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Abstract

W e pro v e the existence and uniqueness of pulsating w a v es for the motion b y mean curv ature

of an n -dimensional h yp ersurface in an inhomogeneous medium, represen ted b y a p erio dic forcing.

The main di�cult y is caused b y the degeneracy of the equation and the fact the forcing is allo w ed

to c hange sign. Under the assumption of w eak inhomogeneit y , w e obtain uniform oscillation and

gradien t b ounds so that the ev olving surface can b e written as a graph o v er a reference h yp erplane.

The existence of an e�ectiv e sp eed of propagation is established for an y normal direction. W e

further pro v e the Lipsc hitz con tin uit y of the sp eed with resp ect to the normal and v arious stabilit y

prop erties of the pulsating w a v e. The results are related to the homogenization of mean curv ature


o w with forcing.

1 In tro duction

In this pap er, w e study the mean curv ature 
o w of a h yp ersurface in a p erio dic inhomogeneous

medium. More precisely , w e consider the ev olution of an n -dimensional surface

�

�( t ) � R

n +1

: t � 0

	

with its motion la w giv en b y:

V

N

( p ) = H ( p ) + � f ( p ) ; p 2 �( t ) (1)
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where V

N

and H are the normal v elo cit y and mean curv ature of �( t ) ; and � is a p ositiv e n um b er

whic h measures the strength of the spatial inhomogeneit y , represen ted b y f . Without loss of

generalit y , w e assume 0 < � < 1. The function f : R

n +1

! R satis�es the follo wing conditions:

A :

(

(i) f is Z

n +1

-p erio dic, i.e. f ( p + ! ) = f ( p ) for all p 2 R

n +1

and ! 2 Z

n +1

.

(ii) f ( � ) is t wice con tin uously di�eren tiable and k f k

C

2

( R

n +1

)

= F < 1 :

Note that f is not restricted to b e either p ositiv e or negativ e.

The main con tribution of the presen t pap er is that under the ab o v e rather w eak assumption for

the forcing, together with � small enough, w e are able to sho w for an y direction � the existence of

a unique sp eed c

�

and a n um b er D < 1 suc h that the solution of (1) starting from a plane with

normal � sta ys as a graph o v er the same plane for all times, and moreo v er, this graph lies within

a distance D from a plane whic h has normal � and mo v es with normal v elo cit y c

�

: This result is

motiv ated b y and extends the geometric argumen ts of [4 ] whic h essen tially considers a stationary

v ersion of (1). Using the language of homogenization, w e ha v e in fact sho wn the existence of a

homo genize d fr ont | h yp erplane with normal � | whic h mo v es with an e�e ctive sp e e d | c

�

.

F urthermore, if c

�

6= 0 ; w e sho w that pulsating waves exist. A pulsating w a v e is a sp ecial

solution de�ned globally in space and time with the prop ert y that a spatial translation that k eeps

the p erio dic en vironmen t in v arian t (lattice translation) corresp onds to a translation in time. More

precisely ,

�

�

�

( t ) � R

n +1

: t 2 R

	

is a pulsating h yp ersurface ev olving b y (1) with normal direction

� and v elo cit y c

�

6= 0 ; if it satis�es the follo wing prop ert y (see Figure 1):

�( t + � ) = �( t ) + z ; for all z 2 Z

n +1

and � =

� � z

c

�

: (2)

n

z
S( )

t+S(   t) = S( ) + t z

t
Figure 1. The pulsating w a v e prop ert y:

time shift corresp onds to lattice trans-

lation.

The in terest in (1) stems from mo dels for the motions of material in terfaces (suc h as phase

b oundaries) in the o v er-damp ed limit, i.e. when inertial e�ects are neglected. Then the time

ev olution is often the ne gative gr adient 
ow of some underlying ener gy functional . Suc h mo dels

should incorp orate heterogeneities, whic h ma y arise from the p erio dic structure of the material or

substrate, or impurities presen t in the material on a v ery �ne scale. These heterogeneities create
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a v ery oscil latory energy landscap e and mak e the analysis of the dynamics v ery c hallenging. In

particular, the large scale limit of the energy , obtained for example b y means of �-con v ergence [10 ]

and the large-scale limit of the gradien t 
o w dynamics ma y not comm ute, i.e. the gradien t 
o w

of the limiting energy is not the scaling limit of the gradien t 
o ws. This is mainly due to the fact

that the dynamical state of the gradien t 
o ws often gets stuc k in the lo c al minima created b y the

heterogeneities. The ultimate limiting b eha vior is the result of some non trivial a v eraging pro cess

b et w een ener getic and kinematic e�ects. See [11 ] for some results along these lines. (The w ork [22 ]

pro v es some �-con v ergence result in the time dep enden t case but the e�ect of oscillatory energy

landscap e is not considered.)

The motion la w (1) is motiv ated b y the ev olution of phase b oundaries [1 ] or defects suc h as

dislo cation lines in a solid [3 , 9, 21 ]. The \non-oscillatory" part of the energy for the gradien t 
o w

mo del is c hosen to b e the in terfacial energy (area of a h yp ersurface). This mo del th us captures

the comp etition b et w een the tendency to decrease the in terfacial energy | 
atten the in terface |

while at the same time adapting to inhomogeneities on a v ery small spatial scale. The mathematical

analysis of this simple \ph ysical" mo del is already c hallenging as the in teraction b et w een the

nonlinearities and heterogeneities can b e quite in tricate.

One question of in terest is the e�e ctive fron t and v elo cit y of �( t ) on a large space-time scale.

This can b e phrased as follo ws: Giv en an y direction � 2 S

n

, is there a n um b er c

�

suc h that the

solution of (1) starting from a plane with normal � sta ys within b ounde d distance from a plane that

has the same normal and mo v es with normal v elo cit y c

�

?

In the framew ork of homogenization, the ab o v e question can b e form ulated in the follo wing

form. In tro duce a small parameter � and rescale (1) as:

V

�

N

= �H ( p ) + � f ( p=� ) ; p 2 �

�

( t ) : (1

�

)

Then questions on the e�ectiv e b eha vior and quan tit y are equiv alen t to in v estigating the limits of

the solutions �

�

( t ) of (1

�

) as � � ! 0. Note that the highest order (curv ature) term is m ultiplied

b y the small parameter whic h mak es the corresp onding homogenization problem singular . In suc h

a scaling, the curv ature and heterogeneit y are coupled together in an elab orate w a y and hence can

lead to in teresting phenomena.

The ab o v e question, though simply stated, is highly non trivial. Besides the facts that the motion

la w (1) is extremely nonlinear and the equation written in appropriate co ordinate is degenerate

parab olic, the main tec hnical di�cult y in its analysis lies in the fact that the forcing f is allo w ed

to c hange sign. F or a forcing whic h is p ositive and satis�es some additional tec hnical conditions,

the problem on the existence of e�ectiv e sp eed is solv ed in [19 ] using the mac hinery of viscosit y

solution. This is brie
y explained here. Let U

�

: R

n +1

� R

+

! R b e a function with the prop ert y

that eac h of its lev el sets �

�

�

( t ) = f x 2 R

n +1

: U

�

( x; t ) = � g ev olv es b y (1

�

), then U

�

solv es the

follo wing nonlinear degenerate parab olic equation:

U

�

t

= � tr

h

�

I � jr U

�

j

� 2

( r U

�


 r U

�

)

�

D

2

U

�

i

+ � f ( X=� ) jr U

�

j : (3)
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It is conjectured (and pro v ed in [19 ] for certain f whic h remains strictly p ositiv e) that the solutions

U

�

con v erge to a solution U of a homogenized problem whic h in the lev el set form ulation b ecomes

the follo wing �rst order equation:

U

t

= c

r U jr U j

� 1

jr U j : (4)

(See also [2, 3 ] for results related to the ab o v e homogenization problem. The w ork [20 ] studies a

semilinear v ersion of (1), but still with p ositiv e forcing.)

Another in teresting b eha vior concerning (1) is the pinning/de-pinning phenomena. T o explain

this, in tro duce an additional parameter F in to (1):

V

N

= H ( p ) + � ( f ( p ) + F ) (1

F

)

whic h mo dels the presence of some external �eld imp osed on the dynamics. The relev an t questions

in terms of application and mo deling include the de-pinning thr eshold F

c

de�ned as the smal lest

force F required to obtain a nonzer o v elo cit y c

�

, and also the relationship b et w een the e�ectiv e

v elo cit y and the exc ess for cing F � F

c

. This question is not addressed in the presen t pap er but is

studied in detail in [11 ] for semi-linear PDEs whic h are appro ximations of (1) when the ev olving

h yp ersurface is close to a v ery \
at" graph. W e exp ect that for planes with rational normal direction

and small � , the metho d of [11 ] can b e extended to (1), but the estimates will in general not b e

uniform in the direction. W e remark that, unlik e the e�ectiv e v elo cit y c

�

, the de-pinning threshold

F

c

is in general not con tin uous in the direction � (see Section 5 for a simple example and also [5 ]

for some results on a related discrete system.)

W e no w in tro duce the setting of the presen t pap er. The in v estigation of e�ectiv e b eha vior is

v ery m uc h tied to the consideration of plane-like solutions of (1), i.e. there exists a �xed unit v ector

� 2 S

n

suc h that for all t � 0, the solution �( t ) satis�es:

D ( t ) := sup

p;q 2 �( t )

( p � q ) � � < 1 : (5)

F urthermore, the existence of e�ectiv e prop ert y relies in timately to the fact that D ( t ) is uniformly

b ounde d in time.

In order to incorp orate general � , w e in tro duce t w o co ordinate systems for R

n +1

. First, w e write

R

n +1

as

R

n +1

=

(  

X

X

n +1

!

: X 2 R

n

; X

n +1

2 R

)

:

Let O

�

b e a p ositiv ely orien ted orthogonal transformation of R

n +1

suc h that � = O

�

((0 ; : : : ; 0 ; 1)

T

).

In tro duce the new co ordinate system: ( x; x

n +1

), x 2 R

n

and x

n +1

2 R suc h that

 

x

x

n +1

!

= O

T

�

 

X

X

n +1

!

:
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Observ e that the ( x; x

n +1

)-co ordinate of � is (0 ; : : : ; 0 ; 1). W e call the ( X ; X

n +1

)- and ( x; x

n +1

)-

co ordinate systems the reference and tilted frames resp ectiv ely (see Figure 2).

x

X

X

n+1x

n+1

n

tG( )

Figure 2. The original and the tilted

frame. The lattice stands for the p erio d

of the forcing.

If �( t ) can b e written as a graph o v er the plane x

n +1

= 0, i.e. �( t ) = f ( x; u ( x; t )) : x 2 R

n

; u 2 R g ,

then u solv es the follo wing quasi-linear parab olic di�eren tial equation:

u

t

= A

f

( � ; x; u ) =

q

1 + jr u j

2

div

0

@

r u

q

1 + j r u j

2

1

A

+ �

q

1 + jr u j

2

f ( O

�

( x; u )

T

) : (6)

The sym b ol r refers to the gradien t op erator with resp ect to the x -v ariables. Note that (6) is

invariant under the lattic e tr anslation in the follo wing sense

A

f

( � ; x + x

0

; u + u

0

) = A

f

( � ; x; u ) for all

 

x

0

u

0

!

2 O

T

�

Z

n +1

: (7)

Equation (6) pla ys a fundamen tal role in this pap er. The notation � will sometimes b e sup-

pressed, unless needed in the presen tation. The main di�cult y in the study of (6) is that it is

not uniformly parab olic and b ecomes degenerate as the gradien t blo ws up. If the forcing is large,

this can indeed happ en in �nite time ev en if the initial data is smo oth. F urthermore, the graph

represen tation migh t not b e preserv ed in time ( Section 5 ). Ho w ev er, b y a com bination of the p eri-

o dicity of the domain and the smal lness of the inhomogeneit y of the medium, w e are able to deriv e

sev eral useful uniform estimates for the solution of (6) whic h allo w us to emplo y man y tec hniques

for parab olic PDEs to the study of (1).

The restriction to small forcing is not just for con v enience (so that w e only need to deal with

classical solutions). In fact, if the forcing is large, it can lead to quite a di�eren t phenomena. First,

\pinc h-o� " | a p ortion of the graph b ecomes detac hed from the o v erall surface | can happ en.

Ev en though this can still b e p oten tially handled b y the lev el-set form ulation ([14 , 7]), it in v olv es

a di�eren t t yp e of tec hnicalit y . Second, on a more fundamen tal lev el of di�cult y , there migh t not

ev en b e an e�ectiv e fron t or e�ectiv e b eha vior due to the p ossibilit y of �ngering. Ho w to de�ne a

mo di�ed notion of homogenized ob ject and equation is not completely clear. Section 5 giv es some

explicit examples of these phenomena.
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W e exp ect that our results for graph-lik e pulsating w a v es can b e extended b y fairly standard

argumen ts to yield a homogenization result for the lev el set equation (3). Indeed, using the fact

that our graph-lik e pulsating w a v e solution u ( x; t ) satis�es u

t

> 0 ( Prop osition 14 ), one can

construct a sp ecial solution for (3) b y setting

f U ( x; x

n +1

; t ) = � g = f u ( x; t + � ) = x

n +1

g :

In a rotated and mo ving frame

e

U ( x; x

n +1

; t ) = U ( x; x

n +1

; t ) � x

n +1

� c

�

t

is a glob al ly b ounde d solution of

e

U

�

t

= tr

h

�

I � jr

e

U + P j

� 2

(( r

e

U + P ) 
 ( r

e

U + P ))

�

D

2

e

U

i

+ � f jr

e

U + P j � c

P

;

where without loss of generalit y , P = � = (0 ; : : : ; 0 ; 1). This clearly implies a homogenization

result for plane-lik e initial data. Note that the ab o v e equation is a sp ecial case of the equation for

the so-called \corrector". As the limit e�ectiv e v elo cit y is con tin uous in the normal ( Prop osition

10 ), w e exp ect the extension to more general initial data to b e straigh tforw ard, but in order to

k eep the presen t pap er fo cused and of reasonable length, w e will not address these issues here.

1.1 Outline of P ap er

Section 2 pro v es the k ey estimates for (6) | uniform oscillation and gradien t b ounds ( Theorem

3 , Corollary 4 ) | to b e used for the rest of the pap er. The existence of classical solution with

Lipsc hitz initial data ( Theorem 6 ) and a gradien t deca y estimate ( Theorem 7 ) are also presen ted.

Section 3 establishes the existence, uniqueness and Lipsc hitz con tin uit y of the e�ectiv e sp eed of

propagation for an y normal direction � . Section 4 pro v es the existence, uniqueness and v arious

stabilit y prop erties of the pulsating w a v e solutions. Section 5 pro vides some examples for the

formation of singularities if the forcing is large. The App endix con tains the pro of of Theorems

6 and 7 whic h are somewhat long and tec hnical.

2 Estimates for Mean Curv ature Flo w in Inhomogeneous Medium

The follo wing simple geometric lemma is the starting p oin t for the uniform estimates deriv ed

later. It essen tially sho ws that starting from a h yp erplane, at an y �xed time t , if a cub e Q is

\ab o v e(b elo w)" the in terface �( t ), so is an y \tangen tial" translates Q + w . This result is motiv ated

b y the w ork [4 ].

1 Lemma. L et f �( t ) : t � 0 g b e a c onne cte d hyp ersurfac e in R

n +1

and a classic al solution of (1)

with initial datum �(0) = f ( X ; X

n +1

) : ( X ; X

n +1

)

T

� � = 0 g , i.e. x

n +1

= 0 . L et �

�

( t ) � R

n +1

b e

c onne cte d op en sets such that for al l t , �( t ) = @ �

+

( t ) = @ �

�

( t ) , R

n +1

= �( t ) [ �

+

( t ) [ �

�

( t ) ,

6



and the ve ctor � p oints into �

+

( t ) . L et z 2 Z

n +1

and Q ( z ) = Int ([0 ; 1]

n +1

+ z ) . Then fol lowing

statements hold.

If Q ( z ) � �

+

( t ) , then Q ( z + w ) � �

+

( t ) for al l w 2 Z

n +1

with w � � � 0 . Similarly, if

Q ( z ) 2 �

�

( t ) , then Q ( z + w ) � �

�

( t ) for al l w 2 Z

n +1

with w � � � 0 .

Pr o of. Without loss of generalit y , w e will just pro v e the �rst statemen t. Let

b

�( t ) b e the solution

of (1) with initial datum �(0) + w and

b

�

�

( t ) b e the t w o op en sets similarly de�ned as �

�

( t ) for

�( t ). By the uniqueness of classical solution of (1) | a consequence of the comparison principle

for parab olic equations, it follo ws from the p erio dicit y of the inhomogeneit y that

b

�( t ) = �( t ) + w

and

b

�

+

( t ) = �

+

( t ) + w : Moreo v er as

b

� (0) � �

+

(0), the comparison principle implies that

b

�

+

( t ) �

�

+

( t ) : Since Q ( z ) � �

+

( t ), w e ha v e

Q ( z ) + w � �

+

( t ) + w =

b

�

+

( t ) � �

+

( t )

whic h pro v es the claim.

The follo wing notations are in tro duced for con v enience:

osc (� ; B ; � ) := sup

p;q 2 � \ B

( p � q ) � � (for B � R

n +1

) and osc (� ; � ) := osc (� ; R

n +1

; � ) :

If f ( x; u ( x )) : x 2 R

n

g is the graph represen tation of � o v er R

n

;

osc( u; B ) := sup

x;y 2 R

n

\ B

u ( x ) � u ( y ) (for B � R

n

) and osc( u ) := osc( u; R

n

) :

The previous Lemma immediately leads to the follo wing result.

2 Lemma. L et f �( t ) g

t � 0

b e as in Lemma 1 , in p articular �(0) = f ( X ; X

n +1

) : ( X ; X

n +1

)

T

� � = 0 g ,

i.e. x

n +1

= 0 . L et B =

�

( X ; X

n +1

) � R

n +1

: j X j � 2

p

n + 1

	

. Then for al l t � 0 ,

osc (�( t ) ; O

�

( B ) ; � ) � osc (�( t ) ; � ) � osc (�( t ) ; O

�

( B ) ; � ) + 4

p

n + 1 : (8)

In the gr aph setting, �( t ) = f ( x; u ( x; t )) : x 2 R

n

g , up on intr o ducing B =

�

x : j x j � 2

p

n + 1

	

, then

it holds similarly that

osc ( u ( � ; t ) ; B ) � osc ( u ( � ; t ) ) � osc ( u ( � ; t ) ; B ) + 4

p

n + 1 : (9)

(The quantity

p

n + 1 c omes fr om the diameter of the unit cub e in R

n +1

.)

It is crucial for our analysis that osc (�( t ) ; � ) remains uniformly b ounde d for al l time . F or the

existence and uniqueness of the sp eed as stated in Theorem 8 , w e could simply mak e this as a

standing assumption, or w e can w ork in the graph setting in whic h suc h an assumption can b e

justi�ed. The next sev eral results sho w that this assumption is indeed v alid pro vided the forcing is

smal l c omp ar e d with the p erio d . F or the clarit y of presen tation, the pro ofs are p ostp oned till after

the results are listed.
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In the follo wing, the sym b ol C ( F ) denotes some univ ersal constan t whic h dep ends on the quan-

tit y F = k f k

C

2

( R

n +1

)

. The constan t con v en tion is used: Di�eren t constan ts are denoted b y the

same sym b ol C ( F ) ; pro vided they dep end only on k f k

C

2

( R

n +1

)

: In addition, if u ( x; t ) is a solution

of (6), w e denote:

z ( x; t ) :=

p

1 + jr u ( x; t ) j

2

and k z ( t ) k

1

:= sup

x 2 R

n

z ( x; t ) :

3 Theorem (Bernstein's Metho d). L et f u ( x; t ) : x 2 R

n

; 0 � t � T g b e the classic al solution of

(6) with uniformly Lipschitz and b ounde d initial datum u

0

( x ) . F urther, let K b e a c onstant such

that K > k z (0) k

1

. Then:

sup

t 2 [0 ;T

K

]

k z ( t ) k

1

� k z (0) k

1

+ � ( � ; K ; F ) sup

t 2 [0 ;T

K

]

osc( u ( t )) (10)

wher e T

K

:= T ^ inf f t � 0 : k z ( t ) k

1

> K g and � ( � ; K ; F ) := C ( F )

p

� K

2

.

4 Corollary (Uniform Oscillation and Gradien t Bounds). L et f u ( x; t ) : x 2 R

n

; 0 � t � T g

b e as in Theorem 3 . Ther e is a �

0

( F ) > 0 such that if u

0

( x ) � 0 , then for al l 0 � � � �

0

, the

fol lowing two estimates hold:

sup

t 2 [0 ;T ]

k z ( t ) k

1

� 1 + C ( F ) �

1

2

 

or written di�er ently sup

t 2 [0 ;T ]

kr u ( t ) k

1

� C ( F ) �

1

4

!

; (11)

sup

t 2 [0 ;T ]

osc ( u ( t )) � D

0

:= C ( F )(1 + �

1

2

) : (12)

F or gener al initial datum u

0

( x ) , set M

0

:= osc ( u

0

) . Then:

sup

t 2 [0 ;T ]

osc ( u ( t )) � D

1

( M

0

) := D

0

+ [ M

0

]

p

n + 1 (13)

(wher e [ r ] denotes the smal lest inte ger bigger or e qual to r ). F urthermor e, for al l K > k z (0) k

1

and 0 � � � �

1

:= C ( F )

�

K � k z (0) k

1

K

2

( D

0

+ [ M

0

]

p

n + 1)

�

2

, then

sup

t 2 [0 ;T ]

k z ( t ) k

1

� k z (0) k

1

+ � ( � ; K ; F ) D

1

( M

0

) : (14)

5 Remark. 1. The ab o v e t w o results sho w that the solution has uniform gradien t b ound in

space and time as long as � is small enough. They mak e equation (6) uniformly parab olic

and th us allo w us to use standard tec hniques for quasilinear equations. In addition, note that

all the estimates are indep enden t of T . Hence b y con tin uation in the time v ariable, w e can

in fact sho w that classical solution exists globally in time. This will b e stated more precisely

in Theorem 6 .
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2. In con trast to the case of pure mean curv ature 
o w | f � 0, due to the degeneracy of the

parab olic op erator, estimates for solutions of (6) of the form k z ( t ) k

1

� k z (0) k

1

([13 , Cor

3.1]) and k z ( t ) k

1

� G

�

osc ( u (0)) ; t )

�

for some function G (see for example [15 , Thm. 5.2])

cannot b e true. Examples can easily b e constructed suc h that an initial graph will not sta y

as a graph | the gradien t can blo w up in �nite time (see Section 5 ).

On the other hand, our results sho w that a global in time estimate for the gradien t is p ossible

through a com bination of small forcing and uniform oscillation b ound. In the presen t pap er,

the latter is obtained b y means of Lemma 1 .

3. The dep endence of the c hoice of � on the size of the p erio d | here assumed to b e 1 | of the

spatial inhomogeneit y can b e seen b y scaling. Supp ose the f in (6) is P -p erio dic in the x -

and u -v ariables. Consider the scaling:

x = P ~x; u = P ~u; t = P

2

~

t:

Then equation (6) written in the ~x; ~u and

~

t v ariables b ecomes:

~u

~

t

=

r

1 +

�

�

�

~

r ~u

�

�

�

2

f

div

0

B

B

@

~

r ~u

r

1 +

�

�

�

~

r ~u

�

�

�

2

1

C

C

A

+ � P

r

1 +

�

�

�

~

r ~u

�

�

�

2

f ( O

�

( P ~x ; P ~u )

T

) :

W e need

~

� = � P to b e small. More precisely ,

� P � �

�

k f ( P � ; P � ) k

C

2

�

i.e. � �

1

P

�

�

k f k

1

+ P k D

x;u

f k

1

+ P

2







D

2

x;u

f







1

�

where �( � ) is some monotonically decreasing function. Qualitativ ely , small p erio d allo ws

larger � while large p erio d requires small � . The results in this pap er requires the C

2

-norm

of f whic h demands a more stringen t condition on the c hoice of � . It w ould b e in teresting to

see if only the dep endence on k f k

1

is needed.

6 Theorem (Existence of Classical Solution of (6)). L et u

0

( x ) b e the initial data of (6). If

kr u

0

k

1

= N

0

< 1 , then ther e is a T = T ( � ; F ; N

0

) > 0 such that (6) has a unique classic al

solution for t 2 (0 ; T ) . Mor e over, it holds that:







D

2

u ( � ; t )







L

1

( R

n

)

� C ( N

0

; F ; T )

1

p

t

: (15)

If in addition, k u

0

k

1

= M

0

< 1 , then for al l � smal ler than some c onstant �

2

( F ; M

0

; N

0

) , ther e

exists a unique solution of (6) for al l time. In this c ase, the fol lowing estimate holds:







D

2

u ( � ; t )







L

1

( R

n

)

� C

1

( N

0

; F )

1

p

t

+ C

2

( N

0

; F ) : (16)

The follo wing statemen t, though strictly sp eaking not needed, is in teresting in its o wn righ t. It

indicates the parab olic regularization prop ert y of (6) and migh t b e useful for other purp oses.
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7 Theorem (Gradien t Deca y Estimate). L et f u ( x; t ) : x 2 R

n

; 0 � t � T g b e as in Theorem

3 . Supp ose k z (0) k

1

= N

0

< 1 and k u k

L

1

( R

n

� [0 ;T ])

� M < 1 . Then ther e exist c onstants

0 < �

3

( T ; N

0

; M ; F ) , and 0 < N

1

( � ; T ; M ; F ) < N

2

( � ; T ; M ; F ) such that for al l 0 < � < �

3

,

if N

1

� k z (0) k

1

� N

2

, then k z ( T ) k

1

�

1

2

k z (0) k

1

:

F urthermor e, N

1

and N

2

satisfy lim

� ! 0

N

1

( � ; T ; M ; F ) = N

�

1

< 1 and lim

� ! 0

N

2

( � ; T ; M ; F ) = 1 .

As men tioned earlier, the gradien t can blo w up in �nite time. Hence an upp er b ound for k z (0) k

1

is necessary for suc h kind of statemen t.

W e no w pro ceed to pro v e Theorem 3 and Corollary 4 whic h are the core estimates needed

for the rest of the pap er. The pro ofs of Theorems 7 and 6 will b e presen ted in the App endix .

Pr o of of Theorem 3 . Let � > 0 b e some p ositiv e n um b er (to b e determined). W e de�ne the

follo wing function:

�( x; t ) := z ( x; t ) + � [ u

�

( t ) � u ( x; t )] ; u

�

( t ) := sup

x 2 R

n

u ( x; t ) ; �

�

( t ) := sup

x 2 R

n

�( x; t ) :

Note that

d

dt

u

�

( t ) � � k f k

1

and u

�

( t ) � u ( x; t ) � osc ( u ( t )) :

W e will sho w the existence of a function � ( � ; K ; F ) suc h that if � > � ( � ; K ; F ), then

sup

t 2 [0 ;T

K

]

�

�

( t ) � �

�

(0) + � sup

t 2 [0 ;T

K

]

osc ( u ( t )) : (17)

First note that for all t 2 [0 ; T

K

], there exists a sequence f x

j

( t ) g

j

� R

n

with the follo wing

prop ert y

�( x

j

( t ) ; t ) � ! �

�

( t ) ; r �( x

j

( t ) ; t ) � ! 0 and lim

j

D

2

�( x

j

( t ) ; t ) � 0 : (18)

The last inequalit y is understo o d in the sense that lim

j




[ D

2

�( x

j

( t ) ; t )] v ; v

�

� 0 for all v 2 R

n

.

(Suc h a sequence ma y b e constructed b y considering the maxima of the functions �

�

j

( x; t ) :=

�( x; t ) � �

j

j x j

2

and up on c ho osing �

j

� ! 0 appropriately .)

No w consider the ab o v e sequence at t = T

�

2 [0 ; T

K

] where �

�

( T

�

) = sup

[0 ;T

K

]

�

�

( t ). The

follo wing t w o cases can b e distinguished:

(i) lim

j

jr u ( x

j

( T

�

) ; T

�

) j ! 0 :

(ii) There exists a subsequence (still denoted b y j ) x

j

( t )'s suc h that

lim

j

jr u ( x

j

( T

�

) ; T

�

) j exists and is p ositiv e. (19)
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If T

�

= 0, then w e immediately ha v e:

sup

t 2 [0 ;T

K

]

�

�

( t ) � �

�

(0) � k z (0) k

1

+ � osc ( u (0)) :

If T

�

> 0 and case (i) ab o v e holds, then

sup

[0 ;T

K

]

�

�

( t ) � �

�

( T

�

) = 1 + � osc ( u ( T

�

)) � 1 + � sup

[0 ;T

K

]

osc( u ( T

�

)) :

T ogether, these t w o cases giv e (17).

W e no w sho w that the case with T

�

> 0 and case (ii) ab o v e cannot happ en if w e c ho ose � large

enough. W e �rst presen t a claim whic h will b e pro v ed later:

Claim I. L et V b e a ve ctor in R

n

and

e

G

V

b e the line ar functional on the sp ac e of symmetric

n � n matric es de�ne d as:

e

G

V

( S ) = tr

��

I �

V 
 V

1 + j V j

2

�

S

�

= S

ii

�

1

1 + j V j

2

V

i

V

j

S

ij

:

Then

e

G

V

( S ) is � ( � ) 0 for any symmetric semi-p ositive(ne gative) de�nite matrix S .

Applying the ab o v e claim to D

2

�( x

j

( T

�

) ; T

�

), w e ha v e

0 � lim

j

n

�

t

( x

j

( T

�

) ; T

�

) �

e

G

r u ( x

j

( T

�

))

�

D

2

�( x

j

( T

�

) ; T

�

)

�

o

:

Hence

0 � lim

j

�

z

t

( x

j

( T

�

) ; T

�

) �

e

G

r u ( x

j

( T

�

))

�

D

2

z ( x

j

( T

�

) ; T

�

)

�

� �

�

u

t

( x

j

( T

�

) ; T

�

) �

e

G

r u ( x

j

( T

�

))

�

D

2

u ( x

j

( T

�

) ; T

�

)

� �

+ �

d

dt

u

�

( T

�

)

�

whic h b y (64) is equiv alen t to

0 � lim

j

�

�

�

�

D

2

u

�

�

2

z

+

h r u ; r z i

2

z

3

+ �

�

hr u; r z i

z

f ( x; u ) + h r u ; r

x

f ( x; u ) i + j r u j

2

f

u

( x; u )

�

� �� f ( x; u ) + �

d

dt

u

�

( t )

�

�

�

�

�

( x

j

( T

�

) ;T

�

)

(20)

Note that b y (18), w e ha v e

r z ( x

j

( T

�

) ; T

�

) = � r u ( x

j

( T

�

) ; T

�

) + �

j

(21)

for some v ector �

j

suc h that lim

j

�

j

= 0 . No w w e mak e another claim whic h will b e sho wn later:

Claim I I. With c ase (ii) ab ove, i.e. (19) holds, we have the fol lowing statement:

lim

j

�

�

D

2

u

�

�

2

( x

j

( T

�

) ; T

�

)

z ( x

j

( T

�

) ; T

�

)

� lim

j

�

2

z ( x

j

( T

�

) ; T

�

) : (22)
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With the ab o v e, starting from (20), w e pro ceed as follo ws. (The notation ( x

j

( T

�

) ; T

�

) is sup-

pressed.)

0 � lim

j

�

� �

2

z +

( � jr u j

2

+ h �

j

; r u i )

2

z

3

+ � C ( F )

�

j � jr u j

2

+ h �; r u ij

z

+ z + z

2

+ 2 �

��

� lim

j

�

� �

2

z +

�

2

jr u j

4

z

3

+ � C ( F )

�

� + �z + z

2

�

�

� lim

j

�

� �

2

z

4

+ �

2

jr u j

4

z

3

+ � C ( F )

�

� + �z + z

2

�

�

� lim

j

�

�

2

( � 1 � 2 jr u j

2

)

z

3

+ � C ( F )

�

� + �z + z

2

�

�

� lim

j

�

� z

2

�

2

z

3

+ � C ( F )

�

� + �z + z

2

�

�

i.e. �

2

� � C ( F ) lim

j

( �z + �z

2

+ z

3

) :

Using � C ( F ) �z �

1

4

�

2

+

1

4

�

2

C ( F )

2

z

2

and � C ( F ) �z

2

�

1

4

�

2

+

1

4

�

2

C ( F )

2

z

4

, w e ha v e

�

2

� C ( F )( � + �

2

) z

4

or equiv alen tly � � C ( F )

p

� + �

2

z

2

� C ( F )

p

� K

2

:

The ab o v e then leads to a con tradiction up on c ho osing � ( � ; K ; F ) = 2 C ( F )

p

� K

2

.

W e no w giv e the pro ofs of Claims I and I I.

Pr o of of Claim I. . Without loss of generalit y , let S b e semi-p ositiv e-de�nite. Let also

~

G =

( g

ij

)

1 � i;j � n

. Then

e

G

V

( S ) = tr (

~

GS

T

) = tr

�h

p

S

p

~

G

i hp

~

G

p

S

i �

= tr

�

hp

~

G

p

S

i

T

hp

~

G

p

S

i

�

� 0

th us pro ving the claim. (The sym b ol

p

~

G refers to the square ro ot of

~

G and so forth.)

Pr o of of Claim I I . Note that z

x

i

= z

� 1

u

x

k

u

x

k

x

i

. W e re-write (21) as:

1

z ( x

j

( T

�

) ; T

�

)

[ D

2

u ]( x

j

( T

�

) ; T

�

) r u ( x

j

( T

�

) ; T

�

) = � r u ( x

j

( T

�

) ; T

�

) + �

j

In the follo wing w e suppress the notation ( x

j

( T

�

) ; T

�

). Let f �

l

g

l =1 ;::: n

b e the eigen v alues of D

2

u .

Then

� jr u j

2

+ h �

j

; r u i =




[ D

2

u ] r u; r u

�

z

�

max

l

j �

l

jjr u j

2

z

so that

�

2

jr u j

4

+ 2 � j r u j

2

h �

j

; r u i + h �

j

; r u i

2

�

(max

l

j �

l

j )

2

jr u j

4

z

2

�

�

�

D

2

u

�

�

2

jr u j

4

z

2

:

leading to (22). (Recall that lim

j

jr u ( x

j

( T

�

) ; T

�

) j > 0.)

12



Pr o of of Corollary 4 . F or the case u

0

( x ) � 0, b y (9) of Lemma 2 , w e ha v e

osc ( u ( t )) � osc

�

u ( t ) ; f x 2 R

n

: j x j �

p

n + 1 g

�

+ 4

p

n + 1 � C k z ( t ) k

1

for some C > 0. (23)

F rom (10), let K = 2, w e get sup

t 2 [0 ;T

K

]

k z ( t ) k

1

� 1 + C � ( � ; 2 ; F ) sup

t 2 [0 ;T

K

k z ( t ) k

1

. If � is c hosen

small enough that C � ( � ; 2 ; F ) �

1

2

, then

sup

t 2 [0 ;T

K

]

k z ( t ) k

1

�

1

1 � C � ( � ; 2 ; F )

� 1 + C ( F ) �

1

2

:

F urther, if � is small enough that 1 + C ( F ) �

1

2

� 2, the ab o v e estimate will hold for all t up to time

T , giving the desired result (11). The estimate (12) is a direct consequence of (23) and what w e

ha v e just pro v ed.

F or general b ounded initial data, (13) follo ws from using sup

x 2 R

n

u

0

( x ) and inf

x 2 R

n

u

0

( x ) as

comparison data. Statemen t (14) follo ws from (10) and up on c ho osing small enough � to ensure

that k z ( t ) k � K for t 2 [0 ; T ].

F r om now on, we wil l always assume that � is taken to b e su�ciently smal l. The smal lness

dep ends on the initial quantities k r u

0

k

1

and osc ( u

0

) .

3 E�ectiv e Sp eed of F ron t Propagation

8 Theorem. L et u ( x; t ) b e the solution of (6) with initial datum u ( x; 0) � 0 ; and let

w

c

( x; t ) := u ( x; t ) � ct:

Then ther e exists a unique, �nite value c

�

, such that

k w

c

�

k

L

1

( R

n

� R

+

)

� D

2

= D

0

+

p

n + 1 (24)

wher e D

0

is the numb er fr om Corollary 4 (12). F urthermor e, j c

�

j � � k f k

1

and c

�

is a Lipsc hitz

con tin uous function of � .

T o facilitate the pro of, �rst de�ne

A

c

( t ) := sup

x 2 R

n

w

c

( x; t ) and B

c

( t ) := inf

x 2 R

n

w

c

( x; t ) :

Note that b oth quan tities are �nite for eac h t > 0 ; as w e can compare with constan t sub- and

sup er-solutions. F urthermore, b y Corollary 4 (12), w e ha v e

A

c

( t ) � B

c

( t ) = osc( u ( t )) � D

0

: (25)

The pro of of Theorem 8 is divided in to t w o prop ositions.
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9 Prop osition. Ther e exists a unique �nite numb er c

�

( j c

�

j � � k f k

1

) such that for al l t � 0 ,

�

p

n + 1 � A

c

�

( t ) � D

0

+

p

n + 1

�

or e quivalently: � D

0

�

p

n + 1 � B

c

�

( t ) �

p

n + 1

�

(26)

and

lim

t ! + 1

A

c

( t )

�

or e quivalently: lim

t ! + 1

B

c

( t )

�

=

(

+ 1 for c < c

�

�1 for c > c

�

(27)

Pr o of. The uniqueness of c

�

and statemen t (27) are immediate consequence of (26). The b ound

j c

�

j � � k f k

1

also follo ws easily from the comparison principle for parab olic equation.

T ak e a v alue of c . If for this v alue of c , (26) is satis�ed, then clearly (27) is true b y taking c

�

= c .

W e sho w that either (26) is true or A

c

and B

c

div erge line arly in time, i.e.

sup

t

A

c

( t ) > D

0

+

p

n + 1 = ) There exists � > 0 ; � > 0 s.t. A

c

( t ) � �t � �

inf

t

A

c

( t ) < �

p

n + 1 = ) There exists �

0

> 0 ; �

0

> 0 s.t. A

c

( t ) � � �

0

t + �

0

:

(28)

Consider the �rst statemen t. (The second is sho wn in a similar w a y .) So supp ose there exists t

0

suc h that A

c

( t

0

) > D

0

+

p

n + 1 . By (25), B

c

�

( t

0

) >

p

n + 1.

In this case, there exists a constan t h suc h that B

c

�

( t

0

) > h >

p

n + 1 and the planar function

u

(1)

0

( x ) � h is some upwar d lattic e tr anslate of u

0

( x ) � 0 in the sense that

n

( x; u

(1)

0

( x )) : x 2 R

n

o

= f ( x; u

0

( x )) : x 2 R

n

g + ( x

0

n

; h )

for some x

0

n

2 R

n

whic h satis�es O

T

�

( x

0

n

; h )

T

2 Z

n +1

: Let u

(1)

( x; t ) b e the solution of (6) with

initial datum u

(1)

0

( x ). By the in v ariance of (6) under lattice translation and the uniqueness of

classical solutions, then up to a dela y in time and a translation of the graph in space b y ( x

0

n

; h ), the

b eha vior of u

(1)

( x; t ) is exactly the same as that of u ( x; t ). F urthermore, as u ( x; t

0

) � u

(1)

( x; 0), b y

comparison principle, w e ha v e

u ( x; 2 t

0

) � u

(1)

( x; t

0

) � 2 h:

By induction, w e ha v e: inf

x 2 R

n

u ( x; it

0

) � ih .

Let I

0

:= inf

t 2 [0 ;t

0

]

B

c

( t ) > �1 : By the translational in v ariance and the comparison principle

again, w e get B

c

( t ) � ih � I

0

on [ it

0

; ( i + 1) t

0

] : The �rst claim of (28) then follo ws with � = h=t

0

and � = I

0

+ h=t

0

: The second claim can b e pro v ed similarly .

No w de�ne

c

�

:= sup

n

c : lim

t !1

A

c

( t ) = + 1

o

: (29)

(Note that with this de�nition, it follo ws that l im

t !1

A

c

( t ) = +( � ) 1 for c < ( > ) c

�

.)

If for this v alue of c

�

, (26) is not satis�ed, using (28), then it holds that either

lim

t !1

A

c

0

( t ) = + 1 for c

0

= c

�

+

1

2

� (if there exists t

0

suc h A

c

�

( t

0

) � D

0

+

p

n + 1)

or lim

t !1

A

c

0

( t ) = �1 for c

0

= c

�

�

1

2

�

0

(if there exists t

0

suc h A

c

�

( t

0

) � �

p

n + 1 ) :
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Both cases con tradict the de�nition (29) of c

�

and the remark immediately b elo w it. Th us (26)

m ust hold and the Prop osition is pro v ed.

W e no w pro ceed to pro v e the Lipsc hitz con tin uit y of c

�

.

10 Prop osition (Lipsc hitz Con tin uit y of Sp eed with resp ect to � ). The sp e e d c

�

is a

Lipschitz function of � , i.e. ther e exists a C ( F ; � ) > 0 such that for al l � ; ~� 2 S

n

,

j c

�

� c

~�

j � C j � � ~� j : (30)

Pr o of. Fix � ; ~� 2 S

n

with j � � ~� j < c

0

for a small constan t 0 < c

0

= c

0

( F ; � ) � 1 :

Consider (6) with � . Recall that in the ( x; x

n +1

)-v ariables, � = (0 ; : : : ; 0 ; 1)

T

. By c ho osing an

appropriate rotation with resp ect to the axis � ; w e can assume ~� = (sin

~

� ; 0 ; : : : ; 0 ; cos

~

� )

T

with

0 <

~

� <

�

2

. The main idea is to construct an appro ximate solution of (6) whic h is a plane-lik e

surface with e�ectiv e normal v ector ~� . W e will sho w that suc h a solution cannot ha v e sp eed m uc h

faster then c

�

. The construction of the appro ximating solution and its estimates are carried out in

sev eral steps.

Step I { Kink-Lik e-Solution ~u (Figure 3).

H
M

H 12

u  (x,t)

u  (x,t)(2)

(1)

u(x,t)~

Figure 3. Kink-Lik e-Solution

Let u ( x; t ) b e a solution of (6) with u ( x; 0) � 0 and normal v ector � . Let c

�

b e the sp eed

obtained b y Prop osition 9 . By (26), w e then also ha v e k u ( � ; t ) � c

�

t k

L

1

( R

n

)

� D

2

for all t � 0.

Let H

1

; H

2

b e t w o �xed p ositiv e constan ts satisfying H

2

> H

1

> 2

p

n + 1. Consider t w o lattice

translates u

(1)

( x; t ) and u

(2)

( x; t ) of u ( x; t ) suc h that

H

2

� u

(2)

( x; t ) � u

(1)

( x; t ) � H

1

for all x 2 R

n

; t 2 R

+

.

F urther, let M b e another �xed and large constan t. Consider eu

0

( x ) whic h is a smo oth function

in terp olating b et w een u

(2)

( x; 0) and u

(1)

( x; 0) in the follo wing sense:

� u

(1)

( x; 0) � eu

0

( x ) � u

(2)

( x; 0) for all x 2 R

n

and eu

0

( x ) = u

(2)

( x; 0) for x

1

� � M ; while

eu

0

( x ) = u

(1)

( x; 0) for x

1

� M ;

15



� k eu

0

k

C

2

( R

n

)

� C H

2

M

� 2

k u k

C

2

( R

n

)

, where C is a univ ersal constan t whic h do es not dep end on

f ; M or � .

No w de�ne eu ( x; t ) as the classical solution of (6) with initial datum eu

0

( x ) : By Theorem

6 , eu ( x; t ) exists globally in time and satis�es







eu; eu

t

; D eu; D

2

eu







L

1

( R

n

� R

+

)

< C ( � ; F ; M ; H

2

) ; with

lim

M !1

C ( � ; F ; M ; H

2

) = C ( � ; F ) :

Next w e sho w that eu ( x; t ) con v erges to u

( i )

( x; t ) exp onen tially as j x

1

j � ! 1 . Consider ' ( x; t ) =

~u ( x; t ) � u

(1)

( x; t ). Then ' ( x; t ) solv es a linear, uniformly parab olic equation:

'

t

= A

f

( � ; x; ~u ) � A

f

( � ; x; u

(1)

)

=

X

ij

a

ij

( x; t ) '

x

i

x

j

( x; t ) +

X

j

b

j

( x; t ) '

x

j

( x; t ) + c ( x; t ) ' ( x; t ) (31)

where k a

ij

k

C

0
+ k b

j

k

C

0
+ k c k

C

0
� C ( � ; F ; M ; H

2

) : F rom no w on the dep endence on � and F will

not b e written explicitly .

It is straigh tforw ard to v erify that if A ( M ; H

2

) ; B ( M ; H

2

) are t w o large enough constan ts, then

Ae

� x

1

e

B t

is a sup er-solution of (31) and 0 � ' ( x; t ) � Ae

� x

1

e

B t

for all x 2 R

n

and t � 0. Similarly ,

w e ha v e 0 � ' ( x; t ) � Ae

x

1

e

B t

. Note that A is of order e

M

H

2

. Com bining these estimates giv es:

max

n

u

(2)

( x; t ) � Ae

x

1

e

B t

; u

(1)

( x; t )

o

� ~u ( x; t ) � min

n

u

(1)

( x; t ) + Ae

� x

1

e

B t

; u

(2)

( x; t )

o

: (32)

The ab o v e giv es the follo wing statemen t for eu whic h justi�es it to b e called a \kink-lik e" solution:

Let D

1

:= D

1

( H

2

) b e the b ound on the oscillation as in (13). Then

u

(1)

( x; t ) � eu ( x; t ) � u

(1)

( x; t ) +

D

1

4

for x

1

� B t + ln

4 A

D

1

u

(1)

( x; t ) � eu ( x; t ) � u

(2)

( x; t ) for � B t � ln

4 A

D

1

� x

1

� B t + ln

4 A

D

1

u

(2)

( x; t ) �

D

1

4

� eu ( x; t ) � u

(2)

( x; t ) for x

1

� � B t � ln

4 A

D

1

(33)

Note that the \width" of the region where eu in terp olates b et w een u

(1)

and u

(2)

gro ws at most

linearly with sp eed B .

Step I I { Plane-Lik e Appro ximation (Figure 4).

L

M
M

n

F(     )x,t

q

q H
L

tan   = ~

~

H
Figure 4. Plane-Lik e-

Appro ximation

Let

�

u

( i )

( x; t )

	

1

i = �1

b e a sequence of solutions of (6) whic h are lattice translates of eac h other

suc h that u

( i )

( x; 0) � � iH with some �xed constan t H > 3 D

2

, where D

2

is the L

1

-b ound in the

mo ving frame as in (24). By Prop osition 9 , w e ha v e










u

( i )

( x; t ) + iH � c

�

t










L

1

( R

n

; R

+

)

� D

2

:
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F or the remaining pro of, the ab o v e H and the M (used in the previous step) will b e k ept �xed.

Let L b e a large constan t ( � M ) whic h is to b e determined.

De�ne ~u

( i )

( x; t ) to b e the kink-lik e solution whic h in terp olates b et w een u

( i +1)

and u

( i )

as in Step

I but no w \cen tered" at iL , i.e. eu

( i )

( x; 0) = u

( i +1)

( x; 0) for x

1

� iL � M , eu

( i )

( x; 0) = u

( i )

( x; 0)

for x

1

� iL + M , and so forth. No w patc h the

�

~u

( i )

	

i

together b y means of a partition of unit y:

�( x; t ) =

P

1

�1

~u

( i )

( x; t ) �

i

( x ) where the

�

�

i

	

i

is a sequence of smo oth functions satisfying:

�

i

( x ) � 0 ; �

i

( x ) =

(

1 x

1

2 [ iL �

L

4

; iL +

L

4

]

0 x

1

2 ( �1 ; iL �

3 L

4

] [ [ iL +

3 L

4

; 1 )

and

X

i

�

i

( x ) � 1 :

The �( x; t ) th us constructed has the follo wing prop erties:

1. Using (33), �( x; t ) appro ximates a tilted plane in the follo wing sense: for all i 2 Z :

� F or x 2 R

n

: ( i � 1) L + B t + ln

4 A

D

1

� x

1

� iL � B t � ln

4 A

D

1

:

u

( i � 1)

( x; t ) +

D

1

4

� eu ( x; t ) � u

( i � 1)

( x; t ) �

D

1

4

(34)

� F or x 2 R

n

: iL � B t � ln

4 A

D

1

� x

1

� iL + B t + ln

4 A

D

1

:

u

( i � 1)

( x; t ) +

D

1

4

� eu ( x; t ) � u

( i )

( x; t ) �

D

1

4

(35)

The ab o v e structure is v alid if ( i � 1) L + B t + ln

4 A

D

1

� iL � B t � ln

4 A

D

1

, i.e.

0 < t < T

L

:=

L

2 B

�

1

B

ln

4 A

D

1

: (36)

Note that as A and B (whic h are de�ned through M and H ) are �xed, w e get 0 < T

L

if L is

su�cien tly large.

2. The e�ectiv e normal of the tilted plane appro ximated b y �( � ; t ) (for 0 < t < T

L

) is giv en in

the ( x; x

n +1

)-v ariables b y

�

H

p

L

2

+ H

2

; 0 ; : : : ; 0 ;

L

p

L

2

+ H

2

�

T

:

whic h can b e set to equal ~� = (sin

~

� ; 0 ; : : : ; 0 ; cos

~

� )

T

up on c ho osing:

L = H cot

~

� : (37)

i.e. L �

H

~

�

as

~

� � ! 0.

3. � solv es (6) exactly for all t � 0 and x 2 R

n

suc h that x

1

2

S

i

[ iL �

L

4

; iL +

L

4

].

4. No w statemen t (32) com bined with the prop erties of the �

i

and parab olic regularit y giv es a

constan t C = C ( M ; H ) suc h that

sup

i










�( � ; t ) � u

( i )

( � ; t )










C

2

( f

x : iL +

L

4

� x

1

� iL +

3 L

4

g )

� C e

�

L

4

e

B t

: (38)
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Step I I I { Appro ximation of Sp eed.

This step sho ws that the normal sp eed of propagation of the tilted plane appro ximated b y �( x; t )

cannot b e m uc h bigger than c

�

.

In fact, b y (34){(35), there exists a C

1

> 0 suc h that for all ( x; t ) 2 R

n

� [0 ; T

L

]:

�( x; t ) � � (tan

~

� ) x

1

+

�

c

�

+ B tan

~

�

�

t + C

1

:

(The extra factor B tan

~

� comes from the linear spread of the width of kink in the plane-lik e

appro ximation | see (33) and (34){(35).) The ab o v e sho ws that �( x; t ) can b e b ounded from

ab ove b y a h yp er-plane mo ving with normal sp eed c

�

cos

~

� + B sin

~

� , at least on the time in terv al

[0 ; T

L

] :

Next w e sho w that � di�ers from the actual solution of (6) b y a v ery small error. F rom (38), it

follo ws that � satis�es the follo wing equation:

�

t

= A

f

( � ; x; �) + g ( x; t )

where g ( x; t ) is supp orted on

S

1

i = �1

�

x : iL +

L

4

� x

1

� iL +

3 L

4

	

and k g k

C

0

� C e

�

L

2

e

B t

. Let

e

�( x; t ) b e the solution of (6) with initial data

e

� ( x; 0) = �( x; 0). The function  ( x; t ) =

e

�( x; t ) �

�( x; t ) solv es a linear parab olic equation similar to (31):

 

t

=

X

ij

a

ij

( x; t )  

x

i

x

j

( x; t ) +

X

j

b

j

( x; t )  

x

j

( x; t ) + c ( x; t )  ( x; t ) � g ( x; t ) ;  ( x; 0) � 0 :

Using

e

	

�

=  �

R

t

0

k g ( s; � ) k

C

0
d s as a comparison function giv es k  ( � ; t ) k

L

1

( R

n

)

� C e

�

L

4

e

B t

. Hence

for 0 � t � T

L

; w e ha v e

e

� ( x; t ) � �( x; t ) + C e

�

L

2

e

B t

� � (tan

~

� ) x

1

+ ( c

�

+ B tan

~

� ) t + C

1

+ C e

�

L

2

e

B t

:

Similarly , b y de�nition,

e

� can b e b ounded from b elow b y some plane-lik e solution with normal ~�

and sp eed c

~�

. Th us:

� (tan

~

� ) x

1

+

c

~�

t

cos

~

�

� C

2

� � (tan

~

� ) x

1

+ ( c

�

+ B tan

~

� ) t + C

1

+ C e

�

L

4

e

B t

whic h giv es:

( c

~�

� c

�

cos

~

� ) t � B (sin

~

� ) t + C

3

+ C

4

e

�

L

4

e

B t

: (39)

No w c ho ose t =

T

L

P

for some P > 1 whic h is admissible according to (36). F urthermore, b y (37),

t =

1

P

�

L

2 B

�

1

B

ln

4 A

D

1

�

=

1

P

"

H cot

~

�

2 B

�

1

B

ln

4 A

D

1

#

:

Then (39) b ecomes:

c

~�

� c

�

cos

~

�

P

"

H cot

~

�

2 B

�

1

B

ln

4 A

D

1

#

�

B sin

~

�

P

"

H cot

~

�

2 B

�

1

B

ln

4 A

D

1

#

+ C

3

+ C

4

exp

"

�

H cot

~

�

4

+

H cot

~

�

2 P

�

1

P

ln

4 A

D

1

#
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If w e c ho ose P = 3( > 2) and consider the regime j

~

� j � 0, w e obtain: c

~�

� c

�

cos

~

� � C ( A; B ; H )

~

�

i.e.

c

~�

� c

�

� C ( A; B ; H )

~

� + O (

~

�

2

) � C ( A; B ; H )

~

� :

The lo w er b ound c

�

� c

~�

� � C

~

� can b e pro v ed similarly . The Lipsc hitz con tin uit y of c

�

is th us

established.

4 Pulsating W a v e

In this section, w e lo ok for a sp ecial t yp e of solutions of (6) whic h is in v arian t under appropriate

space-time translation (see equation (2) and Figure 1):

u ( x + x

0

; t + t

0

) = c

�

t

0

+ u ( x; t ) for all ( x

0

; t

0

)

T

suc h that O

�

( x

0

; c

�

t

0

)

T

2 Z

n +1

. (40)

If c

�

6= 0, the ab o v e condition is equiv alen t to the follo wing represen tation of u :

u ( x; t ) = c

�

t + U ( O

�

( x; c

�

t )

T

) (41)

where U : ! = ( !

1

; : : : ; !

n +1

) 2 R

n +1

� ! R

n +1

is a one-p erio dic function of its argumen t, i.e.

U ( ! + p ) = U ( ! ) for all ! 2 R

n +1

and p 2 Z

n +1

. W e call U the tr ansforme d function of u and !

the tr ansforme d v ariable. W e will sho w the existence and uniqueness of U and presen t its v arious

stabilit y prop erties. The resulting function u and the corresp onding U will b e called a pulsating

wave for (6). W e often iden tify u with U .

F or c

�

6= 0, w e can relate the gradien ts of u to those of U . In tro ducing:

! = O

�

(( x; c

�

t )

T

) and O

�

= ( a

ij

)

1 � i;j � n +1

;

then

c

� 1

�

u

t

� 1 =

n +1

X

k =1

a

k ;n +1

@

!

k

U and @

x

i

u =

n +1

X

k =1

a

k ;i

@

!

k

U:

F urthermore, U satis�es the follo wing equation:

c

�

+ c

�

n +1

X

k =1

a

k ;n +1

@

!

k

U =

q

1 + j

~

r U j

2

n

X

i =1

8

<

:

n +1

X

k =1

a

k ;i

@

!

k

0

@

P

n +1

k =1

a

k ;i

@

!

k

U

q

1 + j

~

r U j

2

1

A

9

=

;

+ �

q

1 + j

~

r U j

2

f ( ! + O

�

((0 ; : : : ; 0 ; U )

T

)) : (42)

where j

~

r U j

2

=

P

n

i =1

�

P

n +1

k =1

a

k ;i

@

!

k

U

�

2

.

W e �rst establish the follo wing existence result.
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11 Theorem (Existence of Pulsating W a v e). F or any � 2 S

n

, ther e exists a c ontinuous

function u : R

n

� R ! R which solves (6) and satis�es (40) for the c

�

given by Prop osition 9 .

Mor e over, the tr ansforme d function U satis�es:

k U k

L

1

( R

n +1

)

� D

3

:= 3( D

2

+

p

n + 1)

(wher e D

2

is the c onstant fr om Theorem 8 ) so that the pulsating wave is b ounde d in its moving

fr ame.

There are sev eral metho ds to establish the existence result. A standard approac h is to use

Sc hauder Fixed P oin t Theorem. This can b e accomplished b y the gradien t deca y estimate ( The-

orem 7 ) whic h pro duces a con traction map in an appropriate function space. Here w e emplo y a

di�eren t, but more elemen tary metho d. It uses the comparison principle in its full capacit y .

The curren t pro of consists of sev eral steps. First w e pro v e the Theorem for rational normal

direction � and the case of c

�

6= 0. This is accomplished b y constructing sub- and sup er-solutions

of (6). These ob jects satisfy uniform Lipsc hitz b ounds in x , t indep endent of � . It turns out that

they are in fact solutions and hence are actually pulsating w a v es. The cases of irrational direction

and c

�

= 0 are handled b y appro ximation using the previous case.

4.1 Pro of of Theorem 11

First consider a rational normal direction � | the co ordinates of � are all rational n um b ers | and

assume c

�

> 0. Then w e can recast the problem in a p erio dic domain with some \�ctitious p erio d"

P .

Step I { Construction of \Pulsating" Sub- and Sup er-solutions

Let f u

�

( x; t ) g

x 2 R

n

;t 2 R

+

b e a solution of (6) starting from u

�

( x; 0) � � 2( D

2

+

p

n + 1) where

D

2

is the n um b er from (24). De�ne:

U

+

( x; t ) := lim inf

j I j!1

�

u

+

( x � x

I

; t + t

I

) � c

�

t

I

	

(43)

U

�

( x; t ) := lim sup

j I j!1

�

u

�

( x � x

I

; t + t

I

) � c

�

t

I

	

(44)

where u

�

( � ; r ) = �1 if r < 0 and

�

I 2 Z

n +1

	

is a �xed sequence whic h en umerates the set

�

( x

J

; t

J

) : O

�

( x

J

; c

�

t

J

) 2 Z

n +1

; t

J

> 0

	

:

Note that U

�

( � ; � ) are de�ned on all of R

n

� R . F urthermore, they satisfy the follo wing prop erties:

(i) They are b oth pulsating functions, i.e. they satisfy (40). In particular, they are P -p erio dic

in x .
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(ii) k U

�

( � ; � ) � c

�

t k

L

1

( R

n

� R )

< D

2

; and

0 < 2( D

2

+

p

n + 1) < inf

x 2 R

n

;t 2 R

U

+

( x; t ) � sup

x 2 R

n

;t 2 R

U

�

( x; t ) < 6( D

2

+

p

n + 1) : (45)

(iii) They are uniformly Lipsc hitz on R

n

� R .

(iv) U

+

( � ; � ) is a sup er-solution and U

�

( � ; � ) a sub-solution of (6).

Pr o of. (i): W e will only fo cus on U

+

: F or all ( x

K

; t

K

) suc h that O

�

( x

K

; c

�

t

K

) 2 Z

n +1

,

U

+

( x � x

K

; t + t

K

) = lim inf

j I j!1

u

+

( x � x

K

� x

I

; t + t

K

+ t

I

)

= lim inf

j I

0

j!1

u

+

( x � x

I

0

; t + t

I

0

)

= U

+

( x; t )

since O

�

( x

K

+ x

I

; c

�

( t

K

+ t

I

)) 2 Z

n +1

if b oth O

�

( x

K

; c

�

t

K

) and O

�

( x

I

; c

�

t

I

) b elong to Z

n +1

. Note

that the lim inf and lim sup of a sequence are not c hanged under �nite shifts of the sequence.

(ii): This follo ws from Theorem 8 (24) whic h yields

�

�

�

[ u

�

( x

1

� x

J

; t + t

J

) � c

�

t

J

] � c

�

t � 2( D

2

+

p

n + 1 )

�

�

�

� D

2

+

p

n + 1 ;

and hence the estimates as claimed.

(iii): By Corollary 4 , the kr u

�

( x; t ) k

L

1

( R

n

� R

+

)

are b ounded. Theorem 6 implies that







u

�

t

( x; t )







L

1

( R

n

� [1 ; 1 ))

is also b ounded. Therefore u

�

is uniformly Lipsc hitz con tin uous in space

and time. As the lim inf and lim sup of uniformly Lipsc hitz con tin uous functions are also uniformly

Lipsc hitz (with the same constan t), the U

�

( � ; � ) satisfy the same prop ert y .

(iv): The fact that lim inf and lim sup are sup er- and sub-solutions resp ectiv ely , follo ws from

a standard argumen t (see [8, Lemma 6.1]). Note that w e need no monotonicit y of f ( x; u ) with

resp ect to u; b ecause u

�

are uniformly b ounded (in the mo ving frame) and f ( x; u ) is uniformly

Lipsc hitz. The lemma can b e applied instead to ~u

�

y ;�

( x; t ) = e

� M t

[ u

�

( x � y ; t + � ) � c

�

� ] on a

b ounded neigh b orho o d of t

0

; for some large constan t M .

Step I I { Existence of Pulsating W a v e for Rational Slop e

W e sho w that in fact U

�

( x; t ) are classical solutions of (6) and th us are pulsating w a v es.

First de�ne:

T

�

:= sup

�

� > 0 : inf

x 2 R

n

�

U

+

( x; 0) � U

�

( x; � )

�

� 0

�

(46)

| the �rst time U

�

( � ; t ) touc hes U

+

( � ; 0) from b elo w. By prop ert y (ii), the U

�

is b ounded in

a frame mo ving with v elo cit y 0 < c

�

so that T

�

< 1 . By prop ert y (iii), the U

�

are uniformly

con tin uous in x and t . The p erio dicit y in x then implies the existence of an x

0

2 R

n

suc h that

U

�

( x

0

; T

�

) = U

+

( x

0

; 0) :
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No w consider the classical solutions V

�

of (6) with the Lipsc hitz initial data V

+

( x; 0) = U

+

( x; 0)

and V

�

( x; 0) = U

�

( x; T

�

) : These solutions are globally de�ned ( Theorem 6 ) and sta y uniformly

Lipsc hitz ( Corollary 4 ). By prop ert y (iv) and w eak comparison principle, w e ha v e

U

�

( x; t + T

�

) � V

�

( x; t ) � V

+

( x; t ) � U

+

( x; t ) for ( x; t ) 2 R

n

� R

+

. (47)

On the other hand, b y prop ert y (i), there exists T

�

> 0 suc h that

U

�

( x

0

; T

�

+ T

�

) = U

�

( x

0

; T

�

) = U

+

( x

0

; 0) = U

+

( x

0

; T

�

+ T

�

) ;

leading to V

�

( x

0

; T

�

) = V

+

( x

0

; T

�

) :

Let

e

V := V

+

( x; t ) � V

�

( x; t ). As V

�

are C

2 ; 1

( R

n

� R

+

) ; the di�erence

e

V satis�es a linear

parab olic PDE of the form (similar to (31)):

@

t

e

V =

X

i;j

a

ij

( x; t )

e

V

x

i

x

j

+

X

j

b

j

( x; t )

e

V

x

j

+ c ( x; t )

e

V

with con tin uous co e�cien ts. As f and V

�

are uniformly Lipsc hitz in space-time, the ab o v e equation

is uniformly parab olic with b ounded co e�cien ts. Note that

e

V � 0 and

e

V ( x

0

; 0) =

e

V ( x

0

; T

�

) = 0.

Classical strong maxim um principle (see for example [16 ]) implies that

e

V ( � ; t ) � 0 for all t 2 (0 ; T

�

).

Therefore V

+

� V

�

: (By the same reasoning as in Step I (iv), w e can apply the strong maxim um

principle without a sign condition on c ( x; t ).)

As a last step, note that V

�

( x; 1 =n ) ! V

�

( x; 0) (p oin t wise), w e obtain U

+

( � ; t ) = U

�

( � ; T

�

+ t )

for t 2 [0 ; T

�

] ; and therefore this function is b oth sup er- and subsolution, i.e. a viscosit y solution.

By the comparison principle for viscosit y solutions it m ust equal V

�

and th us is a classical solution.

W e ha v e th us established the existence of pulsating w a v es for rational slop es with c

�

6= 0.

Step I I I { Existence of Pulsating W a v e for Irrational Slop e

The follo wing argumen t extends the existence result to irrational slop es.

Let �

n

(rational slop es) ! � . By the con tin uit y of the sp eed in the normal, w e ha v e c

n

! c

�

6= 0.

F urther, let u

n

b e the corresp onding pulsating w a v es in the frame O

�

n

. They satisfy uniformly

Lipsc hitz b ounds in x , t indep enden t of � .

Using the transformation (41), w e th us obtain a family of functions U

n

( ! ) whic h are 1-p erio dic

in R

n +1

and are solutions of (42). As c

n

>

c

�

2

> 0, the c hange of v ariables ! = O

�

n

( x; c

n

t )

T

are

in v ertible for eac h n with uniform b ounds for the in v erse. Therefore, the U

n

's also satisfy uniform

Lipsc hitz and (b y parab olic regularit y of the u

n

's) C

2 ;�

estimates on [0 ; 1]

n +1

. Hence w e can extract

a con v ergen t subsequence leading to a U whic h solv es (42) with the limiting normal direction � .

The Theorem is th us pro v ed for the case c

�

6= 0.

Step IV { Existence of \Pulsating W a v e": Stationary ( c

�

= 0 ) Case.

Again, w e consider separately the case of rational and irrational direction.
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F or rational direction, the ev olution equation describ ed b y (6) in fact is the ne gative gr adient


ow of the follo wing energy functional:

E ( u ) =

Z

[0 ;P ]

n

p

1 + jr u j

2

� � F ( x; u ) dx

n

; where F ( x; u ) =

Z

u

0

f ( x; s ) ds (48)

(\ u

t

= �rE ( u )"). As c

�

= 0, w e ha v e t w o solutions of (6): u

�

( x; t ) < u

�

( x; t ) whic h are P -p erio dic

in x and are uniformly Lipsc hitz and b ounded in x and t . Hence an y solution u ( x; t ) of (6) with

u

�

( x; 0) � u ( x; 0) � u

�

( x; 0) satis�es u

�

( x; t ) � u ( x; t ) � u

�

( x; t ). F urthermore, the follo wing

energy iden tit y holds:

E ( u ( � ; t )) +

Z

t

0

Z

[0 ;P ]

n

u

2

t

p

1 + jr u j

2

dx

n

dt = E ( u ( � ; 0)) :

The uniform oscillation and gradien t b ounds from Corollary 4 leads to sup

t � 0

jE ( u ( � ; t )) j < 1 .

Th us w e ha v e

Z

1

0

Z

[0 ;P ]

n

u

2

t

dx

n

dt < 1 :

A standard application of parab olic regularit y implies that @

t

u ( � ; t

j

) � ! 0 for some subsequence

t

j

� ! 1 . A further subsequence giv es that the limit �u ( x ) = lim

t

j

k

!1

u ( x; t

j

k

) exists and it solv es

the stationary solution for (6). F urthermore, the P -p erio dicit y of �u ( � ) automatically implies (40).

F or irrational direction, the same argumen t can b e applied with the mo di�cation that the domain

[0 ; P ]

n

is replaced b y a sequence of monotonically increasing balls B

j

suc h that B

j

� ! R

n

. The

function u is required to satisfy the Diric hlet b oundary condition: u = C on @ B

j

(where u

�

� C �

u

�

). Then for eac h j , w e obtain a stationary solution u

j

as b efore. F rom the uniform gradien t

estimates Corollary 4 , w e can extract a subsequence whic h con v erges (on compact subsets) to a

stationary solution on the whole space. (Note that the result of Corollary 4 stated for R

n

, can

b e extended to b ounded domains suc h as balls B

j

's b y constructing suitable barrier functions with

uniformly b ounded gradien t at the b oundary . By the smallness of the forcing and the apriori L

1

b ound, suc h barriers can b e constructed quite easily .)

Finally , for irrational slop e, an y stationary solution of (6) automatic al ly satis�es (40) as there is

no x

0

2 R

n

suc h that the condition O

�

( x

0

; 0)

T

2 Z

n +1

is ful�lled. The whole Theorem 11 is th us

pro v ed.

12 Remark. 1. Our result for the case c

�

6= 0 is related to the result in [4] on the existence of

plane-lik e minimizers: If the forcing is small and su�cien tly regular, then stationary solutions

of (1) not only sta y close to a plane, but are ev en graphs o v er that plane.

2. Note that there ma y b e solutions that sta y b ounded in a frame with c

�

= 0 ; but are not

stationary , for example a \tra v eling kink" or cascades of man y kink structures.
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4.2 Prop erties of the Pulsating W a v e

In this section, w e presen t the uniqueness result and some stabilit y prop erties for the pulsating

w a v e.

13 Prop osition (Uniqueness of Pulsating W a v e). F or al l � , the sp e e d c

�

is unique. If c

�

6= 0 ,

then the shap e U of the pulsating wave is also unique.

Pr o of. The uniqueness of c

�

is already pro v ed in Theorem 8 , in particular, Prop osition 9 .

When c

�

6= 0 and the direction � is rational, the uniqueness of the pulsating w a v e follo ws exactly

from the same argumen t as in [11 , Prop osition 6]. When � is irrational, w e pro ceed similarly , but

with the follo wing additional consideration. (Without loss of generalit y , assume c

�

> 0.)

Let U and V b e t w o pulsating w a v es solving (42). First, consider u

0

( x ) = U ( O

�

( x; 0)

T

). Second,

let v ( x; t ) b e the solution of (6) with initial data �v ( x; 0) = � h + V ( O

�

( x; 0)

T

) for some large p ositiv e

constan t h suc h that �v is some lattice translation of V ( O

�

( x; 0)

T

). Similar to (46), de�ne:

T

�

= sup

�

� > 0 : inf

x 2 R

n

( u ( x; 0) � �v ( x; � ) ) � 0

�

:

Note that T

�

< 1 as c

�

> 0. No w let ~u ( x; t ) and ~v ( x; t ) b e the solution of (6) with initial data

u

0

( x ) and �v ( x; T

�

). As ~v ( x; 0) � ~u ( x; 0), w eak maxim um principle (in the whole space) implies that

~v ( x; t ) � ~u ( x; t ) for all x 2 R

n

and t � 0. Consider the follo wing t w o cases.

1. Supp ose there exists an x

�

suc h that ~u ( x

�

; 0) = ~v ( x

�

; 0). By the pulsating w a v e ansatz,

~u ( x

�

+ x

0

; c

�

t

0

) = ~v ( x

�

+ x

0

; c

�

t

0

) for some ( x

0

; c

�

t

0

) suc h that t

0

> 0 and O

�

( x

0

; c

�

t

0

) 2 Z

n +1

.

This w ould con tradict the strong comparison principle (in un b ounded domain) unless U is

iden tically equal to V .

2. Supp ose there exists x

i

suc h that j x

i

j � ! 1 and ~u ( x

i

; 0) � ~v ( x

i

; 0) � ! 0

+

. By the pulsating

ansatz again, w e ha v e ~u ( x

i

+ x

0

i

; c

�

t

0

i

) � ~v ( x

i

+ x

0

i

; c

�

t

0

i

) � ! 0

+

for some ( x

0

i

; c

�

t

0

i

) satisfying

O

�

( x

0

i

; c

�

t

0

i

)

T

2 Z

n +1

. As c

�

6= 0, w e can alw a ys c ho ose the x

0

i

and t

0

i

's suc h that the ( x

i

+

x

i

; t

i

)'s lie in a compact subsets of R

n +1

. Hence, there exists an x

�

and t

�

suc h that ~u ( x

�

; t

�

) =

~v ( x

�

; t

�

). Th us the situation is the same as the previous case.

F or the case c

�

= 0, w e do not exp ect uniqueness to b e true as there could b e man y stationary

solutions corresp onding to the lo cal minimizers of the energy functional (48). These solutions

cannot b e related to eac h other as in the c

�

6= 0 case.

The next result leads to a form of stabilit y prop ert y of the pulsating w a v es. It is similar in spirit

to the Krein-Rutman t yp e of statemen t.

14 Prop osition (Monotonicit y in Time for the Pulsating W a v e). L et u b e a pulsating wave

of (6) with c

�

> 0 . Then u

t

> 0 for al l x 2 R

n

and t 2 R .
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Pr o of. W e �rst pro v e the result for rational direction so that the pulsating w a v e is space-time

p erio dic in a tilted frame with a \�ctitious" p erio d P whic h dep ends on � : The case for irrational

direction can b e deduced b y a limiting pro cedure together with the strong maxim um principle.

Consider u ( x; 0) and de�ne:

T

�

= sup f t � 0 : u ( x; t ) � u ( x; 0) for some x 2 R

n

g :

As c

�

> 0 and u is b ounded in its frame, w e ha v e 0 � T

�

< 1 . By the con tin uit y of u ( x; t )

in the x - and t -v ariables and the compactness of the domain (as u is P -p erio dic), w e m ust ha v e

u ( x; T

�

) � u ( x; 0) for al l x 2 R

n

and u ( x

�

; T

�

) = u ( x

�

; 0) for some x

�

. No w consider the solutions

of (6) with initial data u ( x; T

�

) and u ( x; 0) ; resp ectiv ely . The pulsating w a v e ansatz implies that

u ( x

�

; T

�

+ T

�

) = u ( x

�

; T

�

) for some T

�

> 0, con tradicting the strong maxim um principle unless

u ( � ; T

�

) � u ( � ; 0) : As c

�

> 0 ; this can only happ en if T

�

= 0. Hence u ( x; t ) > u ( x; 0) for all

t > 0 giving u

t

� 0. The fact that u

t

> 0 follo ws from strong maxim um principle for u

t

: (Note

that u

t

solv es a linear parab olic equation (b y taking the time deriv ativ e of (6)) with b ounded

co e�cien ts.)

The ab o v e result immediately leads to the follo wing corollary .

15 Corollary . L et � b e a r ational dir e ction and u b e the pulsating wave of (6) with c

�

6= 0 . Then

ther e exist 0 < C

1

( � ; F ) < C

2

( F ) < 1 such that for al l x 2 R

n

, t; s 2 R , it holds that

C

1

j t � s j � j u ( x; t ) � u ( x; s ) j � C

2

j t � s j :

The next exp onen tial con v ergence result is a consequence of the ab o v e monotonicit y prop ert y .

16 Theorem (Stabilit y Prop ert y of Pulsating W a v e). If � is a r ational dir e ction and c

�

6= 0 ,

then the pulsating wave u satis�es the fol lowing stability pr op erty.

L et f v ( x; t ) : x 2 R

n

; t � 0 g b e a classic al solution of (6) which is a P -p erio dic function (wher e

P is the �ctitious p erio d for � ). Then ther e exists t

�

2 R , � > 0 and a c onstant C which might

dep end on P such that

k v ( � ; t ) � u ( � ; t

�

+ t ) k

L

1

( R

n

)

� C e

� �t

:

Pr o of. Without loss of generalit y , w e can assume the initial condition v ( x; 0) is smo oth and v ( x; 0) >

N P for some su�cien tly large in teger N so that v ( x; 0) � u ( x; 0) for x 2 R

n

.

No w let u ( x; t ) b e the pulsating w a v e of (6). De�ne:

s

�

0

= inf f t > 0 : u ( x; t ) = v ( x; 0) for some x 2 R

n

g

and t

�

0

= sup f t > 0 : u ( x; t ) = v ( x; 0) for some x 2 R

n

g

(Qualitativ ely , s

�

0

is the �rst time u ( x; t ) touc hes v ( x; 0) from b elow and t

�

0

is the last time u ( x; t )

touc hes v ( x; 0) from ab ove . The ab o v e de�nitions mak e sense as w e are w orking in the compact
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domain and u and v are p erio dic functions with uniform Lipsc hitz b ound.) By Prop osition 14 ,

w e ha v e s

�

0

< t

�

0

and u ( x; s

�

0

) � v ( x; 0) � u ( x; t

�

0

) for al l x 2 R

n

with the equalities v alid at some

x

0

0

; x

0 0

0

2 R

n

.

By comparison principle, w e ha v e for all x 2 R

n

that u ( x; s

�

0

+ T ) � v ( x; T ) � u ( x; t

�

0

+ T ) where

c

�

T = P . The pulsating w a v e ansatz giv es:

u ( x; s

�

0

) � v ( x; T ) � c

�

T � u ( x; t

�

0

) :

No w the str ong maximum principle together with Prop osition 14 imply the existence of s

�

1

and

t

�

1

suc h that s

�

0

< s

�

1

< t

�

1

< t

�

0

and u ( x; s

�

1

) � v ( x; T ) � c

�

T � u ( x; t

�

1

) with the equalities v alid at

some x

0

1

; x

0 0

1

2 R

n

. By induction, there exist s

�

n � 1

< s

�

n

< t

�

n

< t

�

n � 1

suc h that

u ( x; s

�

n

) � v ( x; nT ) � c

�

nT � u ( x; t

�

n

) ; x 2 R

n

(49)

and the equalities hold at some x

0

n

; x

0 0

n

2 R

n

.

De�ne: �

�

n

= t

�

n

� s

�

n

. W e claim the existence of a p ositiv e n um b er � < 1 indep endent of n suc h

that

�

�

n +1

� ��

�

n

: (50)

Gran ted the ab o v e claim, then there exists a t

�

< 1 suc h that t

�

� s

�

n

and t

�

n

� t

�

� �

n

.

F urthermore, from (49), w e ha v e:

u ( x; t

�

) + u ( x; s

�

n

) � u ( x; t

�

) + c

�

nT � v ( x; nT ) � u ( x; t

�

) + u ( x; t

�

n

) � u ( x; t

�

) + c

�

nT :

Hence, Corollary 15 giv es

k v ( � ; nT ) � u ( x; t

�

+ nT ) k

L

1

( R

n

)

� k u ( � ; s

�

n

) � u ( � ; t

�

) k

L

1

( R

n

)

+ k u ( � ; t

�

n

) � u ( � ; t

�

) k

L

1

( R

n

)

� 2 C

2

�

n

whic h will lead to the stated exp onen tial con v ergence.

No w w e pro ceed to pro v e (50).

Consider the time in terv al: [ nT ; nT +

T

2

]. Applying the same argumen t as that leading to (49),

w e obtain the follo wing statemen t:

u ( x; s

�

n

+

T

2

+ �

1

) � v ( x; nT +

T

2

) � c

�

nT � u ( x; t

�

n

+

T

2

� �

2

) ; for all x 2 R

n

for some �

1

; �

2

> 0 suc h that s

�

n

+

T

2

+ �

1

� t

�

n

+

T

2

� �

2

and the equalities hold at some x

0

; x

0 0

2 R

n

.

Let 0 < � < 1 b e some �xed n um b er (to b e determined later). Consider the follo wing t w o cases.

Case One . If �

1

+ �

2

� ��

�

n

, then applying strong comparison principle to (6) on the in terv al

[ nT +

T

2

; ( n + 1) T ], w e ha v e

u ( x; s

�

n

+ T + �

1

) < v ( x; ( n + 1) T ) � c

�

nT < u ( x; t

�

n

+ T � �

2

) for all x 2 R

n

.
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Hence s

�

n

+ �

1

� s

�

n +1

� t

�

n +1

� t

�

n

� �

2

whic h leads to

�

�

n +1

= t

�

n +1

� s

�

n +1

� t

�

n

� �

2

� ( s

�

n

+ �

1

) � (1 � � ) �

�

n

:

Setting � = 1 � � giv es the desired result.

Case Tw o. If �

1

+ �

2

� ��

�

n

, then either �

1

�

�

2

�

�

n

or �

2

�

�

2

�

�

n

. Consider the second case (the

�rst can b e treated similarly .)

Let  ( x; t ) = v ( x; nT + t ) � u ( x; s

�

n

+ t ) � c

�

nT . It solv es a linear parab olic equation similar to

(31) with smo oth b ounded co e�cien ts. Then  has the follo wing prop erties:

1.  ( � ; 0) � 0 and hence  ( � ; t ) > 0 for all t > 0.

2. 0 �  ( x; 0) = v ( x; nT ) � u ( x; s

�

n

) � c

�

nT � u ( x; t

�

n

) � u ( x; s

�

n

) � C

2

�

�

n

. Hence,

k  ( � ; 0) k

L

1

( R

n

)

� C

2

�

�

n

; and













r  

�

� ;

T

2

�













L

1

( R

n

)

� C

3

( T ) k  ( � ; 0) k

L

1

( R

n

)

� C

3

( T ) �

�

n

(51)

where the �rst estimate comes from Corollary 15 and the second is a consequence of

parab olic regularit y | recall that  ( � ; t ) is p erio dic in x 2 R

n

.

No w the de�nition and assumption of �

2

implies the existence of some x

00

2 R

n

suc h that

 ( x

0 0

;

T

2

) = v ( x

00

; nT +

T

2

) � u ( x

00

; s

�

n

+

T

2

) � c

�

nT

= u ( x

00

; t

�

n

+

T

2

� �

2

) � u ( x

0 0

; s

�

n

+

T

2

)

= u ( x

00

; t

�

n

+

T

2

) � u ( x

00

; s

�

n

+

T

2

) + u ( x

00

; t

�

n

+

T

2

� �

2

) � u ( x

00

; t

�

n

+

T

2

)

� C

1

�

�

n

� C

2

�

2

�

�

n

(b y Corollary 15 )

� ( C

1

� C

2

�

2

) �

�

n

:

Up on c ho osing � small enough, w e get







 ( � ;

T

2

)







L

1

� C

3

�

�

n

. This and the gradien t b ound in

(51) implies the existence of a C

4

( T ) suc h that for al l x 2 R

n

, it holds that  ( x; T ) � C

4

( T ) �

�

n

.

Without loss of generalit y , C

4

( T ) can b e c hosen to b e some small n um b er. This leads to the

follo wing sequence of statemen ts:

v ( x; nT + T ) � u ( x; s

�

n

+ T ) � c

�

nT � C

4

�

�

n

(for all x 2 R

n

)

v ( x; ( n + 1) T ) � u ( x; s

�

n

) � c

�

( n + 1) T � C

4

�

�

n

v ( x; ( n + 1) T ) � c

�

( n + 1) T � C

4

�

�

n

+ u ( x; s

�

n

) :

No w from Corollary 15 , w e deduce that s

�

n +1

� s

�

n

+ �

�

n

for some �

�

n

>

C

4

C

2

�

�

n

. So w e ha v e:

�

�

n +1

= t

�

n +1

� s

�

n +1

� t

�

n

� s

�

n

� �

�

n

� �

�

n

�

C

4

C

1

�

�

n

=

�

1 �

C

4

C

1

�

�

�

n

:
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(Recall that C

4

can b e c hosen to b e as small as p ossible.)

Finally , (50) follo ws up on c ho osing � = min

�

1

2

;

C

1

C

2

�

and � = max

�

1 � �; 1 �

C

4

C

1

�

. (It is clear

that the c hoice of all the constan ts are indep enden t of n .)

F or general L

1

initial data de�ned on the whole space, the stabilit y issue can b e quite com-

plicated. On the other hand, for compactly supp orted initial p erturbation, analogous stabilit y

prop ert y migh t still b e true. Due to length, w e do not pursue to mak e this statemen t precise in the

curren t pap er.

The next result indicates the stabilit y of the pulsating w a v e with resp ect to the underlying

medium. Due to the a v ailabilit y of the additional equation (42), the result is stronger in the case

of c

�

6= 0.

17 Prop osition (Stabilit y of Pulsating W a v e with resp ect to the Inhomogeneit y). Con-

sider a se quenc e of inhomo gene ous me diums f

i

's and f satisfying c ondition A . Supp ose k f

i

� f k

C

2

� !

0 . L et U

i

and U b e the pulsating waves for f

i

and f with sp e e d c

i

and c (and the same normal

dir e ction � ). Then the fol lowing c onver genc e statements hold.

(i) c

i

� ! c .

(ii) If c 6= 0 , then U

i

� ! U uniformly in R

n

� R .

(iii) If c = 0 , then ther e exists a subse quenc e u

i

j

( x; t ) = U

i

j

( O

T

�

( x; c

�

t )) c onver ging uniformly on

c omp act subsets of R

n

� R to a solution of (6) for f .

Pr o of. (i): The con v ergence of the sp eed follo ws easily b y considering the equation satis�ed b y

u

i

� u :

d

dt

( u

i

( x; t ) � u ( x; t )) = A

f

i

( � ; x; u

i

) � A

f

( � ; x; u )

= A

f

( � ; x; u

i

) � A

f

( � ; x; u ) + A

f

i

( � ; x; u

i

) � A

f

( � ; x; u

i

)

= [ D

u

A

f

]( � ; x; u

�

)( u

i

� u ) + [ D

f

A

f

]

f

�

( � ; x; u

i

)( f

i

� f )

where D

u

A and D

f

A are the deriv ativ es of A

f

with resp ect to the argumen ts u and f . (In the

ab o v e, w e ha v e used the mean v alue theorem for �rst order T a ylor expansion.) Gron w all's inequalit y

giv es k u

i

( � ; t ) � u ( � ; t ) k

L

1

( R

n

)

� C k f

i

� f k

1

e

C t

where the constan t C dep ends on the C

2

-norms

of the f and f

i

's. Hence for an y large, but �xe d T , w e ha v e k u

i

( � ; T ) � u ( � ; T ) k

L

1

( R

n

)

� ! 0 whic h

implies the con v ergence of the c

i

's.

(ii): If c 6= 0, w orking directly in the transformed equation (42) sho ws that an y limit of the U

i

's

satis�es the same equation as that for U . Uniqueness of U implies the result.

(iii): If c = 0, w orking instead in the original equation (6) implies that up to a sub-sequence,

the u

i

's con v erges uniformly in compact subsets in space-time and the limiting function satis�es

(6) for the inhomogeneit y function f .
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5 Examples of Fingering and Pinc hing

Here w e giv e some examples in R

2

of the formation of singularities for the mean curv ature 
o w

with forcing (1) when the forcing is not small.

5.1 Fingering with \Laminate" En vironmen t

By a laminate en vironmen t w e mean a forcing of the form f ( x; u ) = g ( x ). Ev en though simple, it

can pro vide examples amenable to explicit computations whic h can still capture some in teresting

features. Note that after a rotation b y

�

2

, the forcing in the new frame is describ ed b y a function

whic h dep ends only on the u -v ariable. This already indicates that questions on e�ectiv e b eha viors

can dep end crucially on the direction of the fron t.

Here w e giv e an example that, in con trast to the e�ectiv e sp eed c

�

, the pinning thr eshold F

c

as

men tioned in page 4 v aries disc ontinuously with resp ect to the normal direction. Consider (after a

rotation of the axis b y

�

2

) f ( x; u ) = sin ( u ) + � + F where 0 < � < 1. If F = 0, then an y constan t

function u = u

�

where u

�

solv es sin ( u

�

) + � = 0 with f

u

( � ; u

�

) = cos ( u

�

) < 0 is a stable stationary

solution so that F

c

m ust b e strictly p ositive for this direction. On the other hand, fron ts with an y

other directions will alw a ys ha v e non-zero sp eed (unless F = � � ) as they can b e appro ximated b y

tra v eling kinks (see Figure 5). (See also [5 ] for a similar result on a related discrete system.)

Another in teresting phenomena is \�ngering". A precise analysis of suc h a situation has b een

carried out in details in [6 ] so w e will just brie
y explain the terminology . If f ( x; u ) equals some

p erio dic function g ( x ) suc h that its amplitude is su�cien tly large compared with the p erio d, then

the solution u ( x; t ) starting from u ( x; 0) � 0 remains as a graph, but it can happ en that

lim inf

[0 ; 1]

n

u ( x; t ) ! �1 as t ! 1 ; lim sup

[0 ; 1]

n

u ( x; t ) ! + 1 as t ! 1 :

(See Figure 6.) The solution in a sense can b e describ ed b y a cascade of a series of translational

in v arian t solitons, or \grim-reap ers". In this case, it is not apriori clear what the \e�ectiv e fron t"

should b e.

u = u*

Figure 5. Pinned horizon tal direction and

tra v eling tilted direction.

g > 0 g > 0

g < 0 g < 0u

x

Figure 6. Fingering in a laminate: The

v ertical lines denote the p erio d of g ( x ).
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5.2 Pinc hing with \Hard" Obstacles

This section pro vides an example for the formation of another form of singularities. It can lead to

the \pinc h-o� " of a p ortion of the surface, reminiscen t to the so-called Oro w an lo ops in dislo cation

dynamics [21 , pp 624].

W e consider strong, almost \hard" circular obstacles. Consider three p ositiv e constan ts � � 1,

and A and B � 1. Cho ose a smo oth function f ( x; u ) whic h satis�es

f ( x; u ) :=

(

� B for x

2

+ u

2

� �

2

;

A for x

2

+ u

2

> (2 � )

2

(and is extended p erio dically in b oth the x and u -directions with p erio d t w o). Let the initial data

b e u

0

( x ) � � 1. No w consider t w o t yp es of ev olving circles. (See Figure 7.)

Outer Barrier. Consider the obstacle S

�

:= f ( x; u ) : x

2

+ u

2

� �

2

g and the shrinking ball

S

�

( t ) cen tered at (0 ; 0) with radius r

�

( t ) solving

d

dt

r

�

( t ) = �

1

r

�

( t )

+ B ; r

�

(0) = �:

No w S

�

( t ) acts as barrier for the geometric problem, hence also as a barrier for the graph equation

(6). The shrinking of S

�

( t ) can b e made arbitrarily slo w if B is c hosen appropriatedly ( B �

1

�

).

Inner Barrier. Consider a sequence of expanding circles cen tered at (1 ; c

i

) with c

i

2 [ � 1 ; 1]

and radius denoted b y R

i

( t ). The cen ters are arranged in suc h a w a y that c

1

< c

2

< � � � . These

circles are used as inner barriers to the ev olving solution u ( x; t ). Their radii solv e

d

dt

R

i

( t ) = �

1

R

i

( t )

+ A; for t 2 [ t

i � 1

; t

i

)

whic h are further related b y R

i

( t

i � 1

) = R

i � 1

( t

i � 1

) � ( c

i

� c

i � 1

) so that only the i -th circle is \activ e"

as a barrier during the time in terv al [ t

i � 1

; t

i

]. If the constan t A and the initial R

i

's are large enough,

then the circles will expand. The t

i

's are c hosen suc h that the i -th circle is allo w ed to con tin ue to

expand un til it touc hes S

�

( t ) at t

i

. A t this momen t, a new circle with parameters c

i +1

and R

i +1

�ts inside R

i

( t ) and is used as initial datum for a new activ e barrier.
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R (t)

i-1

i

i+1

R  (t)

S (t)
-

x

u

Pinched

R  (T )*

u(x,T )*

u(x,t)

Figure 7. The solid lines sho w the ex-

p ected b eha vior of the solution u ( x; t )

at di�eren t times, the dashed lines

denote the outer- ( S

�

( t )) and inner-

( R

i

( t )) barriers.

Since A is su�cien tly large, eac h of the R

i

is gro wing with sp eed b ounded from b elo w. Th us

there exists a certain time T

�

suc h that for some i , the R

i

will touc h its p erio dic extension on the

v ertical line x � 0. If the motion of the outer barrier S

�

( t ) is so slo w that r

�

( T

�

) > 0 ; then the

solution cannot remain as a graph, leading to an example of pinc hing.

The ab o v e pinc hing phenomena can certainly b e handled b y the lev el-set form ulation as in (3).

On the other hand, this example is not to o m uc h di�eren t from the �ngering example. If the

detac hed p ortion around the obstacle S

�

( t ) p ersists for a long time, it can b e view ed as a part of

\detac hed" �ngers. In order to sho w a homogenization result for suc h kind of situation, in a sense

w e still need a solution whic h remains b ounded in some appropriate mo ving frame. This pro vides

w ork for further in v estigation.

A Classical Estimates for Mean Curv ature Flo w with F orcing

This app endix pro v es Theorems 6 and 7 . Since w e already ha v e space-time uniform gradien t

estimates, w e could in principle in v ok e w ell-kno wn results for quasilinear parab olic equations, in

particular, the in terior Sc hauder estimates to pro v e the existence of classical solutions starting from

Lipsc hitz initial data. Ho w ev er, in order to tak e adv an tage of the structure of the equation and

see ho w the constan ts are computed in the estimates, w e will use a more geometric approac h as in

[17 , 12 , 13 ]. As the o v erall strategy is already presen ted quite clearly in the cited references, w e

only outline here the main steps needed in extending the results to handle equation (6).

Let

�

�( t ) � R

n +1

: t � 0

	

b e parameterized as �( p; t ) so that its motion la w is giv en b y (1), i.e.

@

@ t

�( p; t ) = V

N

� ( � is the unit normal of �( t )).
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The follo wing notations (with Einstein con v en tion) will b e used:

g

ij

=

�

@ �

@ p

i

;

@ �

@ p

j

�

(�rst fundamen tal form)

�

h � ; �i = standard inner pro duct in R

n +1

�

g

ij

= in v erse of ( g

ij

), i.e. g

ik

g

k j

= �

i

j

h

ij

= �

�

@

2

�

@ p

i

@ p

j

; �

�

=

�

@ �

@ p

i

;

@ �

@ p

j

�

(second fundamen tal form)

H = g

ij

h

ij

(mean curv ature)

j A j

2

= g

ij

g

k l

h

ik

h

j l

r

�

= gradien t op erator on the tangen t space of �

�

r

�

' = g

ij

[ @

p

i

' ] @

p

j

�

�

4

�

= Laplace Beltrami op erator on the tangen t space of �

�

4

�

' =

1

p

g

@

p

i

�

p

g g

ij

@

p

j

'

�

�

where ' is an arbitrary function de�ned on � and g = det( g

ij

).

Let �

t

= f ( x; u ( x; t )) : x 2 R

n

g so that it has a graph represen tation o v er a h yp erplane with

normal v ector � = (0 ; : : : ; 0 ; 1), then w e ha v e the follo wing explicit form ulas: ( r is the gradien t

op erator with resp ect to x 2 R

n

)

� =

1

z

( �r u; 1) ; g

ij

= �

ij

+ u

x

i

u

x

j

; g

ij

= �

ij

� �

i

�

j

; h

ij

= �

1

z

u

x

i

x

j

(52)

where z =

q

1 + jr u j

2

= h � ; � i

� 1

and � =

u

x

i

z

. F urthermore,

H = �

1

z

�

�

ij

� �

i

�

j

�

u

x

i

x

j

and j A j

2

=

1

z

2

g

ij

g

k l

u

ik

u

j l

:

W e further remark that up to tangen tial di�eomorphism, the geometric ev olution (1) is equiv alen t

to the graph equation (6) (see [13 , pp 549]) whic h is written again here in the follo wing form:

u

t

= g

ij

u

x

i

x

j

+ �

q

1 + jr u j

2

f ( O

�

( x; u )

T

) : (53)

F or simplicit y , w e set � = 1. As seen in the follo wing deriv ation, this will not a�ect the result,

as the smallness of � is only used in deriving the gradien t b ound ( Theorem 10 ). Once this is done

or assumed, � do es not pla y a role in deriving higher regularit y .

W e no w write do wn the ev olution equations for the imp ortan t geometric quan tities relev an t

for our estimates. (In the follo wing, the sym b ol C ( � ) denotes some general constan t whic h migh t

dep end on its argumen t(s).)

@ �

@ t

= g

ij

�

@ �

@ t

;

@ F

@ p

i

�

@ F

@ p

j

= � g

ij

�

� ;

@

@ p

i

�

@ F

@ t

��

@ F

@ p

j

= � g

ij

�

� ;

@

@ p

i

( V

N

� )

�

@ F

@ p

j

= � g

ij

@ V

N

@ p

i

@ F

@ p

j

= �r

�

V

N

= r

�

H � r

�

f (54)
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@ g

ij

@ t

=

�

@

@ p

i

�

@ F

@ t

�

;

@ F

@ p

j

�

+

�

@ F

@ p

i

;

@

@ p

j

�

@ F

@ t

��

=

�

@

@ p

i

( V

N

� ) ;

@ F

@ p

j

�

+

�

@ F

@ p

i

;

@

@ p

j

( V

N

� )

�

= V

N

�

@ �

@ p

i

;

@ F

@ p

j

�

+ V

N

�

@ F

@ p

i

;

@ �

@ p

j

�

= 2 V

N

h

ij

= ( � 2 H + 2 f ) h

ij

(55)

@ g

ij

@ t

= � g

ik

@ g

k l

@ t

g

l j

= � 2 V

N

g

ik

g

l j

h

k l

= (2 H � 2 f ) g

ik

g

l j

h

k l

(56)

@ h

ij

@ t

= �

@

@ t

�

@

2

F

@ p

i

@ p

j

; �

�

=

�

@

2

@ p

i

@ p

j

�

�

@ F

@ t

�

; �

�

�

�

@

2

F

@ p

i

@ p

j

;

@ �

@ t

�

=

�

@

2

@ p

i

@ p

j

( � V

N

� ) ; �

�

�

�

@

2

F

@ p

i

@ p

j

; �r

�

V

N

�

=

�

@

2

@ p

i

@ p

j

( H � ) ; �

�

�

�

@

2

F

@ p

i

@ p

j

; r

�

H

�

�

�

@

2

@ p

i

@ p

j

( f � ) ; �

�

+

�

@

2

F

@ p

i

@ p

j

; r

�

f

�

= 4

�

h

ij

� 2 H g

l m

h

il

h

mj

+ j A j

2

h

ij

�

�

@

2

@ p

i

@ p

j

( f � ) ; �

�

+

�

@

2

F

@ p

i

@ p

j

; r

�

f

�

(57)

@ j A j

2

@ t

=

@

@ t

( g

ik

g

j l

h

ij

h

k l

) = g

ik

;t

g

j l

h

ij

h

k l

+ g

ik

g

j l

;t

h

ij

h

k l

+ g

ik

g

j l

( h

ij

)

;t

h

k l

+ g

ik

g

j l

h

ij

( h

k l

)

;t

= 4

�

j A j

2

� 2 j r

�

A j

2

+ 2 j A j

4

+ ( I ) + ( I I ) (58)

where

( I ) = � 2 f h

ik

g

j l

h

ij

h

k l

� 2 f h

j l

g

ik

h

ij

h

k l

so that j ( I ) j � C ( F ) j A j

3

( I I ) = g

ik

g

j l

h

k l

�

�

�

@

2

@ p

i

@ p

j

( f � ) ; �

�

+

�

@

2

F

@ p

i

@ p

j

; r

�

f

��

+ g

ik

g

j l

h

ij

�

�

�

@

2

@ p

k

@ p

l

( f � ) ; �

�

+

�

@

2

F

@ p

k

@ p

l

; r

�

f

��

Note that

�

@

2

@ p

k

@ p

l

( f � ) ; �

�

=

�

@

2

f

@ p

k

@ p

l

� +

@ f

@ p

k

@ �

@ p

l

+

@ f

@ p

l

@ �

@ p

k

+ f

@

2

�

@ p

k

@ p

l

; �

�

=

@

2

f

@ p

k

@ p

l

� f

�

@ �

@ p

k

;

@ �

@ p

l

�

so that

j ( I I ) j � C ( F ) j A j + C ( F ) :

Hence w e ha v e:

@ j A j

2

@ t

� 4

�

j A j

2

� 2 j r

�

A j

2

+ 2 j A j

4

+ C ( F ) j A j

3

+ C ( F ) : (59)
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Finally , w e need the ev olution equation for z :

@ z

@ t

=

@

@ t

h � ; � i

� 1

= � z

2

h @

t

� ; � i = z

2

h�r

�

H ; � i + z

2

hr

�

f ; � i (60)

so that

@ z

@ t

� 4

�

z � j A j

2

z �

2

z

jr

�

z j

2

+ C ( F ) z

2

: (61)

W e are no w ready to pro v e the stated Theorems .

A.1 Pro of of Theorem 6 { Existence of Classical Solution

The main p oin t here is that the initial data is only assumed to b e Lipsc hitz. In order to pro v e the

existence of classical solution, w e need apriori estimates for the second deriv ativ es or equiv alen tly ,

the second fundamen tal form. This is pro vided b y the follo wing lemma on the interior in time

estimate for the curv ature.

18 Lemma. L et f �

t

: t � 0 g b e a classic al solution of (6) such that k z k

L

1

( R

n

� R

+

)

� N

�

< 1 .

Then, for al l T > 0 , ther e exists a c onstant C ( N

�

; F ; T ) such that for 0 � t � T ,










j A j

2

( � ; t )










L

1

( R

n

)

� C ( N

�

; F ; T )

1

t

: (62)

Pr o of. The pro of follo ws v ery m uc h the strategy of [13 , Theorem 3.1]. Hence only the k ey steps

will b e outlined.

Let ' b e a p ositiv e increasing function (to b e determined). Then

( @

t

� 4

�

)

h

j A j

2

' ( z

2

)

i

= j A j

2

'

0

( z

2

)2 z z

t

+ ' ( z

2

)( j A j

2

)

t
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�

�

j A j

2

'

0
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2

)2 z r

�

z + ' ( z

2

) r

�

( j A j

2

)

�

= j A j

2

'

0

( z

2
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t

� 4

�
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2

)

h

( j A j

2

)

t

� 4

�

j A j

2

i

� 4 '

0
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2
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r

�

j A j

2
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�

z

�
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2

'

0 0
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2

)4 z

2
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�

z j

2

� j A j

2

'

0

( z

2

)2 j r

�

z j

2

� 2

�

' ( z

2

) � '

0

( z

2

) z

2

�

j A j

4

� 2 ' ( z

2

) j r

�

A j

2

� (6 '

0

( z

2

) + 4 '

0 0

( z

2

) z

2

) j A j

2

jr

�

z j

2

� 2




r

�

j A j

2

; r

�

' ( z

2

)

�

+ C ( F ) z

3

'

0

( z

2

) j A j

2

+ C ( F ) ' ( z

2

)

h

j A j

3

+ 1

i

� 2( ' � '

0

z

2

) j A j

4

� '

� 1

D

r

�

' ; r

�

( j A j

2

' )

E

� (6 '

0

(1 � '

� 1

'

0

z

2

) + 4 '

0 0

z

2

) j A j

2

jr

�

z j

2

+ C ( F ) z

3

'

0

j A j

2

+ C ( F ) ' ( z

2

)

h

j A j

3

+ 1

i

:

Up on c ho osing ' ( s ) =

s

1 � k s

where k is some small p ositiv e n um b er (to b e determined), w e ha v e:

( @

t

� 4

�

)

h

j A j

2

'

i

� � k

h

j A j

2

'

i

2

� '

� 1

D

r

�

' ; r

�

( j A j

2

' )

E

+ C ( F ) z

3

'

0

j A j

2

+ C ( F ) '

h

j A j

3

+ 1

i

:

As k z k

1

� N

�

< 1 , w e can c ho ose k = k ( N

�

) small enough that ' ( z

2

) and its deriv ativ es

are all uniformly b ounded. Note that ' ( z

2

) is also b ounded from b elo w as z � 1. The presence
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of � k

h

j A j

2

'

i

2

is crucial. It is the re
ection of the fact that the equation is uniformly parab olic

(as the gradien t is assumed to b e uniformly b ounded). It can b e used to absorb the j A j

2

and j A j

3

terms. By in tro ducing B = j A j

2

' ( z

2

) and c hanging the constan ts, w e th us arriv e at:

( @

t

� 4

�

) B � � k B

2

� '

� 1

hr

�

' ; r

�

B i + C ( F ; N

�

) :

No w consider the equation satis�ed b y the quan tit y tB :

( @

t

� 4

�

)( tB ) = t ( @

t

� 4

�

) B + B � � k tB

2

� t'

� 1

hr

�

' ; r

�

B i + tC ( N

�

; F ) + B :

F urthermore, the quan tit y ' ( z

2

) satis�es:

( @

t

� 4

�

) ' � � 2 z

2

'

0

j A j

2

+ C ( N

�

; F ) z

3

'

0

:

Th us w e ha v e:

( @

t

� 4

�

)( tB + ' ) � � k tB

2

+ B � '

� 1

h r

�

'; r

�

( tB + ' ) i + C ( N

�

; F )( j A j

2

+ 1) + tC ( N

�

; F )

� � k tB

2

+ C ( N

�

; F ) B � '

� 1

h r

�

'; r

�

( tB + ' ) i + tC ( N

�

; F )

� � k B [ tB � C ( N

�

; F ) B ] � '

� 1

hr

�

' ; r

�

( tB + ' ) i + tC ( N

�

; F )

(where in the ab o v e w e ha v e made used of the fact that jr

�

' j

2

� C ( N

�

) j A j

2

).

No w supp ose sup

t 2 [0 ;T ]

[ tB + ' ( z

2

)] equals some constan t M > 0. Assume that the sup is attained

at p

�

and t

�

. Then w e ha v e

0 � � k

�

M � ' ( z

2

)

t

�

�

M � ' ( z

2

) � C

�

+ T C

�

�

�

�

( p

�

;t

�

)

whic h leads to a con tradiction up on c ho osing M = M ( N

�

; T ; F ) large enough. The argumen t can

b e lo calized in space as done in [13 ] or w e can also use the similar device as in page 10 b y c ho osing

appropriate ( p

( j )

�

; t

( j )

�

)'s suc h that tB + ' con v erges to the sup . The same pro of then go es through.

The desired in terior in time estimate (62) is th us established.

With the ab o v e apriori b ounds, Theorem 6 can b e pro v ed using appro ximation of the initial

data. F or smo oth initial data, the result follo ws b y Sc hauder Fixed P oin t Theorem. The estimates

of Corollary 4 lead to uniform gradien t b ound whic h then giv es a curv ature b ound whic h dep ends

only on the gradien t. The uniqueness and global in time existence of solution also follo ws easily

from standard argumen ts.

A.2 Pro of of Theorem 7 { Gradien t Deca y Estimate

The tec hnique is initiated b y [18 ] for the elliptic case. The computation here follo ws closely to that

of [15 , Theorem 5.2], making use of the graph equation (6) (or (53)).
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W e �rst recall the notations of (52). F urthermore, let







D

2

u







2

=

P

ij

u

2

x

i

x

j

. Then (60) tak es the

follo wing analogous form:

z

t

= g

ij

z

x

i

x

j

�

1

z

g

ij

g

k l

u

x

k

x

i

u

x

l

x

j

�

2

z

g

ij

�

k

�

l

u

x

i

x

k

u

x

j

x

l

+ �

k

( � z f )

x

k

(63)

or more compactly written as:

z

t

= g

ij

z

x

i

x

j

�







D

2

u







2

z

+

hr u; r z i

2

z

3

+ �

�

h r u; r z i

z

f ( x; u ) + hr u; r

x

f ( x; u ) i + jr u j

2

f

u

( x; u )

�

:

(64)

F urthermore, the symmetric matrix

~

G = ( g

ij

) satis�es:

~

G = I � � 
 � = (1 � j � j

2

) I + j � j

2

�

I �

�

j � j




�

j � j

�

� (1 � j � j

2

) I =

1

z

2

I (65)

so that

~

G is p ositiv e de�nite with its smallest eigen v alues equal to

1

z

2

.

No w w e pro ceed to pro v e the Theorem . Without loss of generalit y , w e restrict our atten tion to




R;T

= f ( x; t ) : 0 � j x j � R ; 0 < t < T g . By adding a constan t to u , w e can assume � 3 M � u �

� M < 0 so that k u k

L

1

( R � R

+

)

� 3 M . Let u (0 ; T ) = � m < 0.

De�ne h ( x; t ) = � ( x; t ) z ( x; t ) where

� ( x; t ) = e

K � ( x;t )

� 1 and � ( x; t ) =

�

u ( x; t )
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t

T

�

1 �

j x j

2

R

2

��

+

and the constan t K is to b e determined.

Consider the expression Lh = g

ij

h

x

i

x

j

� h

t

whic h equals �Lz + z L� + 2( � )
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i

z

x
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�
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( � )
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( � )

x

j

z
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. As ( � )
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i
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h

x

i
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x

i
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, w e ha v e:
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No w estimate: Lz � 2

g

ij

z

z

x

i

z

x

j

and L� . Using (63) and (65), the former is estimated as:
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=

1

z

g

ij

g

k l

u

x

k

x

i

u

x

l

x

j

+
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2
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:

F urthermore, as

�

�
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2
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k

D

2

u

k
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2
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D

2

u

k

z
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jr u j

2

z

1
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D
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1

2

k

D

2

u

k

2

z
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1

2

�

2
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5

C ( F ) whic h giv es

Lz � 2

g
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z

z

i

z

j

�

1
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D

2
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2

z

5

� C ( F ) � z

2

(1 + � z

3

) : (66)
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F or L� , w e ha v e

L� = K

2

e

K �

g
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( � )
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�

(from (65)) :

Note that
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i
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:

Hence
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K �
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: (67)

Com bining (66) and (67), w e sequen tially estimate Lh from b elo w:

Lh � 2
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�
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�
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: z

2

( x; t ) � 2

�
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2
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: (68)

On D , w e ha v e:
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i
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1

T

�

� � C ( F ) z (1 + � z

3

)

�

� z e

K �

�

K

2

16 m

2

� 4 �

2

z

2

C ( F ) �

16 m

2

T

2

� � C ( F ) z (1 + � z

3

)

�

:

Let z

�

= sup

t 2 [0 ;T ]

k z ( t ) k

1

. If w e c ho ose:

K �
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�
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�
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g
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Observ e that (0 ; T ) 2 spt � . Assume (0 ; T ) 2 D , otherwise z (0 ; T ) �

p
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�
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R

�

. By maxim um

principle, w e ha v e h (0 ; T ) � max
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h ( x; t ), i.e.

�

e
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leading to

z (0 ; T ) �

p

2

�

1 +

4 m

R
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�
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p

3

�

4 m

T
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(69)

No w let N

0

= k z (0) k

1

. By (14) of Corollary 4 , w e ha v e z

�

�

�

Z := N

0

+ C ( F )

p

� N

2

0

(1 + M )

for � � �

1

( N

0

; M ; F ). Hence the result will follo w if w e c ho ose N

0

suc h that

p

2

�

1 +

4 M

R

� �

exp

�

2 M

p

3

�

4 M

T

+ C ( F )(

p

�

�

Z + �

�

Z + �

�

Z

2

)

� �

+ 1

�

�

N

0

2

: (70)

If � is small enough, suc h a c hoice for N

0

is alw a ys p ossible and it can b e b ounded from b elo w and

ab o v e b y t w o constan ts N

1

( T ; M ; F ) and N

2

( T ; M ; F ). The whole Theorem is th us pro v ed.
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