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THE ALLEN-CAHN ACTION FUNCTIONAL IN HIGHER
DIMENSIONS

LUCA MUGNAI AND MATTHIAS ROGER

ABSTRACT. The Allen-Cahn action functional is related to the probability
of rare events in the stochastically perturbed Allen—Cahn equation. Formal
calculations suggest a reduced action functional in the sharp interface limit.
We prove the corresponding lower bound in two and three space dimensions.
One difficulty is that diffuse interfaces may collapse in the limit. We therefore
consider the limit of diffuse surface area measures and introduce a general-
ized velocity and generalized reduced action functional in a class of evolving
measures.

1. INTRODUCTION

In this paper we study the (renormalized) Allen—Cahn action functional

S.(u) = /OT/Q (\/EOtu—l—\}g(—zsAu+iW’(u)))2dmdt. (1.1)

This functional arises in the analysis of the stochastically perturbed Allen—Cahn
equation [2| 211 13} 30, B, 10, 12] and is related to the probability of rare events
such as switching between deterministically stable states.

Compared to the purely deterministic setting, stochastic perturbations add new
features to the theory of phase separations, and the analysis of action functionals has
drawn attention [8] [13] [I8] 19, 26]. Kohn et alii [18] considered the sharp-interface
limit ¢ — 0 of S, and identified a reduced action functional that is more easily
accessible for a qualitative analysis. The sharp interface limit reveals a connection
between minimizers of S and mean curvature flow.

The reduced action functional in [I8] is defined for phase indicator functions
u: (0,T) x Q@ — {—1,1} with the additional properties that the measure of the
phase {u(t,-) = 1} is continuous and the common boundary of the two phases
{u = 1} and {u = —1} is, apart from a countable set of singular times, given
as union of smoothly evolving hypersurfaces ¥ := Use(o,7){t} x X¢. The reduced
action functional is then defined as

T
— )2 dH Y (z O (u .
CO/O /zt |v(t,:c) H{t, )| dH" ™ (x)dt + 4S,,,,.(u), (1.2)

SV, (u) = 2co Z HH(E), (1.3)

SO(u) :
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2 LUCA MUGNAI AND MATTHIAS ROGER

where ¥; denotes the i** component of ¥ at the time of creation, where v denotes
the normal velocity of the evolution (¥;);c(o,r), where H(t,-) denotes the mean
curvature vector of ;, and where the constant ¢g is determined by W,

co = /71 V2W(s)ds. (1.4)

(See Section |§| for a more rigourous definition of S°).
Several arguments suggest that S° describes the Gamma-limit of S,:

e The wupper bound necessary for the Gamma-convergence was formally
proved [I8] by the construction of good ‘recovery sequences’.

e The lower bound was proved in [I8] for sequences (uc)c>o such that the
associated ‘energy-measures’ have equipartitioned energy and single multi-
plicity as ¢ — 0.

e In one space-dimension Reznikoff and Tonegawa [26] proved that S.
Gamma-converges to an appropriate relaxation of the one-dimensional ver-
sion of SY.

The approach used in [I§] is based on the evolution of the phases and is sensible
to cancellations of phase boundaries in the sharp interface limit. Therefore in [I8]
a sharp lower bound is achieved only under a single-multiplicity assumption for
the limit of the diffuse interfaces. As a consequence, it could not be excluded that
creating multiple interfaces reduces the action.

In the present paper we prove a sharp lower-bound of the functional S, in space
dimensions n = 2,3 without any additional restrictions on the approximate se-
quences.

To circumvent problems with cancellations of interfaces we analyze the evolution
of the (diffuse) surface-area measures, which makes information available that is
lost in the limit of phase fields. With this aim we generalize the functional S° to a
suitable class of evolving energy measures and introduce a generalized formulation
of velocity, similar to Brakke’s generalization of Mean Curvature Flow [5].

Let us informally describe our approach and main results. Comparing the two
functionals S. and S° the first and second term of the sum in the integrand
describe a ‘diffuse velocity’ and ‘diffuse mean curvature’ respectively. We will make
this statement precise in and . The mean curvature is given by the first
variation of the area functional, and a lower estimate for the square of the diffuse
mean curvature is available in a time-independent situation [28]. The velocity of
the evolution of the phase boundaries is determined by the time-derivative of the
surface-area measures and the nucleation term in the functional S° in fact describes
a singular part of this time derivative.

Our first main result is a compactness result: the diffuse surface-area measures
converge to an evolution of measures with a square integrable generalized mean cur-
vature and a square integrable generalized velocity . In the class of such evolutions
of measures we provide a generalized formulation of the reduced action functional.
We prove a lower estimate that counts the propagation cost with the multiplicity of
the interface. This shows that it is more expensive to move phase boundaries with
higher multiplicity. Finally we prove two statements on the Gamma-convergence
(with respect to L'(Qr)) of the action functional. The first result is for evolu-
tions in the domain of S° that have nucleations only at the initial time. This is in
particular desirable since minimizers of S° are supposed to be in this class. The
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second result proves the Gamma convergence in L!({27) under an assumption on
the structure of the set of measures arising as sharp interface limits of sequences
with uniformly bounded action.

We give a precise statement of our main results in Section [d] In the remainder
of this introduction we describe some background and motivation.

1.1. Deterministic phase field models and sharp interface limits. Most
diffuse interface models are based on the Van der Waals—Cahn—Hilliard energy

B.(u) = /Q(%\Vuﬁ—i-%W(u)) da. (15)

The energy E. favors a decomposition of  into two regions (phases) where u &~ —1
and u =~ 1, separated by a transition layer (diffuse interface) with a thickness of
order . Modica and Mortola [23] 22] proved that E. Gamma-converges (with
respect to L!-convergence) to a constant multiple of the perimeter functional P,
restricted to phase indicator functions,

1o dVu| ifue BV(Q,{-1,1}),
00 otherwise.

E. — ¢oP, Pu) = {

P measures the surface-area of the phase boundary 0*{u = 1} N Q. In this sense
E. describes a diffuse approximation of the surface-area functional.

Various tighter connections between the functionals F. and P have been proved.
We mention here just two that are important for our analysis. The (accelerated)
L?-gradient flow of E. is given by the Allen—Cahn equation

1
edu = eAu — EW/(U) (1.6)

for phase fields in the time-space cylinder (0,7) x Q. It is proved in different
formulations [7, 9], [I7] that (L.6) converges to the Mean Curvature Flow

H(t,") = v(t,-) (1.7)

for the evolution of phase boundaries.
Another connection between the first variations of E. and P is expressed in a
(modified) conjecture of De Giorgi [6]: Considering

We(u) = /Qé(fsAquéVV’(u))?dx (1.8)

the sum E. + W, Gamma-converges up to the constant factor ¢y to the sum of the
Perimeter functional and the Willmore functional W,

E.+W. — coP + coW, W(u) = /H2 dH™ 1, (1.9)
T

where T' denotes the phase boundary *{u = 1} N Q. This statement was recently
proved by Roger and Schétzle [28] in space dimensions n = 2,3 and is one essential
ingredient to obtain the lower bound for the action functional.
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1.2. Stochastic interpretation of the action functional. Phenomena such as
the nucleation of a new phase or the switching between two (local) energy minima
require an energy barrier crossing and are out of the scope of deterministic models
that are energy dissipative. If thermal fluctuations are taken into account such an
energy barrier crossing becomes possible. In [I8] ‘thermally activated switching’
was considered for the stochastically perturbed Allen—Cahn equation

1
edu = eAu — EW/(U) + /291 (1.10)

Here v > 0 is a parameter that represents the temperature of the system, 7 is a
time-space white noise, and 7, is a spatial regularization with ny, — 1 as A — 0.
This regularization is necessary for n > 2 since the white noise is too singular to
ensure well-posedness of in higher space-dimensions.

Large deviation theory and (extensions of) results by Wentzell and Freidlin
[15, [14] yield an estimate on the probability distribution of solutions of stochas-
tic ODEs and PDEs in the small-noise limit. This estimate is expressed in terms
of a (deterministic) action functional. For instance, thermally activated switching
within a time 7" > 0 is described by the set of paths

B = {u(o,-) = 1, Jult,") = 1| pe(ay < & for some t < T}, (1.11)

where § > 0 is a fixed constant. The probability of switching for solutions of ([1.10)
then satisfies

lim InProb(B) = — inf SM(u). (1.12)
¥—0 ueB

Here Sg(/\) is the action functional associated to and converges (formally) to
the action functional S as A\ — 0 [I§]. Large deviation theory not only estimates
the probability of rare events but also identifies the ‘most-likely switching path’ as
the minimizer u in .

We focus here on the sharp interface limit ¢ — 0 of the action functional S..
The small parameter € > 0 corresponds to a specific diffusive scaling of the time-
and space domains. This choice was identified [8] [I8] as particularly interesting,
exhibiting a competition between nucleation versus propagation to achieve the op-
timal switching. Depending on the value of |2|'/¢/y/T a cascade of more and more
complex spatial patterns is observed [8, I8, [I9]. The interest in the sharp interface
limit is motivated by an interest in applications where the switching time is small
compared to the deterministic time-scale, see for instance [20].

1.3. Organization. We fix some notation and assumptions in the next section.
In Section [3| we introduce the concept of L2-flows and generalized velocity. Our
main results are stated in Section [4] and proved in the Sections We discuss
some implications for the Gamma-convergence of the action functional in Section
O Finally, in the Appendix we collect some definitions from Geometric Measure
Theory.
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Stephan Luckhaus for several stimulating discussions. The first author thanks the
Eindhoven University of Technology for its hospitality during his stay in summer
2006.
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2. NOTATION AND ASSUMPTIONS

Throughout the paper we will adopt the following notation: 2 is an open
bounded subset of R™ with Lipschitz boundary; 7" > 0 is a real number and
Qr = (0,T) x Q; x € Q and ¢t € (0,T) denote the space- and time-variables
respectively; V and A denote the spatial gradient and Laplacian and V’ the full
gradient in R x R™.

We choose W to be the standard quartic double-well potential

W(r) = %(1 —r?)2,

For a family of measures (,ut)te(o’T) we denote by £! ® ut the product measure
defined by

T
(L' @ p')(n) ::/O pi(n(t,)) dt

for any n € C2(Qr).
We next state our main assumptions.

Assumption 2.1. Let n = 2,3 and let a sequence (ue)eso of smooth functions be
given that satisfies for all e > 0

Se(ue) < Ay, (A1)
/52(2|Vu5|2+ EW(UE))(O,I) dx S AQ’ (A2)

where the constants Ay, Ay are independent of € > 0. Moreover we prescribe that
Vue-vg =0  on[0,T] x 09Q. (A3)
Remark 2.2. It follows from (A3) that for any 0 <ty < T

fo 1 1 2
(= eAue + ~W'(u))) dadt
/0 /Q(ﬁ&gu +\£( eAu —|—€W(u ))) T
fo 1 1 2
:/ /5(8tu5)2+7(—€Au5+7W’(u€)) dxdt
0 Q g €

+2/Q (%|Vu5|2—|—§W(ug))(to,x) da:—2/Q (%|Vu5‘2+éW(u8))(O,m) da.

By the uniform bounds (A1l]), (A2) this implies that

1 1
/ e(Opus)? + g( —eAu, + gW’(ug))2 dzxdt < Az, (2.1)
Qr
Ero, 2o L
O%aSXT/Q CIVucl + W) (2) do < A, (2.2)

where
1
A3 = Al +2A2, A4 = §A1 +A2

Remark 2.3. Our arguments would also work for any boundary conditions for
which d;uVu - v vanishes on 0f), in particular for time-independent Dirichlet con-
ditions or periodic boundary conditions.
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We set
1
we = —eAu. + —W'(u.) (2.3)
€
and define for € > 0, t € (0,T) a Radon measure u! on €,
€ 1 n
pt = (SIVuc () + S W (et ) £, (2.4)
and for € > 0 measures fi., o, on Qp,
€ 1
He = (§|VU5|2 + EW(UE)>‘£”+1a (25)
a: = (20, + 5*1/2w5)2ﬁn+1. (2.6)
Eventually restricting ourselves to a subsequence € — 0 we may assume that
pe — p as Radon-measures on Qr, (2.7
a. — a as Radon-measures on {Qr, (2.8)

for two Radon measures i, o on €7, and that

aQr) = ligl_,%lf a:(Qr). (2.9)

3. L2-FLOWS

We will show that the uniform bound on the action implies the existence of
a square-integrable weak mean curvature and the existence of a square-integrable
generalized velocity. The formulation of weak mean curvature is standard in Geo-
metric Measure Theory [I, [3I]. Our definition of L?-flow and generalized velocity
is similar to Brakke’s formulation of mean curvature flow [5].

Definition 3.1. Let (11")c(0,1) be any family of integer rectifiable Radon measures
such that u:= L' ®@ ut defines a Radon measure on Qi and such that ut has a weak
mean curvature H(t,-) € L?(ut) for almost all t € (0,T).

If there exists a positive constant C' and a vector field v € L*(u, R™) such that

v(t,x) L Top'  for p-almost all (t, ) € Qr, (3.1)

T
[ [ @+ vn-v)antar] < Clallosan (32

for all n € CL((0,T) x Q), then we call the evolution (u')ieo,r) an L*-flow. A
function v € L?(u, R™) satisfying (3.1)), (3.2) is called a generalized velocity vector.

This definition is based on the observation that for a smooth evolution
(My)¢e(o,m) with mean curvature H(t,-) and normal velocity vector V(t,-)

G| @~ [ omn) @) - [ an) - Vie o)

M, My

= H(t,z) V(t,z)n(t,z)dH" ().

M,
Integrating this equality in time implies (3.2]) for any evolution with square-
integrable velocity and mean curvature.



THE ALLEN-CAHN ACTION FUNCTIONAL IN HIGHER DIMENSIONS 7

Remark 3.2. Choosing n(t,z) = ((t)¥(x) with ¢ € CX0,T), ¥ € CY(Q), we
deduce from that ¢ — p'(¢) belongs to BV (0,T). Choosing a countable dense
subset (1;)ien C C°(Q) this implies that there exists a countable set S C (0,7
of singular times such that any good representative of ¢ — u(s)) is continuous in
(0,7)\ S for all ¢» € C1(Q).

Any generalized velocity is (in a set of good points) uniquely determined by the
evolution (t¢)ie(o,1)-

Proposition 3.3. Let (1i');c0,1) be an L*-flow and set p:= L' @p'. Let v € L*(p)
be a generalized velocity field in the sense of Definition|3.1. Then

1

holds in p-almost all points (tg,xo) € Qr where the tangential plane of p exists.
The evolution (ji*)e(o,r) uniquely determines v in all points (to,zo) € Qp where
both tangential planes T,z and Ty pto emist.

We postpone the proof to Section [8

In the set of points where a tangential plane of p exists, the generalized velocity
field v coincides with the normal velocity introduced in [4].

We turn now to the statement of a lower bound for sequences (u.)c>o satisfying
Assumption[2.1} Ase — 0 we will obtain a phase indicator function u as the limit of
the sequence (ue)e>0 and an L?-flow (4")¢e(0,7) as the limit of the measures (fic)e>0-
We will show that in H"™-almost all points of the phase boundary 0*{u =1} NQ a
tangential plane of p exists. This implies the existence of a unique normal velocity
field of the phase boundary.

4. LOWER BOUND FOR THE ACTION FUNCTIONAL

In several steps we state a lower bound for the functionals S.. We postpone all
proofs to Sections

4.1. Lower estimate for the mean curvature. We start with an application of
the well-known results of Modica and Mortola [23] [22].

Proposition 4.1. There ezxists u € BV (Qr,{—1,1})NL>(0,T; BV(Q)) such that
for a subsequence e — 0

U — U in L' (Qr), (4.1)
ue(t, ) — ul(t,-) in LY(Q) for almost all t € (0,T). (4.2)
Moreover
SO vl < As+TA, L dva(t, )| < A (4.3)
2 Ja, 2 Jo

holds, where cy was defined in (|L.4)).
The next proposition basically repeats the arguments in [19, Theorem 1.1].

Proposition 4.2. There exists a countable set S C (0,T), a subsequence ¢ — 0
and Radon measures put,t € [0,T)\ S, such that for all t € [0,T]\ S

pt — p' as Radon measures on (), (4.4)
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such that
p=L'eu, (4.5)
and such that for all ¢ € C1(2) the function
t s p'(y) s of bounded variation in (0,T) (4.6)
and has no jumps in (0,7)\ S.

Exploiting the lower bound [28] for the diffuse approximation of the Willmore
functional (1.8)) we obtain that the measures pu' are up to a constant integer-
rectifiable with a weak mean curvature satisfying an appropriate lower estimate.

Theorem 4.3. For almost allt € (0,7T)

1
—u is an integral (n — 1)-varifold,
Co

u' has weak mean curvature H(t,-) € L*(u'),

and the estimate
1
/ |H|? dp < liminf/ —w? dxdt (4.7
Qr e=0 Jor €

holds.
4.2. Lower estimate for the generalized velocity.

Theorem 4.4. Let (u'),c(0,r) be the limit measures obtained in Proposition .
Then there exists a generalized velocity v € L*(u, R™) of (1")e(o,r)- Moreover the
estimate

/ o2 dp < liminf/ £(0pue)? dadt (4.8)
Qr =0 Jog

is satisfied. In particular, (%,ut)te(oj) is an L?-flow.

We obtain v as a limit of suitably defined approximate velocities, see Lemma (6.2
On the phase boundary v coincides with the (standard) distributional velocity of the
bulk-phase {u(t,-) = 1}. However, our definition extends the velocity also to ‘hid-
den boundaries’, which seems necessary in order to prove the Gamma-convergence
of the action functional; see the discussion in Section [0

Proposition 4.5. Define the generalized normal velocity V' in direction of the
inner normal of {u =1} by

V(t,z) = v(t,z)- Vu

Yl (t,x), for (t,xz) € 0"{u=1}.

Then V € LY(|Vul|) holds and V
alln € CHQr)

o+ {u=1} 18 the unique vector field that satisfies for

T
/ /V(t,x)n(t,x) d|Vu(t,-)|(z)dt = 7/ uOyn dadt. (4.9)
0 JQ Qr
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4.3. Lower estimate of the action functional. As our main result we obtain
the following lower estimate for S..

Theorem 4.6. Let Assumption hold, and let p, (u')iepo, 1), and S be the mea-
sures and the countable set of singular times that we obtained in Proposition [[.2
Define the nucleation cost Spyc(p) by

Suueli) = 3 sup (Tim it () — lim (1))
foes ¥ i o (4.10)
+ sup (limp' () — p°(¥)) + sup (u" () — lim p* (1)),
P tl0 P t1T

where the sup is taken over all ¢ € C1(Q) with 0 < < 1. Then
lim inf S (uz) > / |v — H|? dp + 4Spue(p)- (4.11)
E— QT

In the previous definition of nucleation cost we have tacitly chosen good represen-
tatives of pt(1)) (see [3]). With this choice the jump parts in are well-defined.

Eventually let us remark that, in view of Theorem we can conclude that
Snue does indeed measure only (n — 1)-dimensional jumps.

Theorem improves [I8] in the higher-multiplicity case. We will discuss our
main results in Section [

4.4. Convergence of the Allen—Cahn equation to Mean curvature flow.

Let n = 2,3 and consider solutions (ue)eso of the Allen—Cahn equation (1.6)) sat-
isfying and . Then Sc(u:;) = 0 and the results of Sections pply:
There exists a subsequence € — 0 such that the phase functions u. converge to a
phase indicator function w, such that the energy measures u! converge an L?-flow
(1')e(0,), and such that p-almost everywhere

H=u (4.12)

holds, where H (t,-) denotes the weak mean curvature of ! and where v denotes the
generalized velocity of (1")ye (o, 1y in the sense of Definition Moreover Spyc(p) =
0, which shows that for any nonnegative ¢ € C1(2) the function ¢ ~ u*(1)) cannot
jump upwards. From and below one obtains that for any 1 € C*(Q) and
all ¢ € CL(0,7)

T . 1
- /0 Cpt(y)dt = — /Q ) C(t)(gz/}(m)wg(t,x)—&—vw(x)-Vugwg(t,x)) da:(dt. |
4.13

We will show that suitably defined ‘diffuse mean curvatures’ converge as ¢ — 0, see

(7.1). Using this result we can pass to the limit in (4.13) and we obtain for any
nonnegative functions ¢ € C1(Q2), ¢ € C1(0,T) that

/OTatCut(w)dt < /OTC(t)/Q (Hz(t,x)+vw(x).H(t,x)) du'(z)dt,

which is an time-integrated version of Brakke’s inequality.
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5. PROOFS OF PROPOSITIONS [4.1] [£.2] AND THEOREM [4.3]

Proof of Proposition[{.1 By (2.1)), (2.2]) we obtain that

/ <g|V'u5|2+ %W(ue)) dodt < As+ TAy.
Qr

This implies by [22] the existence of a subsequence ¢ — 0 and of a function u €
BV (Qp;{—1,1}) such that

ue — u in L'(Q7)

and
1
Qv < liminf/ (VU + =W (ue)) dadt < (As+ TAy).
2 QT e—0 QT 2 g
After possibly taking another subsequence, for almost all ¢ € (0, 7))
uc(t,") — u(t,-) in LY(Q) (5.1)
holds. Using (2.2)) and applying [22] for a fixed t € (0,T) with (5.1)) we get that
@/ d|Vul(t,-) < liminf £ (Q) < Ay.
2 9] e—0
([l

Before proving Proposition [4.2| we show that the time-derivative of the energy-
densities ! is controlled.

Lemma 5.1. There exists C = C(A1, Az, Ay) such that for all » € C*(Q)

/ "ot dt < Cllon (5:2)

Proof. Using we compute that
20k 0) = [ (Ve + ) (ta)ie) do = [ (60 + Zu) (ta)i(o) do
o /Q V() - Dy (b ) Ve (t, 2) dar. (5.3)

By , we estimate
‘2/% eV - Dpu Vi, dmdt( < /QT V4| (= (Bre)? + €[V [?) el
< (A3 +TA) VYl oy (5.4)
and deduce from , , that
/ L@t < (A + Al oy + Clhs, TAD IVl oy,
which proves (5.2). (I

Proof of Proposition[{.3 By ([2.7) u- — p as Radon-measures on Q7. Choose now
a countable family (;);iey C C1(Q) which is dense in C°(Q2). By Lemma
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and a diagonal-sequence argument there exists a subsequence € — 0 and functions
m; € BV(0,T), i € N, such that for all i € N

pL(;) — my(t)  for almost-all t € (0,7),

ot (i) — ml, as Radon measures on (0,7).

Let S denote the countable set of times ¢ € (0,T") where for some ¢ € N the measure
m; has an atomic part in ¢. We claim that holds on (0,T) \ S. To see this
we choose a point ¢t € (0,T) \ S and a sequence of points (¢;),en in (0,7)\ S, such
that t; /'t and holds for all ¢;. We then obtain

tim i ([t;,2]) = 0 for all i € N, (5.7)
lim O (W) (nt) =it t) forallij €N (5.8)
Moreover
[mi(t) — pe(i)| < [ma(t) —mi(ty)| + [mi(ts) — pe (i)| + |pe (i) — pe(es)|
< mi([tg, )]+ [malty) — p (0a)] + [t (i) ([t5, 1))

Taking first ¢ — 0 and then t; ' t we deduce by (5.7), (5.8)) that (5.5) holds for
alli € Nand all t € (0,7)\ S.

Taking now an arbitrary ¢ € (0,7) such that (5.5) holds, by (2.2)) there exists a
subsequence € — 0 such that

pt — p'  as Radon-measures on (). (5.9)

We deduce that u?(1);) = m;(t) and since (1;);en is dense in C°(Q) we can identify

any limits of (ut)c~o and obtain for the whole sequence selected in 7
and for all ¢t € (0,7T), for which holds. Moreover for any 1 € C°(Q) the map
t +— pt(zp) has no jumps in (0,7') \ S. After possibly taking another subsequence
we can also ensure that as ¢ — 0

pd — pl opl =t

as Radon measures on ). This proves (4.4)). o
By the Dominated Convergence Theorem we conclude that for any n € C°(Qr)

T T
[ ondn = tim [ i =ty [ [ o) dit@ae = [ [ o) dutia an,
Qr =0 /o, e=0Jo Ja 0o Ja

which implies (4.5).
By (5.2), the L'(0, T)-compactness of sequences that are uniformly bounded in
BV(0,T), the lower-semicontinuity of the BV-norm under L!-convergence, and

(4.4) we conclude that (4.6) holds. O

Proof of Theorem[{.3 For almost all ¢ € (0,T’) we obtain from Fatou’s Lemma and

). @) that

lim inf (,ué(ﬂ) +/ 1wg(t,:v) d:c) < o0. (5.10)
e—0 Q€
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Let S C (0,T) be as in Proposition 4.2/ and fix a ¢t € (0,7) \ S such that (5.10)
holds. Then we deduce from [28, Theorem 4.1, Theorem 5.1] and (4.4) that

1
C—,ut is an integral (n — 1)-varifold,
0

Co
p‘t 2 5|vu(ta )|7

and that p' has weak mean curvature H(t,-) satisfying

1
/|H(t,x)|2d/f(x) < liminff/wa(t,x)de. (5.11)
Q =0 € Jo

By (5.11) and Fatou’s Lemma we obtain that

T T 1
/ / |H(t,z)* du’(z) dt < / (liminf/ we(t, )? dx) dt
0 Q 0 e—=0 ¢ Jo

1
lim inff/ w? dadt,
Qr

IN

e—=0 ¢

which proves (4.7).

For later use we also associate general varifolds to ul and consider their conver-
gence as € — 0. Let v.(t,-) : Q — S71(0) be an extension of Vuc(t,-)/|Vuc(t,-)| to
the set {Vuc(t,-) = 0}. Define the projections P.(t,z) := Id—v.(t,z)Qv.(t,x) and
consider the general varifolds V! and the integer rectifiable varifold ¢y 'V* defined
by

V) = [ G Pta) ditfo), (5.12)
Vi) = [ fe P @) (5.13)

for f € C2(Q x R™ ™), where P(t,z) € R™ " denotes the projection onto the
tangential plane T,pu?. Then we deduce from the proof of [28, Theorem 4.1] that
VE— VP o ase—0 (5.14)

€

in the sense of varifolds. O

6. PROOF OF THEOREM (4]

6.1. Equipartition of energy. We start with a preliminary result, showing the
important equipartition of energy: the discrepancy measure

1
& = (5IVuel = i) )£ (6.1)

vanishes in the limit € — 0.
To prove this we combine results from [28] with a refined version of Lebesgue’s
dominated convergence Theorem [25], see also [27, Lemma 4.2].

Proposition 6.1. For a subsequence ¢ — 0 we obtain that

|éc| — 0 as Radon measures on Qr. (6.2)
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Proof. Let us define the measures

1
&= (51Vuel = SWwn) (¢ )L

on 2. For e > 0, k € N, we define the sets

Ber = {te(0,7): / 1w?(t,aﬁ) dx > k}.

Q€
We then obtain from ([2.1)) that

Az > / / 2(t,x) dedt > |Be gk

Next we define the (signed) Radon-measures &, b

gt = J& fort € (0. T)\Bey,
P70 for t € Be .

By [28, Proposition 4.9], we have
|§§j| — 0 (j — o0) as Radon measures on {2

for any subsequence €; — 0 (j — oo) such that

Jj—oo

1
limsup/ —w? (t,x)dr < oo.
Q&

(6.3)

(6.4)

By ([:2), (6.5) we deduce that for any n € C°(Qr,RJ), & € N, and almost all

€ (0,7)
€L kl(n(t,)) = 0 ase—0
and that

€8kl (n(t, ) = (1= &p., (1) I&] (n(t, ) < Aallnll oy
By the Dominated Convergence Theorem, (6.7)) and imply that

T
| sl — 0 ase—o
0

Further we obtain that

A|@Wu»ﬁgé@5mwwﬁ+/ €] (n(t. ) dt

Bs,k

T
< [Clumeyde+ [t e
0 Be
For k € N fixed we deduce from (2.2 , , (6.10) that

. A
hmsup/ /|£E ))dt < hm/ €L k1 (n(t, ) dt + ||77HCO(QT)A4?3.

e—0

By (6.9) and since k € N was arbitrary this proves the Proposition.

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

O
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6.2. Convergence of approximate velocities. In the next step in the proof of
Theorem [£.4] we define approximate velocity vectors and show their convergence as
e —0.

Lemma 6.2. Define v. : Qp — R™ by

Otue. Vu :
s < Zf |Vu | 7é 0’
Ve = [Vuel| [Vue| € (612)

0 otherwise.

Then there exists a function v € L?(u, R™) such that
(e|Vue|* L") — (u,v)  ase—0 (6.13)

in the sense of measure function pair convergence (see the Appendiw@ and such

that (4.8) is satisfied.

Proof. We define Radon measures

fie = e|Vu > L = po + &L (6.14)
From (2.7), (6.2)) we deduce that
fie — p as Radon measures on (7. (6.15)

Next we observe that (fic,v:) is a function-measure pair in the sense of [I6] (see
also Definition in Appendix B) and that by (2.1))

/ lve|? djic < / £(Ouc)? drdt < Ag. (6.16)
QT QT
By Theorem we therefore deduce that there exists a subsequence € — 0 and a
function v € L?(u, R™) such that (6.13) and (4.8]) hold. O
Lemma 6.3. For u-almost all (t,z) € Qr

v(t,x) L Tyu'. (6.17)

Proof. We follow [24, Proposition 3.2]. Let v, : Qr — S77*(0) be an extension of
Vue/|Vue| to the set {Vu. = 0} and define projection-valued maps P: : Qp —
Rnxn’

P.=Id—v. Q..

Consider next the general varifolds V.,V defined by

V.(f) = i [t @, Pe(t, x)) djic(t, ), (6.18)

V(f) = A f(t,z, P(t,z)) du'(z) (6.19)

for f € CO(Qr x R™¥™), where P(t,z) € R™ ™ denotes the projection onto the
tangential plane T}, u!.

From , Proposition and Lebesgue’s Dominated Convergence Theorem
we deduce that

lm V., =V (6.20)
e—0

as Radon-measures on Qp x R™®*7",
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Next we define functions 0. on Q7 x R™"*" by
e(t,z,Y) = v.(t,z) forall (t,z) € Qp, Y € R™*™.

We then observe that

/ @3@;:/ v dfi. < As
Qp xRnxn Qr

and deduce from (6.20)) and Theorem the existence of & € L?(V,R") such that
(Vz,0e) converge to (V, ) as measure-function pairs on Qr x R"*™ with values in
R™.

We consider now h € C2(R™ ") such that h(Y) = 1 for all projections Y. We
deduce that for any n € C%(Qr,R™)

| v = 1 0ty z) - (Y )ou(t 2, Y) dVa(t, 2, Y)
Qr

e—0 Qp xRnxn

_ /Q n(t, ) - (t,z, P(t,2)) du(t, 2),

which shows that for u-almost all (¢, z) € Qr
o(t,z, P(t,x)) = v(t,x). (6.21)
Finally we observe that for h,n as above
[t Pt.oy(t. ) du o)
Qr
= [ nthy) YiltnY)aV ()
QTxRTLXTL
= lim n(t, z)h(Y) - Yo (t,2,Y)dV.(t,x,Y)

e—0 Qp xRnxn

= 1111(1) n(t,x) - P:(t,x)ve(t,x) dfic(t,z) = 0
e—=0 Jo,.

since P.v. = 0. This shows that P(t,z)v(t,x) = 0 for p-almost all (t,z) € Qr. O

Proof of Theorem [/7 By (2.1) there exists a subsequence ¢ — 0 and a Radon
measure 3 on )7 such that

1 _
(e(Opue)? + gwﬁ)cn+1 — B, BOQr) < As. (6.22)
Using (A3)) we compute that for any n € C}((0,T) x Q)

1
/ ndo, = / n(e(0pus)® + ~w?) dadt — 2 Oy dpie
o o : o (6.23)

+2/ eVn - Oyue Vue dxdt .
Qr

As ¢ tends to zero the term on the left-hand side and the first two terms on the
right-hand-side converge by (2.7), (2.8) and (6.22). For the third term on the
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right-hand side of (6.23) we obtain from (6.13) that
lim Vn - edyusVue dedt = — lim / V1 - ve €| Vue|? dedt
Qr

e—0 Qr e—0

= — Vn-vdu.
Qp

Therefore, taking e — 0 in (6.23)) we deduce that

/nda:/ ndg —2 8t17du72/ Vn-vdp
QT QT QT QT

holds for all n € CL((0,T) x Q). This yields that

1, _
[ o+ V- vdn| < oo 5 () +5(r)).

which shows together with (6.17) that v is a generalized velocity vector for

(Mt)te(O,T) in the sense of Definition The estimate (4.8) was already proved in

Lemma [6.21 (I
7. PROOF OF THEOREM

We start with the convergence of a ‘diffuse mean curvature term’.

Lemma 7.1. Define

. lw Ve
g c g |qu|27
let jic = &|Vuc|?> L, and let v, v be as in (6.12), (6.13). Then
(ﬁE?HE) - (M,H), (71)

(fie,ve — H.) — (M,U—H)

as € — 0 in the sense of measure function pair convergence. In particular
[ o= HP du < at) (73)
Qr

holds for all n € C°(Qr,Ry).

Proof. We use similar arguments as in the proof of Proposition [6.1} For £ > 0,
k € N, we define sets

1
B.r = {te(0,T) :/ gwg(t,a:)2 dx > k}. (7.4)
Q
We then obtain from ([2.1)) that
1
As > / —w?dxdt > |B. ilk. (7.5)
Qr €

Next we define functionals 77, € C2(€2,R")* by

Jo (@) - we(t, x)Vue(t,x)de  for t € (0,T)\ Be i,

Jo¥(x) - H(t,x) du' (z) for t € B. j. (7.6)

Tst,k(w) = {
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Considering the general (n — 1)-varifolds V., V! defined in (5.12)), (5.13) we obtain
from [28] Proposition 4.10] and (5.14) that

lim [ ¢ w.,(t,2)Vue,(t,z)de = — lim §V! (¢)
j—oo Jq . : j—o0 J

(7.7)
= —Sul(y) = /Q - H(t,7) dyi (2)

for any subsequence €; — 0 (j — o0) such that

1
limsup/ —w? dzdt < oo.
jooe Ja &

Therefore we deduce from (7.6)), (7.7) that for all n € C?(Qr,R"), k € N, and
almost all ¢ € (0,7)

T (n(t, ) — /Q n(tx) - Htx)du!(z) ase —0 (7.8)
and that
2 (n(t, )|

<(1—-Xp.,(1) ‘/Q n(t,x) - we(t, ) Vue(t,x) dz

+ X, (0| [ n(t.0) - Ht.) dit(0)

1 9 1/2 € ) 1/2
goetrds) ([ S9uita) o)

<[nleor (1 = s, (6) /

Q
+ / In(t, 2)||H (¢, 2)| dyi (z)
< ||n||co<QT>\/§¢A7 4 / In(t, )| H (t, )| du (), (7.9)

where the right-hand side is bounded in L'(0,7'), uniformly with respect to & > 0.
By the Dominated Convergence Theorem, ([7.8) and (7.9 imply that

T
/ T! w(n(t,-) dt — n-Hdu ase— 0. (7.10)
0 Qr

Further we obtain that
/ 77~w5Vu5dxdt—/ 77~Hdu‘

QT QT

T

/ TZ k(n(t,-)) dt — / n- Hdu‘

0 Qr
+ / / n(t,x) - H(t,x) d,ut(x)dt‘ + ‘ / / N - weVue do dt (7.11)

Ba,k Q Bs,k Q

IN
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The last term on the right-hand side we further estimate by

’/ /n(t,x)~w5(t,x)Vu5(t,x) dxdt’
B, JQ

1 1/2
§||77||CO(QT)(/Q —w? d:z:dt) |Bs,k\1/2\//T4
A

2e
1
< ||77||00(QT)A3W\/1T4, (7.12)

where we have used (2.2) and (7.5)). For the second term on the right-hand side of
(7.11) we obtain

| /B . /Q"(t’ ) - H(t,2) due ()

IN

1/ 1/2
| B, k|1/2||77||c/0 Q )(/ o2 d,u)
supp(n)

< L gl Vs (7.13)

where we have used (4.7) and (2.1). Finally, for k£ € N fixed, by (7.10) we deduce
that

lim‘/ dtf/ 17~Hd,u‘ — 0. (7.14)
e—0 Qr
Taking ¢ — 0 in (7.11) we obtain by (7.12)-(7.14]) that

lim ’/ 77~w5VuEda:dt—/ n-Hdu’
SZT SZT

e—0

As 1
< 23 nllooiam VAL + —=A 7.15
\/EHUHC @) VA + —eAs (7.15)

for any k € N, which proves (7.1)). Using (6.13) this implies (7.2). Finally we fix
an arbitrary nonnegative n € C°(Q7) and deduce that the measure-function pair

(fie, \/M(ve — H)) converges to (p, /(v — H)). The estimate (7.3) then follows
from Theorem [B.3l O

Let IT : [0,7] x Q — [0,T] denote the projection onto the first component and
I the pushforward of measures by II. For ¢ € C°(€2) we consider the measures

Q) 1= H#(¢O¢)7
on [0,T], that means
ay(C) = A C(t)d(x) dalt, z),
for ¢ € CY([0,T)), and set
aq = Ixua.

We then can estimate the atomic part of aq in terms of the nucleation cost.
Lemma 7.2. Let Spuc(it) be the nucleation cost defined in (4.10). Then
(aQ)atomic[OaT] > 4Snuc<ﬂ)~ (716)
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Proof. Let n € C*(Qr,RY) be nonnegative. We compute that
1
/ ndo, = / n(e(@tua)Q + fwg + 28tu5w5) dadt
Qrp Qr €
> 4/ noyu.w. drde
Qr

=—-1 O dpe + 4/ Vn - e0yueVue dzdt
QT QT

+dpz (T, ) — 42 (n(0, ). (7.17)
Passing to the limit ¢ — 0 we obtain from (2.7)), (4.4), (6.13) that

/ ndo > —4 atndu—4/ V- vdp + 4t ((T, ) = 4u° (9(0,-)). (7.18)
Qrp Qrp Qr

We now choose n(t,z) = ((t)i(x) where ¢ € CL([0,T],R]), ¢ € CL(QRY) in
and deduce that
T T T
_ t . t
| o= =4 [Cocuwrasa [ ¢ [ 9o it
+4¢(T)p" () — 4¢(0)u° (). (7.19)
This shows that
ay > 40, (it () +4(/ Vib(a) - vlt, ) dp (2)) £
Q
AT )~ Tt (0)dr + 4Tt ) — W) (720)
Evaluating the atomic parts we obtain that for any 0 < tg < T

ay({to}) > 49, (u* () ({to}),
which implies that

ao({to}) = 4Sip5t(ut(¢))({to})' (7.21)

where the supremum is taken over all 1) € C1(Q) with 0 <1 < 1.
Moreover we deduce from ([7.20)

an({0}) > 4S:lpp(1tilrgut(¢) — 1)), (7.22)

aa({T}) 2 4sup (17 (1) — lim ' (6)), (7.23)
» t1r

where the supremum is taken over v € C(Q) with 0 <+ < 1. By (7.21)-(7.23) we
conclude that (7.16)) holds. O

Proof of Theorem[[.6 By (7.3) we deduce that o > |[v — H|*u. Since p = L' @ !
we deduce from the Radon-Nikodym Theorem that

(@0)acl0, T) > /Q lv — H|*dp, (7.24)

and from (7.16)) that
(Olﬂ)atomic[ovT] Z 4Snuc(/1“)a (725)
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where (aq)qe and (aq)atomic denote the absolutely continuous and atomic part
with respect to £! of the measure aq. Adding the two estimates and recalling (2.9)

we obtain (4.11)). O

8. PROOFS OF PROPOSITION [3.3] AND PROPOSITION
Define for r > 0, (tg,z9) € Qr the cylinders
Qr(to,xo) 1= (to — 1, to + 1) X Bl (x0).
Proof of Proposition[3.3 Define
Sn(p) = {(t,z) € Qr : the tangential plane of p in (¢,z) exists} (8.1)
and choose (t9,xo) € X, (1) such that
v is approximately continuous with respect to p in (o, o). (8.2)

Since v € L%(u) we deduce from [I1I, Theorem 2.9.13] that (8.2) holds p-almost
everywhere. Let

Py = T(to,wo)/féa 90 >0 (83)

denote the tangential plane and multiplicity at (o, xo) respectively, and define for
any » € C2(Q1(0)) the scaled functions ¢, € C2(Q,(to, z0)),

po(t, ) = 0 "p(0™ (t —to), 0" (& — w0)).
We then obtain from ({8.3)) that

/ Yodp — 00/ edH" as p \,0. (8.4)

QT PO
From (3.2, the Hahn—Banach Theorem, and the Riesz Theorem we deduce that

vecienr. o= [ o () 5)

can be extended to a (signed) Radon-measure on Q. Since by the Radon-Nikodym
Theorem D, |Y| exists and is finite p-almost everywhere we may assume without
loss of generality that

D, |9|(to, z0) < o0. (8.6)
We next fix n € C1(Q1(0)) and compute that

1

o) = [ (70), (1) ae (5.7
Qr

From (8.2)), (8.4)) we deduce that the right-hand side converges in the limit ¢ — 0,

1 1
li V'n) - dp = 6 . V'ndu. 8.8
i J (V) (U> 1= 6o (v(two)) RRLE (8:8)

For the left-hand side of (8.7) we deduce that

lilgl\igf [9(ono)| < [Inllco@i o)) 1izﬂ\i(f)lf o " FHII(Q, (to, 0)) (8.9)
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and observe that implies

. [91(Qo(to; o)) N _n . o -1
o > ;%m > 111911\1(1)1f9 |19|(Qg(t0,$0))(111;1\5(1)1pg M(Qg(%ﬂ«“O)))
> clim\ig)lf9’”|19|(Q9(to,xo))7 (8.10)
0

since by (8.4) for any ¢ € C%(Q2(0),Ry) with ¢ > 1 on Q1(0)

limsup 07" u(Q,(to, x0)) < limsup/ wedp < C(yp).
Qr

o0 o0
Therefore (8.7)-(8.10) yield
1
6 [ V'ndp = 0. 8.11
o (U(t07$0)> Ve (8.11)

Now we observe that the integral over the projection of V'n onto Py vanishes. This
shows that

/ V'ndH™ € Py (8.12)
Py

Since 1 can be chosen such that the integral in (8.12)) takes an arbitrary direction
normal to Py we obtain from (8.11)) that v(to,zo) satisfies (3.3)). If T, pu' exists
then

1
— to
Tito,wo) it = ({0} X Tyt ) @ span <v($0)>
and we obtain that v is uniquely determined. [

To prepare the proof of Proposition we first show that p is absolutely con-
tinuous with respect to H".

Proposition 8.1. For any D CC Q there exists C(D) such that for all xg € D
and almost all ty € (0,T)

1
limsupr_"u(QT(to,xO)) < C(D)A4+liminf/ —w?(to, ) da. (8.13)
N0 e=0 Jp¢€
In particular,
1(By(to, o))

n

lim sup < 0o for p— almost every (to, zo) (8.14)

p—0
and p is absolutely continuous with respect to H",
<< H". (8.15)
Proof. Let
ro := min {1, % dist(D, 09), |tol, |T — t0|}.
Then we obtain for all r < rg, zg € D, from and [28, Proposition 4.5] that

1 to+r ) .
o R CREDE

r o—7

1 to+r L . 1 1 to+r 1 )
<- “"ut (Bl dt + ——=-— liminf [ —wZ(t,z)dz ) dt.
- r [0—7‘ ro M ( "o (xO)) + 4(” - 1)2 r ~/t()—7' < llén_}(l;l D ewa( 7x) x)

(8.16)
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By Fatou’s Lemma and ([2.1)
1
t = liminf [ —w?(t,z)dx isin L'(0,T) (8.17)
e—0 DE
and by (2.2) we deduce for almost all ty € (0,T) that

1 to+r
lim sup — / r' =t (B (x0)) dt
¢

™0 T Jig—r

1 1
< 1-n I T2 .
<2ry A4+ =12 hgl_)%lf/D W (to,x) dx

Since 7y depends only on D, () the inequality follows.

By the right-hand side in is finite for £!-almost all ¢y € (0,7) and
0*™(u, (t, z)) is bounded for almost all ¢ € (0,7T) and all z € Q. By we deduce
that for any I C (0,7) with |[I| =0

M(IXQ) < A4|I| =0
which implies (8.14]).

To prove the final statement let B C ) be given with
H"(B) = 0. (8.18)
Consider the family of sets (Dg)ken,
Dy == {2€Qr : 0" (n,2) <k}
By , [31, Theorem 3.2], and we obtain that for all k € N

W(BNDy) < 2"kH"(BN Dy) = 0. (8.19)
Moreover we have that
B\ JDr) =0 (8:20)
keN
by (8.14). By (8.19)), (8.20) we conclude that
u(B) = 0,
which proves (8.15)). O

To prove Proposition we need that H"-almost everywhere on 9*{u = 1} the
generalized tangent plane of p exists. We first obtain the following relation between
the measures p and |V'ul.

Proposition 8.2. There exists a nonnegative function g € L? (,u,]Rg) such that
g > %Ow’u\. (8.21)
In particular, |V'u| is absolutely continuous with respect to p,
V'u| << p. (8.22)
Proof. Let

G(r) = /OT V2W (s) ds. (8.23)
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On the set {|Vue| # 0} we have

_ VG (ue)|
VG (uc)|

VG
VOG(ue)? + VG (ue)

1
= ——|V'G(u.)]. 8.24
V) (5.29)
Letting fi- as in (6.14) we get from (6.16)), (2.2)), and Theorem [B.3] the existence of
a function g € L*(u) such that (up to a subsequence)

lim (e, /1 + [0e[?) = (1, 9) (8.25)

as measure-function pairs on Q7 with values in R.

Let n € C9(Qr). Then

[ VTP (96 ) dedt ~ [ 0/TH TocP die
Qr

VG (ue) IV'G(ue)]

VG (ue)|

2W (ue
:‘/ nv1+ \v6|2( Wlue) _ \@\Vug|>\/§|VuE|dxdt‘
Qr €
12y [2W (ue)
< 2 2 2 H e)
_(/QTT’ (L Joe el Ve dmdt> £ Velvel L2(0r)
<[lnllz=(2TAs + A3)' 2 (21€: | (7)) /2. (8.26)
Thanks to (8.25), (8.26) and (6.2]) we conclude that
lim (VG ()| £+, T+ [0:?) = (1,0) (327

as measure-function pairs on Q7 with values in R.

Again by (2.1) we have

|V'G(ue)| dzdt
_ / 1Oyt v/2W () devdt
{0=|Vue|<W(u:)}
W (ue)

1/2 1/2
§\/§( / s(atu5)2dxdt> ( / 7dxdt>
Qr {0=|Vu.|<W(u.)} €
<V2A3(&|(Qr)) Y2,

which vanishes by (6.2)) as € — 0. This implies together with (8.24)) and (8.27) that

/ngd,u— lir%/n 1+ |ve|2|VG(ue)| dadt

/{0_|VUE<W(U5)}

Qr

_ lim/ DIV Glu.)| dadt > io/ ndV'ul,
e—0 Qr 2
where in the last line we used that
€o

— nd|V'u| = / nd|V'G(u)| < limiélf/ n|V'G(ue)| dxdt.
Qr =0 Jo

2 QT T
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Considering now a set B C 0*{u = 1} with u(B) = 0 we conclude that
2
vul(B) < 2 [ gdu =0,
Co B

since g € L*(p). O

Proposition 8.3. In H"-almost-all points in 0*{u = 1} the tangential-plane of u
exists.

Proof. From the Radon-Nikodym Theorem we obtain that the derivative

- u(Br(2))
z) = Digryp(z) == lim ——"——2— 8.28
) = Drwan(z) = iy LD (5.29
exists for |V'ul-almost-all z € Qr and that f € L'(|]V'u|). By (8.15) we deduce
that

plo*{u =1} = fIV'ul. (8.29)
Similarly we obtain that
1
—— = D,|V'u|(z
is finite for p-almost all z € 9*{u = 1}. By (8.22) this implies that
f > 0 |V'ul-almost everywhere in Qr. (8.30)

Since |V'u| is rectifiable and f measurable with respect to |V'u| we obtain from
(8.29]), (8.30) and [31, Remark 11.5] that

w0 {u = 1} is rectifiable. (8.31)
Moreover H™-almost-all z € 0*{u = 1} satisfy that
p(Brt(2) \ 0" {u = 1})

lim -0, 8.32

™0 n(BF(2)) (532
Bn+1

lirnsupM < 0. (8.33)
r\.0 WwpT™

In fact, (8.32)) follows from [I1}, Theorem 2.9.11] and (8.22)), and (8.33)) from Propo-
sition and (8.22)). Let now zg € 90*{u = 1} satisfy (8.32), (8.33). For an

arbitrary n € CY(B}"1(0)) we then deduce that

lim sup ‘ / n(r~—'(z—20))r ™" du(z)‘
Qr\9* fu=1}

r—0
. p(Brt (z0) \ 0 {u=1}) (Bt (20))
< n lim su limsup ———— =0
< lllceq+ o) 0 u(Br 1 (z0)) o '
by (8.32)), (8.33). Therefore
lim n(r~'(z — 20))r " du(z) = lim n(r='(z — 20))r " du(z)

r—0 Qr r—0 o* {u:l}

if the latter limit exists. By (8.31) we therefore conclude that in H"-almost-all
points of 9*{u = 1} the tangent-plane of u exists and coincides with the tangent
plane of u|0*{u = 1}. O
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Proof of Proposition[{.5 Since u € BV (Qr) and u(t,-) € BV () for almost all
t € (0,T) we obtain that d;u, Vu are Radon measures on Qp and that Vu(t,-)
is a Radon measure on  for almost all t € (0,7). Moreover we observe that
v € L'(|Vul) since

2 2
[ owldval < [ plaval < 2 [ gloldn £ Zlgliglelg) < o
Qr Qr ¢ Jar Co

by Theorem and Proposition From (3.3) and Proposition we deduce
that for any n € C}(Qr)

T
—/ ndoyu = / nvdVu = / nv-&d|Vu| = / /77Vd|Vu(t,~)|dt7
Qr Qr Qr |Vl 0o Ja

which proves (4.9). O

9. CONCLUSIONS

Theorem suggests to define a generalized action functional S in the class of
L?-flows by

S(u) = inf/ lv — H|? dp + 4Spue(p), (9.1)
v Jar

where the infimum is taken over all generalized velocities v for the evolution
(11')te(0,)- In the class of n-rectifiable L2-flows we have

S(u) = /Q o — HI? dpt + 48 o), 9.2)

where v is the unique normal velocity of (u*)¢c(o,1) (see Proposition .

In the present section we compare the functional S with the functional SY defined
in [I8] (see (1.2])) and discuss the implications of Theorem on a full Gamma
convergence result for the action functional. For the ease of the exposition we focus
in this section on the switching scenario.

Assumption 9.1. Let a sequence (ug)eso of smooth functions u. : Qpr — R be
given with uniformly bounded action (Al]), zero Neumann boundary data (A3]), and
assume for the initial- and final states that for all e > 0

ue(0,) = =1, w(T,") =1 in Q. (9.3)

Following [I8] we define the reduced action functional on the set M C
BV (Qp,{-1,1}) N L>(0,T, BV(2)) such that

e for every 1 € C%(Q) the function

t— /Qu(t,-)wdx

is absolutely continuous on [0, T';
e (0"{u(t,-) = 1})ie(o,r) is up to countably many times given as a smooth
evolution of hypersurfaces.
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By Assumption the functional 82, can be rewritten as

T 2
SO(u) = o / / lo(t,2) — H(t,2)|* dHP M @)dt +480,.(w),  (9.4)
0 pIP
Shuslt) = 37 s (tim S 9u(t. )] (@) ~ lim T [Vu(t. )| ()
+ suplim 2 (Vu(t, )| (0) (9.5)

where the sup is taken over all ¢ € C1(Q) with 0 < < 1.

In [I8] Proposition 2.2] a (formal) proof of the limsup- estimate was given for a
subclass of ‘nice’ functions in M. Following the ideas of that proof, using the one-
dimensional construction [I8, Proposition 3.1], and a density argument we expect
that the limsup-estimate can be extended to the whole set M. We do not give a
rigorous proof here but rather assume the limsup-estimate in the following.

Assumption 9.2. For all u € M there exists a sequence (ug)e>o that satisfies
Assumption such that
u = lim u., S%(u) > limsup S (ue). (9.6)
e—0 e—0
The natural candidate for the Gamma-limit of S, with respect to L!(Q7) is the
L (Q7)-lower semicontinuous envelope of S°,

S(u) := inf { likminfSO(uk) ¢ (uk)ken €M, up — uin Ll(QT)}. (9.7)

9.1. Comparison of S and S°. If we associate with a function u € M the measure
|Vu| on Q7 we can compare S%(u) and S(%[Vul).

Proposition 9.3. Let u € M and let p = L' ® put be an L?-flow of measures.
Assume that for almost allt € (0,T)

C
oz IVt ) (9.8)

and that the nucleation cost S°

uc(W) is not larger than the nucleation cost Spyc(it).
Then

S%(u) < S(w) (9-9)
holds. For p = % |Vu| we obtain that

SOu) = S(%O|Vu|). (9.10)

Proof. The locality of the mean curvature [29] shows that the weak mean curvature
of p! and the (classical) mean curvature coincide on d{u(t,-) = 1}. By Proposition
any generalized velocity v and the (classical) normal velocity V' are equal on
the phase boundary. This shows that the integral part of S°(u) is not larger than
the integral part of S(u), with equality if u' = $|Vu(t,-)| for almost all ¢ € (0, 7).
This proves . For the measure $|Vu| we observe that the nucleation cost
Spuc($ 1) equals the nucleation cost SO, (u) and we obtain (9.10). O

If higher multiplicities occur for the measure u, the nucleation costs of p and
u may differ and the value of S°(u) might be larger than S(u) as the following
example shows. Let Q = (0, L), let {u = 1} be the shaded regions in Figure |1} and
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T _
t,
u=1
t - t -
T T T T
Xq Xy L Xq Xy L
Ficure 1. The FicUure 2. The
phases {u =1} measure [

let 1 be the measure supported on the phase boundary and with double density on
a hidden boundary connecting the upper and lower part of the phase {u = 1}, see
Figure 2l At time t2 a new phase is nucleated but this time is not singular with
respect to the evolution (pdt)te(O,T). On the other hand, no propagation cost occurs
for the evolution (u(t, -))ie (s, 1,) Whereas there is a propagation cost for (u*)iet, i)
The difference in action is given by

2
Ty — T
SO(u) — S(p) = 8co — 200 E2 T
to —t1
where x7 is the annihilation point at time ¢; and xzo the nucleation point at time
ta, see Figure This shows that as soon as (ry — x1) < 4y/t2 — t1 we have

S(p) < 8u).

-

X1= Xy L X1= Xy

FIGURE 3. Phases {u; = 1} FIGURE 4. The limit
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The same example with o = z; shows that S° is not lower-semicontinuous
and that a relaxation is necessary in order to obtain the Gamma-limit of S;. In
fact consider a sequence (ug)reny with phases {u; = 1} given by the shaded region
in Figure Assume that the neck connecting the upper and lower part of the
shaded region disappears with k — oo and that u; converges to the phase indicator
function u with phase {u = 1} indicated by the shaded regions in Figure 4| Then a
nucleation cost at time t5 appears for u. For the approximations u; however there
is no nucleation cost for ¢ > 0 and the approximation can be made such that the
propagation cost in (t1,¢2) is arbitrarily small, which shows that

S(u) > likrn inf SY(uy).

The situation in higher space dimensions is even more involved than in the one-
dimensional examples discussed above. For instance one could create a circle with
double density (no new phase is created) at a time ¢; and let this double-density
circle grow until a time ¢ > ¢; where the double-density circle splits and two circles
evolve in different directions, one of them shrinking and the other one growing. In
this way a new phase is created at time ¢5. In this example S counts the creation
of a double-density circle at time ¢; and the cost of propagating the double-density
circle between the times t1,t2. In contrast S° counts the nucleation cost of the new
phase at time t¢o, which is larger as the nucleation cost Sy at times t1, but no
propagation cost between the times 1, 5.

The analysis in [I8] suggests that minimizers of the action functional exhibit
nucleation and annihilation of phases only at the initial- and final time. This class
is therefore particularly interesting.

Theorem 9.4. Let (u:)eso satisfy Assumption and suppose that Assumption
holds. Suppose that u. — u in L*(Qr), u € M, and that u ezhibits nucleation
and annihilation of phases only at the final and initial time. Then

S(u) = S%u) < lim inf S (ue) (9.11)
£—
holds. In particular, S. Gamma-converges to S° for those evolutions in M that
have nucleations only at the initial time.
Proof. From the definition of the functional S we deduce that
S(u) < S%u) (9.12)
and that there exists a sequence (ug)geny C M such that
u = lim wug, S(u) = lim S%(uy).
k—o0 k—o0
Assumption implies that for all k& € N there exists a sequence (ue)e>0 such
that
up = lirr(lju&k, S%(uy) > limsup Se(ue ). (9.13)
£—

e—0

Therefore we can choose a diagonal-sequence (us(k)’k)keN such that
S(u) > lillcn Sup Se (k) (Ue (k) & )- (9.14)
By Proposition [4:2) there exists a a subsequence k — oo such that

C
Ue(k),k — Uy He(k)k — My M = 50|Vu|, (9.15)
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where the last inequality follows from

“© nd|Vu(t,)] < liminf/ nVG(ue)| dr < liminf/ ndut = /ndut,
2 Jo e—0  Jq e—=0  Jq Q

with G as in (8.23)). By Theorem [4.6| we further deduce that
liminf Se(ky(Uery k) > S().

This implies by (9.14) that
S(u) > S(u). (9.16)
Since p® = 0 and p' > L|Vu(t,-)| the nucleation cost of y at ¢ = 0 is not lower
than the nucleation cost for u. Since by assumption there are no more nucleation
times we can apply Proposition and obtain that S°(u) < S(u). By (9.12),
(9.16)) we conclude that S%(u) = S(u) = S(u).
Applying Proposition and Theorem to the sequence (uc)-so we deduce
that there exists a subsequence € — 0 such that
_ . ¢
fe — i, > §0|VUI (9.17)
and such that
limiélf85(us) > S().
Repeating the arguments above we deduce from Proposition that S°(u) < S(i1)
and
Su) < limi(l)lfSE(uE).
E—

Combining the upper bound with (9.11)) proves the Gamma convergence of
S. in u. O

9.2. Gamma convergence under an additional assumption. Using Theorem
we can prove the Gamma convergence of S; under an additional assumption
on the structure of the set of those measures that arise as limit of sequences with
uniformly bounded action.

Assumption 9.5. Consider any sequence (uc)eso with ue — w in LY(Qr) that
satisfies Assumption . Define the energy measures p. according to (2.5) and let
u be any Radon measure such that for a subsequence ¢ — 0

= lim p.. (9.18)
e—0

Then we assume that there exists a sequence (ug)gen C M such that

u = lim ug, S(p) > lim So(uk). (9.19)
k—oo k—oo

For any u € M that exhibits nucleation and annihilation only at initial and final
time the Assumption [9.5] is always satisfied: The proof of Theorem [9.4] and our
results in Section 4| show that for any limit u as in (9.18) we can apply Proposition

9.3] Therefore SY(u) < S(p) and the constant sequence u satisfies (9.19). However,
a characterization of those u € M such that Assumption holds is open.

Theorem 9.6. Suppose that the Assumptions and[9-5 hold. Then
S =8 ase—0 (9.20)

in the sense of Gamma-convergence with respect to L'(Qr).
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Proof. We first prove the limsup-estimate for S.,S. In fact, fix an arbitrary u €
LY(Qr,{-1,1}) with S(u) < co. We deduce that there exists a sequence (ux)ken

as in ([9.7) such that
S(u) = lim S%(uy). (9.21)

k—o0

By for all k € N there exists a sequence (uc k)e>0 such that

lim w, p, = g, S%(ur) > limsup Se(ue ).
e—0 e—0

Choosing a suitable diagonal sequence u, (), we deduce that
S(u) > i Segr) (ueqr), k) (9:22)

which proves the limsup-estimate.

We next prove the liminf-estimate. Consider an arbitrary sequence (uc)e>o that
satisfies the Assumption By Theorem there exists u € BV (Qr,{-1,1})
and a measure y on 7 such that

ue — u in LY(Qp), Le — [ (9.23)
for a subsequence ¢ — 0, and such that
limiglsz(ug) > S(p). (9.24)
E—

By Assumption there exists a sequence (ug)reny C M such that (9.19) holds.
By (9.24) and the definition of S this yields that

lim inf S (ue) > S(u) = [Jim S%ug) > S(u) (9.25)
and proves the liminf-estimate. (|

APPENDIX A. RECTIFIABLE MEASURES AND WEAK MEAN CURVATURE

We briefly summarize some definitions from Geometric Measure Theory. We
always restrict ourselves to the hypersurface case, that is ‘tangential-plane’ and
‘rectifiability’ of a measure in R? means ‘(d — 1)-dimensional tangential-plane’ and
‘(d — 1)-rectifiable’.

Definition A.1. Let u be a Radon-measure in R, d € N.

(1) We say that pu has a (generalized) tangent plane in z € R if there exist a
number © > 0 and a (d — 1)-dimensional linear subspace T C R such that

li{%r_d"’l/n <y;z> du(y) = @/ ndH* 1, for every n € CO(RY).
r T
(A1)

We then set T, := T and call © the multiplicity of p in z.

(2) If for p-almost all z € RY a tangential plane exists then we call u rectifiable.
If in addition the multiplicity is integer-valued p-almost everywhere we say
that 1 is integer-rectifiable.

(3) The first variation du : CH(RY, RY) of a rectifiable Radon-measure yu on RY
is defined by

ou(n) = /diszHndu.
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If there exists a function H € L (u) such that

/H ndu

we call H the weak mean-curvature vector of .

APPENDIX B. MEASURE-FUNCTION PAIRS

We recall some basic facts about the notion of measure function pairs introduced
by Hutchinson in [I6].

Definition B.1. Let E C R? be an open subset. Let ju be a positive Radon-
measure on E. Suppose f : E — R™ is well defined p-almost everywhere, and
f €LY (u,R™). Then we say (u, f) is a measure-function pair over E (with values
in R™).

Next we define two notions of convergence for a sequence of measure-function
pairs on E with values in R™.

Definition B.2. Suppose {(x, fx)}x and (1, f) are measure-function pairs over
E with values in R™. Suppose

li =
e = g,

as Radon-measures on E. Then we say (g, fr) converges to (u, f) in the weak
sense (in E) and write

(ks fr) = (15 ),

if wk| f — wplf in the sense of vector-valued measures, that means
i [ fiondi = [ £ ond
k—o0

The following result is a slightly less general version of [I6, Theorem 4.4.2],
however this is enough for our aims.

for allm € CO(E,R™).

Theorem B.3. Let F' : R™ — [0,400) be a continuous, convex function with
super-linear growth at infinity, that is:

F
m M =400
lyl—co |y
Suppose {(1x, fr)}r are measure-function pairs over E C R? with values in R™.
Suppose i is Radon-measure on E and pi — p as k — oo. Then the following are

true:
(1) if
sgp//F(fk)duk < 400, (B.1)

then some subsequence of {(ug, fx)} converges in the weak sense to some
measure function (u, f) for some f.

(2) if holds and (pg, fr) — (1, f) then
tmint [ F()di > [ F(1)d (B.2)
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