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Abstract

The aim of this note is to present a new global formula for the Lichnerowicz decom-
position of a general Dirac type first order differential operator. This formula generalizes
the well-known Lichnerowicz formula for Dirac type operators which are determined by
Clifford connections on an arbitrary Clifford module bundle.

Moreover, we also show that the connection class of a general Dirac type operator has
a natural representative. In this sense, each Dirac type operator defines a natural con-
nection on a given Clifford module bundle. This generalizes the fact that the connection
class of a Dirac type operator possesses at most one Clifford connection.
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1 Motivation and the Main Statement

The main feature of any Dirac type first order differential operator D is, that it can be

regarded as the “square root” of a Laplace type second order differential operator, i.e.

D2 = −△ + V . (1)

Here, respectively, △ := −trg(∇ ◦ ∇) denotes the “Bochner-Laplacian” that is defined by a

connection ∇ on the Clifford module bundle ξ = (E ,M, π, γ) and V ∈ Γ(End(ξ)) is a zero

order differential operator that is uniquely determined by D.

The following is mainly motivated to provide us with the first step of a mathematical

discussion of the canonical functional

SD : D(ξ) −→ R

D 7→

∫

M
∗trV (2)

on the manifold D(ξ) of all Dirac type first order operators being compatible with the

Clifford action γ. In fact, it turns out that this “Dirac functional” is invariant with respect

to the action of the full automorphism group Aut(ξ) of ξ (c.f. [TT ’05]). Hence, one may ask

for the geometrical structure of the quotient set MD := D(ξ)/Aut(ξ) and in what sense the

Dirac functional (2) descends to this “moduli space”. The main proposition of this note will

then provide us with the most explicit form of the integrand of the functional (2). This in

turn may help to classify Dirac type differential operators on a given Clifford module bundle.

The decomposition of D2 into a second and zero order differential operator is known as

“general Lichnerowicz decomposition” (see, for instance, in [BG ’90], [Gil ’95] and [BGV ’96]).

In particular, if D is defined in terms of a Clifford connection ∂A on a Clifford module bundle

E
π

−→M, then (1) reads (c.f. [Lich ’63])

D2 = trg(∂A ◦ ∂A) + γ( FA) . (3)

Here, respectively, FA ∈ Ω2(M,End(E)) is the curvature with respect to the Clifford connec-

tion ∂A and γ is the Clifford action.

Consequently, the zero order operator V for Dirac type operators defined by Clifford con-

nections can be expressed entirely in terms of the curvature of the Clifford connection that

also determines the Bochner-Laplacian.
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In this note we prove the following generalization of the Lichnerowicz formula (3):

Proposition 1.1 Let ξ = (E ,M, π) be a complex vector bundle of finite rank over a (semi-)

Riemannian manifold (M, g) of even dimension and arbitrary signature. Also, let τ∗

M

γ
−→End(ξ)

be a Clifford mapping with respect to g (τ∗

M denotes the co-tangent bundle of M). For every

Dirac type first order differential operator

D : Γ(ξ) −→ Γ(ξ) (4)

there exists a connection ∂D on ξ that is uniquely determined by D, such that

D2 = trg(∂D ◦ ∂D) + γ( FD + ∂DωD + ωD ∧ ωD) . (5)

Here, respectively, FD ∈ Ω2(M,End(E)) is the curvature with respect to the connection ∂D

and

ωD := θ ∧ (D − /∂
D
) ∈ Ω1(M,End(E)) (6)

is the “Dirac form”.

Moreover, the “Dirac connection”

∇D := ∂D + ωD (7)

is a canonical representative of D, i.e. γ(∇D) = D.

Here, the canonical one-form θ ∈ Ω1(M,End(E)) on ξ is basically given by the soldering

form of the frame bundle of M lifted to the Clifford bundle τCl with respect to g (for details,

please, see formula 6 in [TT ’05]). This canonical one-form has the basic feature to be co-

variantly constant with respect to every Clifford connection ∂A, i.e. ∂Aθ ≡ 0.

We call the connection ∂D the “Bochner connection” (which is uniquely defined by D)

and (5) the “general Lichnerowicz formula”. Indeed, it shares the two basic features of the

Lichnerowicz formula (3): Each summand separately is fully determined by D itself and the

zero order term is determined by the same connection that also determines the second order

part in the decomposition (1). We shall see that the formula (5) actually reduces to the

Lichnerowicz formula (3) in the case where D is determined by a Clifford connection. In this

sense, the formula (5) may be regarded as a generalization of (3). Note, however, that the

Bochner connection ∂D does not represent D, in general. That is, γ(∂D) 6= D.
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The general Lichnerowicz formula may be helpful to “classify” Dirac type first order dif-

ferential operators. For instance, one may impose on D the condition to solve the differential

equation

∂DωD + ωD ∧ ωD

.
= 0 . (8)

This is equivalent to restrict to those D ∈ D(ξ) for which

D2 = trg(∂D ◦ ∂D) + γ( FD) . (9)

Obviously, in this form the general Lichnerowicz formula is quite analogous to the original

Lichnerowicz formula (3). This holds true, especially for the specific sub-class of solutions of

(8) that is given by those D ∈ D(ξ) also satisfying

∇D

.
= ∂D . (10)

The unique solution is then provided by Dirac type operators that are defined in terms of

Clifford connections, i.e.

∇D = ∂D = ∂A . (11)

Note that each connection class has at most one Clifford connection. This is because ∂D

is uniquely defined by D. In this case, the Dirac functional becomes proportional to the

Einstein-Hilbert functional of Einstein’s theory of gravity. In particular, it does not depend

on the twisted part of the Clifford connection.

Another natural condition imposed on D is provided by the requirement that the Bochner

connection coincides with a Clifford connection, i.e.

∂D

.
= ∂A . (12)

In this case, the Dirac forms turn out to have a very particular form and the unique solutions

of (12) is given by the Dirac connections

∇D = ∂A + θ ∧ (γM ⊗ φ) , (13)

which are known to play a fundamental role in mathematics (c.f. [Qui ’85], [Bis ’86] and

[Con96]) as well as in (elementary particle) physics (c.f. [Tol ’98] and, in particular, Propo-

sition 3.1 in [TT ’05]). In this case, the extremals of the Dirac functional (24) turn out to

spontaneously break the underlying gauge symmetry, which plays a basic role in the geo-

metrical description of the Standard Model of elementary particles (see also [TT ’06]). Here,
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respectively, γM ∈ Γ(τCl) is proportional to the volume form defined by g and γM ⊗ φ ∈

Ω0(M,End(E)) is a section which super commutes with the Clifford action γ.

Yet another natural condition which one may impose on D is given by

divDωD := evg (∂DωD)
.
= 0 . (14)

Whence, the zero order operator associated with D is given by the (“quantization”) of the

curvature of the Dirac connection ∇D ∈ A(ξ):

V = γ(F∇D
) . (15)

2 The Proof of the Statement

To prove the statement (1.1) we first summarize some facts on Dirac type first order differ-

ential operators. For this let again ξ := (E ,M, π, γ) be a Clifford module bundle of finite

rank over a smooth even dimensional (semi-)Riemannian manifold (M, g). The Clifford action

τ∗

M ×M ξ
γ

−→ξ yields the mapping

δγ : Ω1(M,End(E)) −→ Ω0(M,End(E))

α 7→ γ(α) (16)

which has a canonical right inverse

extθ : Ω0(M,End(E)) −→ Ω1(M,End(E))

Φ 7→ θ ∧ Φ . (17)

Let, respectively, A(ξ) be the affine set of all (linear) connections on ξ and D(ξ) be the

affine set of all Dirac type operators on ξ. We denote by ℘ := extθ ◦ δγ the corresponding

idempotent associated with the Clifford action γ. Then,

D(ξ) ≃ A(ξ)/ker(δγ) . (18)

Consequently, there is a one-to-one correspondence between Dirac type operators and equiv-

alence classes of connections on ξ. However, it turns out that each connection class has a

natural representative. For this we make use of the following map

Ξ : A(ξ) −→ Ω1(M,End(E))

∇ 7→ Ξ∇ , (19)
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where, locally,

Ξ∇

loc.
= − 1

2
gli X

l ⊗ γ(Xj)
(

[∇Xj
, γ(Xi)] + ωi

jkγ(Xk)
)

(20)

with (X1, . . . , Xn) being a local co-frame on M and (X1, . . . , Xn) its dual. The symbols

ωi
jk := Xi(∇TM

Xj
Xk) are the corresponding Levi-Civita connection coefficients with respect

to g and the chosen frame and gij ≡ (g(Xi, Xj))−1.

The mapping Ξ may be considered to “measure” the deviation of the connection ∇ from

being a Clifford connection. It has been introduced already in [AT ’96]. We then have the

following

Lemma 2.1 The affine mapping

Π : A(ξ) −→ A(ξ)

∇ 7→ ∇ + Ξ∇ (21)

is well-defined on A(ξ)/ker(δγ). Consequently, one has a well-defined mapping (denoted by

the same symbol)

Π : D(ξ) −→ A(ξ)

D 7→ ∂D := Π(∇) (22)

with γ(∇) = D. We call the elements of im(Π) ⊂ A(ξ) the “Bochner connections” on the

Clifford module bundle ξ.

Proof: Let ∇, ∇′ ∈ A(ξ). Then, γ(∇) = γ(∇′) iff ∇′ − ∇ ∈ ker(δγ) ⊂ Ω1(M, End(E)).

Moreover, Ξ∇
′ − Ξ∇ = ∇−∇′ and hence Π(∇′) = Π(∇). 2

Note that ker(δγ) ≃ ker(Π) and thus

D(ξ) ≃ im(Π) . (23)

This equivalence gives the geometrical meaning of the differential form Ξ∇ associated with a

connection ∇ ∈ A(ξ) on a Clifford module bundle ξ. As a consequence, every D ∈ D(ξ) has

a natural representative within the quotient A(ξ)/ker(δγ).
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Indeed, there is a natural lift

A(ξ)/ker(δγ) −→ A(ξ)

[∇] 7→ ∇D := Π(∇) + ℘(∇− Π(∇)) . (24)

Note that each of the summands is uniquely defined by D ∈ D(ξ) that corresponds to

[∇] ∈ A(ξ)/ker(δγ). We call (24) the “Dirac connection” on ξ that corresponds to D.

Lemma 2.2 For D ∈ D(ξ), let ωD := extΘ(D − /∂
D
) ∈ Ω1(M,End(E)) be the associated

“Dirac form” such that the Dirac connection reads

∇D = ∂D + ωD . (25)

Like the Bochner connection the Dirac form only depends on D and

Ξ∇D
= −ωD . (26)

Proof: Let ∂D be the Bochner connection with respect to D. Since ωD = ℘(∇ − Π(∇))

it is clear that the Dirac form is independent of ker(δγ) ⊂ Ω1(M,End(E)). Moreover, since

γ(∇D) = D we have

∂D = Π(∇D)

= ∇D + Ξ∇D

= ∂D + ωD + Ξ∇D
, (27)

which proves the statement. 2

We now turn to the proof of the statement (1.1). For this we make use of the following

formula for the general Lichnerowicz decomposition (1):

△ = −trg(∂D ◦ ∂D) , (28)

V = γ(F∇) + evg

(

∇Ξ∇ + Ξ2

∇

)

(29)

with ∇ ∈ A(ξ) being any representative of D. The validity of these formulas was proved in

[AT ’96] in the case of a positive signature. In particular, it has been shown that they are

independent of the choice of a Clifford connection. In [Tol ’98] it has been shown that these

formulas are actually independent of any representative ∇ (finally, [TT ’05] treats the case

of arbitrary signature). The main drawback of the formula (29) is that, in contrast to the

Bochner-Laplacian, it is defined in terms of the arbitrary choice of a representative ∇ ∈ A(ξ)

of D. It is thus not quite analogous to (3). Moreover, each summand in (29) strongly depends

on the choice of ∇. Only the sum is shown to be independent of this choice.
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Proposition 2.1 Let D ∈ D(ξ) be a generalized Dirac operator. The zero order part of D2

can be expressed in terms of the Bochner connection uniquely associated with D:

D2 −△ = γ( FD + ∂DωD + ωD ∧ ωD) (30)

with, respectively, FD ∈ Ω2(M,End(E)) being the curvature on ξ with respect to the Bochner

connection ∂D ∈ A(ξ) and ωD := extθ(D − /∂
D
). Here, both FD and ∂DωD + ωD ∧ ωD are

considered as sections of the bundle τCl ⊗M End(ξ).

Expressed in this form, the zero order part of D2 formally looks like the “quantized”

curvature of the Dirac connection ∇D on ξ. However, the section

∂DωD ∈ Γ(τCl ⊗M End(ξ)) (31)

also contains a “symmetric” part within τCl.

Proof: Since D2 − △ is independent of the connection ∇ ∈ A(ξ) representing D, we may

replace ∇ in (29) by the Dirac connection (25) to obtain

D2 −△ = γ(F∇D
) + evg

(

∇DΞ∇D
+ Ξ2

∇D

)

. (32)

We use Lemma (2.2) and the specific form of the Dirac connection to again re-write (29)

as

D2 −△ = γ( FD) + γ(ωD ∧ ωD) + γ(dDωD) − evg (∂DωD) . (33)

Here, respectively, FD ∈ Ω2(M,End(E)) is the curvature on ξ with respect to the Bochner

connection ∂D ∈ A(ξ) and dD denotes the induced exterior covariant derivative with respect

to ∂D. The formula (30) then follows from the well-known linear isomorphism between the

Clifford and the Grassmann algebra, whereby the Clifford product “∗” can be expressed as

α ∗ β = −g(α, β) + α ∧ β (34)

for all α, β ∈ T∗M →֒ Cl(M, g) (with the latter being the total space of the Clifford bundle). 2

To prove the validity of the formula for the Bochner-Laplacian (28) is simply a copy of

the proof already presented in [AT ’96]. There it was also shown that the Bochner-Laplacian

is independent of the choice of a Clifford connection. That the Bochner connection is indeed

unique follows once again from the isomorphism (23). This finally proves the validity of the

assertion (1.1).
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3 Conclusion

We presented an explicit global formula for the zero order operator uniquely associated with

every Dirac type first order differential operator. The form of this general Lichnerowicz

formula (5) is as similar as possible to the well-known Lichnerowicz formula (3) for Dirac

type operators defined in terms of Clifford connections. We also presented some natural

restrictions on the domain of definitions of the canonical functional (2). It is hoped that

these may help to obtain some understanding of the moduli space MD naturally associated

with the geometrical set up of Dirac type operators. Such an understanding seems indeed

necessary in order to obtain a deeper understanding of the geometrical description of the

Standard Model of elementary particle physics in terms of “Dirac type gauge theories” (c.f.

again [TT ’05]). Moreover, an understanding of the geometry of MD may be also helpful to go

beyond the Standard Model (for possible phenomenological consequences of gauge theories

based on the Dirac functional (2), please, see [TT ’06]).
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