+ 2

The reasoning so far suffices to determine G(z)(z%) for i = 2,4 since then
a i k) i k) i i
G )= {2 = = H (19)

12



In order to calculate G(z!) = f12! and G(23) = f22° we only have to
consider the first two columns of f; 5 since f1 - (0,0,1)7 = fo - (0,0,1)7. The

following considerations are valid on any subset ' = S’ x (v/2,v/2) C Q with

S’ cc S. Define ¢ = gogi)z mapping Q onto T} = Ty12 and g = gog;zl mapping

Q onto Ty = Thay as before, and let a = (0,1/k). Also set i, () = ¢;(z) + a,
Ry(x) = Rf)(x) = R(x +a) = R¥®(z + a). We determine the limit of

k(BT 0 o1y - (1) = (1)) (20)

in two different ways. (The limit exists — up to subsequences — weakly in L?
since fl(k) is bounded and ||kRT (V7™ o o141 — Vg™ 0 1)|| < Ck|| Vg™ —

R®| + k| RP — R®|| < € by (9) and (10).)
On the one hand,
R'V'§ ™ o1y = RIV'§™ 0 o1y + (RT = RDV'§™ 0 o1y

where

k(RIVG® 0y —1dy) = (f)p  in L2

For the second term note that k(R, — R) is bounded in L? by (10) and hence
converges — up to subsequences — weakly to F, say. Since, by lemma A.1 and
theorem 4.1, V;7®*) o @1, — (V'§,b) in L2, we obtain

k(RT — ROV'§® 0 o1 — —FTV'y  in L.
Furthermore, since R*¥) — (V'§,b), F = (V'§},b) 5. Tt follows that
B(RTV5W 0 gy (21 = (1)) = (fp(z) = (V5,0)5V'5- (1) in L.

(21)
On the other hand, note

V50 oy, - (Y = % (V/g(m o1y +V'i® oy +) L) + Vi o gy - (2
43 (VI 001+ V5% 0 05) - (1Y
and by, (18),
k(RTVG® 0z (1Y = (1Y) = (fo)p- (1),
I (RT V'§®) 0 @1 + V5 o oy

2 (Y - <z4>') = Gyla', 75— 1/2) (1),

i (RT Vi*) o o1 + V55 o oy
2

() - (22)’> = Gpla', 73 -1/2) - (%)
in L2. Since (22) + (2*)' = 0, it follows that
E(RTVT 0 - (1) — () =~ (- () 40 (2
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in L? where g is the L?-weak limit of

17(k) 1~(k) 1~(k) 1~(k)
g®) = kRT (Vy 0s01+-2FVy opay V' 0@1—2%Vy °<P2> (22

To calculate g, note that since R*) — (V'g,b) boundedly in measure,
RWg®) — (V'5,b)g

in L2. Again restricting to ., we see that the limit of R%*)g(*¥) equals (up to
O(e) since | V7™ 0 @imn — Vg™ o oy || 2 < C||[ViiG®) — R 2 < C/k) the
limit of

V' (@ +a) - (7)) = kY5 (@) - (%)

as k — oo. Using that the §*) are Lipschitz mappings we can write
1 1
7%z +a) — g (z) = / %g“ﬂ) (z + ta)dt = / V'§®) (x4 ta) - adt
0 0

for a.e. z. But fol V%) (z + ta) — V'§(z) in L? and ka = (0,1), so

\v (k /O 1 V’gj(k)(x+ta)adt> (22 = (V)25(2)((0,1), (z2))  in WL2,
Sending & — 0, it follows that
9= 5(VED)T (P01, (1,-1) = 5(V5.D) (21— i122).
Together with (21) and (22) this shows that
(f)p- (D) = (V'5,0)5V'G- (1) = (fo)p- (z1) + %(v’g, )" (G21 — G.22) - (23)

Since S CC S was arbitrary, this equality holds in all of 2.

Now elementary calculations for (V'g,b) € SO(3), § € W*2, show that
(V'5,0)" (721 — §,22) = (0,0, =1 +1Ip0) " and (V'5,0)5 V521 = 5(0,0, —IL;5—
I25)T. Furthermore, as noted before, (f1 — f2)(0,0,1)T = 0. So (23) reduces to

0
(fi—fo) 2" = 0
—IIy2
Together with (17) it follows that
1 1 0
fl-zlz5((f1+f2)-zl+(f1—f2)~zl):H-zl—§ 0 (24)
T2
and
for = % ((fo+ f1)- 22+ (f2— f1) - 2%)
1 1 0
=H-224+-(fi—fo)- 2 =H-2—=| 0 |]. (25)
2 2\
12
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Summarizing (17), (18), (19), (24) and (25), the lemma is proven for i =
1,2,3,4. Replacing 2% by 24, f:ﬁ by f::ll_s and g — 1/2 by z3 + 1/2,
analogous arguments yield the remaining part ¢ = 5,...,8. (]

We can now prove the first part of theorem 5.2:

Proof of theorem 5.2 (i). Following [11], we estimate the energy of ¢ in terms
of G by a careful Taylor expansion of W(Z,-). Let xj be the characteristic
function of {|G(k)] < kl/z}. Since Weey is C? in a neighborhood of Id, there is
w(t) > 0 such that for A € R3*8

1 _

chll(I_d + A) > §Q3(A) - w(|;1|)

and w(t)/t? — 0 as t — 0. Analogously, if Z lies in the top or bottom film layer,
_ _ 1 - _
Wt (7, Idy, ¢ + Apje) > §Q2(Ab/t) —w(|4]).

Therefore summing over those cubes that do not have lateral boundary faces
(Q = Sk x (—v/2,v/2), Sy ={z € S : dist(2/,05) > 1/k),

E@®) = Y w(z,i®(x)

vV
x5
O
S
o
=
B
7 N\
—
o,
+
=
Q!
=
"
S~—
N———
QU
8

— 1
+k2/ XkWsurf It"‘E
Sk
+k2 W, Id;, + lé(k)(x/ —v/2) ) da’
s Xk Wsurf b LoD )
k
1/ Qs (Xké(k))_k2ka lé(k) dx
2 Jo, 2

1 _
1] ) v ()

v

+1/ Q2 (G (@ —v/2)) - K (‘16*(’“)(96’,—1//2)’) da’.
2 /s, k

The second terms in the integrals converge to zero, because G*) is bounded
in L2 and |G®|/k < k=12 on {x # 0}, whence |G®) Pw(|G®)|/k)/|G®) /k|?
is a product of a bounded sequence in L' and a sequence tending to zero in
L°°. For the first terms note that since xg, xx — 1 boundedly in measure,
XstkC_}(k) — G weakly in L?. By assumption the quadratic forms A — Q3(A)
and A — Qs(A) + Qa(Ayy), respectively A — Q3(A) + Qa(Ap) + Qa(Ay) if

v = 1, are positive semidefinite. So from lower semicontinuity we deduce
o 1 _ 1 _ -
liminf B(y") > 3 / @(G) + 5 / Q2(Gu(-,v/2)) + QoG —v/2))
k—oo 2 Q 2 s
1 _ 1 B -
> §/QQ§el(G) + E/SQQ(GE(-7V/2)) +Q2(Gb(-,—l//2)), (26)
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Now by lemma 5.3 and (16), G(z)(2") = H(x,2}) - 20 — 31115 M (2") with
Hy(w,24) = Gp(2/,0) + (Z3 + 25)N. So by assumptions on @3 and definition of

rel
3

QU (G@)(2) = QE(GH0) - 2"+ (a + 2N -2/ = ST d)

where 23N - 2’ is understood as (— N Z, 2N /) and Gg denotes the matrix G,
whose last row is replaced by (0, O) Integrating over z3 we obtain

v/2 1
QXN (G (z)(2))drz = vQL (G;(x’,()) o 511121\4+z3z\7.5’>
—v/2
v/2-1/2
+ Y #BeF (N
T3=—v/241/2
rel / >/ 1 1 >/
= I/Q (x,O)Z —§IIIQM+§NZ_
v —v rel ~a
+ @3 (N-2'). (27)
By up-down-symmetry, Q5" (GY(2/,0) - 2/ + M) = Q§/(GY(a/,0) - Z/ — M) and

QYN GY(a!,0)- 2+ N - Z/) = Qrel(GO(x ,0)- 2" — N -2/), so the first term of
the last expression equals

vQY! (GY(2,0) - 2) + vy (-HﬁM +-N- ) (28)
For the surface terms we obtain
Q2(Go (- 11/2)) = Q2(G (2, 0) 7y, £ gN - Zip — %HIQMt/b)
and therefore (note My = M, and Z{ = Z})

Q2(Gi(+1/2)) + Q2(Gh (-, —v/2))
2
= 20, < (gg 0)z, — 11112Mb> + %Q2 (N - )

2
= 2Q; (Gy(2',0)7) +2Q2 (11112Mb> - %QQ (N -2) (29)

where the last step again follows from assumption 5.1.
Dropping the non-negative term vQ3(G%(z/,0) - ') + 2Q2(Gj(2',0)ZY) we
deduce from (26), (27), (28) and (29)

1/3—V

S - 4 _
i B) 2 [ TR (V-2 + G0 (MM 4 N - 2)

1 V2 .
+/ Qo (51112Mb> + ZQQ (N-2).
s
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5.2 Proof of the upper bound
For f € L*(S) we denote by f = i(k) € L2(u=19), p = k/(k + 1), the function
defined by

g =f, St +as=f GG

pxo+(0,u/k)?

whenever x € g + [0,1/k)?, 2o € %ZQ ns.
It will be convenient to split the proof into several lemmas. The proofs of
lemma 5.4 and 5.5 is straight forward.

Lemma 5.4 Let a = (1,0),(0,1), or (1,1).
(i) If f, fx € L%, fx — f in L%, then
fe— f in L*(9)

and thus (evtending f by zero outside S) by piecewise constancy of f,

1
k2 Z E(x)_][s;—l-(—l/Qk,l/Qk)? fe)de

z€122NS
(it) If f, fx € WY2, fre — f in W2, then

k (ﬁ(x +a/k) — ﬁ(x)) — Vf(z)-a in LZ(S).

2

— 0.

(iii) If f, fr € W22, fr. — f in W22, then
K (@(w +afk) — fu(e) — TV Lile): ) — 5V f(@)(a,a) in IX(S).

Proof. (i) is clear if f is continuous and f; = f. It follows for general f;, — f
by approximation. (Note ||f — gllz2 < = t||f — gl|z2 by Jensen’s inequality.)

We only prove (iii), (ii) is even easier. Since V2f — V2f in L? by (i), we
have to prove that -

1
=D
xo

VAl + €)-a) = 5tz + ©)(aa) de

][ 2 ( Fi(u(zo + afk + €)) — fulu(zo +€))
(0,1/k)?

2
— 0

where the sum runs over zg € $Z* with zo + [0,1/k]> C S. By Jensen’s
inequality pulling the square inside the averaged integral and changing variables,
this is implied by

po? /
wS

2
dxr — 0.

¢ (e +a/b) = i) = [ Vla) ) = 572 (@)0,0)
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Since S has Lipschitz boundary, we may extend f, fr to all of R” such that fx
has compact support and f — f € W*2(R") (cf., eg., [23]). The claim then
follows from lemma A.2. O

For y ¢ A the upper bound is trivial, so assume § € A and set b = 71 A7 2.

As shown in [11] (cf. page 1484), we may choose approximations §* € W
and b* € W for A > 0 such that

w(})

V25 e, 196 e <A, 187 < =5

where
SA = {z € R?: jj(z) # 7™ (z) or b(z) # bM(z)} and w(\) — 0 as A — oo.
Furthermore, as shown in [11]:
[ dist((V'5*,6%), SO3)) [z < CV/w(N). (31)
Here we will let A = ak — oo where o = (k) — 0 as k — oo so slowly that

wA)  w(ak)
2T oz~ oW,
Lemma 5.5 With this choice of A we have:

(i) 19 = gllwz2csy 1Y = bllwregs) — 0,

(i) k[[(V',0) — (V5 0) | r2(5) — 0.

Proof. By continuity of measures and || V2§*||~ < A, we have
1 =il <C [ PR <0 [ VR ) — o
{g*#9} s>

The same argument shows ||b* — b|[j1.2 — 0.
Now since both (V’g,b) and (V'§*,b") are bounded (cf. (31)), we have

1(V'5,0) — (V7,032 < 0 2[(V'5,0) — (V'7,0M)[32 < C|S* = o(1/k?).

O

Before defining our upper bound trial function, we prove one more prepara-
tory lemma.

Lemma 5.6 Let U = U(z') € SO(3) be the projection of (V') onto
SO(3). Then

(i) (V'§*, ") —U — 0 in L2(9),

(ii) k ((V’ng,bA) - U) 0 in L2(9).

18



Proof. Set f = (V'§*,b"). First note that

2v/2
THVfHLOO < C\/k.

Since furthermore || dist(f, SO(3))||L~ < C'y/w(A) by (31), we have

If = flle <

lf=Ul, |f-Ul—0 inL>™.

This proves (i).

Write g(z) = f(z) — U(p'z) = g-(z) + ¢ll(z) as a sum with g+ perpen-
dicular and gl tangential to SO(3) at U(z). Then g* = f — U and ¢l = 0.
Therefore |gll(z)| < CA/k = Ca for all z.

Now, for given € > 0, if k is large enough, we have |g"(z)| < el|gll(z)]| if
x ¢ S* (because f(z) € SO(3)). Set V = xo + (0,1/k)?, xg € 7Z>. Since
gluv € W1 we may apply by Poincaré’s inequality to obtain for z € V'

- UP @) = (]{NgL)Q < ]{W_mir?

< 22 12 k_Q 2
<e¢ 19" + — el
uv B Jpvnsx
C k2
< et VP v n s g/
uv 2 pVnNSA
C k2
< =1 V2P + S pV NS gl
L2 v ,U2 |H ||L

Since ||V f]|z2 is bounded by lemma 5.5, summing over all such V' C S yields
U, = 3 Uly|”
If=Ullz. = Zﬁ!ﬂv— v|
%
C 5 _ _ _
< S [ IV S Ul
% %

Ce? 2 —21 QA =152
< -7 SIVfI S = U )l e

So in fact ||k(f — U)|[z2 < Ce +o(1), i.e. (ii) holds. O
Now let d € C(Q) and consider the trial function
. - 1 1

G0 (2 x3) = ") + Ex;;@(w') + ﬁd(x’,xg). (32)

We will not re-interpolate linearly on simplices in 7 as before but rather eval-
uate §*) only at atomic lattice sites.
Proof of theorem 5.2 (ii). First note that by lemma 5.5 (i) and lemma 5.4 (i),
§%) — § in the sense of definition 2.1.

Instead of Vg, it is more convenient to calculate the discrete gradient

D™ (z)(a) = k (y(& + (d' [k, a3)) — y(@))
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where 2 = 1(|kz1], [kza], [23]), o' = (1,1, 1)T + 2% € {0,1}3. Let ¢ =
(a'/k,a3). For x € &+ (0,1/k)? x (0,1) C Q we compute:
Dy (z)(@) = k (5% +¢) - 1P (@))
= k(P ) = P@) + (s + G + ) — 2 (@)

o (d(+0) — d(2))

By lemmas 5.4, 5.5 and continuity of d,

B (P +¢) - ) - VP R) — SV ),
k(@34 @A +¢) = asb (@) — GOA)) = (@5 +G)V'b()a’
d(z+¢) —d(z) — d(2', 23+ (3) —d(2/, 23)
in L?. By lemma A.3 also
k(3@ +¢) =1 6@) = V5 k) — 0,
(&3 + ()0 (@' + (') — &b (2)) — GsbM(a') — 0,

= (dlE+ Q) — d() — 0

in L* (note || f|[zec < || fllze). Therefore,

KD @ - (VP )
= (3@ +¢) - @) - VPl k)
+h((E + G +¢) — E3b) @) - b))
+d(z + () —d(2)
— SV d) + (s + )V
+d(z', &3 + G3) — d(2', &3)

in L? and
Dy® (z)(a) — (V' 0")(z") -a — 0

in L.

Now as shown in lemma 5.6, there exists a piecewise constant mapping
U with values in SO(3) such that ||k((V'g*,b*) — U)|lz2 — 0, |[(V'§}, ) —
Ul|L~ — 0. Then we can proceed:

_ 1{;2/ W(z,IH+UT1F(’“)>
Q k
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with +F*®) — 0in L and F®) — F in L? where

F(a) := %V’ng(x’)(a’, a)+ (23 + G)V'b(2)d +d(2', 23 + (3) — d(2', 23).

Since U — (V'y,b) boundedly in measure, it follows
1
BGY) — [ 5@ (@ (V.07 ) F()
Q

where Q3(7, -) is the Hessian of W(z,-) at Id.

Consider the term (V'g, b)) (z )F( )(a). For o' = (0,0), (1,0), (1,1), resp.
(0,1), the first two components of $(V'g,b)T (z')V"%j(2)(a’,d’) are zero while
the third equals

1 1 1
0, —51111, —5 (IIH + 119 + 117 + IIQQ) s resp. — 51122.

)T

)

NO[—=

For the remaining part we obtain, with z = a — (%, %,

(V'g,0)T () <(z3 + 23)V'b(2)((1/2,1/2)T + /) + d(2', 23 + (3) — d(o, 553))
= (T3 + 23)N -2 + 3N - (1/2,1/2)T + (V'y,b)Te(2’, 73)
where
e(x',Z3) = d(&', i3+ (3) — d(a', &3) + T3V'b(z") - (1/2,1/2)7.

Without changing the value of Q(Z,-) we may add the term B(z) € R3*®
defined as

0 0 -5 00000O0OO0OO
- 0 0 -3 |- 24631 00000000 —(vvvvvvvv)
Br B2 0 11111111

where ﬁl =I5+ 1111, ,62 =15+ IIQQ, 53 M v = (V’y, b)dev/b(LL’,) .
(1/2,1/2)T. After some elementary calculations We obtain

B(2)(z") + (V'5,b)" (') F (2)(2")
= _12112 M(ZZ) + (-f?) + Zg)N . (Zi), + (V’y, b)T (d(l’l,i'g + C3) o d(%l,ig)) .

Now choosing d such that
d((z', &3 + G3) — d((2', &3)) = G3d' (2') + (373d*(2),
yields (with m = (0,0,0,0,1,1,1,1)T € R?®)
70y = / Q3< —he %N 24 (Vb Td @m
+Z3N - 2"+ Z3(V'y, ) d? @ m>
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— /S [§Q3< — 1M + N -2/ +2(V'y,0)Td' ® m)

V3—V

+—; Q3 (N 24 (V'y, b) T d? ®m>

1 1112 v = 1 1112 v iy
Qo | ——==M,+ =N Qo | ——==M,, — =N .
+2Q2< 5 t+2 Zt>+2Q2( 5 b3 Zb

By density of C' in L? and continuity of the above term in d’ in L? we may
replace d' resp. d? by

dpyin *= argmin Qz( ~ MM+ N2/ +2(V'y,b)ld e m) €L?
resp.
d? i, = argmin Qs (N 24+ (Viy, ) d* @ m) e L

This finishes the proof. (I

6 Limiting plate theory for thick films

For thick films the scaling of bending energies is determined by k—%E(y(’“)) ~
(%)3 It is suggestive to divide the limiting expression derived in theorem 5.2
by v3 and let v — co. That this actually leads to the correct thick film I'-limit
in the bending energy regime is the content of the following theorem. We again
suppose that F satisfies assumptions 3.1 and 5.1.

Theorem 6.1 (Limiting plate theory for thick films.) For k — oo, v — o0
such that v/k — 0, V—%E(k) converges to Finick defined below in the following
sense:

(i) If y®) : Ay — R3 is such that y*) — § in the sense of definition 2.1, then

lim infE(y(k)) > Einick (7)-

k—o0

(i) For all § € L*(Q) there exists a sequence y®) : A, — R3 with y*) — § in
the sense of definition 2.1 such that

lim E(y®) = Bypia()-

k—oo
The limit functional Eipnicc 18 given by

{ Js 3 Q5 (N - 2")dz for j € A,

Ethick(g) = 00 fOTg §Z A

where the matriz N and the class A of admissible functions are as in theorem
5.2.
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Remark. In [6] it is shown that the Cauchy-Born rule holds near SO(3) for

bulk material if assumption 3.1 is satisfied for the bulk energy Wy This

justifies defining a macroscopic energy density by Wiacro(A4) := Ween(4 - 2).

Letting Qmacro(F) = %(Id)(F , ') and defining a relaxed quadratic form
rel on R2><2 by

macro

Qfggcro(F) = cnel]g} C?macro(ﬁ1 +c® 63)

where F' is the 3 x 3-matrix 22 Fije; ®ej, ie. rel = Q9 in the language

7,7=1 macro
of [11], we recover the formula of nonlinear bending energy derived in [11] from
Qgel(N ’ Z/) = fI?L,CrO(II)'

Again we will split the proof into deriving the lower bound (i) and finding
a recovery sequence (ii) into the following two subsections.

6.1 Proof of the lower bound

Let h := £. Analogously to subsection 5.1, we consider Gk Q — R3*3 with

1 -
—((R(k))TVk,,,y(k) —Id)

kv _
G h

and the piecewise constant mapping G*¥ : Q — R3*8 defined by

1 L _
—((R(k))TVk,,,y(k) —Id)

~kv
G h

where V. ,§*) and Vj,,§*) are defined as in (6) and (8). As before (cf. theorem
3.3 resp. (11)), we see that G** and G*" are bounded in L2, say G — G
and GF¥ — G in L? for a suitable subsequence, and G, is as in (16).

Lemma 6.2 There is v € L*(Q;R3) such that fori=1,...,8,

G(x)(2') = G(z") + (Gplv) - (2" = 21).

Having proven this lemma, we immediately can prove the first part of the-
orem 6.1:
Proof of theorem 6.1 (i). Simply note that by a similar reasoning as before,

lim inf %E(y(k)) = liminf i,kQth ( ~Q3(@G)
Q

v,k—oo V v,k—oo V

1
> o | QF{(Gp(a',0) 2"+ wsN - Z)
Q
1
> rel N .7
> 5 [ QEV )
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because subtracting G/(z!) in each column does not alter the value of Q3. [
Proof of lemma 6.2. Let i € {1,2,3,4} and set a = (2 — 2 /k, 24 =z + a.
Suppose T € A’ and Q = 7 + (—1/2k,1/2k)? x (—1/2v,1/2v). Then
(1 + (i) @)~ f e ()
= K (0@ + () /2 /0) - 1P (@) - ][ V'O (©)de - (1)
+k (g“f)( ][ vt (2} — 2. (33)
Since by our interpolation for thick films
b (i) - 19@) = o (190 - 19©) de
Q
— ][/ ViR (€ + ta) - a dtde

= ][/ Vi* (€ + ta)dtde - (z° — 2Y),
(1900 - 30@) + f VI (! 2y
[ (759 + 1) - 950 e - -1y
QJo
= f(z) (=Y.

for f = fE¥) 1 Q — R3*2 piecewise constant on the rescaled unit cubes Q(x),
(33) can be rewritten as

Vi ™ (@) (=) = Vg™ ][ V') (¢ —2') 4 fx)- (2" =21

Now let ¢ € C(Q;R3*2) and set r(z) = ¢(z) — §(z), P(z) = f5 o ¢

Then
|36 - > 06 7()

zeN’

/ k) a 1~(k)
=) Q@ !][ (/V gH) vy (§)>dt:¢(f)df

zeN!

150 (4 ta) — Vi) (2
_ //(Vy ( ”h) VY ():(cp(x)—r(x))>dxdt.
0 Q

For the term not involving r, use partial integration to obtain

1 (k) — g
B gt ta) - gi(x)
/0 /Q ( . div ¢ | dadt
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B _/OI/Q(g(k)(x)-divso(x_til)_divso(@)dxdt

— 0

as h — 0 since |a] < h. But also the remaining term tends to zero because
r — 0 uniformly and + (V') (z+ta) — V'§*) (2)) is bounded in L? uniformly in
t € (0,1) by (11) and — note that ¢ has compact support — (12). Summarizing,
this proves that % f — 0 in distributions.

Define
k —_ - —
@P(w) = 1 (BT @) VW () 1)
Then from
T (k) “Td) —~ @
h(R( VP (1) ~Td) = G
and )
5 (BT (@) = BT (2) Viwg® () =0,
it follows

EA e (35)

on Q=5 x (v/2,v/2) C Q with §' cC S. (Note that R*) being constant on
squares of side-length A implies

lT/_Tx/ ? C_/klmax Tx/ _Tx/2
Gt~ B )| < S B - BT
<&y ao)
— 0.)

Now by (34), the fact that %f — 0 in distributions, and (2! — z1)3 = 0, we
have

R (G(k) (z%) — G’(f) (z') - % ( ][ vk (¢) — Id) (2 - zl)>
% R®(hGW () + 27) — RW (WGP (21) + 21) — ][ vik(e) - (2* - z1)>
Q(x

(vk,y(x)gﬂk)( D) = Vg ][ V'R (&) - (2 —z))

in distributions.
On the other hand, we have for the individual terms R*) — (V’y, b) bound-

edly in measure, G(*), G(f) — G in L?(€Y) by (35), and

1 ((R(’“))T][ vk (¢) — Id) = ][ G*® ~@G(z) in L%
h Q) Q)
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It follows that in all of 2
(V'y,b) (G(z') = G(z') = G- (z' = 2")) =0,

ie. G(2) —G(zYH) =G (2" —2) for i =1,2,3,4.
An analogous argument with z! replaced by z° shows that G(z') — G(2°) =
G- (28— 2°),i=5,6,7,8. Setting v = G(2°) — G(z!) we have shown that

G(2') = G(2") + (Gplv) - (2" — 21)

fori e {1,...,8}. O

6.2 Proof of the upper bound

For 7 ¢ A the upper bound is trivial, so assume § € A, b = g1 A 2. Again
choose §* € W2°°(S), b € W1>°(S) such that

w(})

V25 e, (V0210 <A, 18 < =3

where
SA = {x e R?: jj(z) # §(z) or b(z) # b M=)}, w(A) — 0as A — oo.

For thick films we let A = a/h = ak/v — oo where a = a(h) — 0 as h — 00 so

slowly that o (/B
w(A w(a(h)/h
X2 a2(h)h2 = oh")

and consider the trial function

§®) (2! x3) = § (@) + hasb (@) + h2d(a', z3).

for d € C*(Q). (Recall the definition of f from (30).)
As before we define U = U(z') € SO(3) to be the projection of (V'§*,b*)
onto SO(3). The analogue of lemma 5.5 and 5.6 for thick films is the following

Lemma 6.3 (i) Hgf‘ — 7llw2.e, Hb/\ —b|lw1.2 — 0.
(it) h=H|(V'5,6) — (V'Y )|z — 0.

(iii) (V'§*,0») — U — 0 in L.
(iv) h~! ((v’gk, ) — U) 0 in L2
The proof is similar to the proofs of lemma 5.5 and lemma 5.6. The necessary

modifications are straight forward.
We can now estimate the energy of our trial function:
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Proof of theorem 6.1 (ii). By lemmas 5.4 and 6.3, y*) — . Again we calculate
the discrete gradient
Dy @)(a) = k (5@ +¢) - 1P(@))
=k (Q(w’ +¢) - gj(w’)) +kh ((@3 + )N + () — i?,@(xﬁ)
+kh? (d(2 + ) — d(2))
for z € 4 (0,1/k)? x (0,1/v) C Q, ¢ = (a//k,a3/v), and a € {0,1}> as before.

Now using lemmas 5.4, 6.3 and that d lies in C', we obtain

k

= (2@ +¢) -2 6 - VP k) — o,

k(23 + QA + ) = 2ab) (@) = GA(a) ) — 23V'b(a')a,

0 for a3 =0
2’ x3) foraz=1

v (d(i +¢) — d(#)) — {dg(
in L? since 1 < v < k. By lemma A.3 (with h = 1/k, h = v/k) also
k(@ +) =2 @) - VB @) k) = o,
B (@ + G0+ ) = (@) = G (@) = 0,
hv (d(z+ () —d(z)) — 0
in L> (note || f||ze < ||f[|ze). Therefore,

H(P1 @@ - ) o)

= M@+ ) - P ) - VP k)
k(@ + G (' + ¢) — b (&) — Gob (o))
+kh (d(Z +¢) — d(2))

— x3V'b(2")a’ + d 3(2', 3) 80z

in L2 and

D) (x)(a) ~ (V7P - — 0
in L.
As before, by lemma 6.3 we may replace (V'§*,b*) by U and find
E@G®) = kv / W (z,UT D™y = kv / W(i,ﬂi + UThF(k)>
Q Q
with hF®) — 0 in L™ and F*) — F in L? where

F(a) = 23V'b(z")ad' + d3(2,23)041.
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It follows (note U — (V'§, b) boundedly in measure and -5k*vh? = 1)

586 — [ 07507 Pw)

+ 1im ( L 5@V )R @)
S

v,k—o0

| = m\»—‘\
':\»—‘

142
*/1 —Q2<<V’:b)T(x’)Fé’”(ac)))
2

where the surface terms vanish since Q2 ((V'7,b) Fé /t)) converges in L'. Choos-
ing d(z) = %x%d(w’) and setting m = (0,0,0,0,1,1,1,1)7 yields

FEG) = [ 50(ms(N -2+ (Vi @) o m) )

1

Y Q3<N 7'+ (V0" (x’)d(w’)®m>

because adding (V - (%7
By density of C'1(S)
we may replace d by

T ) (1,...,1) does not change the value of Qs.
in L?(S) and continuity of the above term in d in L?,

dpin = argmin Q3 <N 2 (Viy,b)lde m) e L2

This finishes the proof. O

7 Example: a mass-spring model

In this section we give an example of an atomic interaction to which the results
of the previous sections apply. Motivated by the investigations in [14] we ex-
amine mass-spring models: lattices of atoms whose energy is given by springs
between nearest and next nearest neighbors.

For a deformation y : A, — R3 let

K

1
Euns(y) = 3 > 7(|y(w1) — y(a)| — 1)°
z1,x9€AE
|z —zg|=1
1 Ky
5 Z (’y(xl) —y(2)| — V2)* + Z
LRSIV TEA]
lxg —xa|=v2

The non-negative term x(y) is assumed to be non-zero only for deformations
which are not locally orientation preserving, in particular it is zero in a neigh-
borhood of SO(3) and positive (> ¢ > 0) on O(3) \ SO(3).

Proposition 7.1 For any values of Ki,Ks € (0,00), Ens s an admissible
energy function, i.e. satisfies assumptions 3.1 and 5.1.
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Proof. To see that E,,s can be written in the form (1), for ¥ = y(Z) we define
the cell energy

Wear@ = 5 3 SE(u() (] - 1)

and the surface energy

1 K
Wsurf(yla cee 7y4) = Z Z _(|yj - y’L| - 1)2

1<i<4
j=i+1 mod 4

+§ E > (|yj_yi’_\/§) .
1<i<2
J=it+2

For cubes with lateral boundary faces, Wyrface is defined appropriately.

Now assumption 5.1 on Weey and W,,s and assumptions 3.1 (i) and (iv) on
W (Z, -) are easily seen to be satisfied. Also W (Z,-) > 0 being C? and W (z,1d) =
0 is clear. The remaining part can be first checked for We. The claim then
follows from noting that Wyyface = 0 is zero on rotations and translations. [

A Analytical lemmas

For ease of reference we state here three analytical lemmas in the particular
form they were used in the previous sections. The content of these lemmas is
standard, for sake of completeness we include their (rather short) proofs.

Lemma A.1 Suppose S; C R™, Sy C R™ are domains, f, fr € L*(S1 x S2)
with fr — f in L?(S1 x S3) and f(z,y) being independent of y € So. Assume
ok S1 X So — S1 x Sy are such that ||P o ¢ — P||re~ — 0, P the projection
of S1 x So onto S1, and the density dpg(N)/d\ is bounded uniformly in k (X

denoting Lebesgue-measure). Then
fropr — f in L2(51 x S9).

Proof. If f is uniformly continuous and f;, = f, then even fpow, — f uniformly.
For general f € L?, fi, — f, € > 0 given, choose f¢ uniformly continuous such
that f°(z,y) depends only on x € Sy with ||f — £¢||z2 < min{e/4v/C,e/4} and
k so large that || fi — f||z2 < &/4v/C. Then also

1/2
o on— f ool ( | |fk<gak<x>>—f&(wmm?dx)

1/2
— ( / file) - f€<w>12d¢m>)
i (S1x52)

< V@ ( e —fs(w)lz’dk> v
< g/2. o
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If necessary enlarging k, it follows that

[fxowr = flle <e/2+ 170 pr = [ll2 +e/4 <e.

Lemma A.2 Let a € R" and define A,ll’2 by

(f(z+ ha) — f(z))  resp.

(f(z + ha) — f(x) = WV f(z) - a)

Ajf(x) =
A f(x) =

Sl

for f € L2(R™) resp. H'(R"
in HY(R"), resp. H*(R™), t

fff fn € HYR™), resp. f, fr, € H*(R"), fo — f

Ajfn—=Vf()-a resp.  Ajfn— sz( )a, a)
in L? as h — 0.

Proof. We only consider Ay, = A%, the other case is easier. If f is compactly
supported and smooth, then

Apf(z) — %VQf(x)(a,a) uniformly (36)

which proves the claim for f € C°(R") and f, = f.
Now if f,g € C(R"), then

Apf(x) — Apg(x //V (f — g)(x + stha) - a) - ta dsdt,

so, by Jensen’s inequality,
2 | 2 2
| 14ut@) = Agla)Pde < 519 (0.0) = Vya.lfs (37)

By approximation this estimate holds for all f,g € H?.

Now given f € H? choose g smooth with ||f — g||z2 < . Choosing h suffi-
ciently small, we have |[V2f, — V2f| 12 < e and, by (36), | 4ng— 3V?g(a,a)|| <
e. By (37) then

1 1
| An fr — §V2f|| < ||Anfrn — Angl + || Ang — QVQQ(G»G)”

1
+§”V29(a7 a) - VQf(a,a)H
3e.

IA
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Lemma A.3 In addition to the hypotheses of the previous lemma suppose that
|V fullzee =0 resp. BV fullLe — 0
for h =h(h) — 0 as h — 0. Then
hA? fr — 0
in L as h — 0.

Proof. The claim for A}lis trivial: Since f;, € Wh™>,

Tl + ha) — (@) <

S| S

IV fnll Lo [hal — 0.

For f, € W% C C! we calculate

7ol
|hA2 fr(z)] < % / V fn(x + tha) - hadt — hV fr(x) - a
0
!
< %/ |V frn(x +tha) - a — V fr(x) - a| dt
0
< 3 [ 192 fulioe i alas
0
— 0.
(I
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