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Abstract

The elastic energy of a multiphase solid is a function of its microstructure. De-
termining the in mum of the energy of such a solid and characterizing the associ-
ated optimal microstructures is an important problem that arises in the modeling
of the shape memory effect, microstructure evolution and optimal design. Mathe-
matically, the problem is to determine the relaxation under xed phase fraction of
a multiwell energy. This paper addresses two such problems in the geometrically
linear setting.

First, in two dimensions, we compute the relaxation under xed phase frac-
tion for a two-well elastic energy with arbitrary elastic moduli and transformation
strains, and provide a characterization of the optimal microstructures and the as-
sociated strain.

Second, in three dimensions, we compute the relaxation under xed phase
fraction for a two-well elastic energy when either (1) both elastic moduli are
isotropic, or (2) the elastic moduli are well-ordered and the smaller elastic modulus
is isotropic. In both cases we impose no restrictions on the transformation strains.
We provide a characterization of the optimal microstructures and the associated
strain.
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We also compute a lower bound that is optimal except possibly in one regime
when either (1) both elastic moduli are cubic, or (2) the elastic moduli are well-
ordered and the smaller elastic modulus is cubic; for moduli with arbitrary symme-
try we obtain a lower bound that is sometimes optimal. In all these cases we impose
no restrictions on the transformation strains and whenever the bound is optimal we
provide a characterization of the optimal microstructures and the associated strain.

In both two and three dimensions the quasiconvex envelope of the energy can
be obtained by minimizing over the phase fraction. We also characterize optimal
microstructures under applied stress.

1. Introduction

1.1. Relaxation

The elastic energy of a multiphase solid is a function of its microstructure. De-
termining the in mum of the energy of such a solid and characterizing the associ-
ated optimal microstructures is an important problem that arises in the modeling
of the shape memory effect, microstructure evolution and optimal design. Mathe-
matically, the problem is to determine the relaxation under xed phase fraction of
a multiwell energy.

We work in the framework of geometrically linear (in nitesimal) kinematics.
Let | 2 Ry, be the stress-free (transformation) stain ofith@hase relative to
a reference con guration,; 2 L . ngm“ be its elastic modulus angl 2 R be
its chemical energy. (We ude () to denote self-adjoint linear operatots, ()
to denote positive-semide nite self-adjoint linear operators hpd ) to denote
positive-de nite self-adjoint linear operators onrespectively.) Then the energy
densityW; : Rg,y' ! R of this phase subject to a linearized strai@ Rg,,' is
given by

W)= 2hi( i Ditws (L.1)

Here, the inner produdt; i is de ned as usual by 1; » 2 ngm“; hqi; 2i =
Tr( 1 2). We write theenergy densityV : Rg,;' ! R of the material withN
phases as the minimum oudr quadratic energy wells,

W():= rpinN Wi(): 1.2)
i=1;:;
Classically one postulates that the state of the solid occupying a region
R" is described by displacement eldss ! R" that minimize the potential

energy, z
W ( (u))dx: 1.3)

Here (u) = 5(r u+(r u)"). (Henceforth we shall not write the dependence of
onu—and onx 2  throughu—explicitly.) SinceW has a multi-well structure,

the problem of minimizing the total energy might not have any solution; instead
minimizing sequences develop oscillations and do not converge in any classical
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sense Dac89. In other words, we nd ourselves in a situation where we can re-
duce the energy with strain elds that have ner and ner oscillations but can never
attain the minimum. We interpret this as the emergence of microstrucBig7,[
CK&88]. We refer the reader tadha0] for a detailed introduction.

Relaxation (with af ne boundary conditionsPnce a material forms microstruc-
ture, its effective behavior is not described Wy but by arelaxed energy density
W : Rem ! R that describes its overall effective energy after the formation of
microstructure. The theory of relaxationdc82 AF84,Dac89KP91,DM93] pro-
vides a characterization of such an energy:

W():= S0 WO dx (1.4)

(We useR dx andhito denOtW R dx.) This de nition is independent
of the choice of domain, (c.f., e.g., Pac89 x4.1.1.1, pg.101] or1il01, x31.2,
pg.674]).

The relaxed energy density can be thought of as the average energy density of
the solid accounting for microstructure and describes the behavgpr of the solid on
macroscopic length scales. The theory justi es this since minimizingv () dx
withggpeci ed boundary conditions is equivalent to minimizing the relaxed prob-
lem  W/() dx with the same boundary conditions:

z z

|£1£ W()dx:mzlg W () dx

whereE is the set of all strain elds that satisfy the speci ed boundary conditions.

Relaxation (with af ne boundary conditions) with xed phase fractioffow con-
sider the problem of nding the optimal microstructure (arrangement of phases)
and the optimal strain eld when the phase fractions of the phases and overall
strain are given.

A microstructure ofN phases can be described by a characteristic function

1 ifthe pointx 2  is occupied by thé™ phase,
0 otherwise.

i(x) =
P N . N
(Consequtf:ptly iz1 i = 1.) The phase fractions = ( 1;:::; n) 2 [0;1]
(satisfying iNzl i=1)aregivenby = hi.
Given some microstructure and a displacement eld, the potential energy
of the crystal is
Za
i)W, () dx: (1.5)
i=1
We de ne therelaxed energy density under xed phase fractidh : Reym ! R,
through the variational problem
Z
W ():= inf inf i (X)W () dx: (1.6)

hi= uje = x
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Relationship betweeW/ andW. From (1.2) and (L.4),
Z

uj@ = X =150

W()= inf i_minN W, () dx:

Note that the minimization overis to be carried out pointwise. Using the charac-
teristic function introduced earlier,

S
W()= inf min (X)W () dx
We = x i=1
Z
= inf  min i)W, () dx
We = x i=1
Za
=inf inf i)W, () dx
Yle = x i=1
Z
=min inf inf i (OW; () dx
hi= ujg = x i=1
=min W (): 1.7

Note that the evaluation 8% from W is a simple nite dimensional minimiza-
tion problem. Therefore, for the energy density?, the problem of computing
W is essentially that of computiriy . Thus the problem we study is the charac-
terization ofW and the optimal microstructures.

Relaxation with traction boundary conditionsVhen the specimen is subjected to

tractions at the boundary the relevant potential energy isIngy ifut
z

W () dx t(x) u(x)ds:
@

If it is further supposed that the applied traction corresponds to a uniform stress,

i.e,9 2Ry, 82 @ ; t(x)= n(x), wheren is the unit outward normal
to @ , this reduces to Z
W() h; idx

Analogous to {.4) we de ne therelaxed conjugate energy densiy : Raym' !
R, through the variational problem
Z

W ()= inf W() h; idx; (1.8)
Ujg = X
and analogous tdl(6) (c.f., (1.5) we de ne therelaxed conjugate energy density
under xed phase fractioftW : R3,,'! R, through the variational problem
ZA

W ()= infinf (OWi() h; idx (1.9

ujg = x =1
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As before
W ()=min W ():

Relationship between relaxation with af ne boundary conditions and relaxation
with traction boundary conditionsW is the negative of the Legendre-Fenchel
transform ofwW :

z
W ()= inf inf iOOWi() h ; idx
hi= Uj@g = X i=1 |
z
=min inf inf iOW;()dx h ;i
hi= ujg = x i=1
=min W () h ;i

1
3
)
%
=
=

W s similarly related toV .

1.2. Previous results

Two phases in two dimensionkurie and Cherkaevl|C88] used the translation
method to consider the relaxation of a two-phase material with equal isotropic
elastic moduli (c.f., alsoger9§). Allaire and Kohn AK93a] extended this to

two isotropic phases with unequal elastic moduli albeit with equal transformation
strains, which latter restriction LiL[193] overcame (c.f., alsd§er0Q). Grabovsky
[Gra9q, also using the translation method, considered two phases with arbitrary
elastic moduli albeit with equal transformation strains. Our work completes this
by studying a general two-phase material with no restrictions on the elastic moduli
or transformation strains.

Two phases in arbitrary dimensiorRipkin [Pip9] and Kohn Koh91] considered

the relaxation of a two-phase material with equal elastic moduyli£ ). Pip-

kin's approach was to determine the rank-one lamination envelope of the energy
and then show that it coincided with the quasiconvex hull. This approach fails
when the elastic moduli are unequal since then rank-one laminates are no longer
necessarily optimal (c.f., in two dimensionsuP3,Gra9q and x3; and, in three
dimensionsx4).

Kohn's approach was to compute a lower bound using Fourier analysis and
then show its optimality by constructing microstructures whose energies attain
this bound. Fourier analysis is not an useful approach when the elastic moduli of
the two phases are unequal. Kohn also used the translation method, and it remains
viable even for unequal elastic moduli. Our work here too uses the translation
method though the translation we use is different from that used by Kohn.

Allaire and Kohn in a series of papers considered this and related problems
for the case of well-ordered materials (i.e., materials for which eithe6
or , 6 1)[AK93b] and non-well-ordered isotropic materials{94]. In these
papers the transformation strain of both phases was taken to be equal.
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More than two phasesvery little is known when one has more than two phases.
In the simple situation where the elastic moduli are equal and the transformation
strains are pair-wise strain compatibig, is the convexi cation of thaV [Bha03
Result 12.1, pg.215]. The problem remains open, even for equal moduli, when the
transformation strains are not strain compatible. For a discussion of dif culties
see Koh91]; for recent progress se€K93,SW99FS0QGMH02,CS).

2. Overview

Two dimensionsin x3 we compute the relaxation under xed phase fraction for a
two-well elastic energy in two dimensions for arbitrary elastic moduli and arbitrary
transformation strains, and provide a characterization of the optimal microstruc-
tures and the associated strain (Theogfrbelow).

Three dimensionsln x4 we attempt to compute the relaxation under xed phase
fraction for a two-well elastic energy in three dimensions when either (1) both
elastic moduli are cubigor (2) the elastic moduli are well-ordered and the smaller
elastic modulus is cubic. In both cases we impose no restrictions on the transfor-
mation strains.

We succeed in doing so if either (1) both elastic moduli are isotropic, or (2) the
elastic moduli are well-ordered and the smaller elastic modulus is isotropic; other-
wise we are partially successful: we obtain a lower bound which is optimal except
possibly in one regime. When the lower bound is optimal we provide a charac-
terization of the optimal microstructures and the associated strain. (Thebgem
below.)

For moduli with arbitrary symmetry (still with no restrictions on the trans-
formation strains) we obtain a lower bound for the relaxation under xed phase
fraction. This lower bound is sometimes optimal. For the regimes where the lower
bound is known to be optimal we provide a characterization of the optimal mi-
crostructures and the associated strain. (The@&helow.)

Ancillary results. In both two and three dimensions we can obtain the quasiconvex
envelope by minimizing over the phase fraction. We discuss the problem of relax-
ation under applied stress 8.1 In [CB] we relate these results to experimental
observations on the equilibrium morphology and behavior under external loads of
precipitates in Nickel superalloys.

Theorem 2.1 (Two dimensions)LetW : R{,.7 | R be given by(1.1) and (1.2
forN =2.ThenW :R3,?! R,denedin(1.6),is given by

L X2
W ()= _ max min iWi(i)+ 1 2det(2  1):
200 ( ;] 4 22R§ym2 i=1
11t 2 2=

1C.f., De nition 4 in x4 for the de nition of “cubic moduli”. We use the term “cubic”
to include isotropy as a special case.
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The interval[0; ( ,. ,)] over which ranges is de ned as follows: Lel 2
L R%,2 be de ned by,

sym
T = Tr( )I;
=(3%);
and let
D 1 1 E 1
‘= max T 7 ; (2.1a)
k k=1
(11 2) = min(,; ): (2.1b)
Explicitly,

_ x
W ()= aWTCTODE 7O 1 2detC3C 700 20708

i=1
where,
7O =21+ 12 OD?

2 °O)m 2022  11);

0y )= 210 12 OM) !
(1 OO+ (2% 1D

go if (;) O (Regime Q)
v 0 if (0;)>0 (Regime 1)
():= 3 if (0;)60and ( (, ,;)>0 (Regimell)

' (1 2) if ( ( 1; 2) )< O (Regime 111)

(; ) is the mapping
0 (.. »I3 70 det (2 1+ 12 T)'(20% ) (1 )

and, in Regime Il, , 2 [0; ( ,. ,)] is the unique rootof (; ) when (0; )6 O
and ( (15 2) )> 0.
Further,

1. In Regime 0 every microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime | the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made of these
laminates. The optimal strain takes the valjen phase 1 and} in phase 2
while the optimal stress is constant.

3. In Regime Il the optimal microstructure is unique and is a rank-one laminate.
The optimal strain takes the valug¢in phase 1 and? in phase 2.
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4. In Regime lll, no rank-one laminate is optimal. The class of optimal microstruc-
tures is possibly largeand includes at least two rank-two laminates.
In any optimal microstructure, in phasei = 1;2, the strain is con ned to
an af ne subspace of dimensiaimker( ;  ( ,. ,yT) 6 2; the sum of the
dimension of the two af ne subspaces is also at most 2. In particular, if phase
i is harder than the other phase (i.e., if, > ( ,. ,)) then the strainis? in
that phase.

Theorem 2.2 (Cubic moduli in three dimensions)LetW : R, 2 | R be given
by (1.1) and(1.2) for N = 2. Moreover, let one of the following conditions hold:

1. Both elastic moduli are cubic (c.f., De nitiohin x4).
2. The elastic moduli are well orderddnd the smaller elastic modulus is cubic.

Then a lower bound foW : R33! R, de nedin(1.6), is given by

W ()> max max min W (- R :
0 2S( ;5 R2SOM) 15 ,2RY,° ., iWi(i) 12 (2 1)
11+ 2 2%
Here, 8
2S,\'s, if yand ;are cubic
S(l;z):=>s1 if 16 o
S, if 26 1

for a cubic elastic modulus with lamé modulus, diagonal shear modulus and
off-diagonal shear modulus,

: 2125 C+2min(; N E+ 3+ D 3
s = 5 R3 +2°( 12+ 23+ 31) -
3 ’ Amin(; )( 1+ 2+ 3) 3

+12°(min(; )Z+8(min( ; )*>0

and R: R33! R3¥isde nedby

R():= (RTR); R2SO0®); (2.2a)
0, 1
23 22 33
()=@3 33 ;A (2.2b)
%2 11 22

To present a more explicit expressionTe® L ngn? be de ned by,

T = Tr( )I;

oo

0
1
0

ROO

2In a sense explained in the proof of Theordr6
3I.e., 16 L0r 26 1.
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let ,; i (. ,beasin.I);letW (; ):R} R3S! Rbedenedby
W (; ):= max min W + oW
¢ R2S0(3) 4; ,2R3,? 1Wi( 1) Rz 2( 2)
Ltz 2® 12 (2 1)

letR>(; ); 7(R2(; )i 5 ) 2(R2(; );; ) attain the extrema above and let
Ry )= 2(R;; ) I(R;; ). Weuse9”tomean “parallel and not
anti-parallel”. For x 2 R" andS R" wesayx 9 Sif9y 2 S; x9y. Then,

W ()>

06 ReCu)( P(Ro( ;) 1 )OF e e esg
(Regime 1)
W (. otherwise. Here , is the unique solution i ,; ,) of
R ?(Ro(5);; ) =0 (Regime 11)

W (s if9 , 2 2 REJ 1= (121 27 32[0; (G 2)]
[ 2R} j 2= (., 3= 1200 (. 5]
[ 2R3j 3= (100 1= 22000 (,; »l

8

W(@©;) if ?(;;) O (Regime 0)
W(,;) if9,25,,\ fog R’[R f 0g R[R? f 0Og ;
i 06 ReCuwi)( (Ro( s )i ws ) 9fer; e 630

(Regime 111)
W () if06 ROV (Ro( ;i )5 ws )) 9 Int(RY)
where , = (.. ,(1;131)T (Regime 1V)
In regime I, , is the unique solution of R2C:)( ?(Ro(; ): ;) = 0 in
St 1 )
Assume, renumbering if necessary, that6 . Also let
8
22 if 1< g
DIV::>5 if 1= 1;
3 if 1> 1

The lower bound is sharp except possibly in Regime IV whe ;. Further,

1. In Regime 0 every microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime | the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made of these
laminates. The optimal strain is constant in each phase while the optimal stress
is (globally) constant.

3. In Regime Il the optimal microstructure is unique and is a rank-one laminate.
The optimal strain is constant in each phase.
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4. In Regime lll, no rank-one laminate is optimal. The class of optimal microstruc-
tures is possibly largeand includes at least two rank-two laminates.

In any optimal microstructure the strain in each phase is con ned to an af ne

subspace of dimension at m@t,; the sum of the dimension of the two af ne

subspaces is also at md3t,.* Moreover, if one phase is harder than the other

(i.e.,if , > ,)then the strain in the harder phase is constant.

5. In Regime IV the lower bound is possibly non-optimal wheré ;. If the
bound is optimal then:

(a) No rank-one laminate is optimal.

(b) If one phase is harder than the other then no rank-two laminate is optimal.

(c) If 1= 1 thenthere exists an optimal rank-three laminate.

(d) In any optimal microstructure the strain in each phase is con ned to an
af ne subspace of dimension at md3},; the sum of the dimension of the
two af ne subspaces is also at md3t,. Moreover, if one phase is harder
than the other then the strain in the harder phase is constant.

Theorem 2.3 (Arbitrary moduli in three dimensions). LetW: R33! R be

given by(1.1) and (1.2 for N = 2. Then a lower bound fow : R33! R,
de ned in(1.6), is given by

W ()>
XZ R
max max min iWi( :
2\ r2so @ By . 2)(R) R2S0(3) . 22R§ym3 - i I( I) 1 2 ( 2 l)
11t 2 2%
Here, forR 2 SO(3)
B, »(R):=B ,(R)\ B ,(R);
B(R:= 2R}S8 2R§yr§’;%h; i R()>0 ;

and R:R3 31 R3isdenedin(2.2.

Let ?:R- attain the maximum above. This lower bound is sharp when
1. (Regime0)2 5% 171=( 2 1) .
2. (Regimel) 7?2 fOg R?2[ R f Og R[ R? f Og and

06 RCT(C R %) L NOF e & e

3. (Regime Il) ? solves R2C:) (1 ?(Ro(; ); 5 ) =0.

(The notation9 is explained in Theorer2.2) Further the statementfl), (2)
and (3) in Theoren®.2 hold.

4Sharper results are presented in Theo#e®T.
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Strategy. We prove Theorem2.1, 2.2and2.3by rst using the translation method
to obtain a lower bound foW in x3.2.1andx4.1Q, and then constructing mi-
crostructures whose effective energy equals this bound.ih1andx4.10

(Note that the construction of a microstructure immediately leads to an upper
bound forW . Various such microstructures, and thus upper bounds—including
some bounds now known to be optimal—are explicit or implicit in the metal-
lurgy literature. Roy93 surveys work in this direction. The challenge is to prove
a matching lower bound fon )

Good introductions and overviews of the translation method can be found
in [Che0Q Chs. 8, 15, 16] andVil01, Chs. 4, 24, 25]. For development of the
method and applications to a wide range of problems c.f., e.g., Taar9a
Tar85 Tar791; Lurie and Cherkaev[C81,LC823LC82b LC864; Kohn and Strang
[KS82 KS83 KS863KS86h KS86¢ SK8Y; Cherkaev and GibianskyJC84 GC87,
CG93; Murat and Tartar AT85]; Murat [Mur87]; Avellaneda, Cherkaev, Lurie
and Milton [ACLM88]; Milton [ Mil90a, Mil90b]; and Firoozye [Fir91].

Laminates.The microstructures we construct are laminates; these have been used
in a variety of problems; c.f., e.g.Tdr79h Tar85 FM86, Tar0(J, [Che0Q Ch. 7],
[MilO1, Ch. 9] and references therein. Good introductions and overviews can be
found in [Che0Q Ch. 7] and Mil01, Ch. 9]. Rank-one laminates are alternating
layers of two phases at xed phase fraction; rank-two laminates are rank-one lami-
nates where at least one of the layers is itself a rank-one laminate at a smaller scale;
and so on. In order to use laminates in our context, one has to think of them as a
sequence of microstructures with xed geometry but smaller and smaller scales.

3. Two-phase solids in two dimensions

In this section, we consider the two-well problem in two dimensions.

3.1. Alower bound on the relaxed energy

3.1.1. A lower bound using the translation method. We use the translation
method to derive a lower bound. We state the basic principi'isince we use it
for both two and three dimensions. Recall thatRg,' ! R is quasiconvex if

z

f()6  inf — f()dx (3.1)

foreach 2 RY,'. Any quasiconvex function can be used to derive a lower bound
on the relaxed energy at xed phase fraction using the translation method:

Proposition 3.1 (Translation lower bound).LetW : R3, ' ! R be as in(1.1)
and (1.2 for N = 1;2 Letf : RG,' ! R be quasiconvex and 2 R.. Then

W Ry, ! Rdenedin(1.6) satis es the lower bound

X
W ()> max min (Wi Y+ f () 3.2)
>0 1; 22R2ymn i=1

W; f : convex + _
11+t 2 2%
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Proof. From (1.6),

_ X
W ():= inf inf iWi()dx:

< j>= uj@ = X i=1

Sincef is quasiconvex we have the lower bound,
Z %
W ()> inf inf i(Wi()  f()dx+ f()

< j>= uj@ = X i=1

foreach > 0. Choosing optimally subject to the restriction that the functions
W; f are convex (the reason for this will become clear in the next step), we
have

Z
W ()> max min inf iWi() f ())dx
>0 < j>= uj@ = X o
W; f : convex i=1
+f ()
SinceW; f isconvex, using Jensen's inequality,
R
J— i i X i dx
W ()> max min inf iw f) R——
>0 < i>= j Ujg@ = X . i dx
W; f : convex i=1
+f ():
Setting ; = *L—I' and noting that; 1 + , » = , we obtain the desired result.

u

3.1.2. The determinant as translation. The lower bound presented in Proposi-
tion 3.1is valid for any translatiori : Rg,,' ! R which is quasiconvex. The art

of the translation method lies in choosing the right translation. In two dimensions,
we pick the translation to be the negative of the determirfant: = det,i.e,,

()= iz 11 22°

This choice of translation might appear to be arbitrary, but in fact is a posteriori
natural.

Quadraticity of . Itis easy to verify that
1
= —HT; i
()= Shr i
whereT 2L R3,? isde ned by

T = Tr( )I;

= (59)
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(i.,e., T isthe adjoint of ). Alternatively,
T ht dt o (3.3)

where ; 4; o2L. ngmz are orthogonal projection operators de ned by

Range( ) =Spanflg; (3.4a)
Range( 4)=Span § 9% ; (3.4b)
Range( o) =Spanf(93)g: (3.4¢)

In particularT has eigenvalues 1 andl, repeated once and twice respectively. It
follows thatT is invertible and is neither positive nor negative de nite. Note also
thatT? = |.

Quasiconvexity of . is quasiconvex since it is quadratic and rank-one con-
vex [Dac89 pg.126]:8m;n 2 R?; (m sn) > 0. Hereh N = %(h
m+Mm A);m Nisdenedby(h N)y; = min;;i;j =12

A lower bound on the relaxed energwith this choice for the translation, and
exploiting the fact tha¥V; and are quadratic, we may rewrit8.¢) as

W ()> max W (;) (3.5a)

Wi . convex

whereW :R R3,2! Risde ned by

W )= mn — Wi(1)+ 2Wa(2) 12 (2 1) (3.5b)

15 22Rg,
11t 2 2%

3.1.3. Determining the amount of permissible translation. Our next step is to
characterize the sét > 0j W, :convex i =1;2g.

Lemma 3.2 (Convexity of translated energiesk.et ; 1; 22L, R3,7 .Let
» ( 1: ») > Obede ned by

D . E 1
= max 2T ; ;
k k=1

(15 2) = mln( 1; 2):

Nl

Then,

0, (. H]=f >0jW, : convex i =1;2g;
0 (.. ,))=F >0jW, : strictly convexi =1;2g:
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Proof. Leti = 1;2. The convexity ofW, is equivalent to the positive-
semide niteness of ; T ,i.e., to the nonnegativity of 7' h( ;  T); i.
Now,
. D 1 1 1 1 E
i T); 0= ¢ | Tt
) D |, , E
= kK e
where~= i% and ? is the unique positive-de nite self-adjoint square root of
i. Thus
D | . E
8; N T);i>0(08 ;kk T2, >0
D . . E
g g0 ls_ 1
O y k k2

1 . . .
where we have used the invertibility of?. (| is non-negative sinc& has a
positive eigenvalue and all eigenvalues ¢fare positive.) The result follows.u

Note 3.3.From 3.3,
H OEli=hl;l i+ kk?> 0
This, with Lemma3.2 gives,
16 dim ker( T) 6 dimR%,; 1=2: (3.6)
Note 3.4.For cubic , aligning our axis with the principal axis of, we have,
=2 p+2 4+2

where (1 ); (); () > 0 are, respectively, the bulk, diagonal shear and off-
diagonal shear moduli. (Henceforth we shall leave the dependencénoplicit.)
SinceT ht dat o

1
2

[N
[N

1 1
= g+ =
T ht ot 5 o

Thus

2min(; ) when is cubig
2 when s isotropic

(An isotropic modulus is a cubic modulus for which= .) Moreover, as is easy
to verify,

8

2Span 9 if is cubic with < ;
ker( T)= >Spanf(%)g if is cubic with < ;

“Span § % ;(93) if isisotropic
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3.1.4. Explicit expressions for the optimal strains and stressesLet us return
to the minimization problem3(5b) and nd the minimizers(; )and 3(; ).
By differentiating the argument on the right-hand side350),

(7 D o D+ T(F D=0: 3.7)
In other words,
=T 7 (3.8)
where
? - ? ?.
=2
2 2 2.
=2 1
fE o0 D=L
Since 1 J+ 2 2?= ,(3.7) gives
(21+ 12 T)i=(2 T) 2 (1)
(21+ 12 T)3=(1 T)+ 1 (D
(21+ 12 T) ’= (70 ( )
where
( D= 22 10
= 2 1-

If 2100, (,;,) thenfrom Lemma.2itfollowsthat , 1+ ;1 » T is
positive de nite since it is the sum of the two positive de nite linear operators

2( 1 T)and 1( 2 T).Consequently, we may invert the relations above
to conclude that

G)=C21+ 12 TY' (2 T) 2(7; (39)
2:)=C 21+ 12 TY (1 T)Y+ 1 (7 (39
GY=C2a*+ 12 THYNCCD () (3.9¢)

It = (,.,,then, 1+ 1 > T mightonly be positive semi-de nite.
However, the minimization problen3 (5b) is quadratic. So we can have one of two
situations: either (1) the minimum is nite and the solutions3r®{ are de ned up
toaconstantiker( 2 1+ 1 2 T),0r(QW ( (,.,); )= 1 ,inwhich
case,

lim ( )=1: (3.10)

TP

For future use we observe that for2 [0; ( . ,)),

@@‘:(21"' 12 TH)T T

(3.11)
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From 3.9 we also calculate, for 2 [0; ( .. ,)),

1
=T Lt N2 T 2 (Y 1
- 1
7= T Mt M Ty () 23
where 1:= ; '+ , 1

3.1.5. Allower bound on the relaxed energy. We are now in a position to derive
an explicit lower bound. Applying Lemm& 2to the lower bound3.53, we have

W ()> 2[O;rn(a\)l(: 2)]W (; ) (3.12)

Determining this maximum is easy since we have the following lemma:

Lemma3.5.(0; ( ,. ,)) 3 7! W (; )iseither constant or strictly concave.

Proof. From (3.5b) and @3.17),

@@W(; Y= a2 (%G ): (3.13)
@ 2 @ 2?2
@W(;F 12 T '(;);@ ()

= 12T (5 (2% 12 T)YMT ()
<0

except when ?(; ) =0. Note, from 8.9),that ?(; ) =0 forsome 2
O; ( .; ,) implies that ?(; )=0foral 2 (0; ( 1; »)). However when
?(; ) 0,from(3.13,W (; )isindependentof. w

Incidentally, we also observe that:
Lemma3.6. 7! W (; ) is strictly convex.

Proof. From 3.5b),

@%W(;)

= 1§(W1 I )+ 2§(W2 )30 N+ g; ()
=1(1 T)+ 202 TH)+ T

=11t 22

>0

u

We now obtain the desired lower bound.
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Theorem 3.7 (Lower bound)W > W' whereW' : R2 21 Ris de ned by

sym

% W (0; ) it ?(;) O (Regime 0)
W(y= WO if (70 ) >0 (Regime 1)
3W () otherwise (Regime 1)

CW (o) 0 P 0 ) <0 (Regime i)

(3.14)
and, in Regime Il, , 2 [0; ( ,. ,)]is the unique solution of( ?(; )=0.

Proof. When ?(; ) 0, fromLemma3.5 7! W (; ) isconstantandwe
may set =0 in (3.12.

Otherwise, from Lemm&.5, 7! W (; ) is strictly concave. Using3(13),
the maximum occurs at

0 when ( ?(0; )) > 0;
= (12) when ( ?((1; 2) )) 6 0:

Since 7! W (; ) is strictly concave, from3.13 that 7! ( ?(; ))is
strictly increasing. Thus when( ?(0; )) 6 0and (if necessary, interpreting as
alimity ( ( ( 1. ,): ) > Othere exists a unique roof, 2 [0; ( ,. ,)] such
that ( ?( ,; ))=0 andthe maximum oV occursat = ,. U

Note 3.8.From (3.10, Regime Ill does not occur whenevet *( (1 2) )
does not exist. From3.1.4this happens wheker( 1 (1 )T)\ ker( 2

( +; »)T) 6 f0g. Thisincludes, in particular, the cases () = > (c.f., Note3.9
below) and (ii) both phases being isotopic with equal shear moduli.

Note 3.9 (Equal moduli)We remark on the special case = , =:  studied
by Pipkin [Pip9] and Kohn Koh91]. In thiscase, , = , = (.. ,) sothat
21t 12 (. 9T= ( 1; ») T isnotinvertible. Thus, as mentioned

in Note 3.8above, Regime Il does not occur.

From 3.9, 7(;;) Oimpliesthat] = 5. Thus Regime 0O does not
occur for distinct materials.

Let T:= 5 1.From @.5b and @.14) we obtain

iWL(10; )+ 2W2(3(0;)) if ( T)>0 (Regimel)

W ()= b YR .
1W1( 1( I ))+ 2W2( 2( I )) if ( )6 0 (Reglme ”)
(3.15)
Here, from B.9),
HEDE o0 THY' T (3.16a)
;)= + o« TYr . (3.16b)
and, in Regime Il, , is the unique solution if0; ( ,. ,)) of
( T) ! T =0: (3.17)

Sl.e.,wheneither1 6 ,or ] 6 7.
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Note that , is independent of.
From 3.16

T)lT T;
T)'T

HE 2

1=(
) 3=( M+

(
(

where T:= ;1 ]+ ;. Substituting this ing.15) gives

W O=2 (00 DAt ow)
0 if ( 7)>0 (Regimel)
312 2k WT) 1T K2 if ( T)6 0 (Regime lly

where , is the unique solution if0; ( ,. ,y) of (3.17).

3.2. Optimality of the lower bound and optimal microstructures

In this section we prove that the lower bound presented in The&&ns
optimal, and characterize the optimal microstructures. This will complete the proof
of Theorem2.1 Our strategy is to construct upper bounds on the relaxed energy
W by constructing microstructures and using test strain elds whose energy is

exactly equal to the lower bourd . In the process we will also build insight
that will allow us to identify properties afptimal microstructureshat attain the
relaxed energy.

3.2.1. Optimality of the lower bound.

Theorem 3.10 (Optimality of the lower bound). W = W'

Before we present the proof of Theor&i.Q we present the (geometric) pic-
ture that underlies it. In the three-dimensional linear space of two-dimensional
strains, the set df : ( ?) = 0gis the surface of the large dark cone shown
in the Figure3.1(a) the seff : ( ?) < 0Ogis inside the large dark cone and
the setf : ( ) > 0g is outside the large dark cone. From Lemfal it
follows that one can form rank-one laminates betwegand any point that does
not lie inside the large dark cone. In Regimes | and}Idoes not lie inside the
large dark cone, and we may form optimal rank-one laminates between them. In
Regime llI, 7 lies inside the large dark cone and we can not form a rank-one lam-
inate. So we proceed fronj along the “degenerate’ direction (which, fro®1.2
is not hydrostatic, i.e., vertical) till we hit the large dark cone'aPick " along
this line so that the] is the average of and ". Now construct a cone centered at

", the small grey cone in the gure is the intersection between the line joining
"and 7 and the ellipse de ned by the intersection of the two cones. All relations
in (3.20 follow.
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N
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1—p N—p
N
o s;

(@) Three-dimensional geometric di@®) Two-dimensional section of three-
gram. dimensional geometric diagram.

Fig. 3.1. An optimal rank-two laminate in Regime II. In the two-dimensional diagram solid
lines represent strain compatible directions; dashed lines represent directions that need not
be strain compatible.

Proof. From (L.6) we readily obtain the following upper bound W : for any
microstructure and displacement eldi: ! R" suchthaujg = X,

Z
Wy i()6 W (u):= iWi( )+ 2Wo() dx (3.18)

In view of the lower bound in Theore®7 and the upper bound ir8(18), it suf-

ces to construct (a sequence of) microstructuresnd displacement elda (sat-
isfyingujg =  Xx) such thaW (u) = Wlh i (). In order to do so, we seek to
construct microstructures which use as closely as possible the optimal strains we
computed inx3.1.4 We are able to do so directly in Regimes O, | and Il, need a
more elaborate construction in Regime 1.

Regime OWhen ? 0,from@3.9, 7 7 . Thus foranymicrostruc-
ture andanydisplacement eldu (satisfyingujg = x),W (u) = Wlh ().
The result follows by combining this with Theoredr7 and @.18).

Regimes | and tIRecall from @.14 that ( ?( ?; )) > Owhere ? =0 in
Regime l and ? = , in Regime Il. Therefore, from Lemm&11below we can
nd m; A 2 R? such that

2 1= 7km n (3.19)

where 7 and 3 are given by 8.9 for = ?. Now construct a rank-one laminate

in which phases 1 and 2 have phase fractionsand , respectively and the
layers have normal or rh. The condition 8.19 assures us that we can construct
a continuous displacement eld (satisfyingujg =  x) with strain ] in phase
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1 and 3 in phase 2. For this microstructure and displacement eld,

W (u)= Wi( D)+ 2Wi(3)
Wi( D)+ 2Wi( ) 12 (5 D

W' ():

The second equality holds above because0 in Regime 1 and =0 in Regime
II. The result follows by combining this with TheoreBa7 and 3.18.

Regime It ( ( ( 1; 2) ) < 0,and so, from Lemma&.11, we can not
construct a continuous displacement eld directly with the optimal strains. How-
ever, one of the translated energies loses strict convexityat ( .. ,y (Lemma3.2);
we can use this to construct optimal rank-two laminates:

Assume, renumbering if necessary, that,. ,) = . It follows that there
exists06 | 2 ker( ; ( 1. ,)T)andthat

R3z7'MW1 (., N 1+2Zn)

is af ne. In Lemma3.12below, we show that there exist "; * 2 R3,?, 2
(0; 1), , A2 R?such that

(" YK n (3.20a)
1 2 ?
" =7 3.20b
@ ) Taa oy Ty G
(2 =0 (3.20c)
(or equivalently, from Lemm&.1,9A 2 R%;, 7 'kA N);

@ ) 3= 0N (3.20d)
(* =0 (3.20e)

(or equivalently, from Lemma.11, 9rh 2 R%; *  "krh h);
e e (3.20f)

1 1

Notethat 2 (0; ) impliesthatl ; )=(1 )2 (0; ;) sothatthe left-hand-
sides of 8.200, (3.209 and @.201) are convex combinations. These equations are
schematically represented in Figugd (b)

We can now construct our rank-two laminate as follows. First construct a rank-
one laminate in which phases 1 and 2 have phase fractiandl  respectively
and the layers have normal Next construct a rank-two laminate in which this
rank-one laminate and phasel have phase fractiognél )and( 1 )1 )
respectively and the layers have normfal The compatibility equations3(209
and @.209 allows the construction of a continuous displacement elfup to
boundary layers) such that the strains take the valie the interior phase 1,

7 in the interior phase 2 and in the exterior phase 1. Moreover fror@.200
and @.20%) u can be chosen to satisijg =  Xx. For this microstructure and
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displacement eld,

W (u)

= Wi+ T (Wa()+ @ )W(3)

2Wa( )+ 7—Wi( ")+ Wi )

2Wa( 3) + 11 (W1 () )"+ 2 (W (12 00

1
1
+1l (1;2)(”)+%(122)(|)

SinceW; (.. ,) isafnein the direction ,, from it follows that

1

1 (Wl (15 2) )( ”)+ 1 2 (Wl (15 2) )( I)

1 I 2 |
(i) Ty T

(W1 (4 D)

1(Wq

where the second equality us&s20h. So,

W (u)= (Wi (4, XD+ 2Wa(2)

(12 f (”)+12 (I)

Since is quadratic, it follows from3.20 that

1 I 2 Ay — .
L (e (Y= O

(N+@ ) (D= ()
Putting these together, and once again using the quadraticity of
W= 1W1 () XD+ 2Wa (4 N D+ (1 ()

aWi( D+ 2Wa(2) (12 (3 D)
W' ():

The result follows by combining this with Theore®ri7and 3.18. wu

The proof above used the following Lemmas. The rstis well-known (c.f., e.g.,
[Koh91]) and the proof is omitted.



22 ISAAC V. CHENCHIAH, KAUSHIK BHATTACHARYA

Lemma 3.11 (Strain and rank-one compatibility).Let 2 Rg,' with eigenval-
ues 16 -6 6 ,.Then, there exish , h 2 R" such that

ki sh 0 1<0< 0 ()>0;
kh N 0 12=0 0 ()=0
whenn = 2; and whem > 2,
kih <N 0 1<0= 515 n1=0<
kA n 0 2= 3= = ,1=0and 1 ,=0:
Lemma3.12.let 2L, R3S and06 , 2 ker( T).Let ( ?)<O.
Then there exist; "; *2 R,Z, 2 (0; 1), , A 2 R?such that(3.20) holds.
Proof. Since ,, 2 ker( T) and is positive-de nite, it follows that
(n):%hT n nizzih ny ni >0 (3.21)

Combining this with the fact that( ?) < 0 we conclude that the quadratic
polynomialR3 z7! ( 7+ z ,) hastwo real rootg; < 0< z, since

( "+z,)=0 ( )+ zhHt 7 ,i+2Z% (,)=0: (3.22)

Set
_ 4Lz |
= Z 1
b= 7 7y (3.23a)
"= 7 (z2+(1 )z) n; (3.23b)
A=+ (1 )3 (3.23c)

With these de nitions, 2 (0; ;) as required, and3(203, (3.20h, (3.209 and
(3.201) are obvious. Now observe that

5 '= 3 Itz

= T+, (3.24a)
Poot= @ )3 TH(z2+(@ Dz)a

= (1 zZzna)+@ )3 I+(z2+(Q1 Dz)a

=1 ) C*zia): (3.24b)

Sincez; andz, are roots of ( 7+ z ,) = 0, (3.209 and @.209 follow. It
remains to show that , n. If the contrary were true, then,

(" k(3 %
and thus, from3.24),
( "+z2a)k( "+z10)

i.e., since since; 6 z,, either 7k ,or ?=0.Itfollows from (3.21) that
( ?) > Owhich, however, contradicts the assumptionth@at ?) < 0. u
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Note 3.13.The construction of the rank-two laminate in the proof of Theo8ehd

uses only rank-one connections, as opposed to symmetrized-rank-one connections
(i.e., 3.209 and B.209 enforce equalities instead of the inequality permitted by
Lemma3.11). This notes explains why.

Optimal microstructures satisfy the the Euler-Lagrange equation associated
with the variational principle i.e., the equilibrium equation. In particular, at an
interface with normah 2 R? the stress differencé Kis required to satisfy the
relation

JK=0 (3.25a)

From 3.8) and 8.24, using 1 » = ,T q, inregime lll, at any interface the
stress difference is related to the strain difference through

J KkTIK (3.25h)

and the constant of proportionality is hon-zero. The strain compatibility condition
is
JKkrh ¢n (3.25¢)

for somerh 2 R?. Lemma3.14below shows that3.25 is equivalent to requiring
J Kk A A whichinturn necessitate§J K =0.

Lemma 3.14.Letr; A 2 R2. Then the following are equivalent.
1.(T(m sA)m=0.

2.(T(m sn)H=0.

3. kN,

Proof. The equivalence of the rst two statements is trivial. The rest of the lemma
follows from the observation that

T(h sA)=m’ ¢n’:

where, foreverw 2 R?,v? .= 01 v. w

3.2.2. Optimal microstructures. A microstructure for which the energy is op-
timal, i.e., for which
Whi()= inf W (u)
U@ = X

is anoptimal microstructureGiven a microstructure, any displacement eld !
R" (withujg = x)whose energy is optimal, i.e., for which

W (u)y= inf W (u)
uj@ = X

is anoptimal displacement eldor that microstructure; the associated strain eld

is anoptimal strain eld.

We have proved (cf. Theorers7and3.10 the translated variational principle
Z %
W () =inf Wi 7)()dx + 7 () (3.26a)
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whereh i = |ujg = xand
8
20 in Regimes O and; |
=, in Regime It (3.26b)

> . .
" (., InRegimelit

Theorem 3.15 (Equivalence of optimal microstructures for original and trans-
lated variational principles). A microstructure and strain eld is optimal for the
original variational principle (1.6) if and only if it is optimal for the translated
variational principle(3.26).

Proof. The variational principles are identical wheRd = 0, which occurs in
Regimes 0 and |, and possibly in Regime II. We consider the case whér0 .

Consider a minimizing sequen¢e ;u ) for the original variational statement
of W () in (1.6). We have

Z x
W ()= lim (Wi T ) dx+ 7 ()
i=1
z
=W () 7 lmo ()dx ()
Thus 7

()=lim  ( )dx
from which the result follows. 1

Theorem 3.16 (Optimal microstructures).

1. In Regime 0 any microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime | the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made up of these
laminates. The optimal strain takes the valjen phase 1 and} in phase 2
while the optimal stress is constant.

3. In Regime Il the optimal microstructure is unique and is a rank-one laminate.
The optimal strain takes the valug¢in phase 1 and? in phase 2.

4. In Regime lll, no rank-one laminate is optimal. The class of optimal microstruc-
tures is possibly large (in a sense explained in the proof) and includes at least
two rank-two laminates.

In any optimal microstructure, in phasei = 1;2, the strain is con ned to
an af ne subspace of dimensialim ker( ; ( 1; »)T) 6 2;the sum of the
dimensions of the af ne subspaces is also at most 2. In particular, if phigse
harder than the other phase (i.e., if, > ( ,. ,)) then the strainis? in that
phase.
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Proof. In the proof of Theoren3.10 we showed that in Regimes 0O, | and I,
W ()= Wi(D+@  IWo(3):

Further, recall that ; and , are positive-de nite by assumption so tha and
W, are strictly convex. It follows that in any optimal microstructure the optimal
strain eld is as in the statement of the theorem.

The other statements pertaining to Regime 0 follow immediately from the
proof of TheorenB.10and (3.8).

InRegime |, (7)< 0so that from Lemm&.11, we nd v, A 2 R? such
that 7k ¢ n.Itfollows that the strain and thus the microstructure is either
a rank-one laminates (with layering direction eitlferor i) or a microstructure
of these laminates. Finally since= 0 in this regime, it follows from 8.8) that

? = 0; thus the stress is constant.

In Regime 1l, (?) = 0 so that from Lemm&.11, we nd unique (upto
scaling)h 2 R? suchthat ? k A A. It follows that the strain and thus the
microstructure is a unique rank-one laminate with layering direciion

We now turn to Regime lll. The non-existence of optimal rank-one laminates
and the existence of an optimal rank-two laminate follows from The@&é&®(and
Lemma3.12). There exists at least one other optimal rank-two laminate which
can be obtained by interchanging the rolezpfindz, in (3.23 (and @.24). If
dim(ker( ( 1: »T)) > 1 (which is the case, e.g., when is isotropic),

i =1;2,then one can nd an uncountably in nite number of directiopswhich

one can use in the proof of Theoréhi0(and LemmeB.12) to construct the rank-

two laminates; moreover, one can also construct optimal microstructures that are
not laminates but "Hashin-Strikhman confocal ellipses' or "Vigdergauz microstruc-
tures'. The reader is referred thy93,Vig94, GK95a GK95hb GK95¢, Gra9q for

a discussion of these microstructures. p

That dimker( (.:,)T) 6 2restates3.6 and i2:l dimker(

( 1 »)T) 6 2follows from Notes3.3and3.8. Finally we turn to characteriz-
ing the optimal strains: Since

Z %
inf Wi (o )O)dx+ ) ()
' i=1
)@ ?
= i(Wi (15 2) (i) + (15 2) @F
i=1
the result about the optimal strains follows from the strict convexity\of
( .; ,) andthenon-strictconvexityaf/y (.. ,) . U

4. Two-phase cubic solids in three dimensions

We generalize the preceding approach to the problem in three dimensions when
the elastic moduli ; and » are either (1) both cubic (c.f., De nitio4 below), or
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(2) well ordered (i.e., either; 6 ,0r 26 ;)andthe smaller elastic modulus
is cubic.

Our approach succeeds when the elastic moduli are (1) both isotropic, or (2)
well ordered and the smaller elastic modulus is isotropic. Otherwise we obtain a
lower bound which is optimal except possibly in one regime.

For ease of exposition we will only present results for the case of both elastic
moduli being either isotropic or cubic. The extension of the results to the other
case is immediate (c.f.4(11 below) and is thus left as an exercise to the reader.

Overview ofx4. After introducing some preliminary de nitions ir4.1, we in-
troduce the translation that we shall be usingdn2 and use it to obtain a (non-
explicit) lower bound on the relaxed energyih 3. x4.4, 4.5and4.6are concerned
with determining the amount of permissible translation. An important interme-
diate result is presented .7 and explicit expressions for the optimal strains
in x4.8. In x4.9 we are nally ready to explicitly compute the lower bound pre-
sented inx4.3. In x4.10we comment on optimality and the optimal microstruc-
tures.

4.1. Preliminary de nitions.

De nition 1. Let R 2 SO(3). The linear operatot  R3,° 3 L 70 LR 2
L R3S isdenedby

LR =R L R'TR RT; 8 2Ry
It is easy to check thaf® preserves the algebraic structurelof R332 :
8LijL,2L R3,

(LiL)R = LRLY:
In particular, wher. 2L R3,¥ is invertible,

(L l)R :(LR) l:

Clearly,
ker(LR) = Rker(L)R": (4.1)
Finally, we note tha8R; R, 2 SO(3),
(R1R2) = R1 Rz :

De nition 2 (Orthogonal subspaces ofR33). Let

H :=Spanflg;
100
= g8
100 000 ©
D:=Span 0 10 ; 010 :
n 000 00 1 o
010 001 000
O = Span 100 ; 000 ; 001 :
000 100 010

(These symbols stand for “Hydrostatic”, “Diagonal” and “Off-diagonal” respec-
tively.) Note thatR3,> = H D O
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. . X1 X1 0 O
We write Diag X2 tomean 8 X2 0
3 X3

De nition 3 (Orthogonal projection operators). Analogous to 8.4), the orthog-
onal projection operatorsy; s; 4; o2L. ngnf are de ned by

Range( )= H;
s= dt o;
Range( q¢) = D;
Range( ,) = O:
Note that 1
h = éTr( );
and

— 3 3 .
ht s=12L, RYS

the identity operator. MoreoveBR 2 SO@3), R = nhand R= .

De nition 4 (Cubic elastic moduli). 2 L, R3,? is cubicif 9R ( ) 2
SO(3)and ( ); (); () > Osuchthat

R =23 L +2 4+2 o 4.2)

(Henceforth we shall leave the dependence amplicit.) Here is the bulk mod-
ulus, the diagonal shear modulus andhe off-diagonal shear modulus.

De nition 5 (Isotropic elastic moduli). 2L, R3,? isisotropicif

8R2S0O@3); R=": (4.3a)
Such an elastic modulus is of the form
=3 ,+2 (4.3b)

where () > 0isthe bulk modulus and( ) > Othe shear modulus. (Henceforth
we shall leave the dependence oimplicit.) Note that isotropic moduli are cubic
moduli for which = . Note also that

= Tr( ) +2 1 (4.3¢)
2

where” = £ > Oisthe Lang modulus.

De nition 6. For 2 Ry, Swedene 1()6 ()6 3()tobetheeigenvalues
of . Moreover for a permutation onf 1; 2; 3g let,

) @ () 0 0
diag () := 0 @) O ;
0 0 @ ()
@) @)
():= @) o) (4.4)

o) @)
andR () 2 SO(3) to be a rotation that-diagonalizes, i.e.,

= RT()diag ()R ():
The subscript is dropped when is the identity map.



28 ISAAC V. CHENCHIAH, KAUSHIK BHATTACHARYA

4.2. Rotated diagonal subdeterminants as translations.

The determinant is a useful translation in two dimensions because it captures
information on strain compatibility:1; » 2 ngnf are strain compatible (i.e.,
oam: A 2 R?, , 1 ks n)ifand only if det( » 1) 6 0; the three-
dimensional analogue is that; » 2 R3,? are strain compatible if and only if of
the three eigenvalues of 1, one is non-negative, another is zero and the third
is non-positive (c.f. Lemma&.117).

Motivated by this we choose a translation of the form R, where 2 RZ,
R2S0@)and R: R33! R3isgivenby

R():= (RTR); 4.5a

() 0( ) ) 1 (4.5a)
23 22 33

()=@ 2 s uh (4.5b)
%2 11 22

For convenience we alsodeng: R33! R,j =1;2,3by

O =0 O (4.5¢)
note that these are the diagonal subdeterminants.
Quaderaticity of R ltis easy to verify that

j():%th; i =123 (4.6a)

whereT; 2L R3,3 ,j =1;23are de ned by

0 0 0

Ty == 0 s 23 (4.6b)
0 23 22
330 31
T, = 00 0 ; (4.6c)
a1 0 n
2 12 0
T3 = 12 10 (4.6d)
0 0 O

It is clear thatT;, j = 1,2;3, has eigenvalues 1, 0 and1 repeated once, thrice
and twice respectively. It is easy to verify that
n o
ker( s Ti)=Span I;
n
ker( s Tz)=Span |; o
n 0
ker( ¢ T3)=Span I; é 21

; (4.7a)
0

; (4.7b)
0

01
00
1

coo oo
OO0 FROO -
OO FPOO OO0
O0Or 000 FrOO
OO0 OOr ORrOo

(4.7¢)

For 2R} andR2S0O(@3),let TR2L R3,? bedenedby

TR = TR (4.8a)
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Then, as is easy to verify,
Rpy.. 1 Ry . :.
()= TH; 0 (4.8b)

Lete:=(1;1;1)". We digress for a useful remark en TR ande R which
can be easily veri ed from4.6).

Note 4.1e TR ande R areindependent d®. In particular,

e T=1 Tr()l
= 2 nt (4.92)
e ()= 5+ 5+ 5 (122t 223+ 3311)
=2 WY ()2
= (20) 200+ 20) s()+ s() () (4.9b)

Here 1()6 2()6 3() arethe eigenvalues of

Quasiconvexity of R, J-R,j =1;2; 3, is quasiconvex since it is quadratic and
rank-one convex8m® n®2 R3,

JR(mO sn)= j(RT(m® sn9R)
J((RTmO) S(RTnO))

j(m sn)

wherem = RTm% n = R"n% and, e.g.,

_1 2
i(m sn)= Z(mzna + M3zny) mznzMmsns

1
= Z(mzna m3n2)2

> 0:

It follows that8 2 R?, R is quasiconvex. Fronzha03 Thm. 1.2] it follows
that8 2 R3,8R 2 SO(3), TR has atleast two positive eigenvalues.
R is not quasiconvex when 2 R®nR? sincefori 6 j =1;2;3,

Te s€ = f1;2;3gnfij g& s €

wheref e;; &; e3g is the standard basis f&°.
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4.3. A lower bound on the relaxed energy. I.

For 2L, R32 let

B (R):= 2R?¥j TR>0 (4.10a)
= 2R¥j8 2R§yms;%h; i (RTR)>0
=  2R}j8 2R %hRRT;RRTi ()>0 (4.10b)
n . [0}
= 2R R T>0
Note that
B, (R)=f 2R3 jw, R convex: (4.10c)

It is easy to show, e.g., using.(L0), thatB (R) is compact and convex. Since
8 2 R%,8R 2 SO(3), TR has atleast one (in fact, at least two) positive
eigenvalues,

16 5 =)8 R2SO@3); B ,(R) B ,(R): (4.11)
For ; 22L. ngm3 let
B( 1; 2)(R) = \i2=lB i(R):

Since R is quadratic and quasiconvex we immediately obtain the following
analogue of3.5) (c.f., Propositior3.1andx3.1.2:

w >  max max W (R;: ); 4.12a
0) R2SO(3) 2B( ,. ,(R) ( ) ( )

where
W (R;; )= my?qg . aWi( )+ 2Wa( 2) (4.12b)
1; 2 sym
11t 2 y2= 1 2 R( 2 1):

This immediately implies that

w > max W (; 4.13a
0 2\ r2so@ B( ;; 2 (R) ) ( )

where
W (; )= max min W + HW, 4.13b
;) R350E L ame s 1Wa( 1) Rz 2( 2) ( )
11+t 2 2% 1 2 ( 2 l):

We have potentially lost some information in going frofnl? to (4.13. We
show in Corollary4.9 this is not the case when the elastic moduli are isotropic,
and in Theoremt.32that this is sometimes not the case when the elastic moduli
are cubic. We do not know whether this is true in general.

To evaluate the lower bound.(L3 we need more information about the set
\ R250@3) B( .. ,)(R). Thus in the next three sections we investigate, rst the set
B (R) and then the sétr,s0(3) B( ,: ,)(R) when elastic moduli are isotropic
(x4.5) and cubic x4.6).
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4.4. Characterizing the set of allowable translations. I. Preliminaries.
For 2L, R3;2 let

B..(R):= @B(R)\ @&;
B..(R):= @B(R)\ Int(R3):
In other wordsB . |(R) is that part of the boundary & (R) that intersects the
coordinate planes aridl . .(R) is that part of the boundary & (R) that does
not intersect the coordinate plan&®B (R) is the disjoint union oB . (R) and
B .(R).
From @4.109 and @.109 it is easy to see that

B,.R)= 2R3 jw, R: convex but not strictly convex
= 2R} TR>0 ; TR 0 ;

B . (R)nB ...(R) 2R3 W, R strictly convex
= 2Ry TR>0 ;
Thus | TR isinvertible onB ,(R)nB ,...(R) butnotonB ..(R).
For ; »22L. ngm3 let
B( 1, 2);II+(R) = @3 1, 2)(R)\ Int( RE)
From @.109 and @.10q9 it is easy to see that
B( 1; 2);|I+(R) = \iZZlB i;“*(R);
B( 1) 2)(R) nB( 1; z);lH(R) = \i2=1 (B |(R) nB iill+(R)):
Thus,both ;  TRand , TRareinvertibleoB ,. ,)(R)NB( ,. ,)..(R)
and at least one of them is not invertibleBp ,. ,)...(R).

Lemmad4.2.For ; 1; 22L, R33 let ; (,, ,) > Obedenedby

D . ) E 1
= (e T) 2 ; 4.14
max 2e T) = ; (4.14a)
(12 =minC 5 L) (4.14b)

Then,
€2 @\ r2so@ B (R) ;@\ Rr2so@3)B; w(R) ;
(1 €2 @\ Rr2so@B( ,; ,)(R) ;@\ Rr2s0@E) B2(R)
In particular, 8R 2 SO(3),

e2B (R);B; .. (R);
(1 2)62 B( 1; 2)(R);B?:n+(R):
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Proof. Since, from Notet.1, e TR is independent oR, it follows that for suf -
ciently small °> 0,

8R2S0O@B):; % T2B (R):
Since8R 2 SO(3), B (R) is closed it follows tha® > 0 such that
8R 2 80(3), e T2 B; ||+(R):

That and ( ,. ,) are given by 4.14) follows from a proof similar to the proof
of Lemma3.2 The results follow. u

Note 4.3.From @.99,
H (e T)Lli=hI;1 i+2 kK> O
This, with Lemma4.2 gives,
16 dimker( T)6 dmR,) 1=5: (4.15)
We end this section by observing that as a consequeneelf (

ker( TRy = Rker( R’ T)RT: (4.16)

4.5. Characterizing the set of allowable translations. Il. Isotropic elastic moduli.

4.5.1. The seB (R). In this section we rst show that for an isotropic elastic
modulus , B (R) is independent oR (Lemma4.4). Then we explicitly charac-
terizeB (Lemma4.5), the normal cone tB . ,. (Lemma4.7) andker( ™)
on asubsetoB . . (Lemma4.8).
Lemma 4.4.When s isotropic,B (R) is independent dR.
Proof. By the de nition of isotropy,

8R 2 S0O®); hRR ";RRTi=h: i:

This, with 4.108, immediately implies that for isotropic, B (R) is independent
of R and has the characterization

B = 2R%j T>0
_ 1 _ (4.17)
= 2R%js8 2R§ymS;§h; i ()>0
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Lemma 4.5 (Characterization of the set of allowable translations. [)Let be
isotropic. Then,
B =S(; )
= 2002Fj27 55 (DPH(*+(3° +1>0;
(4.18a)
B. =S.(; )
= 202PV @ j2988 (DD H(H? +1>0
B;I|+: SII+(; )
= 202Pj2988 (D+(H*+( H* +1=0
(4.18b)
Here, fori =1;2;3,
L. (4.19)

Proof. From @.17),
B = 2R}j82Ry%h; i 2 ()>0:
A calculation reveals that
hi i 2 O=C+2)(h+ 5+ %)
+2(°+ 3) 1 22+2(C+ 1) 2233+2(+ 2) 331

+2(2 3) L +2(2 1) 53+2(2 2) 51

This function is non-negative precisely wheyy »; 36 2 (i.e., °2 [ :1P)

and the Hessian |
42 T+ 3 T+ ot

2

H:=2 "+ 3+ "+
e w2
of C+2 ) 51+ %+ 33)+2( 7+ 3) 11 2+2("+ 1) 22 33+2(C+ 2) 33 11
is positive-semide nite. Set

HO._ 1

= w2y T

P ronvo

0
3

1
0
1

rvowo P

and verify through calculations that its invariants are
TrHO=3;
1
5 (MCHY? T(HY?) =3 (D*+( D*+( 3 ;
detH=2 7 2§ (D*+( D*+( §® +1:

The result follows. w
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Fig. 4.1. The setSi. (%; 1).

Note 4.6.The surfaces,. %; %) is illustrated in Figured.1 We highlight certain
features ofS so that its geometry could be better understood.

1.S(; ),S.(; )andS,.(; ) intersectthe coordinate axes?at
2.S.(; ) consists of three segments of ellipses: Wher 0, (4.18b reduces
to (+2 ) 2+ 2)+2° 1 5 4 ( 1+ 2)+12° 248 3=0,whichisthe
equation of an ellipse. The same istruewhgre ;=0and ;= ,=0.
3. Theintersection db(; ) andS,.(; ) withthe plane 3 =2 isthe straight
line segment; = , 2 [0;2 ]; similar statements are true whepn=2 and
3 =2 .Thustheintersection &(; ) with Spanfegisf2e g. Thus, when
is isotropic, (c.f., 4.19),

=2:
Subregions 06, andS,.. Itis useful to divideS, andS,.(; ) into subregions.

The de nitions below are motivated partially by Node6 and partially by results
to follow. Note that some of these subregions are independent of

S(; )=S.(; )nSa();

S|&|||( ) = i3:1 Sga( ); (4.203.)
s ():=f@; 60)g (4.20b)
sA( )= f(0;2; 0g; (4.20c)

SO ):=1(0;0,2)7g; (4.20d)
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D)= s.G )V 2RV o3> 1 (4.21a)
SP(; )=Ssu )V 2R3 4 1> o (4.21b)
ST )=su )V 2R3 1 2> 3 (4.21c)
Sm( ):: [?:1 S|(||i)( ); (4223)
sP()= 2R¥j 2= 32(02) 1=2 ; (4.22b)
sP?()= 2R}j 3= 12(02) =2 ; (4.220)
sP()= 2R}j 1= ,2(02); 3=2 (4.22d)
SIII&IV( ):: fzeg: (4.23)

NotethatS,.(; ) isthe union ofthe disjointse®&® (; ),s@(; ),s®(; ),

Sy ( ) andS,.v ( ). For conciseness we shall write, e@,gl,.’, [ S,fll))( ) to mean

1) (1)
SI&III( ) [ S|I| ( )
The surface5,.(; ) nSyev ( ) is smooth. From4.18H, N ( ), the outward
normaltoS(; )at 2 S.(; )nS,w( )isgiven by

@
NOO 2999 (DF+( D?+( 9H? +1
@
9@2?88 (D*+(D°+(39)° +1
0 001
1 2 3
9@ 5 s A: (4.24)
0 00
3 1 2

(We use 9” to mean “parallel and not anti-parallel”.) The next Lemma IlIs in
some important details.

Lemma 4.7 (Outward normal cone toS,,). Let be isotropic. LeN ( ) belong
to the outward normal conet®(; )at 2 S,.(; ).Then

8
% Ri on SIII&IV( )1
n ., o 0 O
sign(N) 2 g it 50 onS,( );
: Lo, elsewhere 01%,.(; ):

More precisely(4.25 and (4.26) below hold.
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Proof. We prove the last case by showing that,

8 (1)

2( ;+:H)7 onS(5 )

sign(N) = _ (+; ;)7 ons?(; ); (4.25)
Sk )T oonsP ()

Let 2 S®(; ).From@.19,

: 0. 0 0
273> 10 2 37 1
Clearly,
0 00 0 0. n
2 31> 2 1>0
0 00 0 05
3 12 3 1 ;

so, from @.24), it remains to show that) 9 $ < 0. Itis a calculation to verify
that @.180, which de nesS,.(; ), may be rewritten as

(9+ 97, (2 92 _ .
20+ ) 21 )

Thus, the intersection &,.( ; , ) with a pIanerf constant? is an ellipse with

minor and major axes equal Po 21+ YHand 21 9 and oriented in the

(1;1) and(1; 1) directions respectively. This is shown in Fig4r& This ellipse

intersects the hyperbold 9= fat( % 9=(@; Dand( 3 H=( $2),

and the portion of the ellipse consistent with our assumptibé  9; § satis es
9 99<0 Thecases 2S?(; )and 2s®(; )areanalogous.

The second case follows immediately from19), (4.22 and @.24). Indeed,

8
2(+:0,07 ons{( );

sign(N) = _ (0;+;0)7 onS{( ); (4.26)
T 0047 onsSP():

Thus,
lim N()=1¢; 1i=1;2,3:

si()3 a e

The rst case follows from this and the fact that the normal cone to any surface is
convex. u

We end this section by characterizikeyr( TR).
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Fig. 4.2. A section of the seB; ;.. through the plane = constant .

Lemma 4.8 (Kernel of the translated elastic modulus)Let be isotropic. Then,

ker( TR) = Rker( T)RT;

n (0]
; on(s [ SP)( );

oo
ROO
oro

ROO
ooo
oo

ker(

0
Span 0 10 On(S|(&3u)|[ S|(u3))( )i

oro
oo
[ele])

8 00
Span 859
100 0 2 )
Span 88 0 on(Sei [ Si”)( );

0N Syg ( ):

Proof. The rst statement follows from4.16 and the isotropy of .
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When 2 (S8 [ sP)( ), from@.22and 420, 1=2 and ;= 32
[0;2 ). Thus from 4.3) and @.6),

( T)
= 2T 1+ 2Ta+ ,Ta)

= (11t 2+ 3)

11 1nr §2+ 33 12 31
+2 12 p T 2% 33 §2+ 33 23
2 23 33 LT 27 38
5 8 0 0 0338 81 2 12 8
33 23
0 23 22 2 31 0 11 2 %)2 011 0
0 1
( 2 ) u+ 22+ 33)
+2 311+ 2 2+ 2 33 @ 2) 12 (2 2) 31
- ( 32 1+ 22+ 33) §
= % (2 2) 12 . 2311 12 542 0 (4.27)
(2 ) 1+ 22+ 33)
2 0 3
( 2) & + 2 1u+2 2+2 33
Thus( T) =0ifandonlyif 33 = 12, =0 and
2 -— .
( §)( 1t 2ot w)+2 1t 220+ 233=0;
2 -— .
( §)( 11t 2+ 33)+ 211t+t2 2p+2 33=0:
When , 6 2 these four equations are independein(ker( T)=2.1t

is easy to verify that

0
0

A 2 ker( T):

oo
oro

00
00
01

oro

This proves the rst statement; the proofs of the second and third statements are
almost identical.

The fourth statement immediately follows by setting= 3 =2 in (4.27).
Alternatively, from @.3) and Note4.1,

( 2e T) =(CTr( ) +2 ) 2 ( Tr()I)
=("+2 )Tr( )l

It follows that,
2 ker( 2e T) ( Tr( )=0:

This completes the proof.u
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45.2. TheseB( ,. ,)(R). Finallywe explicitly characterizB ,. ,)(R) (Corol-
lary 4.9) and the normal cone ® . ;. (Corollary4.10).

Using @.1)) if necessary, we immediately have the following corollary to
Lemmas4.4and4.5:

Corollary 4.9 (Characterization of the set of allowable translations. Il).Let ;
and » be isotropic. TheB( ,. ,)(R) is independent dR. Moreover

B, ,)=S(1 1)\ S(2 2)

and (c.f.,(4.19),
(1 =2min( 15 2):

Lemma4.7 can also be extended:

Corollary 4.10. Let ; and , be isotropic. LelN 2 R? belong to the outward
normal cone td( ,. ,).. Then

8
%RE Onslll&lv(min( 1; 2));
n + 0 0 .
S|gn(N) 2 0 B ;0 On(SI&III [ Sul)(mm( 1, 2));
. MR elsewhere

Proof. The rsttwo cases are easy, once it is observed that, from the geometry of

S(; ),
(Sm[ Sln&w)(min( 15 2))( S||+( 15 1)\ S||+( 25 2):

We turn to the third case. In addition to the corner§ef 1; 1) andS,.( 2; 2),
Si( 15 1)\ Si( 2; 2) can have corners whe&.( 1; 1) andS,.( 2; »2)in-
tersect.

Consider the case 2 S.ff)( 1 1)\ S.(,f)( 2; 2). From @.25 the sign of
the normals at to bothS.ff)( 1, 1) andS.(Hl)( 2 2)is( ;+;+) 7. It follows
thatsign(N) = ( ;+;+)T.Thecases 2 S?( 1: 1)\ SP( 5 »)and 2
Sﬁf)( 1; 1)\ S,f)( 2; 2) are analogous. (From2]) it is clear that there are
no other cases.)u

4.6. Characterizing the set of allowable translations. Ill. Cubic elastic moduli.

In this section we extend the results of the previous sectdrb)to cubic
moduli. Since the case= has already been considered there we shall prove the
results in this section only for &
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4.6.1. The set raso@ B (R). After some preliminary results, in Lemndal3
we at least partially characteriez» so 3 B (R). This result derives its impor-
tance from Lemma.14which shows tha8R 2 SO(3), R T is notinvertible
on a certain subset dfz,s0(3) B (R). We end by characteriziriger( R T)
on this subset (Lemmé& 16) and characterizinger( e T) (Lemma4.17).

Lemma4.11.Let be cubic. Then

S(; min(; ) \ Rr2so@B (R) S(; max(; ))
Proof. From @.2),

3 p+2min(; ) 6 R 63 +2max(; ) s
and thus, by using4(3), 8R 2 SO(3),

3 h+2min(; ) s6 "63 p+2max(; ) s:
From @4.11) and Lemmagl.4and.5,

S(; min(; 1)) B (R) S(; max(; ));
from which the result follows. u
When is cubic,B = andB r ., have simple explicit characterizations:

Lemma 4.12.When s cubic,

_ o S(; ) it o>
T os(; )V [e2 P if >
S||+(; ) if >

Br = .
’ Sw(; V(@2 if >

The proof of Lemma4.12 is almost identical to that of Lemmé&.5. Lem-
mas4.11and 4.12immediately lead to the following at least partial characteri-
zation of\ r2s0(3y B (R) when is cubic:

Lemma 4.13.Let be cubic. Then, when>

\r2so@ B (R)=S(; ) (4.28a)
and, when > ,
S(; ) \ r2so@B (R} S(; )\ [0;2 ] (4.28D)
In particular,
S(; min(; ) \ reso@EB (R); (4.28¢)

(Sl&m [ Sm[ S,,l&,v)(min( ; )) ( @\ R2$O(3)B (R) . (4-28d)
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Proof. When > | (4.283 follows immediately from the observation that

S(; ) \ r2so@B (R) B (RT)=S(; ):

(The rstinclusion follows from Lemmag.11and the last equality from Lemn#al2)
When > | again from Lemmad.11and4.12

S(; ) \ r2so@B (R) B (RT)=5S(; )\ [02
In both cases4.289 and4.28dfollow immediately from ¢.283 and4.28h 1w
Thus, for cubic , (c.f., @4.149),
=2min( ; ): (4.29)

Lemma 4.14.Let be cubic. For anyR 2 SO(3), TR is not invertible
When 2 (SI&IH [ Slll)(mln( ; ))'

Lemmad4.17shows that the result is true also fo2 S,y (Min( ; )).

Proof. We begin by observing that® can be written as the sum of non-negative
operators as

(
3 hn+2 s+ 2 ) o if >
LetR%2 SO(3) andR := R 'R% Then
RO_ R R
_ 3 nt2 s+ ) 0R if >
3 ht2 s+2( ) o if >

From @.1) it suf ces to show thaBR®2 SO(3), R T is not invertible when
2 (Sen [ Sy)(min( ; )). Consider rst the case

2 (SG [ S [ Suan)(min(; )):
Thenfrom@.22, (4.23 and .20, =2min( ; ); 2; 2)T and , 2 [0;2min(;
We consider the cases and >  separately.
> :Using Note4.1,

RO T=R T @2 N
B +2 ) n+(2 2)( s Ti)+2( ) ¢F: (4.30)

Since, from 4.7),
n 00 O 00 o
ker((3 +2 2) n+(2 2)( s T1))=Span 910 ; 00

oro

(4.31)

)-
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0 .. . .
R T is invertible only if
R N 600 0009 ?
ker g4 Span 010 ; 001
n 00 1 010 o

20 0 010 001

=Span |; 0 10 ; 100 ; 000

00 1 000 100

Sincedimker 4R =dimker( 4) =4 theinclusion above is in fact an equal-

ity. l.e., R’ T is invertible only if8x 2 R3,

2X1 X2 X3
d RT % x1 0 R =0:

X3 0 X1
l.e.,8x 2 R3,

(3R%, 1)x1 +2R11R1X2 + 2R11R31x3 = 0;
(3R%, 1)X1 +2R12R32X2 + 2R15R3:X3 = 0;
(3RZ;  1)x1 +2R13Rz3X2 + 2R13Ra3x3 = 0:

This implies thaR = 0 (e.g., pickx = e;; e,; €3), which is a contradiction.
> :Similarto the case>

RO T=(@ +22) n+@ (s T)+2( ) of (432

and R’ T is invertible only if
n o »
ker R Span 020 : 00%
00 1 010
Now,
n (0}
0 0
ker oR =Rker( o)RT= R 0x 0 RTjx2R®
00 X3
Thus R’ T is invertible only if8x 2 R3,
D E
00
R GRS R B o
X3
D E
00
R 0x0 R™: 801 =0
0 0 x3 010
l.e.,8x 2 RS,

R21R31X1 + R22R32X2 + R23R33Xx3 = 0;
(RE, RE)x1+(R%, RE)x2+ (R R33)xs=0:
This implies thaR = 0 (e.g., pickx = e;; &; €3), which is a contradiction.

Similar results hold for 2 (S@ [ S@)min(; )) and 2 (s [
SP)min(; ). u
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Corollary 4.15. Let be cubicand 2 (Sgy [ Sy)(min( ; )). Then, for any
R 2 SO(3), (
dim ker( TR) = 2 if is |§otrop|c
1 otherwise

Proof. When is isotropic the result is immediate from Lemma; we turn to
the case when is not isotropic.
From the proof of Lemmd.14(c.f., (4.30, (4.31) and4.32),

16 dim ker( TRy 6 2 (4.33)

Let 2 (Sf&lu)I [ S,fll))(min( ;' )). We consider the cases> and >
seperately.
> : From the proof of Lemmd.14(c.f., (4.30 and @.31)),

dim ker( TRy=2
er( a=span 338 : 382
0 ke a")=Span 56 i 343
00 O
= . . T 0 =
)8 Xy 2 R; d R O§yx R =0

8
> (R3 R%)Xx+2RzRay

08 xy2R; N =(R2, R3,)x+2RxRay
" =(R3  R3%)x +2Ry3Raay:

This implies

R%, R% =Rj5 R3=R3 R = ki (say) (4.34a)
R21R31 = R2»2R32 = R23Raa: (4.34b)

(4.343 implies
1=R5 + R%,+ Ry = Ry + Ry, + Ri; +3ky = 1+3 ki

and thusk; = 0, giving, R3; = R3;,, R3, = R%, andR3; = R%;. This,
with (4.34h implies

R%l = Rgl = R%z = R%z = R%a = R§3 = k% (say)
ThusR 2 SO(3) is of the form

ko k2 k2
ko k2 k2

which is a contradiction since the second row of the matrix above cannot be or-
thogonal to the third row (for any choice of signs). Thilis ker( TRY6 2.
The result follows from4.33.
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> : From the proof of Lemmd.14(c.f., (4.31) and @.32),

dim ker( TRy=2
er( o =span §38 ;389
0 ker( o7)=Span gg o ; 90%
00 O
= . . T 0 =
)8 Xy 2 R; o R 0;)')( R

2 (R21R22 R31Ra32)X + (R22R31 + R21R32)y = 0
08 xy2R; _ (RaRzs RaRag)X +(RzsRa1 + Ra1Rag)y = 0;
8 (R22R23  R32Rs3)X + (R23R32 + R22R33)y = 0:
2 R21R22 R31R32 =0; RxRa1 + R21R32 =0;
=) 5 R2iR2s RsiRas = 0; R23R31+ R21R33=0;
R22R23  R32R33 =0; R23R32 + R22R33 =0:

Squaring and adding these three pairs of equations gives,

(R3; + R3)(R5, + R%,) =0
(R3; + R3)(R3; + R%;) =
(R, + R,)(R3; + R%;) =0

l.e., at least two oR3; + R%;, R3, + R%, andR3; + R%; must vanish. It is easy
to see that no sucR 2 SO(3) exists. Thuglim ker( TR) 6 2. The result
follows from (4.33.
Similar results hold for 2 (S@ [ S@)min(; )) and 2 (s§ [
S)min( ;).

We end this section by characterizing, in Lem#a6 ker( R T) for
2 (Sen [ Sw)(min( ; )) and characterizing, in Lemn#al7, ker( )
for 2 Syev (Min(; )):

Lemma 4.16.Let be cubic. When>

n 0 0
on(sth [ S );

ooo
oro
o

oo
[ele])
’_‘OO

ker( R

o

1
span’ o 1o on(S@ [ SP)( )

o
ooo

8
Span
% :
Span on(s& [ s )

on SIII&IV ( );
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and when >
8 n 0]
000
§pan 001 on(Sai [ SI)( );
n 0]
Span §§é on(st [ S2)();
ker( R T)= n (0]
010
%Span 188 on(Sa [ S );
o) onSyev ( ):
The case = was considered in Lemn#a8.

Proof. We consider the casess and >  separately.
> :When 2 (s [ sP)( ), from @.29 and @.20, ; =2 and
2= 32[0;2).From@.2 and @.6),
(" T)
R @T 1+ 2To+ 2T3)

(12+ 22+ 33)l

1 ALzt s 0 0 0
+2 0 p 2T 0 +2 2 0 2;
0 0 23 11+ %2“' 33 a1 23 0
0 0 O 0 0
2 0 33 23 2 O33 0 81 2 152 1i1 0
0 23 22 a1 0 1 0 0 0
0 1
(5 ) 1+ 2+ 33)
2 311+ 11 222+2 23333 (2 2) 12 (2 2) 31
- (2 ) 1+ 22+ 33) §
= % 2 2) . 2311 12 512 m 2 2( ) 23 (4.35)
(5§ ) 1+ 22+ 33)
(2 2) ;1 2( ) 23 . 2311 +211 222+22 323
Thus( T) =0 ifandonlyif ;3= 33= 12=0and
2 .
( é)( 1t 2+ 33)+2 11t 222+ 233=0;
2
( 5)( 11+ 2+ 33)+ 211+t2 »+2 33=0:
When , 6 2 the last two equations are independeiitn(ker( T)=1.
It is easy to verify that
00 0
01 0 2 ker( T):
00 1

This proves the rst case; the proofs of the second and third cases are almost
identical.
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The fourth case immediately follows by setting = 3 = 2 in (4.395.
Alternatively, from @.2) and Note4.1,

R 2e T=(B +4 ) h+2 ) o
It follows that,
2ker( R 2e T) h = o =0:

> :When 2 (S [ s®™)( ), from (4.2 and ¢.20, ; =2 and
2= 32][0;2).From@.2) and @.6),

(R T)
=R 2T+ 2T+ 2T3)

= (1t 2+ 33)l

1 11+ %2+ 33 0 0 o
11+ 22% 33 e a
+2 0 22 53 0 +2 12 0 2
0 0 PO . §2+ 33 31 =
0 0 0 330 3 2 12 0
2 0 33 23 2 0 0 O 2 12 11 0
0 23 22 a1 0 n 0 0 0
0 1
(2 ) 1+ 22+ 33) 2 2
W2 Tt 2t 2w 2( 2) 12 ( 2) 31
- (5§ ) 11+ 22+ 33) §
= 2 3 0 4.36
% ( 2) 12 + 2 ut2 2+2 33 ( )
2
2 0 (5§ ) 11+ 22+ 33)
( 2) = + 2 nt2 242 33
Thus( T) =0 ifandonlyif 33 = 12=0 and
2 — .
( §)( 1+ 2+ 33)+2 11+ 22+ 233=0;
2 — .
( g)( 1+ 2+ 33)+F 21n+2 2+2 33=0;
2 —_— .
( 5)( 1+ 2+ 33)+F 21+2 2+2 33=0:

When ,, and are distinct, the last three equations are independantker(
T))=1.From @.36) itis clear that

ooo

00 .
01 2 ker( T):

This proves the rst case; the proofs of the second and third cases are almost
identical.

The fourth case immediately follows by setting = 3 = 2 in (4.35.
Alternatively, from @.2) and Noted.1,

R 2e T=@ +4) wt2 ) o
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It follows that,
2ker( R 2e T) h = 4 =0:
u

Lemma4.17.Let be cubic. For anyR 2 SO(3), TR is not invertible
when 2 Sy (min(; )),i.e.,when =2min( ; )e Moreover,
8
2RTDR if > ;
ker( 2min(; )e T)= >D O it =

"RTOR if >:

Proof. We observe rst that
ker TR =ker R R TRR RT
=R " ker R TRR R

where we have used (1). In particular, when =2min( ; )e, from Note4.1,
ker 2min(; )e TR =RTker ® 2min(; )e T R :

The result follows by combining this with Lemméds83and4.16

4.6.2. The set\ o503 B( ,: ,)(R). Finally, in Corollary 4.18 we partially
characterizé gr2s0@3)B( ,: ,)(R) and, in Corollary4.19, the normal cone to

\ R2s0@ B( 1; 2)me-
Using @.1)) if necessary, we immediately have the following corollary to

Lemma4.13
Corollary 4.18. Let ; and , be cubic. Then

\r2s0@)B( 1; »(R) S 1smin( 1; 1))\ S( 2;min( 2; 2)); (4.37)
@\ RZSO(3)B( 1; 2)(R) ) (Sl&lll [ SIII[ SIII&IV)(min( 15 15 23 2))

and
(1) =2min( 1; 1; 25 2)

Lemma4.7 can also be extended:

Corollary 4.19. Let ; and , be cubic. LetN 2 R2 belong to the outward
normal cone td8( ,. ,);.. Then

8R§ onSyev (MIN( 15 15 25 2));
ot E on(Sen [ Sw)(min( 15 15 2; 2));

0
%n . , 0

oo+

sign(N) 2

elsewhere

+
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4.7. An optimal rotation diagonalizes the optimal strain jump.

Now that we have attained our goal of characterizing—to a degree suf cient
for our purposes—the sek>so03) B( ;. ,)(R) (c.f., (4.133) we turn to the max-
imizatio overSO(3) in (4.13H. The main result of this section is:

Theorem 4.20 (An optimal rotation diagonalizes the optimal strain jump).
There existR-(; ) 2 SO(3) and 7(R»; ; ); 3(R» ; ) 2 R, that ex-
tremize(4.130 such thaRY  ’R, is diagonal.

(From Note4.1 this is trivially true when k e.) Our proof of theoren#.20
uses doubly stochastic matrices and is presented at the end of this section.

Doubly stochastic matricesDoubly stochastic matrices are square matrices, all of
whose entries are non-negative and each of whose rows and columns add up to one.
n, the set of all doubly stochastic matricesRA ", is a(n  1)?-dimensional
convex set. The set of extreme points qf is Py, the set of permutation matrices
inR" " ([Bird6] or, e.g., MI79, pg.19,34]). In particular, the set of extreme points
of 3is
n o]

0 1 0 10 01 0
Ps = 1 0 0 ; 00 ;10 1
0 0 1 01 00 0

oo
ROO
ROO
oro
oro
[ela] g
oro
ROO
ROO
[elal g

’ ’ ’

Note that the rst three of these belong 80(3) and the next three t®(3) n
SO(3).
The following lemma is elementary:

Lemma4.21.Letv;w 2 R". Then

1.9D-> 2 P, that maximizes , 3D 7! Dv. w2 R.

2. The ordering of the components D%V is the same as the ordering of the
components ok. l.e., if is a permutation of 1;2;:::;ng such thatv ;) 6
W is), i =1;2;000,n 0 L then(Dov) iy 6 (D2V) (i+1y,1=1;2:::;n
1.

3. The maximizer is unique precisely when all the componentsacé distinct
and all the components @f are distinct.

We deneS: SO(3)! 3bhy

0 1 O
Rll R12 R13 R%l R%Z R%?:
SO(3) 3 @Ry1 Ry RpsA 7 BRZ, R, RLK 2 51 (4.38)
R31 Rsa2 Ras RZ R%, R%,

Some of the following properties & will be used in the sequel.

Lemma 4.22.

1.8P2P;; (PTP)=PT ().
2.8P 2 P3 nSO(3) there existRk(P) 2 SO(3) such that

(PTP)= (R(P)' R(P):
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3. ForR(P) de ned asin(2), S(R(P)) = P.ThusP; Range(S).

4. The xed points ofS are preciselyP; \ SO(3) (and thusP3 \ SO(3)
Range(S)); S can be extended to a map frdd(3) to 3, in which case its
xed points are preciselys.

5. Sis not onto.

Proof. The rst statement is easily veri ed.

(2): EachP 2 Pj3 is a matrix precisely three of whose components.igor
eachP 2 P nSO(3) replacing one or thregés by 1 generates a matriR(P) 2
SO(3). It is easily veri ed that for every such choice &(P), (PT P) =

(R(P)T R(P)).

(4): This follows from the fact that the only xed points & 3 x 7! x> 2 R

are0and1.

(5): Assume on the contrary thBR 2 SO(3) such that
1 1112 .
S(R) = 3 111 2 3

Then, from .38, for some choice of signs

However the rows and columns of tlikscannot be orthogonaR 2 SO(3), which
is a contradiction. u

Lemma4.23.Let 2 Ry, % andR 2 SO(3). There existd 2 3 such that
R()= D ().
Proof. LetR%:= R( )R. Then
RT R =(R()R)" diag( ) R( )R = (RYT diag( ) R®
An easy exercise reveals that
R( L
(R%,R3;  RG,R%)? (RHR3 REBR3)? (RHRS,  RHRY)?
= %(Rng(l)s R(l)zRgs)z (R(B)SRgl R(l)ngl)z (Rglez R(l)lez)z
(R82R83 RgZREB)Z (REBRgl RgSRgl)z (RglRSZ RglREZ)Z
() (4.39
Using the fact that the rows an%coulmnsRﬂ‘are orthoncirmal,
(R?)? (R1:)? (R%3)?
RO)= @(RL? (RL)? (RKK ()
(R31)? (R%3)? (R%y)?
S(RY ()
(SRY () (4.40)
D ():
whereD = (S(R()R))". wu

49
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We are now ready to prove Theoreh?2Q

Proof (of Theorem4.20.

The existence oR,(; ) 2 SO(3) and (R~ ; ); 3(Rei; ) 2 RS
that extremize4.13b follows from the continuity o80(3) R3S 3 (R; ) 7!
W (R; ; ), the convexity for eaclR 2 SO(3) of W; R, and the com-
pactness of SO(3). It remains to show tRdt ’R- is diagonal. From4.13H
and @.40,

W (; )= max min W + LW
(:) Ay LT e 1( 1)+ 2Wao( 2)

sym

11t 2 2% + 2ST(R( 2 l)R) ( 2 1):

Thus
W (; )6 _max min Wi 1)+ oW 4.41
(;) D2Range(S) ;2R3 2 1Wa( 1) 2Wa( 2) ( )
vat o= v o1 2D (2 )

where the inequality arises since we are replaS@ngR( »  1)R) with an ar-
bitraryD 2 3. From Lemma4.21(1), there exist®, 2 P3; that maximizes the
function

33D7 min - Wi( 1)+ 2Wa(2)+ 1 2D (2 1)
1; 2 sym
11t 2);:

Since, from lemma.224), P;  Range(S), this implies the existence &, 2
SO(3) suchthaS(R( ?)R,) = D,. Thus the inequality in4.41) is actually an
equality. Further
S(R( HR,)2P; =) R( 7R, isasigned permutation matrix
=) (R( PR,)Tdiag( *)R( ?)R») is diagonal
=) R 7R, isdiagonal
which completes the proof.u

Note that, sinceR] ’R- is diagonal, for some permutation (c.f., (4.5
and @.4)),
(= (RT R= () (4.42)

4.8. Explicit expressions for the optimal strains and stresses.

We return to the minimization problem.(L25) and nd the minimizers?(R; ; )
and 3(R; ; ).

The expressions in this section can be obtained from thos&.in4 by the
formal substitution of TR for T, 2 B ,. 2)(R) nB( . ,).u(R) for 2
[0 ( 1 2)) and 2 B( 1 2); ”,,(R) fOf = (5

By differentiating the argument on the right- hand sidedoi gh,

(7 D 23 PDHC T D=0 (4.43)
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In other words,

= TRy 7 (4.44)
where
? - ? ?.
=2 1
? = ? ?.
=2 1
Ti= (7 =12
Since 1+ 3= ,(4.43gives
(2 1+ 12 TRYI=( 2 ) 2 ()
(2 1+ 12 TRY2=( 1 T+ ()
(2 1+ 12 ™Y = () ()
where
(0= 25 11,
= 2 1

If 2B¢,; »H(R)INB( .. ,)..(R), then fromx4.4itfollowsthat , 1+ 1 »

TR= ,( 1 TR+ 4( 2 TR) is positive de nite since it is the sum
of two positive de nite linear operators. Consequently, we may invert the relations
above to conclude that

MRy )= 2 at 1. TR (4.453)
(2 ) 2 ()
R )= 24+ 12 TR (4.45b)
(1 TRY + 1 (1)
Ry )= 21+ 12  TRT (4.45¢)
o))

If 2B( ., ,(R),then > 1+ 1 » TR might only be positive semi-
de nite. However, the minimization problerd (121 is quadratic. So we can have
one of two situations: either (1) the minimum is nite and the solutions4my)
make sense uptoaconstanker( , 1+ 1 »2 TR, orQW (R; ; )=
1 ,inwhich case,

lim O R =1: (4.46)

For future use we observe thatfo2 B ,. ,)(R)nB( ., ,)..(R),

@ ?
@ =( 21+ 12 TR) TR ™
|

(4.47)
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From @.45 we also calculate, for 2 B( ,. ,y(R)nB( ;. ,)..(R),

1
? _ 1 1 R 1 1 R T T
1= 20 T 2 2 T 2 () 11

? — 1 1 TR 1 1 R T T
7= TR, 1 1 T + 1 () 22

4.9. A lower bound on the relaxed energy. Il.
We are now in a position to derive an explicit lower bound. Redall33:

W ()> max W(;)
2\ r2s0@ B( ;; »(R)

whereW (; )isgivenby @.130. Determiningmax 2 ., B, LR W (; )
is easy since we have the following lemma.

Lemma4.24.For 2 Int \ ryso@@B( ,; ,»H(R), 7'W (; )iseithercon-
stant or strictly concave.

Proof. From @.13h,

r-wi(; )
= 1270 "(Ra; ) (4.48)
@ .
@@ )
? @ ?
= 12 T ?(Ra; )i— %(Ras; )
D @ E

12 TjR? Ros; )i 2 1+ 12 TR) T *(Roy ;)

except when ?(R»; ; ) = 0. Note, from @.45, that ?(R;; ) = 0 for

somegR; )2 SO(3) B impliesthat ?(R; ; )=0 forall(R; )2 SO(3)

B.Howeverwhen 7(;;) 0, from@4.48,W (; )isindependentof. w
Incidentally, we also observe that:

Lemma 4.25. 7! W (; ) is strictly convex.



The relaxation of two-well energies with possibly unequal moduli 53

Proof. From @.13h,

gw ()
- 15;(\/\/1 RoGOY( IRa ;)

+ zgz(wz FENCER D+ gz P00
= 1( 1 TRG D)+ 5 5 TRG )+ TRAG
=11t 22
>0

u

We now obtain the desired lower bound when the elastic moduli are cubic.
Recall that we use9” to mean “parallel and not anti-parallel”. Fer2 R" and
S R"wesayx9Sif9y2S; x9y.

Theorem 4.26 (Lower bound).Let ; and » be cubic. Then

W ()>W ()
where
W ()=
8W ;) if ?(;;) O (Regime 0)
w ( I ) |f9 |2 (SI[ SI&III)( l;min( 1, l))
\(SI[ S|&|||)( Z;min( 2; 2));
06 R (Ro(;); v )OFf e e esg
(Regime 1)
W ( ,; ) otherwise (Regime 1)
w ( s ) if 9 n 2 (SI&III [ SIII[ Sm&lv)(min( 1, 1, 25 2));
06 Rz (s )( ?(R?( s ); s )) 9f91;92;939
(Regime 111)
W () if9 2 Sv(min( 1; 1; 2; 2));
06 Ro( i )( ?(R?( Ve ); Ve )) 9 Int( Rf)
(Regime 1V)
(4.49)
Here, in regime I, , is the unique solution of R2C:)( ?(R,(; ); ;) =0

in S( 1;min( 1; 1)) \ S( 2;min( 2; 2)). Note that it is possible that, 2
(Sl&lll[ Sm[ S|||&|v)(min( 1, 1y 2, 2))
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Proof. Since 1 and ; are cubic, from4.37) we obtain a lower bound faV ()
by replacing\ r2so@) B( 1; ,)(R) by S( 1;min( 15 1))\ S( 2;min( 2; 2))
in (4.133.

When ?(; ) O, fromLemma4.24 7! W (; ) is constant and we
may set = 0 in (4.133; this is Regime 0. Otherwise, from Lemmda24 7!
W (; ) is strictly concave.

Suppose there exists 2 S( 1;min( 1; 1))\ S( 2;min( 2; 2)) such that
r-W (; )j =, =0.Then, by the strict concavity of 7! W (; ), , max-
imizesW (; )in S( 1;min( 1; 1)) \ S( 2;min( »; 2)) and is the unique
solution of R2G:)( ?(R,(; ); : )) =0.Thisis Regime II.

Otherwise the maximum is attained @S( 1; min( 1; 1))\ S( 2;min( 2; 2)))
at ? (say). Using 4.49, (4.42 and @.4), we have

N()=r W(; )j=-
12 70 TRy %))
= 12 ( "Ry %))

2 ) eC )
= 12 ot o) (4.50)
ol ) oC

In particular we observe that the componentdNofare the pairwise product of
three numbers. Three cases arise:

1. 72 S( ;min( 1; 1))\ S( 2;min( 2; 2)). In this case it is immediate
that
N()9f e e eq
Note that this is true even at the edges and the corn€@Rgf since if one

component ofN is zero then two components d must be zero. This is
Regime I.

2. 72 Seu(min( 1; 1)) [ Sen(Min( 2; 2)). Since the components of
are pairwise product of three numbers, it not possible that precisely one be

(strictly) negative and precisely two be (strictly) positive. Thus, from Corol-
lary 4.19 we conclude that either

N()9f e e e
which is Regime I; or, in fact ? 2 S, (min( 1; 1; 2; 2)) and

N( )9 fer e esg;
which is Regime 1.

3. 72 (ST Sen)( sminC 1; 1)V (S Sen)( 2;min( 25 2)). Again,
since the components &f are pairwise product of three numbers, it not pos-
sible that precisely one be (strictly) negative and precisely two be (strictly)
positive. Thus, from Corollarg.19 we conclude that in fact” 2 (S, [

S|||&|v )(mm( 1, 1, 23 2)) and

fer;eesg if 72 Su(min( 15 15 25 2))

N(?)9 : ,
( ) RE i ?Zslu&w(mm( 1; 1 23 2)):
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Two sub-cases arise:

@ 72 (Sy[ Swew)min( 1; 1; 2; 2))andN( ?) 9 fes;e;esq. Thisis
Regime Ill.

0 ?2 S (Min( 1; 1; 2; 2)) andN( ?)9Int( R?). This is Regime IV,

u

Note 4.27 In particular the proof above shows that,

I
aC ) gC 7
@ ) w7 9
v ) o )

~

V(S Sen)( 2:min( 25 2)));
in Regime I
( 72S( 1;min( 15 1))\ S( 2;min( 2; 2))); (4.51)
fer;e; e in Regime 11l
(72 (Sen [ Sul Swan)Min( 15 15 2 2));
Int( R3) in Regime IV
( 72 Suv(Min( 1; 15 25 2))):

8f e;; €; e3g inRegimel
% ( ? 2 (SI[ S|&|||)( 1;min( 1, 1))

The following corollary follows immediately from4(517).

Corollary 4.28 (Eigenvalues of the optimal strain jump).

1.InRegimel: 2( ?)=0, 1( ?) 3( ?)

2.InRegimell: o( ?)=0, 1( 7 3( ?)=0.

3.InRegimelll: o( ?)=0, ( ?) 3( ?)>0.

4.1n Regime IV: 1( ?) 3( ?) > 0. Thus all eigenvalues of ? have the
same sign, i.e., 7 is either negative- or positive-de nite.

< 0.
=0

The following corollary also follows from the proof of Theoreh?6

Corollary 4.29.

1. In Regime O,
— .
W ()= min  1Wi( 1)+ 2Wa(o):
15 22Rgym
11t 2 2%
2. In Regime I,
| R?( ?) =0: (4.52)
3. In Regime I,
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4. In Regime lll,

'R?:

. 0
(2)( ) 0

8
3 When i 2 (SI(&]I-I)I [ S|$|1) [ Sm&lv)(min( 1, 1, 25 2));

o oo

W ( ’)o 0
0 0

0 (3)2( ) ) (4.53)

When i 2 (S|E&||)| [ S|$|) [ S|||&|v)(min( 1, 1, 25 2));

(1)( ?) 0 0
(2)( ?)0

When w2 (S|&||| [ Sm [ Suav)(Min( 1; 15 25 2)):
5. In Regime lll when ,, 2 S,.v and in Regime 1V, from Not& 1,

W ()=
min - aWi( 1)t 2Wa(2) 21 2min( 15 15 25 2)e (2 1)

1; 2 sym
11t 2 2%

Note 4.30From @.46), Regimes Ill and IV do not occur whenever

er_;( " )( ?(R?( I ); I ))

does not exist. From4.8this happens when
ker( 1 I+ TR?( e ))\ ker( 2 I+ TR?( b5 )) 6 ngZ

This includes, in particular, the cases () = » (c.f., Note4.31below) and (ii)
both phases being cubic with the smaller shear moduli being equal.

Note 4.31 (Equal moduli)/e remark on the special case= > studied by
Pipkin [Pip9] and Kohn Koh9]]. Inthiscase, » 1+ 1 » TR? = TR?
is not invertible when 2 S,.(; ). Thus, as mentioned in Not# 30 above,
Regime Il does not occur.

From ¢.49, °(;;) Oimpliesthat] = 3. Thus Regime 0 does not
occur for distinct material®.

From @.13h, (4.49 and @.52) we obtain

8
3 aWi(J(R2( 3 ) o D+ 2Wa( 3(Ro( 15 ) 45 )
W ()= in Regime |
§ 1Wl( z(R9( I ); I ))+ ZWZ( Z(R'7( "y ); i ))
' in Regime It

Sl.e.,wheneither1 6 ,or ] 6 7.
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Here, from @.45),

IR )= 2( ™)t (4.54a)
SR )=+ T ' (4.54b)
(R 5 ) =( T * T (4.54¢)

From 4.549 7 is independent of. From the proof of Theorem.20it follows
thatR-, is also independent of
From @.49 and @.54 Regime | occurs when

9 ,2S( ;min( 15 1)\ S( 2;min( 25 2)\ @RS;
06 R0 (o TRODY LT 9fe;eesq; (4.55)

and Regime Il when

9 ,28(; min(; )); ( TRy () =0 (4.56)
(== 1= 2, = 1= 2and = 1= ). Notethat ,isindependent of
From @.549),
R ) 1=C ™ TR BoTR T
SR ) 3=( T+ TR BoTR T
where T:= 1 7+ 5. Thus
— 1 _ —
W ()= > ( ); ( ) +( awr+ owo)
8
5% 1 ok Z( , TR:COYy T T k2 if (4.55 holds
. (Regime I),
311 2k 3 , TRy 1T 7k2 otherwise, i.e., if4.56) holds
' (Regime II}

4.10. Optimality of the lower bound and optimal microstructures

In this section we prove that the lower bound presented in Thedr@fis
optimal in Regimes 0 to Il when the elastic moduli are cubic, and in Regime
IV when the elastic moduli are isotropic. Further we characterize the optimal mi-
crostructures. This will complete the proof of Theor@m Our strategy is the
same as ix3.2

The proof of Theoren2.3is almost identical to that of TheorePn2and is thus
omitted.
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4.10.1. Optimality of the lower bound. We have the following results:

Theorem 4.32 (Optimality of the lower bound).Let ; and ; be cubic. As-

sume, renumbering if necessary, that 6 ,. ThenW () = W' ()in
Regimes 0 to I, and in Regime IV whep= ;.

Proof. For regimes 0, | and I, the proof is almost identical to the proof of Theo-
rem 3.10with the following changes: In Regime 0 we uge4Q instead of 8.9);
in Regimes | and Il we use Corollad28in addition to Lemma3.11

In Regimes Il and IV, from Corollaryl.28and Lemma3.11we cannot con-
struct a continuous displacement eld with the optimal strains. However one of the
translated energies loses strict convexity in these Regimesdc4and Lemmat.14);
we can use this to construct optimal rank-two and rank-three laminates. Assume,
renumbering if necessary, that, 6 ,. Then ; ? TRz is degenerate in
Regimes lll and IV.

Regime Iit Let P;: Ry,? ! R32% | = 1,23, be the projections and
lj:R321 R3] =1:23, be theimbeddings de ned by

1 12 13 00 O

t 22 23 1 0 .
12 22 2 71 (z = )J7 g= = (4.57a)
1 12 13 110 13

2 1 13 1 000 . .
2= P7 (s 3 )J7 50w (4.57b)
1 12 13 1 120

B 1 12 V7% 0o
L o2 5 71 (n 2 )J7 20 (4.57¢c)

Note that these mappings preserve rank-one-ness and symmetrized rank-one-ness.
Letd 2 1;2 3gsuchthat , 2 (S8 [ S{ [ Suew )(mIn( 1; 1)). From @.53,

8 »

@ ) 0 : _ 1.

% 0 @ ( ?) if J = 1,

T 2 _ (G 0 e 1 _ 5.
P, RT 7R, = % ® o( H fI=2; (4.58)

o 7 0 : _ .

0 o ( ?) if J = 3,

and from Corollaryt.293),

det P; RT R, >0 (4.59)

From @4.58), (4.59 and the proof of Theorer®.10, for every choice
n2Py Ryker( 1 TR7)Rs |

there exist two rank-two laminatés 1; ») in R? of the form described in the
proof of Theoren8.1Q Likewise there exists two displacement eldsn R? with
corresponding strains iRZ,% (schematically represented in Figud (b)with 7
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and 3 replaced by ; R] ?R, andP; R} 7R, , respectively). These rank-
two laminates, the displacement elds and the corresponding strain elds can each
be imbedded ifR?, R® andR3, 3, respectively, using the imbeddings

g( 1; 2)(Xz2;x3) ifJ=1;
(1 2(Xixaixa) [ (15 2)(Xaixs) ifJ=2;
'8( 1 2)(X1;x2) ifJ =3;
2D (Dizs( D13)T x+ u(xg;xz) ifJI=1;
u(xa;ixzixs) [ (C Dot ( Da2i( D2s)T X+ u(xaixz) if I =2;
(D3 (Da2( Daz)T X+ u(xg;x) ifJ=3;
7'R] IR, 1,P3 RY IR, +1,

respectively. The resulting microstructure and displacement eld shows that the

lower bound 4.49 is optimal in Regime Ill. Example$.33and4.34below illus-
trate this construction.

Regime IVwhen; = ;:Since 1 = 4, ;1 isisotropic. Recall that

o 7
= R( ?)Diag @ ) RT( ?):
@ 7
Let
' = Diag w <z)é oD ;
0
W 1 @ ( Z) , )
.= Diag 2 o )P @oC )F g )
0
!
. P G|
" := Diag 1 (7
2 @ ( o2 oo O @ )
Note that
!
wC D n 100 00 0 1000
. " " 2 Diag @C 7 +Span 0 10 ; 010 ; 000 ;
o 7) 000 00 1 001
(4.60)
and, from Lemmat.8,
>N 100 00 0 100° T ” R
R( ") 910 ;010 ; goo RI(C I)(ker( 1 2, TF):
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Let
e 1 o 9 .
ol D+ o D+ g )’
o 1 (2)( ?) .
2 9 D+ @ D+ @C )
W 1 @ ") .
o2 @ D+ 2 o D+ g )
Clearly '; "; "™ 2 (0;1). Itis easy to verify that
'ke, e (4.61a)
" ""key, ey (4.61b)
11} ((l II) | I+ [} II) ke3 e3 (461C)
Further,
|
. o 7 '
(l III)((l II) | I+ 0] II)+ 1n o m — 1D|ag (2)( :) . (462)

@ )

We can now construct our rank-three laminate as follows. First construct a rank-
one laminate in which phases 2 and 1 have phase fractions' and ' respec-
tively and the layers have normBi(  ?)e;. Next construct a rank-two laminate

in which this rank-one laminate and phase 1 have phase fractions" and "
respectively and the layers have norR4l ?)e,. Finally construct a rank-three
laminate in which this rank-two laminate and phase 1 have phase fradtion$

and " respectively and the layers have norRgl ?)es.

The compatibility equationgi(61) allow the construction of a continuous dis-

placement eldu (up to boundary layers) such that the strains take the value
? R( *)'RT( ?)intheinteriorphase1l; R( 7?) "RT( ?)inthe mid-

dle phase 1, R( ?) "RT( ?)inthe exterior phase 1 andin phase 2. For
this microstructure and displacement eld, the average strairfd<., (4.62) and

W (u) = W' ( ) (as the reader can verify). This shows that the lower bodr(
is optimal in Regime |V for isotropic ;.

(It is easy to see that similar rank-three laminates exist for ve other choices
of ', "and " in (4.60.) u

When ; isisotropic, the next two examples illustrate the construction of rank-
two laminates described in the proof of Theorér@2(Regime IIl). For simplicity
the gures are drawn for a speci c choice of
Example 4.33When ; is isotropic, from Lemma.8we can pick , = § % .
The analogues of Figui2 1(b)are shown in Figurd.3for this choice of ,. The
rank-one cone at the origin (in the space of diag@aPk matrices) is the union of
the axes (i.e.Spanf Diag (3)g [ Spanf Diag (9)g). The shaded quadrants form
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the symmetrized-rank-one cone at the origin (in the space of dia@on& ma-
trices). It is easy to verify that3(20 is satis ed. In particular for the rank-two
laminate shown in Figuré.3(a) (3.201 is

1 . 2 . N .
—@ 5P « AR —@ P 'o® =Diag( :);
whichimpliesthat = ; —*—; for the rank-two laminate shown in Figu#e3(b)
(3.20h is

1 i @ )t 2) 2 i 0 = Di .
ﬁDlag (i oyt ﬁD'aQ + , =Diag( ;);
which implies that = ;—*—.

Example 4.34When  is isotropic, from Lemmat.8 we can pick , = ( §3).
The analogues of Figuiz1(b)are shown in Figurd.4for this choice of ,,. The

matrices p p
1 12 . pt 12
1 2 2 ! 12 2

are rank-one. The rank-one cone at the origin in the plane of the gure, i.e., in

p

Spann p 1 P 1 2 . p 1 P 1 2 0 .
12 2 ! 12 2 !
is the union of the axes, i.e.,
n p o] n P o]
1 1 2 1 1 2
Span P— [ Span P )

The shaded quadrants form the symmetrized-rank-one cone at the origin (in the
plane of the gure). Itis easy to verify thaB(20) is satis ed. In particular, enforc-

ing (3.20¢, we obtain = —-.

Note 4.35SinceP ;1 ;i = 1;2;3 de ned in (4.57) preserve rank-one-ness and
symmetrized rank-one-ness the rank-two and rank-three laminates constructed in
the proof of Theorem.32(and in Exampled.33and4.34) also use only rank-one
connections. As in two dimensions (c.f., N@&€.3 this is in fact necessary.

To see this, rst we observe that in Regimes lll and IV at any interface the
strain differencel Kis related to the stress differengeKthrough

JKk ? TR?(JR (4.63a)

and the constant of proportionality is non-zero (c4.46) and recall that ; ,, =
? TR2 ). As before, at any interface with nornfal2 R® we require

(J Kh=0; (4.63D)
JKKM o1 (4.63c)

for somerh 2 R3. The following lemma, which is the three-dimensional analogue
of Lemmag3.14shows that4.63 is equivalent to requiring that Kk .
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@

(b)

Fig. 4.3. Two optimal rank-two laminates in Regime Il (c.f. proof of Theordm2and
Example4.33.

Lemma 4.36.Letrh;nA 2 R3, 2R3 and T(m <n) 6 0. Thenthe following
are equivalent.

T(h sA)m=0.
T(h sA)h=0.

1. (
2.(
3. Mk A.
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@

(b)

Fig. 4.4. Two optimal rank-two laminates in Regime Il (c.f. proof of Theordm2and
Example4.34).
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Proof. The equivalence of the rst two statements is trivial. Simple calculations
show that

( Tth sA)mk( T)(m M)y
ker((  T)(m m))=Span frg:

Itimmediately follows thaf T(m snA)mM=0 mkn. u

4.10.2. Optimal microstructures. It is clear that Theoren3.15 holds in three
dimensions as well.

Theorem 4.37 (Optimal microstructures). Assume, renumbering if necessary,
that2min( 1; 1)= ,6 ,.Alsolet

s f

) 22 if 1< o
1 if 16 4 .

D||| = . ! ! D|v = 5 |f 1= 1,
2 if 1= g > .

3 if 1> 1

1. In Regime 0 any microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime | the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made up of these
laminates. The optimal strain takes the valjen phase 1 and} in phase 2
while the optimal stress is constant.

3. In Regime Il the optimal microstructure is unique and is a rank-one laminate.
The optimal strain takes the valu¢in phase 1 and? in phase 2.

4. In Regime lll, no rank-one laminate is optimal. The class of optimal microstruc-
tures is possibly large (in a sense explained in the proof) and includes at least
two rank-two laminates.

In any optimal microstructure, in phasei = 1; 2, the strain is con ned to an
af ne subspace of dimension
(

H ? H . .
dimker( ; , TR)e D 1< 2minCa )
D, if “=2min( 1; 1);

the sum of the dimensions of the af ne subspaces is at most

2 if ?<2min( 1; 1);
5 if ?< 2min( 1; 1):

In particular, if phase is harder than the other phase (i.e., if, > ( . )
then the strain is? in that phase.

5. In Regime IV: If 1 = ; then there exists an optimal rank-three laminate;
otherwise the lower bound is possibly non-optimal. Whenever the bound is
optimal:

(a) No rank-one laminate is optimal.
(b) If one phase is harder than the other (i.e., if, > ) then no rank-two
laminate is optimal.
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(c) In any optimal microstructure the strain in each phase is con ned to an
af ne subspace of dimension at malt ker( ; ( 1; 2)T) 6 Dy, the
sum of the dimension of the two af ne subspaces is at most 5. Moreover,
if one phase is harder than the other then the strain in the harder phase is
constant.

Proof. The proof for the statement pertaining to Regime 0 remains unchanged
except that4.44) is used instead of3(8).

In Regime |, from Corollary4.28 ,( ?)=0and 1( ?) 3( ?) <O
Thus from Lemm&B.11, we nd h , A 2 R suchthat 7 k h ¢ A. It fol-
lows that the strain and thus the microstructure is either of two rank-one laminates
(with layering directiond or i) or a microstructure of these laminates. Finally
from (4.52 and @¢.44, 7 =0:the stress is constant.

In Regime Il, from Corollary4.28 »( ?)=0and ( ?) 3( ?)=0
so that from Lemma&.11, we nd unique (upto scalingh 2 R such that ? k
fn N It follows that the strain and thus the microstructure is a unique rank-one
laminate with layering direction.

The proof for the statement pertaining to Regime Ill remains unchanged except
thatker( ; ( 1. »)T) must be replaced as indicated. The inequalities follows
from Corollary4.15 Lemma4.17, Note4.3and Note4.30

We turn to Regime IV. If, when one phase is harder than another, in any optimal
microstructure the strain is constant in the harder phase, then the non-existence
of optimal rank-two laminates follows from Lemma38 below. The rest of the

atement follows by a reasoning almost identical to that for Regime III; that
> dimker( i (. ,T)6 5follows from Notes4.3and4.30 u

Lemma4.38.Letn > 3. Let (viewed as a linear operator oR") be either
negative- or positive-de nite. Therand0 cannot form the two rank-two laminates
schematically shown in Figuregs5and4.6. I.e., neither the following

9 2(0;1;9% "2Ryy; '@ )"= (4.64a)
oM’ A 2 R"; N (4.64b)
9 2(0;1);9M; N2 R"; o= 4N (4.64c)

nor the following

9 2(0;1;9% "2Ryy: '+ ) '= (4.65a)
oam':A' 2 R"; ‘=M oA (4.65b)
or'; A" 2 R"; "=m' oA (4.65¢)

can hold.

Proof. Assume on the contrary that eithé.§4) or (4.65 holds. Either of these,
along with LemmaB.11implies:9 ; +; %; 2 > 0;v ;v,:;v9;v? 2 R" such
that

= VoV o+ oLVve v 0
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(a) Geometric picture (b) Schematic diagram
Fig. 4.5. Geometric and schematic diagrams of a rank-two laminate. In the geometric dia-

gram solid lines represent strain compatible directions; dotted lines represent strain incom-
patible directions; and dashed lines represent directions that need not be strain incompatible.

(a) Geometric picture (b) Schematic diagram
Fig. 4.6. Geometric and schematic diagrams of a rank-two laminate. In the geometric dia-

gram solid lines represent strain compatible directions; dotted lines represent strain incom-
patible directions; and dashed lines represent directions that need not be strain incompatible.

Letw, 2 Span v ;Vv° ? andw 2 Span v, ; V9 ? Then

(vi w)2 902 w)?60;

+ (Vs W+)2+ E(VE W+)2 >0

(w ) w

(We) w

This contradicts being either negative- or positive-de nite.
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5. Ancillary results.

5.1. The uniform traction problem.

We now turn to the uniform traction probleni.Q) for W given by (.2).
From (L.9), in two dimensions,

A
W ()= inf inf inf iOWi( (X)) h ; idx
< p>= 2R§ym2 Uj@ = X i1
z
= inf inf inf iOWi( (x))dx h ;i
2Ry < i>F i Ujg = X (o1

n max W (; h ;i
2ngmz 2[0; ( 4 2)]( ( ) )

> max min (W (; h; i): 5.1
AL zngmz( ;) ) (5.1)

From Lemma3.5 Lemma3.6and a saddle point theorefaT76, Prop. 11.2.4, pg.
176], 6.1) is in fact an equality. The analogous expression in three dimensions
is obtained by replacingd; ( ,; ,)] with\ r2s0g) B( ,; ,)(R) andRg,Z with
R3,; and using Lemmasd.24and4.25instead of Lemma8.5and3.6. Note that

W) hpi=2niC i Ditw b
= Shasi (G by
PG e )
+w h 71 %hll, i:
Thus with the substitutions
T+t (5.2a)
wi 7'wi h T %hil; i (5.2b)
W (; ) h ; icanbe putinthe same form¥é (; ). The lower bounds in

x3.1.5andx4.9, the proofs of optimality of the lower bound ¥3.2.1andx4.10.1,
and remarks on the optimal microstructures3r2.2andx4.10.2remain valid with
the appropriate substitutions frorB.p). In particular, this independently shows
that 6.1) is in fact an equality.

Performing the minimization in3(5b) without the constraint; 1+ , > =
we obtain, in two dimensions,

(3 D+ LT D= (5.3a)
203 % aT(3 D= (5.3b)
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Similarly, in three dimensions, beginning with.{28, we obtain,
(7 D+ o2 T D= (5.42)
203 D 1 TV D= (5.4b)

Thus, as in3.8) and @.44),
(

5 T 7 in two dimensions
TR> ? inthree dimensions

Explicit expressions for the optimal strains and stresses in three dimensions can be
obtained by solvingq.4):

HERR TR 1t oyt '
| TR 1 o TR Y+ I (5.5a)
;: 21| TR? 121+ 211 1
| TR P+ TR+ (5.5b)
and
1= TR 4t ot '
| TR> 1 > TR T (5.6a)
=1 TR Ll , 0
| TR Y+ 0 TR (5.6b)
= TR Lt 8 T TR () T (560)

Likewise explicit expressions for the optimal strains and stresses in two dimen-
sions can be obtained by solving.8). These can also be obtained by formally
substituting T for  TR? in (5.5 and 6.6).

5.2. Applications

We discuss the applications of these results to the study of Nickel super-alloys
used in turbine blades and other high temperature applicatio@Bj These ma-
terials are made by quenching an off-stoichiometric alloy and spinodal decomposi-
tion results in a two-phase solids (e.g., NiAl angAli, which are both cubic with
different elastic moduli and whose stress-free strains differ by a dilatation) with
xed phase fractions. The microstructure subsequently evolves (by diffusional
mass transport) to minimize a combination of interfacial and elastic energies. The
late stages of this process are controlled by elastic energy. The microstructure can
further evolve during applications due to the presence of stress. There has been
considerable numerical and experimental effort to study this problem. Unfortu-
nately the experiments are dif cult and the computations expensive. In particular,
the computational expense limits the number of particles leading to uncertainity as
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to whether the system is in a metastable state. The results we prove here and the
consequent insights into optimal elastic microstructures provide a benchmark to
evaluate the computations. Our results on applied stress also provide insight into
the possible change of microstructure with stress.

Conclusion

In this paper we have studied the relaxation of a two-well energy under xed
phase fractions. From a mathematical standpoint, the methods we use follow closely
those that have been used before. However, we nd a surprising extension to
three dimensions. The method also provides a lower bound when the moduli are
anisotropic; however it is not clear at this point whether this bound is optimal.
Similarly, the extension of such methods to more than two wells remain open.
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