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1. INTRODUCTION

This paper addresses two distinct but related problems. The first one is the characteriza-
tion of the quasiconvex hull of a set of three 3 x 3 matrices in the context of divergence
free fields. The second is the characterization of extremal three-point H-measures for
mixtures of three characteristic functions in dimension three. The first problem is ex-
pressed as follows: given a set K = {A;, Ay, Az} C M>*3 of three real 3 x 3 matrices,
characterize the set, denoted by KZ°, of all matrices By such that there exists a sequence
{B,} C L3 (R3 M3>*3), L? -equi-integrable, Q-periodic, with Q = (0, 27)?, and such that

loc loc

DivB, = 0 in D'(R3,R?),
(1.1) dist(By, K) — 0 in measure,

f,Bn=DBy Vh.
1
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The set K is called the S-quasiconvex hull of K. When the fields By, are curl-free rather
then divergence-free, and thus are gradients of suitable vector-fields, the analogous prob-
lem has been solved by Sverdk [19] and we refer the reader to [12] for a broad introduction
into this subject. More generally (1.1) falls in the framework of A-quasiconvexity where
the differential constraint on the fields By, is replaced by more general ones related to the
so-called constant rank hypothesis (see, e.g., [4]).

As recently shown by Palombaro and Ponsiglione [15], exact non-constant solution to
the problem (1.1), i.e., divergence free fields taking values in K, may only exist if K
contains rank-2 connections, that is rank(A; — A;) < 2 for some ¢ # j. In contrast, as
Garroni and Nesi have shown [5], there exist sets K with no rank-2 connections, for which
(1.1) admits solutions for some By ¢ K. The examples exhibited in [5] share the property
that the two-dimensional vector space generated by A, — A; and A3 — Ay contains three
distinct “rank-2 directions” and the mutual position of A;, Ay and Aj is such that the
corresponding rank-2 affine lines through A;, Ay and Aj intersect at points inside the
convex hull of K in order to form an “inner” triangle like in Figure 2-(1) in Section 5.
(This is reminiscent of work done in the context of gradient fields, see, e.g., Székelyhidi
[21] and in particular Fig. 1 therein.) Throughout the paper we will refer to all sets that
enjoy such property as sets of Type 1. One of the main results of this paper (Theorem
5.24) is that if K contains no rank-2 connections, then the set K& is non-trivial, i.e.,
K& 2 K, if and only if K is a set of Type 1. The characterization of KI° when K
is of Type 1, is performed in two different steps. First one seeks an inner bound for
K and then one proves the optimality of such bound. An explicit construction for the
inner bound is provided by an “infinite-rank” sequential lamination, the idea successfully
exploited earlier in a number of different settings, see for instance [17], [13], [24], [1]. All
the essential ideas, in the divergence free (Div-free) context, have been introduced in the
Garroni and Nesi construction [5]. Establishing the optimality of the inner bound requires
an additional analysis. For the “Tartar square” example of “approximate non-rigidity” for
four pairwise incompatible gradient wells, one way to establish the sharpness of the inner
bound is by employing the Sverak’s [20] “nontrivial” quasiconvex (but not polyconvex)
function det™. Our strategy is similar in spirit. We construct a suitable modification of a
function originally introduced by Tartar [22] in the study of composites in homogenization.
It is a rank-2 convex function which is quadratic and therefore quasiconvex in the space of
Div-free fields. Our modification resembles Sverdk’s function since it behaves like his det™
function on the two-dimensional plane determined by the three-wells (see Lemma 5.12).
A central accompanying ingredient is in establishing that the rank-two convexity on such
plane implies quasiconvexity with respect to solenoidal fields (Theorem 5.14). For proving
the latter we follow Miiller [11] and develop an appropriate modification of Haar wavelet
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estimates in terms of the Riesz transform employing deep Paley-Littlewood techniques
of harmonic analysis. This allows us to fully characterize the S-quasiconvex hull for all
sets of Type 1. In other cases when K does not contain any rank-2 connection but it is
not a set of Type 1, we employ our analogue of Sverdk’s function to “disconnect” the set
K (Theorem 5.22) and we then use a result due to Kirchheim [7] and Matousek [9] (see
Lemma 5.21) to prove that in such a case necessarily K& = K. All the remaining cases
(see Definitions 5.3 and 5.6 and the subsequent discussion for an account of all cases) can
be treated without any special difficulty (see Theorem 5.23 and Proposition 8.1).

The second, related, issue addressed in this paper is the characterization of the H-
measures associated with three-phase mixtures in dimension three. Such a problem arises
in the context of evaluating the “relaxation” of three-well energies. To set the scene
let us consider the following problem. Given the function F(n) = 3min{|n — A;*,i =
1,...,N}, ne M¥*3 N e N, N > 2, given § € (0,1)Y with >_,6; = 1, characterize the
quasiconvexification of F, QYF, at fixed volume fractions 6:

2

N
(1.2) vne M** Q°F(n) := inf inf %]{2 n+ Vo(x) — Z XiAi| dx,
i=1

fxi=0; pew >
f

where Wﬁl’z(Q, R3) is the space of W1?(Q,R3) functions which are Q-periodic, with Q =
(0,27)3, and x;’s are characteristic functions of measurable subsets of Q. In the framework
of linearized elasticity, the function F' is the minimum of N quadratic functions of the
linear strain with same elastic moduli but different stress-free strains (see, e.g., [1, 8, 18]).
More generally, one could consider a problem analogous to (1.2) for general differential
constraints (in the above mentioned framework of A-quasiconvexity), in particular with
the divergence-free constraints. Computing QY F' amounts to finding energetically optimal
microstructures that mix the N given phases with prescribed volume fractions 6.

One possible approach to this problem is based on the idea of using Fourier analysis
and as a result reformulating (1.2) into a problem of minimization with respect to special
measures on the unit sphere S?, the H-measures, introduced by Tartar [23], and indepen-
dently by Gerard [6], the idea proposed and advanced in this context by Kohn [8] and
Smyshlyaev and Willis [18]. This reduces the problem of relaxation to that of characteriz-
ing the extremal points of the (closed convex) set of the H-measures. An attractive feature
of the H-measures is that those are purely “geometrical” objects, i.e., they do not depend
on any differential constraint but only on the microgeometry of mixing. In particular they
depend on the number of component phases, N, and on the volume fractions §. When the
number of phases is two, i.e., N = 2, the set of the H-measures is known for every value
of # and the relaxation of a two-well energy may be explicitly computed (see Kohn [8]).
In contrast, for N > 2, the set of the H-measures is not fully characterized. It is known
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that they satisfy some restrictions but these are in general not sufficient to characterize
them. For N = 3, Smyshlyaev and Willis [18] proved that the known restrictions for the
H-measures describe a bigger convex set whose extremal points are explicitly character-
ized (being matrix Borel measures supported in no more than three Dirac masses), and
showed that among these points there is a large class of “actual” H-measures. They also
provide a sufficient condition for which an extremal point of the convex superset is in
fact an H-measure. In this paper we prove that such condition is also necessary, at least
for all the measures supported on three independent directions. As a consequence we
are able to fully characterize all the extremal three-point H-measures supported on three
independent directions (Theorems 7.3, 7.8 and 7.10). Our strategy for proving this is the
following. We study problem (1.2) for N = 3 replacing the minimization over gradient
fields by that over solenoidal fields. In other words, we study the quasiconvexification of
the three-well energy F(n) = §min{|n — A;|*,i = 1,2, 3} with respect to divergence-free
fields (see Definition (3.1)), denoted by Q%F. Following the recipe of Kohn [8], we rewrite
the problem as a minimization over the H-measures. Next we use an algorithm developed
by Smyshlyaev and Willis [18] which allows one to compute a lower bound on Q%F by
minimizing over all extremal points of the superset containing the H-measures. When the
(unique) measure that delivers the bound is an H-measure, then the lower bound turns
out to be optimal. Therefore, if we know that for certain matrices A, Ay, A3 and a certain
value of 6 the lower bound is not optimal, then we may conclude that the measure that
gives the bound cannot be an H-measure. What we find is that every three-point extremal
measure of the superset is the extremizing measure that delivers a zero lower bound on
Q%F at the point n = Z 0; A;, for a suitable choice of the matrices Ay, Ay, A3 and of the

volume fractions #. Then we use the results of the first part of the paper to establish the
optimality of such lower bound. Indeed, the zero lower bound is optimal if and only if

3 3
Q@F( 3 HZ-AZ-) = 0, equivalently, if and only if Y 6,4, € K%, with K = {A,, Ay, Ay).
=1 =1
The structure of the paper is as follows. Section 2 reviews the definition and the basic
properties of “multi-phase” H-measures. The reformulation of the relaxation problem in
the language of minimization with respect to the H-measures is discussed in Section 3
and follows [8] and [18]. Section 4 specializes that to the three divergence-free wells prob-
lem. Section 5 reviews the results from [5] and [15], provides the main tool for proving
the (sharp) outer bound for the quasiconvex hull of an arbitrary three-point set (Lemma
5.12, Theorem 5.14 and Corollary 5.16) and finally gives the characterization of the qua-
siconvex hull (Theorem 5.24). Section 6 is devoted to the proof of Theorem 5.14 (with
the key wavelet analysis and estimates in terms of the Riesz transform) and some other



5

technical results. The main results on the H-measures are stated and proved in Section
7. Theorem 7.3 essentially establishes that the sufficient conditions ([18], Proposition
6.1) for realizability of some extremal three-point measures of the convex superset by the
H-measures are also necessary, while Theorems 7.8 and 7.10 characterize all extremal
three-point measures which do not satisfy these conditions, hence ruling them out from
the set of the H-measures. Section 8 completes the description of the remaining cases
and summarizes the results. Section 9 discusses applications of the “generic” H-measure
results, in particular to the problem of three linear elastic wells.

2. PRELIMINARIES

In the present section we recall the definition and some basic properties of the H-measures
associated with periodic micro-geometries. First we set some notation.

N
Let N,de N, N >2 d>2 andlet = (6y,...,0y) € [0,1]V, withzeizl
i=1

(d is the spatial dimension, N is the number of “wells” and 0;,7 = 1, ..., N are “the volume
fractions”). Let further the set @ = (0,27)? be the “periodicity cell”. We define I(6)
as the set of all characteristic functions y(z) = (x1(x),...,xn(z)) of non-intersecting
measurable subsets comprising () with fixed volume fractions @, i.e.

N
1(0) = {X : R? — {0,1}", Q—periodic and measurable ij =1 a.e.,][ X = «9} ,
j=1 @
where -f,, x stands for “the volume average” |712| Jox: 1Q] = (2m)? is the volume of Q.
We denote by {;(k), k € Z%, the Fourier coefficients for the Q-periodic functions y;:

X5 (k) :]éxy'(if)e_ik'xdﬂ?-

For every x € I(), we call H-measure generated by x the matrix-valued measure p =
(14ij),, defined as follows:

(2.1) i = RGZXi(k)Xj(k)(sk/w , 1<4,j<N,

k0
where /5| denotes a unit Dirac mass at the point & = k/|k| on the unit sphere S9! and
k has integer components. In fact, our definition is a restrictive one, although sufficient
for the purposes of the present work. For a general construction, involving functions that
need not be periodic, see e.g. [6] and [23].
We introduce the notation

L, o aso
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to denote integration of an appropriate function ¢ with respect to the measure ;.

The set of all possible H-measures for a given @, which we will denote by Y*(#), is char-
acterized by including all weak-star limits of (2.1), i.e., all Borel matrix-valued measures
pij(§) such that there exists a sequence of measures p5(§) of the form (2.1) for some
X™ € I1(0) for each m = 1,2,..., and p? = p,;, that is

]

|, eem© s — [ ou©u©as©

gd—1

as m — oo for all continuous functions ¢;; on the unit sphere S*!. So
(2.2) YH(0) = {uij - 3 puy; of the form (2.1) and yu7; 2 pij as m — 00} .

Notice that Y (#) is an infinite-dimensional convex set in the space of matrix measures,
compact in the sense of the above (weak) convergence, see e.g. [8, 18]. It is therefore fully
characterized by its extremal points. It can be easily checked that the H-measures satisfy
the following properties:

N
(2.3) pij=pji and > py; =0, 1<j<N,

i=1
Ggd—1
(2.5) pi5(€) = pij (=€),

N
(2.6) Z / ©0i(§)pi (&) pij(€)ds(€) > 0 for any continuous functions ¢;,7 =1,..., N.
gd—1

i,j=1

We denote the set of all Borel measures on S%! subject to restrictions (2.3)-(2.6) by Y (6):

Y(6) = {1 = ()., : (2.3) — (2.6) hold } .

The set Y (0) is also convex and weakly compact. Kohn (see [8], Theorem 6.4) has shown
that for the case of two wells (N = 2) the conditions (2.3)-(2.6) are necessary and sufficient
to characterize the whole set Y2 (0), i.e then the sets Y (6) and Y () coincide for N = 2.
In contrast, for N > 2, the above restrictions are generally insufficient (Kohn, personal
communications; see also discussion in [18]). The latter is a highly non-trivial fact, and
one of the main results of the present work (Theorems 7.3, 7.8 and 7.10) substantially
clarifies it further, providing a criterion of whether or not certain extremal points of the
“bigger” (convex) set Y () actually belong to the “true” set Y(6), in effect introducing
additional restrictions. Therefore the set Y (6) is strictly contained, at least in some
cases, in Y (0): YH(0) C Y (0).



3. RELAXATION AND H-MEASURES

The aim of this section is to show how the H-measures arise in the relaxation of a “multi-
well energy” of the form

(3.1) F(n) =4smin{|n— 4;*,i=1,...,N}, neM™,

which is in turn related to characterizing the quasiconvex hull of a set of A;,..., Ay of
given matrices in M%? as discussed later. [In (3.1) for A € M%? we denote |A| =
(Tr(ATA))l/ 2.] Here the “relaxation” is to be understood in the context of solenoidal
(divergence free) fields. Actually we will deal with the so-called “S-quasiconvexification
at fixed volume fractions”:

N

Definition 3.1. For any 0 = (0y,...,0y) € [0,1]", with Z@i =1, we define the S-
i=1

quasiconvexification of F at fixed “volume fractions” @, and denote it by Q%F, in the

following way:

2

(3.2) vn e M4 Q%F(n) := inf inf l][ dz
Q

xeI(0) BV 2

N
N+ B(r) = > XA
=1

where V' is the space of Q-periodic divergence free matrix fields with zero average on @),
that is
(3.3)

V= {B € L2, (R, M*?), Q—periodic, f,,B(x)dz = 0,DivB = 0 in D'(R, ]Rd)} .
Definition 3.1 is a particular case of a more general definition which falls in the framework
of A-quasiconvexity (see e.g. [4]). Indeed formula (3.2) involves matrix fields subject to
differential constraints of “solenoidal” (i.e. divergence free) type, hence the label S, rather
than fields which satisfy more general differential constraints.

We will use Fourier analysis to execute the “internal” minimization in (3.2) for an
arbitrary number N of “wells” and we will essentially follow the same method as used by
Kohn [8], with appropriate modifications for the solenoidal fields. (Further minimization
over y leads to the exact computation of Q%F in the case N = 2, see [14].)

Let us fix x € I(f) and compute the infimum (in fact, the minimum) over B in (3.2).
Elementary manipulation exploiting the quadratic nature of F' and the periodicity of B
transforms the integral in (3.2) into

lf
2
Q

2

N
B(z)+n— ZXz’Az' dzx =
i=1
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N N
%{W—Z&AA%Z@-Q )| A2 — Z 0:0;(A;, A;)
=1 =1

i#j=1

(3.4) A <|B< sz ) }

with (-, ) denoting henceforth the symmetric inner product of (possibly complex) matri-
ces: (A, B) := Tr(ATB), A, B € M%?. Rewriting (3.4) in the Fourier space and using
the Plancherel’s formula, the last term of (3.4) can be rewritten in the form

35 3 (1800 - 206003 500

kezm

where B(k) and y;(k) are Fourier coefficients for the Q-periodic functions B and y;
respectively. Minimization of (3.5) can be done separately for each k, with respect to all
B(k) consistent with the divergence-free trial fields (3.3). The frequency k = 0 contributes
nothing to (3.5), since B(0) = 0. For k # 0, the minimizing value of B(k) turns out to be

(3'6) Z V(k)

=1

(see e.g. [8] for similar straightforward linear algebra), where II,,, A; denotes the orthog-

onal projection (in the sense of the inner product (-, -)) of A; onto the space
V(k)={CeM™: (k=0}.

Notice that V (k) is the space of Fourier transforms of divergence free fields “of frequency
k” and it actually depends only on the “direction of oscillation” k/|k|. Moreover, the
orthogonal space to V (k) is given by the space V (k)1 of Fourier transforms of gradient
fields:

V(k):={¢CeM™ (¢ =v®k for some v € R?}.
Therefore, for every ¢ € M™% we have
(3.7) Iy, ¢ = ¢ — (Ck) @ k/|Kk]*.
Plugging (3.6) into (3.5) we find that the minimum value of (3.5) is given by

(3.8) Z Z Xi(R)TL, ) A

k#0 | =1

2




Now using (2.1) we rewrite (3.8) in terms of the H-measures as follows:

N
Z )Zi(k)nv(k)

i=1

2

Z /Sd ) Hv(k)A Hv(k)A >d,U/Z]

i,7=1

k0

Next we set

(3.9) VEe ST fI(E) = =50, A TT  Aj) + 5(AiL Aj)

+ 1
V(&) 2

and by (3.7) we find that

(3.10) F9(€) = 3(Ai€, 4;6)

(with (-, -) denoting here the conventional inner product of vectors).
Then, taking in (3.2) into account (3.4)—(3.9), the minimization problem for Q%F be-
comes

(3.11) Q5 F(n)

Z&A

where the minimization is taken with respect to all H-measures associated with N char-

+ ot Z/Sdlf” ) i (€)

pey 7,] 1
acteristic functions in the sense of Section 2, see (2.1).

4. DESCRIPTION OF THE SET Y (f) FOR N =3

We now focus on the case N = 3. As already remarked, the set Y (6) is typically not fully
characterized in this case by the conditions (2.3)-(2.6). The aim of this section is to give
a description of the set Y (f) determined by (2.3)-(2.6), following Smyshlyaev & Willis
[18]. More precisely, we will focus on the extremal points of Y (#) and their representation
as given in [18]. Before going into further details, let us see how the restriction (2.3)
specializes to the case N = 3. Since x; = 1 — x2 — X3, we have:

Hi2 = flo1 = —flo2 — [lo3, [13 = M31 = —[l23 — M33, f11 = floo + 2pu32 + fi33 .

We can thus restrict our analysis and equivalently consider only those measures generated
by x2 and s, for every x € I(f). We set to this end scalar measures

a(§) = pa2(§)
(4.1) b(§) = p23(§) = p32(§)
C(f) = M33(5) .
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Then relations (2.4) and (2.5) reduce to

[, at€)iste) = oa(1 - 62).

(4.2) i b(&) ds(§) = —0263
[, st = a1 ).
(4.3 al€) = (=), BO) = b(=6)., c(€) = e(~€).

The condition of non-negativeness (2.6) can be rewritten as

(44) [, O8O +20(E00(0€) + e)*(©) ds(e) =0

for any continuous functions ¢ and v on the unit sphere S9!,

Note that the restriction (4.3) requires the measures to be distributed over the sphere
symmetrically. Therefore we can always identify the opposite points +£ on the sphere
(hence, in effect dealing with the projective space RP?~! rather than S?1). Now consider
the set Y (65, 603) of all Borel 2 x 2 symmetric matrix measures g on S?1! which satisfy
(4.2)-(4.4):

(4.5) Y (63, 65) — {u(g) _ ( Z((g ’égg ) : (4.2)-(4.4) hold } |

Notice that condition (4.4) requires the matrix measures < Z((g)) lc)gg ) to be non-

negative. Moreover by (4.2) for any measure p € Y(6q,03) its “total mass” M :=
Jga—1 11(§)ds (&) is fixed and we have

O2(1 —0y)  —0s05
(4.6) M = < (_9293 05(1 — 05) ) '

Smyshlyaev and Willis [18] have shown that the extremal points of the (closed convex)

set Y (0, 603) have the form of a weighted sum of at most three Dirac masses (counting
the pair £¢ as one point):

(4.7) p&) => o,
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a, b,
b, ¢
and (4.4), it is easily checked that the numbers a, , b, , ¢, satisfy the following inequalities:

where p" = € M?*2 and &, € ST for r = 1,2,3. On use of conditions (4.2)

(4.8) a,>0,¢ >0, ac, —b>>0, foreachr =1,2,3,

3 3 3
(4.9) D ar=0(1—06y), ) by =—ba5, Y ¢ =05(1—065).
r=1 r=1 r=1

We denote by Y3(6s,65) the set of all measures of the form (4.7) subject to restrictions
(4.8)-(4.9):

(4.10) Y3(6s,05) = {M(g) = 10, : (4.8)-(4.9) hold } :

b satisfying the condition (4.8) belongs to the convex cone K

of non-negative symmetric matrices in the (a, b, c) space:

Every matrix p = ( “

K={(a,b,c)eR*:a>0, c>0, ac—b>>0}.

Every matrix p belonging to the cone K is uniquely characterized by its trace try = a+c
and its “projection” pu., on the cross-section ., of the unit trace:

o= (b1 ) fes -

The cross-section K, is described by the relations a +c¢ =1, b* 4+ (¢ — 1/2)* < 1/4 and
so can be identified with a unit disc in the (¢, b)-plane (see Figure 1).

The total mass M belongs to K and it can be easily checked using (4.6) that its projection
M., on the cross-section K., always lies inside the triangle defined by the points

v = (0,0), 1 = (1,0), v3 = (1/2, —1/2)

in the (¢, b)-plane, by noticing that M = 010311 + 050305+ 20,0,15. Moreover, the condition
(4.7) implies that, for any u € Y3(6s,05), M., lies inside the triangle defined by the points
[ess sy Hos-

The extremal measures of Y (6s,05) are a subset of Y3(s,63). It can be seen as an
immediate consequence of methods of [18, Prop. 5.1, Lemma 5.2] that the extremal
measures are either supported in three or two points and then are such that det u” = 0,
r = 1,2(,3), or in a single point with the total mass (4.6). Let us focus our attention
on those supported in three points. We denote by }/}3(6’2, 05) the set of all such measures.
Since det u" =0, r = 1,2, 3, the associated points on the (¢, b)-plane belong to the circle
C :={(b,c) : ¥* + (c — 1/2)* = 1/4}, i.e., are extremal for the set K.,. Therefore

(4.11) Ys(0s,05) = {11 € Y3(0,05) : pl, € C ¥r=1,2,3}.
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It will be convenient to parametrize C' by the angle ¢ € [0, 27), see Fig. 1:
(1 —cosp)/2 (=1—¢)
% sin ¢

(14+cos¢)/2.

a
(4.12) b
C

In this way, for any p € %(92,83), the points !, can be identified by the angles ¢,,
r=1,2,3.

Let us now go back to the problem of computing Q%F. Since for N = 3 we do not know
the set Y (0), we can instead attempt in (3.11) the minimization over the larger set Y (6).
This strategy will lead to the precise evaluation of the relaxed energy Q%F provided the
minimizing measure p € Y (6) turns out to be an H-measure, i.e. u € Y (). Otherwise,
it will provide a lower bound on Q%F. With this aim we set

3

(4.13) L(O) = inf ;1 . F(E) duis(€)

where f% is defined by (3.10).
b

1/2

"1

42 T

F1GURE 1. The cross-section KC.s of the cone K on the (¢, b)-plane.

The next lemma, where we give an explicit formula for L(#), clarifies the role of the set
Y5(602, 03) in the minimization problem defined in (4.13). It will be assumed, without loss
of generality, that A; = 0.
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3

Lemma 4.1. ([18]) Let 6 € (0,1)% be given with ZGZ- =1 and Ay, Ay, A3 € M with
i=1

Ay = 0. Then the infimum in (4.13) is attained and the minimizing measure can be chosen

mn }A/g,(é’g, 0s3). Moreover we have

L(0) = (tr M)ipe(Mes) ,
where 1. denotes the convezification of the function ¢ : IC — R defined by

(4.14) ¢(a, b, C) = geiéldffl {af22(§) + 2bf23(f) 4 Cf33(§)} '

Proof. The complete proof of Lemma 4.1 can be found in [18] (in particular see Proposition
5.1 and 5.3 and Lemma 5.2 therein). We will only give a brief sketch of the associated
minimization algorithm in order to highlight the role of the set }/}3(6’2,83) defined by
(4.11). First we remark that in the minimization problem (4.13) the infimum is attained
and the minimizing measure can always be chosen to belong to Y3(6s,6s), [18, Prop. 5.1].
Moreover, since f7(£) = 0 for either i = 1 or j = 1 (due to (3.10) and A; = 0), we can
re-write (4.13) as

(415) L(Q) = inf Z{arf22 Sr + 2b f23(§r) + Crfgg(fr)}

1EY3(02,03)

Problem (4.15) may be approached using the following strategy:
(i) consider all possible splits of the total mass M into the sum of at most three “matrices”
p" subject to condition (4.8):

(4.16) M=>"u;

(ii) for any decomposition (4.16) choose &, in order to generate

larbrer) = dnf {arf?() + 25/ + e PO} v =1,2,3;

(iii) finally minimize with respect to all admissible splits of the form (4.16). As a result

= inf ar, by, Cr)
{ar brcr}zw

Now remember that the total mass M is decomposed as M = (tr M)M,s. Then, for any
decomposition (4.16), we have

3

I8

M., = E Oy g
r=1
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where a,. = trpu” /tr M.
Next notice that the function ¢(u) is homogeneous of degree one, i.e. ¥ (tu) = ti)(u) for
any ¢t > 0. Therefore, the problem of computing L(6) reduces to minimizing

(tr M) Y~ ontp(al)

over all possible decomposition of M., into the convex combination of {y”,} on the cross-
section. Moreover, since the function ¢(u) is concave, it is enough to consider only those
points p!, which lie on the circle C| i.e. are extremal for the set K.s. This procedure leads
to finding (no more than) three critical points jil , @2, p2, on C' (see Figure 1) such that
the extremizing measure i can be written as

3
o= (trM)ZozTﬂzségr, a, >0, ogt+as+ag=1.
i=1

Notice finally that by construction L(6) = (tr M )1pe(M.s). O

5. CHARACTERIZATION OF THE S-QUASICONVEX HULL OF THREE-POINT SETS

This section is devoted to the study of the differential inclusions problem related to the
relaxation of the energy (3.1). Our strategy is to make a connection between this problem
and that of characterizing the H-measures arising in (3.11) when d = N = 3.

In order to proceed we need to give some definitions. We give first one of several possible

equivalent definitions of the approximate non-rigidity (specialized to the case of solenoidal
fields) as follows:

Definition 5.1. Given a set of real 3x3 matrices K C M?*3, we say that K is non-rigid for
approximate solutions of solenoidal-type, if there exists a sequence {Bj,} C L7 (R3, M3*3),
L2

loc

-equi-integrable, @)-periodic and such that

651) {DivBh =0 in D'(R?,R?),

dist(By, K) — 0 in measure,

and

V{Bp,} subsequence of { By}, there does not exist A € K such that By, — A in measure.

Definition 5.2. We call S-quasiconvex hull of the set K, and denote it by K&, the set
defined in the following way

K¥=KuU {BO € M**® : 3{B,} solution to (5.1) and ][

Bh:BOVh}.
Q
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The main purpose of this section is to the characterize the S-quasiconvex hull of any
three-point set K = {A1, Ay, A3} € M**®. One can easily check that K C K& C K¢,
where K¢ denotes the convex hull of K.

The hard work will be to characterize K& when K contains at least one pair of rank-2
disconnected matrices, i.e., rank(A4; — A;) = 3 for some ¢ # j, and the plane through
Ay, A, As contains three distinct rank-2 directions. Then, depending on the intersection
of the affine rank-2 lines through A, A, and A3 on this plane, the set K may be of three
different types. This suggests to give the following definition.

Definition 5.3. We say that K is of Type 1 if the mutual position of the matrices A;, A,
and As is such that the rank-2 lines through A, As and A3 form an “inner triangle” inside
K¢ (see Figure 2-(1)). We say that K is of Type 2 if the mutual position of the matrices
Aq, Ay and Aj is such that no “inner triangle” may be formed by the rank-2 lines through
Ay, Ay and Az, but there is one point of intersection inside K¢ (see Figure 2-(2)). We say
that K is of Type & if there is no point of intersection inside K¢ (see Figure 2-(3)).

Remark 5.4. One can easily see that the situation where the plane through A;, Ay, As
contains three distinct rank-2 directions occurs when, after reduction to K = {0,1, A}
(which is always possible by shifting by a constant matrix and left multiplying by an
invertible matrix), the matrix A is diagonalizable with distinct real eigenvalues.

Remark 5.5. Notice that the definition of the sets of Type 1 does not include the case
when the “inner triangle” degenerates into a single point (the point Sy in Fig. 5). This
motivates the following definition.

Definition 5.6. We say that K is a set of degenerate Type 1 if the “inner triangle”
degenerates into a single point that we denote by Sy (see Fig. 5).

We will study separately the sets of Type 1 and the sets of degenerate Type 1. The

latter are treated in Proposition 7.6.
We will see that if K is of Type 1, then K C K& C K¢ (Corollary 5.18), while for sets
of Type 2 the S-quasiconvex hull turns out to be trivial, i.e., K& = K (Theorem 5.22),
unless they contain rank-2 connections. The sets of Type & with no rank-2 connections
have trivial S-quasiconvex hull either. Their study does not present any special difficulty
and will be treated in Section 8.

The study of the case when A has multiple eigenvalues follows the same approach used
for the sets of Type 1 and Type 2 and the related results are described in Theorem 5.23.
Finally, the case when A is not diagonalizable will be treated in Section 8.

For ease of reading we give in Theorem 5.24 an account of all the cases together.
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Remark 5.7. If K = {A;, Ay, A3} does not contain any rank-2 connection, then there
exists no divergence free matrix field B such that B € K a.e., and { B = Z?:l 0; A; with
0, € (0,1)Vi=1,2,3 (see [15]).

The next lemma shows that for the purpose of characterizing the S-quasiconvex hull
of a set, we can make any convenient change of variables. In particular it allows us to
reduce to the diagonal case when dealing with sets of Type 1, 2 and 3.

Lemma 5.8. Let K = {A;, Ay, As} € M*3 and K = {NGA,G™' + M, NGA,G™ + M,
NGA3G™'+ M} with G,N € GL(3,R), M € M*%. Then By € K& if and only if
NGB,G™'+ M € K.

The proof of Lemma 5.8 is contained in Section 6.
We will now focus on the sets of Type 1. The following result characterizes all sets of
Type 1 which do not contain rank-2 connections.

Lemma 5.9. ([15]) Assume that K C M**3 does not contain any rank-2 connection.
Then K is of Type 1, if and only if there exist q1, q2, g3 € (0,1), G,N € GL(3,R),
M € M**3 such that

(5.2) K={M,N+ M, NA+ M},
where

1 3 A 0 0

s i=1 0 0 A3

with \y =0, =1/(1—q1), A3 = @2/ (1 + ©2 — ¢1¢2).

Before stating the main results of this section let us briefly explain how the sets of Type
1 “look like” (see [5], [14] and [15] for further details). A key “geometric” property of
every set K = {A;, Ag, A3} of Type 1, see Figure 2, is that one can find three matrices
S1, S5, S5 € M3 such that

(5.4) Sy =q A1+ (1 —q)S,

Sz = qaAz + (1 — q2) 52,

S1=q A3+ (1 —q3)5s,
where q1, ¢, g3 € (0,1) (unless there are rank-2 connections in which case ¢; = 0 for some
i), and

det(A; — S;) =0 Vi=1,23.

Therefore, for any ¢ = 1,2, 3 the matrices A; and S; are rank-2 connected. The rank-2
lines A;57, A2S55, A3S5 intersect in order to form the triangle 575555 as in Figure 2.
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Notation. For every K = {A;, Ay, A3} of Type 1 we set (see Figure 2):

3
T(K) ={¢e M 1 & =i Ay + 151 + 1345, £ €[0,1) 1,15 £ 0, )t =1},
i—1
3
Do(K) ={€ € M¥? 1 & = t1 Ay + 1555 + t3A; ,t; € [071)77517753%0,2751' =1},
i—1

3
T3(K) ={$ € M 1 & =1 A+ 1S5 + 134y 1, € [0,1) 41,85 #0, > t; =1},

(55) T(K):=K"—| JTi(K).

i=1
(Hence T'(K) is the union of the closed triangle 515553 and the three “arms” [A;S2),
[A3S55) and [A3S57).) The notation introduced above also includes the case when K is of
Type 1 and contains one or two rank-2 connections. For example, if rank(A; — Ap) < 2,
then A; = Sy and the set T'(K) is given in this case by the union of the closed triangle
515953 and the two “arms” [A9S3) and [A3S)).

@) N

A,

FIGURE 2. (1) The “inner triangle” S;5553 formed by the rank-2 lines for
the sets of Type 1. (2) A set of Type 2. (3) A set of Type 3. In (1)-(2)-(3)
the dashed lines delimit the convex hull while the solid lines are rank-2 lines.

The next result provides an inner bound for the S-quasiconvex hulls of the sets of

Type 1.
Lemma 5.10. If K is of Type 1, then T(K) C K¥.

Proof. The proof of Lemma 5.10 relies on a generalization of the construction presented
in [5] (in particular see Lemma 4.1 and Lemma 4.2 therein). We remark that an explicit
construction realizing a point in T'(K) is that of infinite-rank sequential lamination, cf.

[17], [13], [24], [1]. O
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In the sequel we will show that in fact K& = T'(K). Since by Lemma 5.10, K& 2 T(K),
we only need to prove that K% C T(K). By Lemma 5.8 it suffices to prove the latter
inclusion in the diagonal case, that is when K is of the form K = {0,I, D(q)}, where
D(q) is given by (5.3) with G = I and (q1, ¢2, q3) any arbitrary point in (0, 1)3.

In order to prove the desired outer bound on KZ°, we need to introduce the notion of
S-quasiconvexity (see [4] for the general setting).

Definition 5.11. A continuous function f : M?*3 — R with quadratic growth is said to
be S-quasiconvex if for every Q-periodic divergence free matriz field B € L} (R3 M?3*3)

loc

the following inequality holds:

(5.6) ]é f(B)dz > f <]2 de) .

S-quasiconvex functions turn out to be the natural tool in bounding the S-quasiconvex
hull of a set K. Indeed if { By} satisfies (5.1) for K = {A;, A, A3} and fQ B, = By, then

one has By = 327 6, A; for some 6 € 0,1, with 337 6, = 1, and
3

(5.7 F(Bo) < 3074,
i=1

Consequently, if for some S-quasiconvex f, f(Bo) > S0, 6;f(A;) then By ¢ K¥. Un-
fortunately we do not know any explicit S-quasiconvex function which can provide the
optimal bound on K& when the set K is of the type (5.2). Therefore the characterization
K = T(K) will be performed in several steps. Let us briefly sketch our plan.

Step 1. We construct a function 7+ defined on the plane 7 generated by the rank-2
matrices

(5.8) Vi = diag(1,1,0), V; =diag(—1,0,-1).

Hence 7 := {M € M**3: M = uV; + vV, for some u,v € R} . The function 7 is rank-2
convex on its domain, i.e., it is convex along the rank-2 lines contained in 7 (Lemma
5.12).

Step 2. We prove that inequality (5.7) holds true whenever K C 7 and f is a rank-2
convex function on 7 (Corollary 5.16).

Step 3. We show that, up to a transformation, the sets K under investigation are subsets
of the plane m. More precisely, for every ¢ = 1,2, 3, there exists a transformation that
maps the rank-2 lines A;S;, A;11S;11 to Vi and V5 respectively (where A; 15,1 = A15;
for 4 = 3). This will allow us to use the function 7 to prove the optimal bounds on K&
(Theorem 5.17).
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In order to proceed we need to set some notation. We denote by 7" the subset of 7
defined as follows
at={Memr: M=uV,+vV, for some u > 0,v >0} .
We define V. as the space of Q)-periodic divergence free matrix fields which take values in
7r:
(5.9) Vz={B e L} (R* M*?®), Q—periodic, DivB = 0 in D'(R*,R?), B € 7 a.e.}.

It will be convenient to recall that a function f : M**3 — R is said to be rank-2 convex
if f is convex along rank-2 lines, i.e. if t — f(M + tV) is convex for every M,V € M>*3
with rank(V)=2.

Lemma 5.12. (Construction of T+.) There exists a continuous function T+ :m — R
which satisfies the following properties:

(5.10) T is rank-2 convex on w,i.e.,t — f(M +tV) is convex for every M,V € m
with rank(V') = 2;

(5.11) TH(M)>0 if Mer™;

(5.12) T (M)=0 if Mer—n".

Proof. Let us consider the function 7 : M?*3 — R given by

(5.13) T(M) = 2tr (MT"M) — (tr M)? .

One can check that the above (S-quasiconvex) function, which is due to Tartar [23],
satisfies conditions (5.10) and (5.11), but not (5.12). The idea now is to modify the
restriction of 7 to the plane 7 in order to achieve condition (5.12). Let us first evaluate
the restriction of 7 to 7 :

Yu,v € R T (uVy+oVa) = 2[(u —v)* + u? + 0% — 4(u — v)? = 4uw.
Then we define 77 : 7 — R in the following way:
(5.14) Vu,oe R TH(uVy +ovVa) =utot,

where the symbol u™ denotes the positive part of w: u® := max{0,u}. (The function
T+ is loosely analogous to the function det™ of Sverdk [20].) The function 7+ satisfies
(5.11) and (5.12) by construction. Furthermore, 7 is rank-2 convex since the only rank-2
matrices in 7w are Vi, V5, Vi 4+ V5 and their multiples. [

We now claim that inequality (5.7) holds true for all rank-2 convex functions on 7 and
K C 7. For the sake of simplicity we will regard any function f defined on 7 as a function
on R? via the identification:

(y1,92) ER? = y Vi + Vo €,
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and, when no ambiguity may arise, by abuse of notation we will write f(yi,y2) instead
of f(y1Vi + y2V2). In particular, if f is a rank-2 convex function on 7, then it may be
viewed as a separately convex function on R? which in addition is convex in the diagonal
direction (1,1),i.e.,t € R — f(y;+t,y2+1) is convex for every (y1,y2) € R2. This follows
by the fact that the only rank-2 directions in 7 are those generated by Vi, V5 and Vi 4 V5.

Before introducing the main ingredient needed in the proof of our claim, we state the
following lemma.

Lemma 5.13. Let B € V. Then there exist ni,m9,m3 € L7 .(R), (0,27)-periodic, such
that

(5.15) B(xy, 29, w3) = (n3(23) — m(z1))Vi + (ma(z2) — m(21))Va.

Moreover we have
(5.16) ][ 1) = f( 4,B).
Q
for every rank-2 convex function f on m with quadratic growth.

Proof. By assumptions there exist u,v € L? _(R?), (0, 2m)3-periodic such that
B(x) = u(@)Vi + v(x)V.
The equation DivB = 0 yields
(5.17) O(u—v)=0, u=0, dv=0, inD'(R?,
denoting 0; := %, j=1,2,3. Then (5.15) follows from (5.17) by explicit integration.
As far as the inequality (5.16) is concerned, we find

][ f(B)dz :][ F(ns(xs) — m(z1), ma(x2) — mi(z1)) doydaadas >
Q Q

> f(7s — 72 — ) = [y Bdx),
where the symbols 7y, 72, 73 denote the average of the functions 7, 79, n3 over the interval
(0,27). In the last inequality we have used the convexity of the integrand in ny(x2), n3(z3)
and in 7y (x;). O

The next result provides the key argument to prove our claim. It is a well-known result
due to Miiller ([11], Theorem 1) of which we give a slightly modified version suitable to
our setting.

Theorem 5.14. Let f : R? — R be a separately convex function which in addition is
conver in the direction (1,1) and satisfies 0 < f(y) < C(1 + |y|*). Suppose that
Up — Usg, Up — Voo in L. (R*) ash— oo,

Ogtty, — Oollny, U — NBVso,  O1(up —vp) — 01(Ue — Vo) N Hl;CI(Rg’) as h — oco.
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Then for every open set V C R3
/ [ (Uhoos Voo) dx < liminf/ f(up,vp) da
1% h=oo Jy

The proof of Theorem 5.14 is postponed to Section 6.

Remark 5.15. Theorem 5.14 can be rephrased by saying that rank-2 convexity on
implies S-quasiconvexity on 7.

3

Corollary 5.16. Let K = {Ay, Ay, A3} C 7w and let By = ZHZAZ- € K&. Then (5.7)
i=1

holds true for every function f satisfying the assumptions of Theorem 5.14.

Proof. By definition of K§’ there exists a sequence {B),} satistying (5.1) with f, By, = By.
We want to show that the the off-plane component of B;, may be considered negligible.
One can easily check that there exists a sequence {x"} C L>®(R?) of Q-periodic charac-
teristic functions such that

DivA" — 0  strongly in H,'(R?),
AM A% in L°(R?), with DivA™ =0 in D'(R? R?).
Therefore we find that A" = u, Vi + v, Vs for some functions uy, v, which satisfy

Up — Uso , Up — Voo weakly in L7 (R?),

Ogup, — 0, O3v, — 0, Oy (up, —vp) — 0 strongly in H,,. '(R?).

We can then apply Theorem 5.14 with V' = Q) to get

/f(uoo,voo 9:<hm1nf/fuh,vh

Since hm 1nf / f(up,vp) de = Z 0, f(A;), inequality (5.7) follows by remarking that A~ €

V, a.e. and by applying Proposmon 5.13. 0

We are now ready to demonstrate that K% = T'(K) for all sets K of the form K =
{0,1,D(q)}, where D(q) is defined by (5.3) with G = I and q = (q1, q2, ¢3) € (0,1)3.

It will be convenient to give the explicit expression for the matrices D(q), S1(q), S2(q), S3(q)
in this case, which follows by straightforward calculation from (5.4):
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6_12

(I-q)(—g5)—1 _ 42 )
g3(1 — q1) T l-qg)(1—q)—1)

2
oo

q2
= diag | 0, )
1—Q1 Q1+ 92 — 1492

G
(05

— diag (0, , (= a) ) ,
(

051 + 92 — 4192

dla‘g q2, ]-7

Uil +CI2 - Q1Q2) '
Theorem 5.17. Let g € (0,1)® and let K ={0,1,D(q)}. Then K¥ =T(K).

3
Proof. Let By € K&. By Lemma 5.10, it suffices to prove that B, ¢ UD’(K)- For

simplicity of notation we will omit the dependence on ¢ in the matrices (5._18).

We first show that By ¢ I's(K). Recall that the lines S3S5; and S3S3 are rank-2 lines.
1 1- -

Then, for N = diag (——, ql, _nte QI%) we find
@2 ¢ 4192
N(Sl —Sg) :‘/1 and N(Sg—SQ) :‘/2

By assumption there exists a sequence {B},} satisfying (5.1) with fQ By, = By. We now
define the new sequence {Bj} and the set K’ in the following way:
Vh Bh = N(Bh—Sg) K, = {-NSg, (I-Sg), (D—Sg)}

It is readily seen that { B} } satisfies the following properties:

DivB; =0 in D'(R3 R?),
(5.19) dist(B), K') — 0 in measure,

fQ Bj = N1(By — S3) .
Next remark that the condition By ¢ T'3(K) is equivalent to N(By—S3) € m—7". In order
to prove the latter inclusion we use the function 7% of Lemma 5.12. Since 7 "|x = 0,
using (5.19) and Corollary 5.16, one gets

T (N(By—S3) <0
implying the desired via (5.11). In order to prove that By ¢ I'y(K), one first find a matrix
N’ such that
N,(Sl - 53) - dlag(L 17 O) ) N/(SQ - Sl) = dlag(oa _17 _1)a

which is possible since S1.55 and S5 are rank-2 lines. Then one employs Lemma 5.8 to
make a change of variable (via a permutation matrix) and reduce to the previous case.
In a fully analogous way one shows that By ¢ I's(K). O
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Corollary 5.18. If K is a set of Type 1, then K& = T(K).

Proof. The proof follows straightforwardly by Lemma 5.9, Lemma 5.8 and Theorem 5.17.
O

We now turn our attention to the characterization of the S-quasiconvex hull of the sets
of Type 2. In order to proceed we need to give the following definition.

Definition 5.19. We define the rank-2 convex hull K2 of a set K as
K™ ={M e M f(M) <sup f, for all rank-2 convex f}.
K

Trivially, the rank-2 convex hull provides an inner approximation of the S-quasiconvex
hull of a set: K™ C K¢
An immediate consequence of Corollary 5.16 is the following

Corollary 5.20. Let K = {A;, Ay, A3} C 7. Then K& = K™ .

In order to characterize the S-quasiconvex hull of the sets of Type 2, we will rather deal
with the rank-2 convex hull. Furthermore, we will employ the following lemma which is a
particular case of a more general result first claimed in [16, 10] and later proved in [7, 9].

Lemma 5.21. Let C4,...,C) be disjoint compact sets and suppose that K™ C U;C;.
Then K™ = U;(K N C;)™.

Theorem 5.22. If K is a set of Type 2 and does not contain any rank-2 connection, then
K¥ =K.

Proof. Using Lemma 5.8 we can make a suitable change of variables and reduce as before
to the case where K C 7. Then, employing the same arguments used in the study of the
sets of Type 1, we can rule out from K& the three triangles Ay Py Ay, AjP3As (C A1PyA3),
Ay A3Ps (C AA3Fs) (see Figure 3). Therefore, it only remains to eliminate the triangle
P P,Ay and the “arm” (A, Pi]. Let C7 = {A3} and let Cy be PyP,As U [Ay, P]. Then,
by Lemma 5.21, K™ = A3 U (K N Cy)™2. Clearly (K N Cy)™? = {A;, Ay} = {A}, Ay}
since A; and A, are rank-two disconnected. Hence K™ = {A;, Ay, A3} = K. Finally, by
Corollary 5.20 K% = K as required. 0J

We conclude this section with treating the case when K = {0,1, A} and A is diagonal-
izable (on R) with multiple eigenvalues.

Theorem 5.23. Assume that the set K = {0,1, A} does not contain any rank-2 connec-
tion and that the matriz A is diagonalizable with a real eigenvalue of multiplicity two or
three. Then K& = K.
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FIGURE 3

Proof. If A has an eigenvalue of multiplicity three, then, up to a transformation we may
assume that A is diagonal, i.e., A = al for some a € R. Then the original Tartar’s
function 7" defined by (5.13) provide the desired bound. Indeed inequality (5.7) yields

—3(0y 4 ab3)* < =36, — 3a%05,

which is never satisfied for any value of 6,05 € (0,1), with 65 + 63 < 1.

Now assume that A has two distinct eigenvalues, one of multiplicity two. In this case
the two-dimensional subspace generated by I and A contains only two rank-2 lines. The
case when the corresponding affine rank-2 lines through 0, I and A do not intersect
inside K¢ does not present any special difficulty and is treated in Section 8 together with
the sets of Type 3. Here we assume that there is one point of intersection inside K°.
Then the proof is very similar to that of Theorem 5.17 and Theorem 5.22 and therefore
it will not be detailed. Up to a transformation we may reduce to the case where A is
diagonal and K C 7, with 7 the plane generated by the matrices W; := diag(0,1,1) and
W, = diag(1,0,0):

7i={M e M>? . M =uW;, +vW, for some u,v € R}.

Then we follow the same strategy as before. Namely, we define the function T+H:7# >R
as TT(uWy + vWs) = utv™ and we observe that 7+ is rank-2 convex on 7 since the
only rank-2 directions contained in 7 are those generated by W, and W5. Next, up to an
obvious modification of Theorem 5.14 and Corollary 5.16, we show that rank-2 convexity
on 7 implies S-quasiconvexity on 7. Then, arguing as for the sets of Type 2, we first show
that K" is the union of two disjoint sets and then we apply Lemma 5.21. OJ

The following theorem sums up all the possible cases including those discussed so far.
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Theorem 5.24. Let K = {A;, Ay, As}. Then we have:

(i) if rank(A; — A;) <2 Vi,j=1,2,3, then K& = K¢;

(ii) if K is a set of Type 1 then K& =T(K);

(111) if K is a set of degenerate Type 1 then K& = [A;, So] U [As, So] U [As, Sol;

() if K contains at least one pair of rank-2 disconnected matrices, say Ay and As, and
is not a set of Type 1, then K1 = K, unless we have one of the following cases:

(iv-1) if det(A; — A3) = 0 and det (Ay — (tA; + (1 — t)A3)) =0 for some t € [0,1), then
ngc = [AlAg] U [Ag, tAl + (1 - t)Ag],’

(iv-2) if det(As — Az) = 0 and det (A; — (tAs + (1 — t)A3)) = 0 for some t € [0,1), then
ngc = [AgAg] U [Al, tAg —|— (1 — t)Ag],

(iv-3) if det(A; — Az) = 0 and det (Ay — (LA + (1 — t)A3)) # 0 for all t € [0,1], then
K§ = [A1As] U {42}

(iv-4) if det(Ay — A3) = 0 and det (A; — (tAs + (1 — t)A3)) # 0 for all t € [0,1], then
K =[AyA3) U {A;}.

Proof. The cases (1), (ii), (iv-1),(iv-2) either are trivial or are covered by the arguments
used in the previous part of this section. In the cases (iv-3),(iv-4) either K is a set of
Type 2, which has already been studied, or, after reduction to K = {0, I, A}, either we
have that A has multiple eigenvalues, in which case we can still apply the arguments in
the proof of Theorem 5.23, or that A is not diagonalizable. The latter case is treated
in Proposition 8.1 when K does not contain any rank-2 connection. However the proof
extends as well to the present case.

The case (7ii) is treated in Proposition 7.6. The cases which are left to complete the
proof of Theorem 5.24 are first when K is a set of Type & and second when K = {0, I, A}
contains no rank-2 connection and A is not diagonalizable. The treatment of these cases
is postponed to Section 8 (see Proposition 8.1). O

6. PROOFS OF LEMMA 5.8 AND THEOREM 5.14

The present section is devoted to the proofs of Lemma 5.8 and Theorem 5.14.

Proof of Lemma 5.8. We may assume that M = 0 and N = [ since, as already
remarked, shift by a matrix and left-multiplication by an invertible matrix do not play
any role (with the latter e.g. keeping the divergence-free property). Let By € K and
G € GL(3,R). By definition there exists a sequence of Q-periodic L? equi-integrable
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divergence free matrix fields { Bj,} which satisfy

dist(By, K) — 0 in measure and ][ By, = By.
Q

We introduce the new variable y in R? given by
y=G "z
and define the sequence {By,} in the following way:
(6.1) Bi(y) == GBL(GTy)G™'.

Then one can check that By is still divergence free in R?, and it satisfies

(6.2) dist(Bp, K) — 0 in measure.

If G € GL(3,Q), then there exists a positive integer [ such that B, is periodic with
periodicity cube (0, 2I7)3, which can be re-scaled back to a 2m-periodic field By,(y/l) and
thus the proof is concluded. If G has irrational entries, decompose Bj, in the following
way:
Bi(y) = GByG™ + G(By, — Bo)(GTy)G™".

Notice then that G(Bj — By)(GTy)G™! is divergence free and periodic with periodicity
cell G7T'Q, therefore there exists a sequence of matrix fields {V,} € H} .(R?) bounded in
L*(G7TQ) and with the same periodicity as { By} such that

G(Bj, — Bo)(GTy)G™ = Curl V,(y) .
Now let { L} be an increasing sequence of positive numbers such that L, — oo as h — oo
and define
wn(y) -= min{1, dist(y, 0Qn)} for y € Qn
where @, = (0,27L;)? and extend ¢, periodically to the whole R?®. Next set

~ 1
Bi(y) = GByG™' + L—hCUﬂ <80h(Lh?/)Vh(Lh?/))

2
loc

and observe that the sequence {Eh} is Q-periodic, L7 -equi-integrable and satisfies (6.2)

since

1
[ W) A VL dy < 7
Q h J QrN{Vr#0}

Vi(y)|* dy ~ ||%2(G*TQ) — 0.

| det G|
7, IVa
0]

The proof of Theorem 5.14 requires the introduction of some new objects. Let A :
R — R be defined as h = 1 on (0,1/2], h = —1 on (1/2,1] and h = 0 elsewhere. For
jE€Z kel ee{0,1}°\(0,0,0) we define the three-dimensional Haar basis {A5 ()}

as

khj?E

he . (x) = h*(2z — k)
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where h€1e23) () = (h(z1))7 (h(z2))7?(h(z3))?* (with the convention (—1)° = 1,0° = 0).
For every u € L*(R?) N L'(R?) with [, udz =0 we can consider the expansion of u into

_ 5 5
U= Z a 115 n

Ji.k,e

Haar wavelets

and define the projection operator P° by
Py = Za;kh;k
Jik

The following theorem plays a central role and provides a key estimate of the wavelet

coefficients in terms of the Riesz transform Ry = —id(—A)~Y2.

Theorem 6.1. ([11]) The operator P¢ can be extended to a bounded operator on L* and
Vk=1,2,3,Ve = (e1,e9,63) with e # 0 one has

1P©ully < Cllully|| Riully .

The proof of Theorem 6.1 is a direct line-by-line adaptation of the Miiller’s proof [11,
Thm 5] employing the deep Littlewood-Paley decomposition and the “almost orthogonal-
ity” properties to the three-dimensional case, and is not reproduced here.

We will need the following lemma which is a straightforward modification of Lemma 6
n [11].

Lemma 6.2. Let f satisfy the assumptions of Theorem (5.14). Assume that u,v € L?(R?)
have the finite expansions

U_ZZ (001h(001 (100h(100)’

j=J keZ3

v — Z Z p(0:1.0)p, '(7) 1,0) ("1];0,0)]1;’1];0,0) '

j=J kez3
Then

| () = F0.0)do 0.

We are now in a position to prove Theorem 5.14.
Proof of Theorem 5.14. By Theorem 6.1 it follows that

(6.3) Pfuj, — 0 in L* Ve such that g5 # 0,
(6.4) Pfu, — 0 in L? Ve such that g3 # 0,
(6.5) P?(uy, —vp,) — 0 in L* Ve such that e; # 0.
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Additionally we have
(6.4) — (6.5) = POy, — 0 in L2 (R?),

loc

(6.3) — (6.5) = P10, — 0 in L7 (R?),

which allow us to reduce to Lemma 6.2 adapting Miiller’s techniques in a straightforward
way. [

7. EXTREMAL THREE-POINT H-MEASURES

In the present section we go back to the problem of characterizing the H-measures arising
in (3.11) for d = N = 3. Our goal is to characterize the set Y3(6s,605) N Y (6), that is
the set of the “true” H-measures among the extremal points of the convex superset Y (6).
We will show that the solution to the problem discussed in Section 5, that is finding the
optimal bound on the set K&, also provides the solution to this problem. More precisely,

3

we will consider three-point measures of the form u(§) = Z/fégr when &;,&, & are
r=1

linearly independent vectors and we will distinguish two cases. The first case is when the

associated normalized masses, i.e., the points pl, on the (¢, b)-plane, lie on the circular
segments oy, ViV, V3ls, one on each segment. Theorem 7.1 shows that characterizing
the H-measures in this case is equivalent to characterizing the S-quasiconvex hull of the
sets of Type 1. As a consequence we will obtain a criteria (Theorem 7.3) which allows us
to “recognize” the H-measures among the three-point measures having normalized masses
on different arches.

The second case is when the normalized masses are distinct but two of them lie on
the same circular segment. Theorem 7.8 asserts that such measures are not H-measures.
This result is in turn related to the characterization of the S-quasiconvex hull of the sets
of Type 2 (as shown in the proof of Theorem 7.8).

Finally, the case when two of the normalized masses merge is ruled out by Theorem
7.10.

The general strategy is as follows: to each measure pu € }Afg(@g, 0s) we associate a set
K = {A;, Ay, A3} for which p turns out to be the only extremizing measure in (4.13) and
is such that the delivered lower bound L(#) is zero. Then we use the results of Section
5, namely the knowledge of the S-quasiconvex hull of K, to establish the attainability of
the lower bound. If the lower bound turns out to be attained (optimal), then u € Y (6),
otherwise 1 ¢ YH(0).

Let us introduce some notation needed in the presentation of our results. For the three-

3
point measure p = Z 1o, € )73(82, 0s), let ¢, be the angle associated with the mass p"

r=1
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via (4.7)-(4.12), and let ¢, be defined as follows:

t, ::tan%, r=1,2,3,

(assuming ¢, # ).

Theorem 7.1. Let 6 € (0,1)3, d =3 and let ji € 3?3(92, 0s) be supported on three linearly
independent vectors &1, &, &5 € S?:

3
&) = b, .
r=1
Suppose that

$1 € (0,7), ¢ € (m, %7‘(‘), b3 € (%7?,27?), and t1(1+1t3) £ t3(1+ts).
Then there exists a set K = {Ay, As, A3} of the form (5.2) such that

3
(7.1) peYho) <> 04 € K.

i=1
Proof. We first assume that i is supported on the canonical basis of R3, (ey, e, e3).
Since by assumption (1 + t3) # t3(1 + t2), we may have either t;(1 4 t3) < t3(1 +t3)
or t1(1 +t3) > t3(1 4 t2). We study the two cases separately.
Case (7). Assume that t1(1 +t3) < t3(1 +t2). Let ¢ = (q1, ¢2, q3) be defined as follows:

7.2

( _)t1<1 +13) —t3(1 + 1) _ Ul +ts) —t3(1+ o) t(1+t3) —t3(1+ o)
"= t3(tr — to) B T BT T U ) —ty)
Since by assumption ¢; € (0,+00), ty € (=00, —1), t3 € (—1,0), we find that ¢ € (0,1)3
and it can be easily checked that D(q) = diag(t1,t2,t3), where D(q) is defined by (5.18)
with ¢ as in (7.2). Then set

(73) Al = 0, A2 = I, Ag = D(q) i K = {Al, AQ, Ag}, B() = ‘91141 +¢92A2+(93A3 .
By construction the set K is of the form (5.2). Next consider the problem (3.2) corre-

sponding to the above choice of matrices:
2

(7.4) vn e M*3 Q5 F(n) = inf inf 1 ][ dz
Q

xeI(9) BeV 2

3
B(z)+n— ZXﬁAz’
i=1

where V is defined in (3.3). Using (3.9), (3.11), (4.1), (7.3) we specialize Q5 F at the
point 7 = By in terms of the H-measures as follows:

15 QFB) = inf [ @O+ OO + ) dste).

neYH(0)
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Next notice that the condition By € K{ is equivalent to Q5 F/(By) = 0. In order to prove
(7.1) we will show that Q5 F(By) = 0 if and only if the extremizing measure in (7.5) is
the given measure ji. To this end note that by condition (4.4) and by definition of f% it
follows that

a(§)f7(€) +2b(6) f#(€) + c(§) fP(€) 2 0

anywhere on the sphere S2. Therefore it is enough to prove that the function () defined
in (4.14) vanishes only at the points p = ", » = 1,2, 3. Parametrize C' by the angle ¢ as
in (4.12) and set e(¢) = sin(¢/2)As + cos(¢/2)As. Evaluation of the function ¢ (u) for p
belonging to the circle C' gives, cf. (4.14), (3.10) and (4.12):

(7.6)  ¥(a,b,c) = %kin£2{a|A2k|2 + 2b(Ask, Ask) + c|Ask|*} = L inf (e(¢)"e(9)k, k).

k|=1

Therefore the value of 1(a, b, ¢) is the smallest eigenvalue of the symmetric non-negative
matrix

T
e(p)Te(¢) = (sin gAg + cos gAg) <sin gAg + cos gAg) :

Recalling the definition of the matrices Ay and Aj given in (7.3), we find that

c(0)7e(0) = (sin g1+ cos §D<q>)2 |

In other words ¢ is the infimum of three linear functions whose graphs are planes inter-
secting the cylinder {(b,¢,v) : (b,c) € C} over ellipses. It is easily seen that there are
precisely three critical points ¢, ¢ and ¢3, that can be obtained by equating to zero the
eigenvalues of e(¢):

9251 q2
tan — — —(1 — =0
an G = (1) =0,
®2 1[ 1 }
7.7 tan — — — |1 —¢q3 — =0,
( ) 9 s q3 1—q
tan@— % =0

Using the definition of ¢ given in (7.2), one can check that tan% =t, in (7.7) and

therefore ¢, = ¢, for every r = 1,2,3. Moreover one can immediately see that for every
r = 1,2,3, the extremizing point in (7.6) for ¢ = ¢, is the eigenvector of e(¢, ) e(,)
corresponding to the zero eigenvalue, that is the vector e,. Therefore, Q5 F(By) = 0 if
and only if 7 € Y (), and (7.1) follows.

Case (ii). Now assume that t1(1 4 t3) > t35(1 +t2). Then choose ¢ = (q1,¢2,¢3) in the
following way:
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7.8

( _)t1(1+t3)—t3(1+t2) (1 +t3) —t3(1 +to) (L4 ts) — t3(1+ )
n= b—t T T - T T v li—t)
and set

(7.9)

Ay =0, A =PD(qP, As=1, K={A, A A3}, By=0A+0:,A+03A;5,

where P is the permutation matrix and D(q) is given by (5.18) with ¢

oS O =
— o O
S = O

as in (7.8). In particular PD(q)P = diag(%, %, %) Then one defines problem (7.4)
corresponding to the choice (7.9) and proceeds as in the previous case.

To conclude the proof we observe that if the measure j is supported on any three
linearly independent vectors £, &>, &5 € S?, then it is enough to replace the matrix D(q)

in (7.3) and (7.9) by G~'D(q)G, where G is the matrix with columns ;, &, &3:

G = (6,6,8).
O

Remark 7.2. Theorem 7.1 establishes the equivalence between two problems: the one of
understanding whether a three-point measure in }A/g,(é’g, 05) is an H-measure and the one of
characterizing the S-quasiconvex hull of the set K defined via (7.3) or (7.9). The nature
of this correspondence can be visualized as follows, see Figure 4. On the cross-section
K.s in the (¢, b)-plane consider the triangle specified by the points v, = (0,0), v = (1,0),
vs = (3, —3)- Every point in the interior of K¢ can be identified with a point inside the
triangle v1513 via the correspondence

(7.10)
3
- 2

1—05) +63(1 —03)" 65(1 — 0y) + O5(1 — 63)

Now let i € Y3(0y,05) satisfy the assumptions of Theorem 7.1 and let K be the set asso-
ciated with z via (7.3) or (7.9). Then set

Tes(K) := p(T(K) N Int(K°)),

where T'(K) is the set defined by (5.5). Since by Corollary 5.18 K& = T(K), Theorem
7.1 can be re-phrased by saying that p is an H-measure if and only if the projection M,
on K. of the total mass of i belongs to T,s(K). Moreover it can be checked that the
set Tp.s(K) is the region delimited by the lines v1fi2,, v, and vsjil, on the (c,b)-plane
(see Figure 4). We briefly illustrate its construction. On the (¢, b)-plane draw the three
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segments v3fil,, vofiZ,, v1ji3,. Consider the intersections of each of the segments with the
two others and with the segments 1415, V113, oUs:

{Rl} - V3ﬂis N Vlﬂis ) {RQ} - V3:U’is N V2lags ) {R3} - V2lags N Vlﬁgs )

{Ry} = vafil, Nnve, {Rs} = w2, Ny, {Re} =i, Nusvy.

Then the set T,s(K) is given by the union of the closed triangle Ry Rs R3 and the segments
[R1, Rg), [R2, Ry), [R3, R5).

Case (i) Case (i)

=2
Hes

=3 i
1 cs
V3 / cs V3

FIGURE 4. The set T,s(K) in cases (i) and (i7) of the proof of Theorem 7.1.

Keeping the notation introduced in Remark 7.2, we can then state the following

Theorem 7.3. Let i € }%(92,93) satisfy the assumptions of Theorem 7.1. Then
i€ Y"(0) = M. € RiRyRs U [Ry, Rg) U[Ry, Ry) U [R3, R5).

Remark 7.4. The results of Theorem 7.3 can be extended to the case when the measure
jt is such that one or more of the points fi, coincide with some of the basic points v,.. In
this case some of the points Ry, Ry, R3 in Figure 4 would merge with some of the points
v,. The set associated with p in the sense of Theorem 7.1 is still a set of Type 1, but with
rank-2 connections.

Conversely, if we study problem (3.2) when the set K contains one or more rank-2
connections, then the resulting extremizing measure will have one or more of the normal-
ized masses coinciding with some of the basic points v,.. In particular, if the matrices
Ay, Ay, A3 are pairwise rank-2 connected, then {A;, As, A3}L = {4, As, A3}¢ and the
minimizing measure g will have normalized masses equal to vy, 15, v3.
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Remark 7.5. Theorem 7.3 essentially establishes that the sufficient conditions ([18],
Proposition 6.1) for realizability of some extremal three-point measures of Y (#) by the H-
measures are also necessary. This result cannot apparently be derived from polyconvexity /
quadratic translation - type arguments (cf. e.g. [3], [2]).

We wish to discuss now what happens if the triangle Ry Ry R3 on the (¢, b)-plane degen-
erates into one single point, which we denote by Ry (see Figure 5-(2)). In this case the
associated measure p satisfies

t(1+t3) =t3(1 +tq)

and therefore there is no set K of the type (5.2) for which (7.1) may hold. More precisely,
the set associated with such measure p is of degenerate Type 1. Proposition 7.6 makes
some of this precise.

(1) (2)

Ao

Rs

Vs

FIGURE 5. (1) The set Ky. (2) The set T,s(Kp) on the (c,b)-plane.

Proposition 7.6. Let 0 € (0,1)3, d = 3 and let u € %(82,93) be supported on three
linearly independent vectors &1, &, &5 € S?:

3
w&) = 1w, .
r=1
Suppose that
o1 € (0,m), ¢o€ (m, %W), 03 € (%71’,271’), and t1(1+1t3) =t3(1 +t2).
Then
1€ Y™(0) < M, € [Ro, Ri) U [Ro, Rs) U [Ro, Rg) <= 021 + 054, € {0, 1, Ag}¥,
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where the matrix Aq is defined as follows:
Ay = G diag(—ty, —ts, —t3)G, G = (£,6,8) "

Proof. Set Ky ={0,1, Ap} and Sy = diag(0, 1, —t3). The first observation we make is that
the matrix Sy is rank-2 connected with each of the three matrices 0, I, Ay and that the
set T'(Ky) defined by (5.5) is given in this case by the union of three segments:

T(Ky) = [0, So] U1, So] U [Ag, So]

(see Figure 5-(1)). According to Definition 5.6, K is a set of degenerate Type 1. Moreover
it is easily checked that

p((0, So] U (I, So] U (Ao, So]) = [Ro, Ra) U [Ro, R5) U [Ro, Rs),  p(So) = Ro,

with the mapping p defined by (7.10). Using the function 7" introduced in Section 5 and
arguing as for the sets of Type 1, one can show that every point outside T'(Kj) does not
belong to (Ky)%. Then, using the algorithm illustrated in Lemma 4.1 and proceeding as
in the proof of Theorem 7.1, one checks that the lower bound for Q% F(By), with K = K
and By = 6,1 + 054, is zero and is delivered by the given measure p. Therefore if
p € YH () then M., € [Ry, Ry) U[Ro, Rs) U[Ry, Rg).

Now let M., € [Ro, Rs) U [Ro, Rg). A way to prove that u € Y (0) is to use an
approximation argument. We consider a sequence of points M on the circle C' such that
M} — pl. as m — oo (see Figure 5-(2)). By Theorem 7.3 it follows that for every m
the measure ™ corresponding to the split M} u?, p2, is an H-measure. By construction
p™ — p and therefore p € YH(0) by the closedness property of the H-measures, see
(2.2). If M., € [Ry, R4) then one introduces a perturbation around the point u2, or p2,
and proceeds as before. We have thus proved that

p€YH(0) <= M. € [Ry, Ry) U[Ry, Rs) U [Ry, Rg)
and
(KO)%’C - [07 SO] U [I, SO] U [A()? SO] .
O

Remark 7.7. Observe that the case when all the points p/, lie on the same circular
segment (i.e. either vpuq, or g or v31) is clearly not associated with an H-measure:
the projection on the cross-section of the total mass of the measure is then outside the
triangle v11513, which must not be the case.

The next result describes the case when two of the normalized masses lie on the same
arch. Figure 6 represents a measure with one normalized mass on the arch 415 and the
other two masses on the same arch vyvs.
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Theorem 7.8. Let 6 € (0,1)3, d =3 and let ju € 3/}3(92, 0s) be supported on three linearly
independent vectors &1, &, &5 € S?:

3
wE) =D W,
r=1

Assume that the points ul,, p2,, nu3, are pairwise distinct and that ph, # v; for all ryi =
1,2,3. If two and only two of the normalized masses ul,, p2,, u3, lie on the same circular
segment, then pu & Y (0).

Proof. Let A = G~tdiag(—t,, —to, —t3)G, with G = (&1, &, &)L Tt can be easily checked
that the set K = {0,1, A} is of Type 2 and does not contain any rank-2 connection. We
now proceed as in the previous cases. We study problem (3.2) for A; = 0,4, =1, A3 = A
and, again using the algorithm of Lemma 4.1, we find that the lower bound L(6) for
QLF (051 + 05A) is zero and is delivered by the given measure g. Since by Theorem 5.22
K¥ = K, it must be Q4F (031 + 03A) > 0 and therefore i is not an H-measure. O

Remark 7.9. Observe that the results of Theorem 7.8 extend to the case when one of
the normalized masses coincides with one of the basic points (for example in Figure 6 the
point u!, may merge with 5 or we may as well have p2, = v or p2, = v3). In this case
the set K associated with p is still of Type 2 but it contains a rank-2 connection.

V3

FIGURE 6

Theorem 7.10. Let 6 € (0,1)3, d =3 and let p € }A/g,(é’g, 0s) be supported on three linearly
independent vectors &1, &, &5 € S2:

3
p&) =Y n'e .
r=1
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Assume that b, # v; for all i = 1,2,3. If pl, and p?, lie on different arches and
pi2s = i, then p ¢ YH(9).

Proof. We use the same strategy as before. Namely, we associate to p a set K for which g
is the extremizing measure in (4.13) and delivers a zero lower bound. Such set is given by
K =1{0,I,A}, where A = G~'diag(—t;, —ts, —t3)G. By assumption we have that t, = t3
and therefore the set K satisfies the assumptions of Theorem 5.23. Then K = K and p
is not an H-measure. 0

Remark 7.11. Observe that the results of Theorem 7.10 may not extend to the case
when one normalized mass coincides with a basic point. Indeed it is easy to check that if
ul. coincides with a basic point and p?, = u3, lie on the opposite arch (e.g., ul, = v and
w2, = 13, € vous), or if 2, = p3, merge with a basic point and pl, lies on the opposite arch
(e.g., p2 = p3, = vy and pl, € o), then the corresponding measure is an H-measure
for all M., on the segment pul p?, N i3, Moreover, the sets K associated with such
measures would contain one rank-2 connection and would have the form K = {0, Ay, A3}
and the subspace generated by A, and As would contain only two rank-2 directions.
The S-quasiconvex hull of these sets is indeed non-trivial, as follows from Theorem 5.24,

(1v-1)-(iv-2).

Remark 7.12. The results in Theorems 7.3, 7.8 and 7.10 provide full characterization of
the extremal H-measures supported in (no more than) three linearly independent direc-
tions. This characterization appears to be sufficient for purposes of full resolution of the
problem of characterizing the quasiconvex hulls for three solenoidal wells. However the
above results do not imply a full characterization of the three-phase H-measures Y (6)
themselves: while the latter are fully characterized by their extremal points, there remains
a possibility that there are extremal points of Y (6) supported in more than three points,
therefore not being extremal points of the (fully characterized) superset Y (6). Indeed, we
sketch below an argument establishing the existence of extremal H-measures supported
in four points.

Consider H-measures supported in three Dirac masses according to Theorem 7.3, i.e.,
associated with sets of Type 1, with fixed fil,, and linearly independent &, (e.g. & =e,.),
r = 1,2,3. This could be achieved for a range of volume fractions 6, in particular such
that M,,(#) is well inside the triangle R;RyR3, see Fig. 4. Select such 6 = 6 and let
the corresponding extremal H-measures be i(® € Y7 (). By continuity, there exists
A > 0 such that the above property is held for all |§ — 6| < A. Select on the circle
C one more “cross-sectional mass” fil, such that for § = 6 there does not exist an H-
measure corresponding to {fl,,r = 1,2,4}, which is clearly possible by Theorem 7.3 and
let & # &, r = 1,2, 3 such that any three vectors out of &1, ..., {, are linearly independent.
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Hence for the corresponding three-point (£;, &, &) Borel measure fi, extremal for Y (0(),
p¢ YE(OO), For 0 <t < 1, the Borel measures fi(t) := (1 —t)i® + tji are hence
supported in four points. We argue that at least for small enough positive ¢ those are
H-measures, therefore the one corresponding to the maximal value of such t (t = ¢
0 < tp < 1) can only be an extremal H-measure, supported in four points. To establish
this, notice that since t, € C is extremal, fil, = m @ m for some m € R? |m| = 1. Let
0 =0 + Am/2, 0@ := 6© — Am/2 and let the corresponding extremal H-measures
be g € YH(OW), 1@ € YH(9@), respectively (hence all supported in the same &, with
the same fil,, r = 1,2,3). Then “mix” these two H-measures in equal volume fractions
via a lamination in layers perpendicular to . The “mixing formula” for H-measures (see
e.g. [23], [8], [18, §6(a) (6.4)]) produces the following new H-measure ji*?) € YH(9©)):

2
at? = %ﬂ(l) + %ﬂ@) + %ﬂis%.

This is clearly an H-measure supported in the four points. Such a measure can only be
a convex combination of i®) and i and hence p(*? = fi(t*), for some 0 < t* < 1. By
convexity and closedness, there exists “maximal” to, to > t* > 0 such that fi(t) € Y7 (6©)

if and only if ¢ € [0,%g). (Since (1) =i ¢ YH(0©), to < 1.) O
8. LAST PART OF THEOREM 5.24 AND A BRIEF SUMMARY

In the present section we complete the proof of Theorem 5.24 and give a summary of
the main findings of the paper.

Proposition 8.1. Let K = {0,1, A} where det(A) # 0 and det(A— 1) # 0. Assume that
one of the following conditions is satisfied:

(i) K is a set of Type 3;

(ii) A is diagonalizable and the plane formed by K contains only two distinct rank-2
directions, and the corresponding affine rank-2 lines through 0, I and A do not intersect
at points inside K¢;

(iii) A is not diagonalizable.

Then K& = K.

Proof. We consider problem (3.2) for the given set K and show that the lower bound L(6)
defined by (4.13) is strictly positive for all values of the volume fractions 6, implying that
the quasiconvex hull is trivial.

Assume (7). Then the matrix A is diagonalizable and has three distinct real eigenvalues.
Using the algorithm of Lemma 4.1, one can see that L(#) could be zero only if the
extremizing measure in (4.13) had all the three normalized masses on the same circular
segment, either 111y, or 1113 or V3. Since this cannot be the case (see Remark 7.7), the
lower bound is strictly positive.
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Assume (iz). Then the matrix A is diagonalizable and has two distinct real eigenvalues,
one of multiplicity two. As in case (i), one can see that L(#) could be zero only if the
extremizing measure had normalized masses on the same circular segment, except that in
this case two of them would merge. Again, this cannot be the case.

Now assume (7ii). If A has one real eigenvalue and two complex (hence complex con-
jugate), then the function ¢ defined by (4.14) never vanishes and therefore the lower
bound is strictly positive. If A has two distinct eigenvalues, one of which has algebraic
multiplicity two but geometric multiplicity one, or if A has one eigenvalue of algebraic
multiplicity three but geometric multiplicity two, then the lower bound may be zero but
is delivered by a two-point supported measure. On the other hand, two-point measures
are not H-measures (this can be shown e.g. via the Sverak’s incompatibility result for
three gradient wells [20], see [18], §7-(a)).

Finally, if A has one eigenvalue of algebraic multiplicity three but geometric multiplicity
one, then the lower bound is strictly positive. [l

Summary. The results presented in Section 7 provide the characterization of all three-

3

point H-measures of the form pu(§) = Z w1 e, when &, &, & are linearly independent
r=1

vectors and the associated points ., on the (¢, b)-plane lie on the circular segments vy,

vv3, V3ly, one on each segment including possibly the endpoints, Figure 4. The only
extremal H-measures in this class are those described by Theorem 7.3 including the limit
cases as discussed in Remark 7.4 and Proposition 7.6.

Theorems 7.8 and 7.10 complete full characterization of the extremal three point H-
measures supported on three arbitrary linearly independent directions: all other measures
in the set 17},(92, 0s) are not H-measures.

On the other hand, the presented analysis allows us to fully solve the problem of
S-quasiconvexification for three arbitrary solenoidal wells. The conclusion is that a non-
trivial quasiconvex hull can only emerge in the situation as in Figure 2-(1), i.e. when
there are three separate rank-two directions in the plane formed by K = {A;, As, A3}
and the mutual position of Ay, As and Az on this plane is such that an inner triangle is
formed, including the limit cases. Then, according to Corollary 5.18, K = T'(K). In
all other cases K& = K, unless K contains rank-2 connections, in which case K% also
contains the segment(s) joining the pair(s) of rank-2 connected matrices (Theorem 5.24).

9. ON APPLICATIONS OF THE H-MEASURE RESULTS. THE THREE WELL PROBLEM
FOR LINEAR ELASTICITY

An attractive feature of the H-measure is that it is a purely geometric object, i.e.,
independent from the kinematic constraints. Hence the same H-measures are involved
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in characterizing the relaxation of problems with different kinematic constraints, in par-
ticular of associated quasiconvex hulls. Therefore, any progress in characterizing the
H-measures can be potentially transferred from problems with one type of kinematic con-
straints to those with another. In this section we discuss the application of the results
on the H-measures to the problem of characterizing the quasiconvex hulls for three linear
elastic wells.

The problem is formulated similarly to that in Sections 3 and 5 with K = {A4;, Ay, A3}
and A;, Ay and Az being now three symmetric matrices in M%?¢ of given linearized
“transformation strains”. The divergence-free kinematic constraint for a field B, cf. (3.3),
is in turn replaced by the requirement that B is a symmetrized gradient of a periodic
displacement field w:

(9.1) B(z) = % (Vu + (Vu)"), we W, *Q,RY).

The multi-well energy is analogous to (3.1), being characterized more generally by a
quadratic form generated by a positive definite elastic tensor C which would formally
coincide with (3.1) for the special case of an isotropic tensor with Lamé constants A = 0
and p = 1/2 (cf. [18, §7(b)]), resulting in C = I with I being the identity tensor. Notice
that the exact choice of C does not affect the issue of characterizing the (linear elastic)

quasiconvex hull K}, cf. [1], so there is no loss of generality in choosing C = I for this

purpose. As before, n = Zf’zl 0;A;, 0 € 10,13, Z?:l 0; = 1, is in K/ if and only if
QY. F(n) = 0. Here the relaxed energy QY F is defined by (3.2) where in the definition
(3.3) for V' the divergence-free constraint is replaced by (9.1).

The relaxed energy Q% F(n) can in turn be equivalently expressed in terms of mini-
mization with respect to H-measures [8, 18], namely (3.11) still holds with the same set
of H-measures Y (0) as before but f¥(£) requiring re-evaluation for the linear elasticity
context. Specializing to the three-dimensional elasticity (d = 3), f¥(£) is as follows (cf.

18, §7(b))
9.2 15(E) = LA A€ A"

Here A¥ denotes the (kl) components of the matrix A; and summation is implied with
respect to repeated indices, and

Buipl©) = ST OT(€) + Trg©Tp(€)}, Tuld) = b — &6
Hence (9.2) can be equivalently re-written as follows:
93 F9(€) = Tr AT AT(E)].
where T(&) = [ — £ R €
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Further, the lower bound L(6) for QY F, as computed in [18] is given by (4.13) with the
same “universal” superset Y (0).

Assuming further without loss of generality A; = 0, the linear elastic analog of (4.14)
when restricted to the circle C' parametrized as before by ¢ € [0,27), see (4.12), can be
computed, as in (7.6), and in the present case reads

(94) dla,be) =(9) = inf Tr [(e())T())]

where e(¢) := sin(¢/2)As + cos(¢/2)As. Denoting by vj(a,b,c) = v;(¢), j = 1,2,3,
the eigenvalues of e(¢) and by ki, ko and k3 the components of { with respect to the
(orthonormal) basis of the eigenvectors diagonalizing e(¢), (9.4) via a straightforward
calculation reads:

Y(a,b,c) = kinsf { (k3 + 1/2]{3%)2 + (k2 + 1/31{:%)2 + (v3k? + V1k§)2
c 2

(9.5) F2URR2RE + 202K3K2 + 2y§k§k§} .

It is easy to see that 1(¢) = 0 if and only if at least one of the eigenvalues v;, j =1,2,3
is zero and the two others are not of the same sign, i.e.

(9.6) v, < g =0< ps.

In particular, for the case of strict inequalities (1; < s = 0 < v3) the zero minimum
in (9.5) is achieved at exactly two different directions k € S?: ko = 0, ks = +|vs/v1|'/%k,
giving rise to two different locations on the sphere for the component extremal mass
corresponding to such ¢.

The condition of compatibility of two linear elastic matrices A; and A; is known to be
of similar type: one of the eigenvalues of (4; — A;) must be zero and the two others must
not be of the same sign, see e.g. [1]. Hence, for pairwise compatible wells ¢(0) = ¢ (7) =
¥(37/2) = 0, in which case KJ¥ = K¢, e.g. [1]. Therefore it remains to consider the
cases when the wells are not pairwise compatible. We assume without loss of generality
that A and A; = 0 are incompatible, i.e., upon diagonalization, Ay = diag (a1, g, a3)
with ajae > 0. We then argue that the equation ¥ (¢) = 0 does not have more than
three solutions for ¢ (within the range [0,27)) unless, in the chosen basis, ag = 0 and
AR = A3F =0, k = 1,2,3. The latter corresponds to two-dimensional linear elasticity,
for which the quasiconvex hull is known and is in particular trivial in the case of pairwise
incompatible wells, see e.g. [18, §7(b)]. For the former assertion, a necessary condition for
Y(¢p) = 0 is dete(¢) = 0. The latter equation does not have more than three solutions:
if det e(¢) = 0 then ecither ¢ = 7 implying det Ay = 0 or det(As + t Ay) = 0 which is (a
nontrivial) at most cubic equation in ¢ := tan(¢/2). From these values of ¢ those failing
(9.6) should be excluded further, and as a result we end up with no more than three
values of ¢ such that ¥ (¢) = 0.
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Further, n € K/ if and only if L(#) = 0 and the minimizing measure in Y () is an
H-measure. The previous reasoning assures that, as in the divergence-free case, the total
mass could generically only be split in a no more than a single triple of extremal masses
corresponding to ¥ (¢,) = 0, r = 1,2,3. Since for each of such ¢, there are generically
two corresponding “minimizing” directions on the sphere, 5,@) and 5,@), the minimizing
measures could be supported in up to six Dirac masses.

On the other hand, the results of this paper, in particular of Section 7, provide full
characterization of H-measures supported in no more than three points. The most inter-
esting case of three solutions ¢(¢,) = 0, r = 1,2, 3 corresponds to the situation when the
plane (A;, As, A3) contains three “linear elastically compatible” directions, see [1] and [18,
§7(b)] for such examples. The results of Section 7 are directly applicable to characterize
the “inner bound” for K/*, namely in the Type 1 case when the “internal triangle” is
formed, Fig. 2, T(K) C K, cf. [1].

However, for establishing the outer bounds, some further developments are required
to eliminate (or otherwise) the possibility of the minimizing H-measure being supported
in four to six points. For example, our results in Section 7 ensure that in the Type 1
case the exterior to T'(K) is not realized by any extremal point of the superset Y (0), i.e.
by (generically) any extremal measure supported in a triple of points SYC), fél) and S?(,m),
where (k,1,m) € {1,2}3. This argument does not however eliminate the possibility of an
H-measure being a convex combination of those points. This poses an interesting open
problem, whose resolution would possibly require further developments of the ideas of

harmonic analysis akin to [11] and/or other ideas.
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