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Abstract

We provide a class of inequalities for detecting entanglements in multi-mode systems. Necessary
conditions for fully separable, bi-separable and sufficient conditions for fully entangled states are

explicitly presented.
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I. INTRODUCTION

Entanglement plays a key role in the rapidly developing field of quantum information
processing. Consequently, the study of entanglement of bi- and multipartite systems has
been the focus of research in quantum information theory. In recent years, increasing at-
tention was paid to infinite dimensional systems, the so called continuous-variable (CV)
systems. In particular, Gaussian state entanglement, a special case of CV systems, has
aroused great interest[1-8]. The quantum teleportation network has been recently demon-
strated experimentally with the use of fully symmetric three-mode Gaussian states[9]. Many
efforts[2-5, 7, 8, 10-17] have been devoted to the study of detecting entanglement for CV
systems.

It is of particular relevance to provide theoretical methods to determine the entangle-
ment of a CV quantum system in quantum information processing and computation. Such
an interest stems from the practical needs in the implementations of realistic information
protocols. There has been some progress in the criteria for entanglement by uncertainty
relations[10-15]. In [13] Hillery and Zubairy have provided a class of inequalities for detect-
ing entanglement of two-mode states.

In this paper, we generalize the inequalities to the case of multi-mode states. We derive a
class of inequalities for detecting the entanglement of multi-mode states and some inequali-
ties to detect fully entangled states. These quantities and inequalities can be, in principle,

measured in standard homodyne correlation experiments[18].

II. BIPARTITE ENTANGLED CONDITIONS FOR 3-MODE STATES

Firstly we consider the case of three-mode states. We focus on three-mode harmonic
oscillators. The derived conditions can also be applied to radiation modes, motional states
of trapped ions, and related systems.

Let operators a, b and ¢ be the annihilation operators of the first (A), the second (B)
and the third (C') mode, respectively. Set L; = abc! + a'b’c and Ly = i(abc’ — alb’c). We

have

[L17L2] = 2i{NaNb_NaNc_Nch_Nc}a (]-)



and
(AL)? + (ALy)? = 4(N,NyN.) — 4 |{abeh|”
+2(<NaNb> + <Nch> + <NaNc> + <Nc>)7 (2>
where N, = a'a, N, = b'b and N, = cfc. For a pure state that is AB|C' bi-separable with
respect to the first, second and third mode, we have
(ALL)? + (ALy)? = 4(N,Ny)(N,) — 4 |(ab)(ch)|”
+2(<NaNb> + <Nch> + <NaNc> + <Nc>) (3>
Noting that the Schwarz inequality implies that, for any state |¥), [(a)]> = [(¥ |a| U)|* <
(T2 - |a [ 0)* = (U]ata|T) = (N,), [(ab)|> < (N,N,), for such a pure AB|C separable state
we get

(AL1)2 + (AL2)2 > 2(<NaNb> + <Nch> + <NaNc> + <Nc>) (4)

Lemma 1 For any density matrix

p=Y mipk, O<p <1, > p=1, (5)

k

and a variable S,we have

(ASP = 37 pulAS?, (6)

The lemma can be proved by the convexity. From the lemma, we have that the inequality
(4) holds for AB|C' separable mixed states as well.
On the other hand the uncertainties AL; and AL, also satisfy
(AL1)* + (ALy)* > 2ALALy > | ([L1, Lo)) |
= 2[(NaNe) — (NpNe) — (NoNe) — (Nl (7)
Comparing this result, which holds for any state, with inequality (4), which holds for any
AB|C separable states, we see that the right-hand side of inequality (7) is always less than

or equal to that of inequality (4). Consequently, there may be states that violate inequality
(4) while satisfying inequality (7). Thus we have the following theorem:

Theorem 2 If the following inequality holds for a state p,
(AL1)? + (ALy)? < 2((NaNy) + (NoNe) + (NaNe) + (N)),

then the state is AB|C entangled.



For a state |¥) = (]0)4|0)5|1)c 4+ [0)a]1)6]0)c + [1)a]0)s|1)e + [1)4|1)5|0).)/2, we have
(AL1)? 4 (ALy)* < 2((NoNe) + (NaNy) + (NoNe) + (Ne)).

Therefore the theorem shows that the state |U) is AB|C' entangled.
Comparing (2) with (4) we have the following corollary:

Corollary 3 If the following inequality holds for a state p,

2

(NaNpN.) < |(abchy|”, (8)
then the state is AB|C entangled.
Note that the Schwarz inequality implies that
[(abe)|* < (NuNy(N. + 1)). (9)

Formulae (8) and (9) suggest that there is a family of similar conditions for detecting en-
tanglement, if one considers operator a™b"(c)! instead of abe!. So we have the following

theorem:
Theorem 4 If the following inequality holds for a state p,
[{@™b"(c))|* > ((al)ma™ (")"5" (c!)'e'), (10)
where m, n and | are positive integers, then p is AB|C entangled.
Proof: For a AB|C' separable pure state we have

[{a™ " ()Y = [{a™0")P[(D* < ((al)™a™ (07)"0")((c)'e)
= ((ah)"a™ (") 0" (c")'c'). (11)

To show that formula (11) is valid for AB|C separable mixed state (5), defining A = a™,

B = 0" and ¢ = ¢!, we have

(anch| = | S pitr(peanch] < 3 pultr(pranch))

k k
ab c 2 2
= > piltr(pf” aB)tr (o7 < pr(atase), 2 (o), 2. (12)
k k



From the convexity, we have that
[(aBc)| < () pi(aaniB)i(clo))'/?
k
= () _pr(afaB’Bclo)) 2 = (afaBiBcic)'/?, (13)
k

which shows that the inequality (11) does indeed hold for all AB|C' separable states. This
ends the proof. O

In analogy to Ly and Lo, we have the following theorems:

Theorem 5 If any one of the following inequalities hold for a state p,
(AJ1)? + (AJ)? < 2((NaNe) + (NalNp) + (NoNe) + (Na)), (14)
[{(ah)m6n )P > ((ah)ma™ (07)"b" (cN)'), (15)

where J, = ab'ct + a'be, Jo = i(—ab'ct + a'be), m, n and | are positive integers, then the

state is entangled between A-party and BC-party.

This theorem can be directly proved by using the techniques in proving theorems 2 and 4.
We can Similarly obtain the following theorem for entangled states between B-party and

AC-party:
Theorem 6 If any one of the following inequalities hold for a state p,
(AF))? + (AK)? < 2((NoNe) + (NaNp) + (N Ne) + (). (16)
[{a™ (1)) * > ((al)™a™ (@)"b" (")), (17)

where Ky = ab'c+ a'be! and Ky = i(ab’c — a'bet), m, n and | are positive integers, then the

state is B|AC' entangled .

In fact, there is another class of inequalities detecting the bipartite entangled states. We

have the following theorem:

Theorem 7 For a state p,
if [{a™bmct)| > [((a*)mam><(bT)”b”(CT)lCl>}1/2, then the state is A|BC' entangled;
if [{a™bcl)| > [((b*)”b"><(aT)mam(CT)lcl>}1/2, then the state is B|AC entangled;

if [{a™bcty| > [((a*)mam(bT)”b”)((CT)ZCM1/2, then the state is AB|C entangled .



Proof: We prove the condition for A|BC' entanglement.

From Schwarz inequality, we have

1/2

™) < [{(aT)™a™){((b1)"b" (c")'c")] (18)

for a pure A|BC separable state.

For A|BC separable mixed state p = >, prpr, where py, is the density matrix correspond-
ing to a pure A|BC separable state, and py is the probability of py, we have

|(ABC)|? = Zpktr prABC)|? < Zpk]tr prABC)|)?
= szp] i(BC) ||<CTBT> (aT);]
< sz‘pj ((afa)i(BTBCTC): (BTBC ) (ATA) )2, (19)
4,3
where A = @™, B = b" and ¢ = ¢. Set (ATA); = x;, (B'BCTC); = y;. (19) can be expressed as
|(aBC)[* < Zpkwkyk +23 " pipy(wayirsy) ', (20)
i<j
While (ATA)(B'BCTC) can be expressed as

(ATA)(BTBCTC) = Zpkxkyk + szpg TiY; + T5Yi)- (21)

1<J

Noting that z;y; + z;u; > 2(xy:xy;)'/?, we see that from (20) and (21) the inequality (18)

holds for all A|BC' bipartite separable states. Hence if a state violates this inequality (18),
it must be bipartite entangled between A-part and BC-part. The other conditions can be

proved similarly. [

For m =n =1 =1, formula (18) implies that for a A|BC' separable state
[{abe)* < (Na)(NoN). (22)

For an arbitrary state, we have |(abc)|* < [(N, + 1)(N,N,)]. Therefore there may be states
that do violate the inequality (22) and are A|BC entangled at the same time.

III. FULLY ENTANGLED CONDITIONS FOR 3-MODE STATES

We first introduce the notions of fully separable 3-mode states and fully entangled ones

in[19, 20]. A 3-mode state is fully separable if and only if the state can be described as
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mixtures of p; ® py ® p3. A 3-mode entangled state is fully entangled if it is not bi-partite

separable. We have our main theorem:
Theorem 8 If the following inequality holds for a state p,
(AK(9))* <1, (23)
where K(¢) = e®a’b’ct + e~*abe, ¢ € [0, 27], then the state is fully entangled.
Proof:
(AK(¢))? = e*{(a'blc! — (a'dlc!))?) + e % ((abc — (abc))?)
+((a’bch — (aTblch)) (abe — {abe)))
+{((abc — {abc))(aTblct — (aTblch))). (24)
As 2 ((a'bTch — (aTbTet))?) + e 29 ((abc — (abc))?) is real, by using the Schwarz inequality
[{(abe — (abe))?)]
< [{(abe — (abe))(a'bet — (a'bie))) ((a'blet — (a'bich)) (abe — (abe)))]V?, (25)
we obtain

(AK(¢))?
> —[((a'ble" — (ablc))?)| = [((abe — (abe))?)]
+{(a'blc! — {aTbTc)) (abe — (abe))) + ((abe — {(abe))(a'bict — (aTblcl)))
—2[{(abe — (abe)) (atdf el — (atbfeM)) (afbTet — (afbTeh)) (abe — (abe)))]/?
+{(a'blct — {a'bTch)) (abe — (abe))) + ((abe — {(abe))(a'bict — (aTblcl)))
= [({(Na + )Ny + 1)(Ne + 1)) = [{abe) )72 = ((NaNpNe) — [{abe) )22 (26)

v

The inequality (26) is valid for all states. In particular, if the state is a fully separable pure
state, (26) becomes
(AK(9))> > [((Na+ 1){Ny + 1)(N, + 1) — [{abc)|*)"/?
—((Na) (No) (Ne) = [ {abe) ) /22, (27)

Denote z; = (N,), o = (Ny), 23 = (N.) and z = |{abc)|*. Let us find the minimum of the

function

F(zy,79,73) = /(21 + 1) (22 + 1) (23 + 1) — 2 — V212975 — 2, (28)
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in the region xyxox3 > 2z > 0.
There are two cases: 1. F(z1,x2,23) has minimum in the region of interest. From

OF (x1,x9,23)/0x; =0, 1 = 1,2,3, F acquires the minimum at x; = x5 = x3 = x,

Faim =V (2 +1)33 — 2 — Va3 — 2. (29)

As (V(r +1)3 =22 — (1 + V23— 2)? > (2 + 1) — (2 + 1 + 2V23), we have Fy, > 1 in
the region of interest.

2. F(z1,r9,x3) has no local minimum in the region of interest. Then the minimum of
the function must lie on the boundary, z;z9x3 = 2 or at least one of the x1, x5 and x3 goes
to infinity.

On the boundary xx9x3 = 2z we have

F(l’l,l’g,.ﬂjg) = \/(xl -+ 1)(]]2 + 1)(1’3 -+ 1) — X1T9X3 > 1. (30)
When z1, x9, xt3 — 00, we obtain

F(xy,z9,23) = ——du

1T2T3—2 2\/a

(1 + 1)(ze + 1) (23 + 1) — x12073
2y/(x1 + 1) (wg + 1) (23 + 1) — 2

/($1+1)(I2+1)(1‘3+1)—2 1

(1 + 1)(x2 + 1) (3 + 1) — 212073
2\/(:151 + 1)(xe + 1) (x5 + 1)

1 1 +1 N (xg + 1)(z3+ 1)
n 2 (I2+1)(LL’3+1) .T1+1
ZE1I2+I1JZ3—1

Vi +1)(z2 + 1)(23 + 1)

r1To + r1T3 — 1
1+ . 31

When one of the z1, x5 and x3 goes to infinity, while the rest keep finite, the proof can be
done similarly. Therefore, F,,;, > 1 holds for any fully separable pure states. Finally, we

have, from Lemma 1,

(AK(¢))* > 1 (32)

for fully separable mixed states.



Actually inequality (32) is also true for any bi-separable pure states. For example, for a

A|BC separable pure state, we have
(AK())* = [({(Na+ 1)((Np+ 1)(Ne + 1)) = [{abe)[)'/? = ((Na) (NoNe) — [{abe)[*) /2] (33)

Setting z; = (N,), 12 = (NyN..), 23 = (Ny), 24 = (N,) and z = |(abc)|?, we define a function

G(x1, 29,03, 24,2) = /(21 + D(za+ x5+ 24 +1) — 2 — VT3 — 2
> V(v + 1) (@ + 1) — 2 — Vaya, — 2, (34)

which is greater than or equal to 1 in the region of interest. From lemma 1, we know that
(32) is also valid for any bi-partite separable mixed states. Therefore violation of inequality

(32) implies full entanglement. This ends the proof. O

As an example we consider the GHZ state, |GHZ) = (|000) + [111))/+/2. For this state,
we have (AK)? = ((K?)) — ((K))* = 0, where K = K(¢ = 0). Thus the GHZ state is fully
entangled.

In analogy to (11), it is possible to find other relations satisfied by separable states. For

example, in the case of pure fully separable states we have that
[{abe)| = [(a) (B){c)] < [(Na)(Np)(Ne)]'2. (35)

However, (35) is not always true for some fully separable mixed states. In fact, for a
tripartite pure state, we can detect a fully entangled state with respect to all three bipartite
decompositions. If all three bipartite decompositions are entangled, the tripartite state is
fully entangled.

Here is another criterion for detecting pure fully entangled states.

Theorem 9 If a pure state violates inequality (35) and satisfies the following relations si-

multaneously,
[{a) (be)* < (Na) (Np)(Ne), (36)
[{ab)(c)[* < (Na)(Np)(N), (37)
[{ac)(O)* < (Na)(Ne)(Np), (38)

then the pure state is fully entangled.



Proof: Without loss of generality, we suppose that a A|BC' separable state satisfies the
above three inequalities and the inequality (35), |[(abc)| > [(N,)(Ny)(N)]"* simultane-
ously. However for a A|BC separable state, |(abc)| = |{a)(bc)|. This contradicts with (36),
[{a)(bc)|* < (N,){N,)(N.). This ends the proof. O

We can extend these inequalities to general forms.

Corollary 10 If a state satisfies the following relations simultaneously,

( ( (39)
[{a™ 0"} () * < ((ah)™a™){(ON)"b"){(c")' ), (40)
) ) (41)
) { (42)

where m, n and | are positive integers, we can conclude that the state is fully entangled.

Consider the state

) = N_(o, B,7)(la, B,7) = | =, =53, =), (43)

where the normalization

N — [2 (1 _ 672(|a\2+|ﬁ\2+|7|2)>] _1/27 (44)

|, B,y) is the coherent state. For this state we have

1
|<CLT(b)2C>| - |2 (1 — 6,2(|a|2+|m2+|,y|2)) (oz*(Oé, B, 7| + a*<_a7 -0, _7|>

(8% e, B,7) + 29| —a, =B, =) |

20 3% (1 + 6—2(|a\2+|ﬂ\2+|7|2)) .
= IS —czwrmEmy =l 3| coth(af® + B> + [4*)  (45)

and

(a'ab'b'bbclc)) 2

1 * * k ok * * k ok
9 (1 _ 6_2(|a|2+|m2+|7|2)> (Oé 5 5 Y <a7ﬁ7’7| - ﬁ 6 Y <_a7 _ﬁa _’YD
af*yla, B,7) — af’y] — o, —B,—7)))"/*

—9(lal? 2 2 1/2
_ (2@1%4\7\2@ — e=laP o 4 >>> = lellBPh. (46)

I
— ~ —

2 (1 — e—2(aP+AP+hP))

10



Eq. (46) is clearly less than Eq. (45) for all nonzero parameters. Hence, the state is A|BC
entangled from inequality (15). It is easily shown that for this state |a?bfc|? > (a'a'aaN,N,),
la?bct|? > (N,NycTcefec). Therefore we conclude from (17) and (11) that this state is not
only AB|C entangled but also B|AC' entangled: this state is fully entangled.

IV. MULTI-MODE STATE

The methods employed above for 3-mode states can be extended to n-mode states. Con-
sider n modes whose annihilation operators are ay,as, --- and a,, respectively. For a state

that is separable between m-mode and (n — m)-mode, we have that
(aras -~ amal, - ab)]? < (NiNa - N), (47)

{araz - amper -+ @n)[* < (NN - N (Nn -+ Vo). (48)

Therefore, if the inequalities (47) or (48) are violated, the state is entangled between m-mode

and (n —m)-mode. We also have that for a general m|(n —m) separable state

(ata - aly - (al)™)|* < {(a])al (a})2a% - - (al,)malm), (49)
I 1 n l l m o lm mt1 . bm m lm
[(altal? - al)* < ((al)raf (a)2a - (al,)maly)((al, ) rragty - (af)maly). (50)

Denote K(¢) = eajay - - - a, + e ?alal - - - al | we have that for a fully separable state
(AK(9))* = 1. (51)

In analogy to formula (32), (51) holds for any separable states. Hence if the inequality (51)

is violated, the multi-mode state must be fully entangled.

V. CONCLUSIONS

We have studied inseparability conditions for multi-mode states by presenting a series of
inequalities. These conditions provide, in principle, measurable tests of entanglement, in the
sense that all of the quantities appeared in the inequalities can be measured experimentally.
The results in section 2 (theorems 4-7) have simple forms and can easily applied. They
coincide with the ones in [10, 14, 15] that can be obtained by extending the methods used

on non-positivity of partial transposition (NPT) in [14, 15]. In many practical cases, such

11



as teleportation network, we firstly need to detect the fully entanglement of a state. Our
theorem 8-9 could be applied for such purpose, as the quantities in the inequalities can be
measured experimentally. For dealing with the entanglement of Gaussian states there are
already very nice results [4, 5, 7, 8]. Our theorems 8-9 give some results which are derived
for general states. Hence they could be applied for detecting entanglement of non-Gaussian
states.

The work is partly supported by NKBRPC(2004CB318000) and NSFC projects
(10375038, 90403018, 10675086)
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