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Abstract

The Vlasov-Poisson system describes interacting systems of collision-
less particles. For solutions with small initial data in three dimensions
it is known that the spatial density of particles decays like ¢~2 at late
times. In this paper this statement is refined to show that each derivative
of the density which is taken leads to an extra power of decay so that in
N dimensions for N > 3 the derivative of the density of order k£ decays
like t~N =% An asymptotic formula for the solution at late times is also
obtained.

OPTIMAL GRADIENT ESTIMATES AND ASYMPTOTIC
BEHAVIOUR FOR THE VLASOV-POISSON SYSTEM WITH
SMALL INITIAL DATA.

Hyung Ju Hwang!, Alan D. Rendall?, Juan J. L. Veldzquez3

1 INTRODUCTION

The Vlasov-Poisson system provides a statistical description of the dynamics of a
large number of particles which are acted on by a force field which they generate
collectively. One class of applications of this system is in plasma physics where
the force is electrostatic and the particles are electrons or ions [10]. Another is
in stellar dynamics where stars play the role of particles. The particle treatment
is justified in models of galaxies where the distance between stars is much larger
than their diameters. In this case the force is gravitational [2]. The equations
in these two cases only differ by a sign and a lot of the mathematical theory
works in exactly the same way for both. This applies in particular to the results
of this paper. For surveys of results on the Vlasov-Poisson and related systems
see [8] and [1].

The distribution function f of the particles satisfies the Vlasov equation
while the potential ¢ for the field satisfies the Poisson equation. The function
f depends on time ¢, the spatial point z € R? and the velocity v € R3. It is
natural to pose an initial value problem with f being prescribed at ¢ = 0. For an
initial datum which is C! and has compact support it is known that there exists
a unique corresponding C! solution, globally in time [18], [15]. The support of
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f is compact at each fixed time ¢ and an important diagnostic quantity is P(t),
the supremum of |v| over the support of f at time ¢. Estimates are known for
P(t) [12] and these imply estimates for ||p(t)|| L~ where p, the spatial density of
particles, is given by p(t,z) = [ f(t,z,v)dv. We have P(t) < C(1+t)log(2+1).
Unfortunately these estimates seem far from optimal. They are the same for
the plasma physics and stellar dynamics cases. Intuitively it is to be expected
that the optimal estimates differ in these two cases. In the stellar dynamics
case there exist time-independent solutions so that ||p(t)||-~ does not decay in
general. In the plasma physics case decay estimates for integral norms of p are
established in [13] and [17]. The pointwise estimates can also be improved to
give a bound for P(t) of the form C(1 4 )%/3 [21].

It is possible to consider the analogue of the Vlasov-Poisson system in higher
dimensions. It is, however, known that global existence fails in four space di-
mensions [11]. An explicit example of singularity formation and information on
the asymptotics of solutions near a singularity were obtained in [14].

There is a case where much more is known about the long-time asymptotics
of solutions of the Vlasov-Poisson system, namely that of small initial data.
The first global existence theorem for that case due to Bardos and Degond [3]
naturally comes with decay estimates. They show that

o)l < C(1+1)7°

If the data are sufficiently differentiable then the same techniques should lead
to estimates of the form

ID*p(t)l|z~ < C(1+1)7°

but they do not give more. In this paper we apply new techniques to this
problem to obtain estimates of the form

|DFp(t) || < C(141)3F

for solutions with small initial data. Furthermore, we obtain asymptotic expan-
sions for these solutions.

Note that there are a number of generalizations of the results of [3] in the
literature. The fully relativistic generalization of the plasma physics problem is
given by the Vlasov-Maxwell system. An analogue of the result of [3] in that
case was proved in [9]. In the stellar dynamics problem the fully relativistic
generalization is the Einstein-Vlasov system [24] which is much more compli-
cated. A small data global existence theorem in the spherically symmetric case
was obtained in [22]. A related system which is physically incorrect but mathe-
matically interesting is the Vlasov-Nordstrom system for which there is a global
existence theorem [5]. Surprisingly it seems that no analogue of the asymp-
totic result of [3] has been proved for this system. There are generalizations
of the results for solutions of the Vlasov-Poisson and Vlasov-Maxwell systems
with small data to almost spherically symmetric data [25],[19]. There are also
results for solutions of the Vlasov-Poisson system with non-standard boundary



conditions which are relevant to cosmology [23], [20]. Global existence has also
been proved for some cosmological solutions of the Einstein-Vlasov system with
symmetry. See for instance [26]. It would be interesting to extend the results
of this paper to some of the cases mentioned in this paragraph.

This paper was motivated by the wish to prove a small data global existence
theorem for the Einstein-Vlasov system which does not require any symmetry as-
sumptions. To understand the difficulty of this problem note first that even the
vacuum Einstein equations, from the present point of view the Einstein-Vlasov
system with f = 0, are very hard to handle mathematically. The landmark
work of Christodoulou and Klainerman on small data global existence for the
vacuum Einstein equations [6] is so complicated as to discourage any attempts
to incorporate matter. The more recent alternative proof of Lindblad and Rod-
nianski [16] looks much more promising. Nevertheless, it seems to require good
decay estimates for higher derivatives, i.e. estimates similar to those proved for
the Vlasov-Poisson system here.

The Vlasov-Poisson system in N dimensions reads

fi4+v-Vof +9Ved-Vof =0, z€RY [t>0 (1.1)

Agb:/RNfdvEp(x,t) , zeRY >0 (1.2)

where f = f(x,v,t). In the following we assume that f (z,v,0) = fo(z,v)
has finite L' norm and N > 3. The sign v = +1 corresponds to the plasma
physics and gravitational problem respectively. Since the results of this paper
apply equally to both cases, we will restrict our analysis to the case v = 1. No
sign condition on fj is needed. However, some additional decay properties for
fo (z,v) will be assumed.

Global existence and decay estimates for the Vlasov-Poisson system were
studied in [3] in three spatial dimensions under suitable smallness and regularity
assumptions for fy. These estimates are optimal in the rate of decay for the
density p since, for small compactly supported initial data, the volume of the
support of p can be bounded by C (1 +t)3’ so that if the decay in L was
stronger than (14 ¢)~%, the total number of particles (i.e. the L' norm of p)
would decay, leading to a contradiction due to the conservation of that quantity.
However, they do not provide the optimal rate of decay for the derivatives that
could be expected on dimensional grounds.

For small initial data the dynamics of the Vlasov-Poisson system might be
expected to be dominated by the free streaming part of the equation:

Jt+v-Vif=0

because the term V,¢ - V,f is quadratic in the density. (Actually this is a
consequence of the Bardos-Degond analysis). If we assume that the dynamics
of the problem is dominated by the free streaming regime as ¢ — oo and the
initial density of particles is, say, compactly supported (fast enough decay works
similarly), the velocities of the particles would be bounded by a number of order



one. Therefore, the support of the density p would spread linearly. The field V¢
generated by a particle density with finite mass spread over a region of order ¢
decreases as t% as can be easily seen by means of a rescaling argument. Notice
that a posteriori this provides a justification for the assumption that was made
before concerning the finiteness of the deviation of the velocities of the particles
due to the interaction of the field.

The main contribution of this paper is the development of a technique that
allows us to obtain optimal decay estimates for the solutions of the VP system
in N-dimensional space. More precisely, the rescaling argument sketched above
suggests that the particles spread into a region of volume ¢V in the z-coordinate.
Since the total mass of the particles is of order one it would be natural to expect
the following estimates for the density

pl< ———
ol t+1)N

Vol < —
\ p|_(t—|—1)N+1

Vil < ————

Vkpl < ——
’ p| = (t+1)N+k

The first estimate was obtained by Bardos-Degond for the case N = 3 and
can be similarly extended to the case N > 3. Our method allows us to obtain
the corresponding estimates for the derivatives for small initial data.

The basic idea of the method is as follows. It is easy to see self-similar be-
haviour for the density (and the derivatives) in the free streaming case. Indeed,
in that case, integration along characteristics yields

f(x,v,t) = fo(z—vt,v)

whence:

plat) = [ flaotydo= [ foovto)do
In order to obtain self-similar behaviour we make the change of variables

rog =T — vt

ov
d il
et (3330)

1 _
P(%t):tw/fo (»’lﬂoaﬁj tx())dxo

dv =

dl’o = twdl’o

whence:




In the limit ¢ — oo this formula yields the self-similar behaviour in the region
where |z| is of order ¢:

p(x,t) ~ tiN /fo (9307 %) dxog = tinfs (%) (1.3)

Here the asymptotic free streaming density ps, is given by

prs (y) = /fo (zo,y) dxo

Notice that (1.3), at least formally, provides the desired estimates for the
derivatives of p. The key idea of our argument is a method for generalizing this
method to the full VP system with small initial data. The main point is the
following. Suppose that the characteristics starting at xg, vy reach the points
x, v at time ¢. Assuming suitable invertibility conditions any pair of variables
in the set (o, vo,2,v) can be used as a set of independent variables in order
to represent the others. The previous argument for the free streaming case
suggests using x, zo as independent variables. However, in order to determine
the functions that provide vg, v in terms of x, zq it turns out to be necessary
to solve a boundary value problem for the characteristic equations. The main
argument of this paper consists in proving that such a boundary problem can
be solved for small initial densities and that the corresponding solutions of such
a boundary value problem satisfy suitable regularity and decay estimates.

Using a similar method it is possible to obtain not only estimates for the
derivatives of the density, but also convergence of the solutions of the VP system
to a self-similar solution. More precisely, we rewrite the problem using the self-
similar variables y = (ti—l), v=w 17=log(t+1), f= ﬁg and after
integrating the resulting equations along characteristics we replace the variables
(y,v) by (y,yo). This change of variables requires the solution of a boundary
value problem for the characteristic equations analogous to the one described
above. Such a boundary value problem can be analyzed in detail as 7 — oo,
and this provides the asymptotic behaviour of the density p as ¢ — oo. One of
the relevant results of the analysis is the fact that although the asymptotics of
the solutions is self-similar, the precise function describing the asymptotics of
the density depends in a very sensitive manner on the choice of the initial data
fo (z,v) . This analysis is done in the last section of the paper.

The paper is organized as follows. In Section 2, we derive estimates for the
density and its derivatives. In Section 3, we prove convergence to the self-similar
solution. Throughout the paper, C' > 0 will denote a generic constant that may
change from line to line and is independent of ¢, g, fo.

2 ESTIMATING p AND ITS DERIVATIVES.

2.1 The main result.

We will use the following function spaces extensively.
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where 0 < o < 1.

k42
16y, =sup{(t+ D™ >+ DIV (0| o on (2.2)

{=1
)N—2+k+a Si |Vk+2¢ (Z‘,t) - Vk+2¢ (wlvt)|
p |x _ :C’|a

+(t+1

z,x’ ERN
The main result of the paper is the following Theorem:

Theorem 1 Suppose that fo (x,v) satisfies the following assumptions:

k £
S g g
| > K K
om0 08OV LT (L J2) (1 + [o)
(2.3)
" a*
k e (£,0) = grgat=m (2',0) co
sup —a < <, 0<a<l1,
m=0 z,z' ERN |1. -z | (1 + |UD
ak k
K T (2,0) = grgat= (2,0') o
sup @ < % =, 0<a<l1,
o v/ —v|<1 lv—v'| (1 +[z))™ (L + |v])

for some suitable K > N and €9 > 0 small enough. Then there exists a corre-
sponding solution of the Vlasov-Poisson system with

Ipllx, . < Ceo

A result analogous to Theorem 1 was proved in the case k = 0 under slightly
different assumptions on fy, by Bardos-Degond (cf. [3]). The main contribution
of this paper is to derive the optimal decay estimates for the derivatives of p.



2.2 A basic boundary value problem for the characteristic
curves.

We introduce some basic notation. Suppose that the characteristics starting at
(z0,v0) at time ¢ = 0 reach the point (x,v) at time ¢. The basic idea in the
paper is to use z, xy as independent variables to describe the values of v and
v9. More precisely, we will write:

v =w(x,xp,t) (2.4)
vo = wy (T, T, t) (2.5)

Note that the existence of the functions w, wy is assured by the implicit function
theorem as well as the estimates that we will derive later where it will be shown
that the change of variables is close to a change of variables that can be inverted
explicitly. By changing the variable v to z¢ in the integral with = and ¢ fixed,
it then follows, using (2.4) that

dv = |det (811) (aj,xo,t)) ‘ dzg
3x0
whence
0 , T, t
p(z,t) = f(z,v,t)= /f (20,v0) dv = /f(:lco,wo (x,20,1)) |det %ﬁw
RN

We now formulate the following auxiliary boundary value problem that de-
scribes the evolution of the characteristics starting at the spatial point xg at the
initial time and reaching the point x at time ¢ :

dX (s dV (s
4:V(s),ﬁzV(Z)(X(s),s),X(t):Jc,X(O):aco (2.6)
ds ds
Notice that the functions X (s), V (s) depend also on the variables z, xo, t.
However, for simplicity, we will not write the dependence on these variables
explicitly unless it is needed. We then rewrite the above characteristics as a
perturbation from those associated to the free streaming case as follows

dX (s) x — xg dy
PO v ()= T, B vo(x(3),5), X ()=, X () = 0,
ds t ds
(2.7)
where ¢ (s) = ¢ (s;x,20,t) is the perturbed value of the velocity with respect
to the free streaming case. Notice that in the limit of zero density p = 0, the
field ¢ vanishes and ¢ (s) = 0.
We examine the derivatives of the function ¢ (s) with respect to the variables

x, X, in order to derive suitable estimates for p. The density function p can be

represented as
ow
det ({955()) dﬂfo.

(2.8)

p(m,t):/f(x,v,t)dv:/fo(xo,V(O;x,w(t,x,xo),t))

dl‘o.



Along the characteristics, we have

oWy Ay s P2y,
on on t 8$0
where Iy is the N-dimensional identity matrix.
On the other hand, we wish to obtain estimates for the derivatives of p.
Suppose for the moment that we restrict our attention to the first derivative of
p with respect to z. Such a derivative is given by:

ov

% (z,t) :/% (zo, V (02, w (¢, 2, 70) , 1)) D (0) 'det (8330>

+ /fo (20, V (0;z,w (t,z,x0) , 1)) % Hdet <g§;) H dxg.

To estimate the first derivative of p reduces to derive estimates for:

ov oV 0*V
67(8_0)787.%0(8_ 781’8.’&)(8_ )
Equivalently
dp dp P

Notice that the equation of the characteristics (2.7) indicates that in order
to obtain bounds for two derivatives with respect to x, xg of the characteristic
curves we need to estimate three derivatives of the potential ¢. These are the
exact number of derivatives that can be expected to be estimated from the
Poisson equation under the assumption that % is bounded. Nevertheless, in
order to avoid the standard problems that arise in the regularity estimates for
the Poisson equation in the spaces C*, it is necessary to work with the Holder

spaces CF.

2.3 Estimates on the regularity and the rate of decay of
v (s;x,x0,t) in terms of the properties of the potential

0.

We present a key a priori estimate for ¢ in terms of ¢ in the following Propo-
sition. We define two norms with respect to the spatial variable x.

Definition 2 For u(-) € L* (RV),

[l oo () = ess sup |u(z)],
z€RN

For u(-) € C% (RY),

lu (21) — u (22)]
U = sup ——F——2%
[lo e o oraneRN |71 — x|



For notational simplicity, in the following, we will use [|u ($)[| ;.o () » [t (8)]g 4, ()
instead of ||u (s; -, o, ) ||Loc(z) [ (85, 20, t)]o’a,(m), which in fact depend on s, xg,

and ¢. For example, [g—i (5)} .

will denote [g—i (s; o,xo,t)}

a,(z) 0,a,(x) '

Proposition 3 Suppose that
||¢HYM < ¢o

for a suitable eg > 0 sufficiently small. Suppose that t > 1. Then, the following
a priori estimate holds:

dyp
or (s)
0%

t sup
0<s<t

0

1l sup {(’0 (5)] < ||¢HY1 o

Lo (x) o<s<t | Ox 0,a,(z) ’
2

4t [ 92 + 12
61‘0 0,a,(x)

t
ds 4+t / [3(,0 (s)] ds
Lo () 0 Oz 0,a,(x)

2 t 82
+ t1+“/ [ Ld (s)] ds
Lo (x) o LOz0zo 0,0,()

82
+ 2t [ t ] <C
axaxo ( ) 0.00(2) ||¢HY1,C¥

H 3x0

L= () L= ()

aw()

8x0
t a ©
/ds 0xdxg )

<6y, .

for some suitable constant C' > 0 independent of t, £g.

Proposition 3 is the main new technical result of the paper. This estimate
provides optimal decay properties for the derivatives of the characteristics in
terms of the decay properties of the derivatives of the potential ¢.

Furthermore, we derive a generalization of Proposition 3 under additional
regularity and decay assumptions for the potential ¢ :

Proposition 4 Suppose that
6y, . <o, £>2

for a suitable eg > 0 sufficiently small. Suppose that t > 1. Then, the following
estimates hold:

k k 0+ 85@
t" su S + 7 sup | == (s <C
; O<sgt dzk ( ) Lo (z) Ogsgt {8# ( ):| 0,0,(2) H¢||Yz,a
(2.9)
4 t k+1 ¢ o1
Oy 9ty
i s ds+ﬂ+a/ { 5} ds < C
I; 0 Ok drg ) Lo (x) 0 a%eamo( ) 0,0,() H(ZS”YZ,Q
(2.10)
£
3€+1¢
t5+1+a 2 ¥ <C
2 &ﬁ&m@)Lﬂw+ bﬂ&m<ﬂmwm_ Iélly,..
(2.11)



for some constant C > 0 independent of t, €p.

2.3.1 Preliminary results: Integral equation satisfied by ¢ (s, x, zg, t) .
The perturbed velocity ¢ (s) satisfies the following integral equation

Lemma 5 ¢ (s) = ¢ (s;xz,x0,t) in (2.7) satisfies the integral equation

p(s) = —[G<£)d£+1/0tgc<g)dg, (2.12)

where
G =Ve(X(§).9), (2.13)
X(f)zmo—l-x_txoé—&-/:go(s)ds. (2.14)

Proof. We integrate (2.7) to obtain

Tr — X

<p(8):<p(0)+/OSG(§)d§, X (s) =x + S—I—/Osgo(E)dE. (2.15)

The boundary condition X (t) = z yields
t
/ v (s)ds =0. (2.16)
0

Therefore, integrating the first equation in (2.15) from s = 0 to s = ¢ and using

(2.16), we have .
2 (0) = —%/0 [/OSG@)df} ds.

Thus, we obtain from (2.15)

er=-1 [ [ @i+ [(a@ae

By changing the order of integration in the first integral on the right-hand side
of this formula, we deduce (2.12). =

Note that
r — X

V() =V (t;z,x0,t) = v =w(x,z0,t) = + o (t;z,x0,t),

V(0) =V (0;z,x0,t) = vg = wo (x,x0,t) = x;% + ¢ (0;x,x0,1) .

The integral equation (2.12), (2.13), (2.14) is the key ingredient that will
be used to derive optimal regularity and decay estimates for the functions
w(x,zo,t), Vo(x,zo,t). As a first step we prove that the solutions of (2.12),
(2.13), (2.14) are well defined if ¢ is small enough.

10



Lemma 6 (Solvability) Let k > 0 be an integer. There exists g > 0 such that,
foranyt>1, x € RN, 2q € RN and any function ¢ satisfying

I6lly, . < o,

there exists a unique solution ¢ (-) = ¢ (;z,z0,t) € C([0,t]) of (2.12), (2.13),
(2.1)).

Proof. Let the space of functions for ¢ (s) be

r={occ.n: s o<1},
Let . .
T == [ G @i+ [ ©d (217)

where

— 4
Gw(@:w(mﬁ e [ so(@)dé,g)
0

We first show that J is a well-defined operator in the space X'. By definition,
we have
l6lly, .

G (O <NIVE ()l e () < Ern T

This yields

7@ )< [ 16, ©lde+1 [ €16, ©lde

. S R S
< 9l Uo 1+~ ! * t/o (1 +§)N‘1d€]

log (14t
<lolh,., |1+ 25 <clol,..

where we have estimated the last integral term using the fact that N > 3. This
idea will be used repeatedly in the following. Thus J (¢) is bounded for all
t and J is well-defined in the space X. We next show that the operator J is
contractive. Taking the difference of J (¢1) and J (1) yields

T (o= (2] (5) = = [ 161 (€)= G (e [ €16 (6= G (@) .

11



Using the definition of ||¢[;, , we have

sup [[J (#1) = T (2)] (s)]

0<s<t

< [ 176l | [ o1 0= o] a4 /tfuvz e [/ e
§||¢|yml/ [/ 61 (5) — 2 (5) ds | dg + + / 5+1 V o1 (5

log (t+1
< Ceo sup [(o1 — 02) (5)| + Ceo% sup [(o1— @2) ()
0<s<t 0<s<t

< Ceo sup [(¢1 —2)(s)]-
0<s<t

Thus we can choose ¢¢ small enough such that Cey < 1 in the above inequality
and conclude that J is contractive. Notice that C' is independent of ¢, zy, x and
€p can be chosen independently of these variables. Then by the Banach fixed
point theorem, we deduce the existence and uniqueness for ¢ satisfying (2.12)
in the space X. m

Corollary 7 Let ¢ (s) be the solution in Lemma 6. Then we have

/Otso<s>dso.

Proof. Using (2.17) we derive the identity:

/Otﬂso)ds:

Therefore, using Lemma 6, we have

p=J(p).

This completes the proof of Corollary. m

Notice that this Corollary implies that the characteristics (2.7) satisfy the
desired boundary condition for X (s), i.e., X (t) = z.

We now turn to decay estimates for the density function p and its derivatives.
Before we proceed, we state some basic properties of the Holder norms.

Lemma 8

[£910,0,(z) < CLUIf I~ [9lo,a@) + 19l L [Flo,0 (@)}

for any f,g € L™ NC%,

[Fo.a@ < CIALL VT,

12

(5l dS]
ol



for any f € Whee,
[F 0 g q.@) < [Flo,ay@) IVEllze

for any F € C%® and any v € WH>,
Proof. The results in the lemma are standard estimates for Holder norms.
]

2.3.2 The proof of Proposition 3.

The proof of Proposition 3 follows from a sequence of lemmas. There are three
ideas that will appear repeatedly in all the remaining arguments of this paper.
Estimating terms like 36722 and its derivatives with respect to x, it is not possible
to obtain bounds for the rate of decay suggested by dimensional considerations
for all the values of s € [0,t]. It is, however, possible to obtain such optimal
decay estimates for the integrals of such terms in the interval [0,¢] as well as
for the time s = t which is the only one where such optimal estimates are
really needed. The second idea is that it is convenient to obtain, before deriving

99 (S)H ds. The
Lo (x)

Oxq

third idea is that the estimates for terms that do not contain derivatives with
respect xg are more easily obtained by directly estimating the supremum over
the interval [0,¢] and using Gronwall-type arguments, without any need for
estimating integrals over the interval [0, ¢].

pointwise estimates, integral estimates for terms like fg ’

Lemma 9 There exists g small such that for t > 1 and any function ¢ satis-
fying

Iy, <o,
we have .
dp
— (s ds < C|¢ , 2.18
[ am @], %<Clol. (218)
Hawu) gcwh“. (2.19)
8%0 Lo () t
Proof. Differentiating (2.12) with respect to xq yields
[J%) B Lo L[t 0
@ = [ gee@icr; [Gleoe @)
where, for simplicity G, = G. We now take 8%0 of (2.13)-(2.14) to get
9 2 9 2 ¢ ¢ 09
- = - = 1—2 it
55 G (O = VO (X (€. 5-X (O = Vo (X (9,0 [0~ )+ [ 2]

13



and since S < 1, we have

B ||¢>H olly,. ¢ o
P e la-Sre [12 505
To Lee () (5 + 1) t 0o %o Lo ()
¢
||¢HYM 1+/ 37@(5) s
=) o 1970 "l ()
Putting the above into (2.20) yields
Op ¢ 1 Sl g _
22 (s < Cllo /71+/ = (5 dsld¢ (2.21
Fel oo Sl [t [M 520 asie @an
Lte dp
+C o 7/71+/ ds)de.
161y, 3 i (§+1)N[ i g ) e ]

By integrating the above from 0 to ¢ and by the assumption, we obtain

t t 1 13
d _— dsldé | d
o s<Clol,., | V (HI)N[H/O o s] s
t
+OH¢>||Y01@/ £+1 ds)de

LOO(I)
< Cldlly,,, +Cliglly,,

Oy
8370

2 )

83:0

(s)

8.’170

5@
Big ()

ds

aso

d
8330 %

Le(z)

t
< Clglly, . +Ceo /

(s)

ds < fo ds

o, ( HLOQ(ac) Lo ()
and the fact that fo [f (§+1) }ds = fo m {fo ds} d¢ < C. Thus if g is
small enough so that Cey < 1/2, we get

where we have used the estimate fo ‘ 010 §)H

Op.
g (s)

ds < C'élly, . - (2.22)
L= ()

Putting s = ¢ in (2.21) and using (2.22) yields
9y

1t ¢ ¢ B}
e o] . Wi [ eipeie [ o ®

Nl 16l .
— —,
Thus we obtain (2.18) and (2.19). This completes the proof of the lemma. m

Oy

o dsld

Leoo(x)

A+ 19ly,,) < C—
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Lemma 10 There exists g small such that for ||¢|ly, =< e and t > 1 we have
the following decay estimates

¢
. aﬁ(s) gC” v ’ (2.23)
0<s<t (|07 | Loz t
t 2
/ % ’ ds < oMl : (2.24)
0 81’81’0 Lo (x) t
¢ 1ly,
< L 2.2
‘ 63}6.’170 ( )‘ Lo (2) — C t2 ( 5)

Proof. Differentiating (2.13)-(2.14) with respect to x we get

a%G (&) = V26 (X (€),¢) %X (&) = V2 (X (€),¢) [%1 + /O§ % (5) ds]
and thus
‘ia(&) . < (QQ:E)N %I—k Oggf(s)ds .
- (£|Jq:”1§1§‘1 (§+€1)t * (fil) /0§ %(5) ) ds]
- <£|f”1?;1 [% &7 /0E 7 ® o ds]'

Differentiating (2.12) with respect to « and using the estimate above, we obtain

‘ %i ) Lo (z) = ol /: €+ i)Nl [215 ’ (5Jlrl) /05 %;f ) Lo (2) dsl h
+Cllly, 1/ (“f)N_l [1 T /05 % (s) . ds] "
< c”¢|tY1,a +Clly,,. sup, Hgi O, e
+ Oy, G+ Clolly, B swp | 200
It then follows that, for ¢ > 1 :
e E S My oo, s 12209 BURCES

15



By the assumption, if £g is small enough, then we get

I
or (s)

sup
0<s<t

- CH¢||Y1"".
Lo (z) t

and (2.23) follows.

In order to derive (2.24) and (2.25), we compute 0°G_ 0%

93020 Dadb; USINgG (2.13),
(2.14) and (2.15):
O G(e) = V(X (€).6) LX(6) 2 X (€) + V26 (X (6).6) ——X (&)
0x0x¢ - " Oz Oz > 9z
£ 9, I3 Cop
Vo ©. 05T+ [ el D1+ [ 52 @as
) 3 82g0 o
FV(X 9.9 [ G )ds (2.27)
N e 1 [t 9
s (== | g (©de+ /0 o (OdE (229)

Taking the norm ||-[|;«, of this equation, integrating the resulting formula

with respect to s, using Lemma 9, (2.26), and the definition of [¢|ly. , we
obtain 7

t 2
/ o s ds
o ||0x0xq Lo ()
t Heate t 0*G
< d der/ ’ d
/0 U Szdzs ) L () y o *[|2zaz; L () ¢
0%

T A A 33 !
o fds | g+
sommpe [l [ e clol, | ]

a$8x0 y

o) U]

cﬁ
™~
+ |
— |
2

lly, . [t de €2 Il 9% boogde
+C Lo / +C|¢o / S ds /
t Jo (g+1)"H 19l o |19z ) L (x) o (€+1)Y
121l Bl 9%
< 1, d .
< Cit +CH¢||Y1,Q/O dxdzy s o) §
Thus if €( is small enough, we get
t 2
/ 0% < ds < C||¢||Y1,a
o ||0zdzq Lo (x) t

16



and (2.24) follows. We now set s = ¢ in (2.28) and use (2.27) to obtain

& 1/t 0?G
< Z -
‘ 0xdxg ®) L@ ¢ /0 5‘ 0x0xg (©) Lo (z) .
Cllo t 2 Cll¢ ¢ 3 2
- | |2|y/ §d€v+1+ | IIYLQ/ 5d5N/ aa;) 9 s
3 0o (£+41) 3 o (E+1)7 Jo ||0xdx0 Lo (x)

Cliélly,.  Cliells, 18]y,
= t2’+ t2YSC t2’

and the proof of Lemma 10 is complete. m

In order to complete the proof of Proposition 3, it only remains to obtain es-

2
timates for the Holder seminorms of 22, 22 9% These bounds are obtained
Ox? Oxg’ OxOxo

using ideas analogous to those used in the two previous lemmas.

Lemma 11 There exists €9 small such that fort > 1 and ||¢||y, = < o, we have
the following decay estimates: '

Dy 191ly,
- = 2.2
Osﬁlilﬁ)t [ax (8):| 0,c,(x) =€ gite ( 9)
t
/ [&P (5)] ds < 07||¢||y1,a , (2.30)
0 8.’13'0 0,a,(x) t
A } 191ly,
99 < L (2.31)
[8330 0,0, (x) et
tr 9% l2lly,
< ,a
/o [5’553170 (s)]o,a,(x) = O
Rt 191ly,
< = 2.32
[&Uaxo :|0,oz,(1:) =¢ e ( ’ )
Proof. Using Lemma 8 and (2.23), we get
9 £, [0
G&] <OV (X (&) ,9) f1+/—sds
{% (©) 0,a,(z) H ) )HL @ | 0 8x() 0,0, ()
¢ “ 3
: ra [mal e [
+C[Vv Qﬂo,a,(w) tIJr/O 9 (5)ds tIJr N
L= (z) Lee(z)
<Ol (o] gy Ol o
Y Jo L0r o (€)M
Clelly,., (S0 Cliolly, .,
< 71\,/ 8(5)] s+ — N3
&+1)" Jo Lox 0,00, (x) (E+1) tita

17



Differentiating (2.12) with respect to x, taking the Holder norm, and using the

previous estimate, we get

0y ) 1/t o
{83: ( ):| 0,a,(x) = /S |:8$G (g):| 0,a,(x) d§ * E/0 g |:axG

dg

121£+UN1

Clély,.,
- t1+0‘

Clolly, ,

6 t
+C|9lly, S {Bi( )]0 ()/S )"

©

0,a,(x)

£d¢

t2+a

Cliély, .

— t1+a

/t ¢de
o (€+1)N

+Clelly, .

where we have used that [51 + fE ai ds} . = [
0,a,(x

as the fact that, due to (2.23),

ZL’

Lo (x)
provided &q is small enough. We now derive the Holder estimate of

C||¢||ym 0¢ bogde
Tt t oiliq [83: (s )} o,a,(r)/s W

0 ]
|:(93? ( ) 0,(1,(1E)’

=9 (3) dg}
< 275 We then deduce (2.29)
2¢ (t). By

as well
0,a,(z

interpolation, the Hélder inequality, Lemma 9, and Lemma 10, we obtain the

following two estimates

e
| {8 @),
0 Zo 0,c,(x)
11—« 2
<C ¢ (s) O s ds
Oxg Lo (x) 0x¢0x Lo (2)
11—« t 5 o
<C 9 (s) ds / O s) ds
3100 L= () o ||0xe0x Lo ()
o 19ly, . lly, .
<Clolly, e —a= 0=
¢ dp I || 9% “ 811y, eIl . ||¢||y1 .
o <] 2w <c Ll Ly
8%0 0,a,(z) 0z Lo (z) Oxg0x Lo () tl—«a t2a tita

Therefore, (2.30) and (2.31) follow.
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We now use Lemma 8, Lemma 9, Lemma 10, and (2.29)-(2.31) to get

=
6 ()]
&Uaxo 0,0, ()
3 £ ¢ § ¢
< C|°6(X ), l(l— i+ [ amo] S 5|,
3 _¢ ¢ / %
FOIV0 (X (©).6) s [0 t>1+/0 one| " W),
&. [e3
5 g 9¢ _¢ § / 9
Lo (x) Lo (x)
AL N ]
+C V% I+/ —= / 5 ds
[ ]OQ(I) o Ox L@y 0 8x8mo() Lo (a)
2 [0 -
OO © Ol | [0y @), @
Cliglly, . i§+ Clglly,. ¢r¢  Cldly,, ¢ Clidly,,
(£+ 1)N—H to ¢ (£+ 1)N+1+a to (§+ 1)N+a to t
Cllsf?HyM { _} i}
ds
(E+1) 1 0x0xg 0,0, (2)
C Gy, / { 02 } Cllolly, .,
s ds + ———x——.
S o (800m V0" T Er Yo
Similarly, we get from (2.12) as well as the estimate above
(2.33)

D
{83:83:0 (8):| 0,0, (z)

t 92 1 rt o2
< / [axaxoG@L,a,(m)dH / f[aw%a(s)hw)df

Cloll,, [+ de Coa [ e
< e [ v clo, [ [/ e )

C||¢HY1,Q ¢ S CHQZ)HYLQ K 13 ¢ Do
s e @ U (e

§+1)
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By integrating (2.33) from s = 0 to s = t, we have

T 9% Cliélly, Cliélly, T 9%
< Y3 1,
[ [ @], o= e+ a1+ Clol,, [ [0

Clle t 2
L Gllel,, 1og(t+1)/ { 0% )} ds
t 0,0, ()

S
0 8‘T axo

ds

}070!,(30)

C18lly, [ 9%
< T Ne '
< —Tra +C||¢||Y1,a/0 {axaxo (S)} 0,0, (x) @

If g¢ is small enough, then we obtain

LT 9% Cl9lly,
< —F= 2.34
/0 [8x6)m0 (8)} 0,,(z) = tre (234

Now putting (2.34) into (2.33) with s =t yields

o _ Clély,
Ox0xg Oar(z) f2ta

and this completes the proof of the Lemma. m

2.3.3 The proof of Proposition 4.

Now we prove the decay estimates for the higher order derivatives of ¢. We
prove Proposition 4 by induction on £. The induction hypotheses consist of the
following estimates, for 0 < m < ¢,

O™y Clioly, . [67”90 } Clolly,, .
sup ||=—— (s < 0 p s < —,
0ss<t || 02 "l oo ) 7 ogese [0 T g @) T B
(2.35)
t t
gt Cligl ot Clle
/ T 7 (s) dsgi‘l ,LY’"’Q, / [m ? s] ds < 7,,1[2""“,
o ||0x™0xq Lo () t o [0x™0xg 0,0,(x) (t2 )
oy < clély,. o™t % (2.37)
dx™0xq Lo (z) o tmtl 7| rx™mOxg 0,0,(x) - gmilta T '

Estimates (2.35)-(2.37) have been already proved for m = 0,1 (cf. Proposition
3). We begin with the estimates of G = G, in terms of ¢ :

Lemma 12 Let £ > 2 be an integer. Assume the induction hypotheses (2.35)-
(2.37). There exists €9 such that for t > 1 and ||§|ly, < eo, we have the
following ’

Clolly, ., Clolly,

sup e
Le(z) &+ l)N_1 €+ I)N_1 0<s<t

5t )

. (2.38)
Lo (x)

e
ozt
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oG CH‘ZS“YZ_Q CH¢||YM oy
W( S y) ’N—l + sup a ) )
€T 0,a,(x) t to (f + 1) (g + 1) O<s<t X 0,a,(z)
(2.39)
041 C C £ A+l
‘ o @ G - ||¢>IIYA?V+ |I¢IIYZ; / o M 45 (2.40)
0xt0o ooy ~ €+ DY €+ 1)N Jo 102°0m0 | oo o
{5’”1(1 ] C||¢HYM CH‘ZSHYM /5 [ oty 5)] .
0xt0r0 ™ g0y~ te €+ 1Y (+ DY Jo [080x0 g0
(2.41)
Proof. Taking -2 8 of G yields
otG 9! o o
ot (&) = Z Aij, . ot Vo (X,€) e —X - ale_X (2.42)
1<i<,
Ji+-. +]l:€
2 $ o
¢(X5N+Z =0 | e+ Yo
Jm <t 0 Im <t
1<m<s 1<m<s
where .
X:X(g)_ac0+ £+/ ¢ (5) ds.

and where A;;, ;. are suitable numerical coefficients. Using the induction hy-
potheses, we bound each term with j,, < ¢ for all 1 < m <+ on the right-hand
side of the above identity as

81 X, aﬂ i Clolly,., Clidly,, &  Clidlly,, ¢ Cliolly, .
ng( f) T Ol = 1)1 i T = LY
J1 Ji
8 X ... 9 - X}
gl OxJi 0,00(2)
8i oI o7
< e
<[ Lo, f)]omm X
ajm ajp
+ 6 (X.8) [ X] .
1<;<1 Lo (z) Oz 0,,() pgz Ozl Lo (x)
Cligly, .

- (E + 1)N_1 t+a ’
Putting the above inequalities into (2.42) yields

o'G Clolly,,  Clolly,., [&||0% s
’ B © L) €+ l)Nf1 &+ 1)N /o 0z’ i Lo () i
Cliolly,.. Cliolly,. oy
T ) T e )Y T o |92 40 Loo(z)
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[afG CH‘ZSHYM CH‘?HYM /§ {3&0 _ I
0

ou — (5

ozt (5 ]O,a,(w) T hta (§ + I)N_l (§ + I)N Oa* ]O’O"@)
Wl Ol [,

= jtta (f N 1)N71 (f + 1)N,1 0<s<t oxt oo (o) .

. . 2+1
In a similar manner, we take agfigxo of G to get
ota o 007 i
— (&) = Bij, ... =—Vo (X, —X =
0xt0x Z J1di G ¢ (X,8) Oxo0zit Oz
1<i<d,
Jit-+ji=~
) a£+1X ) 3 a£+1<p
=V (X,§) ——— =V (X s5)ds
(X grget D DX | g, BT D
<t Jm<L
<m<i 1<m<i

We use the induction hypotheses to bound all the terms with j,, < ¢ for all
1 < m < i on the right-hand side of the above identity as

0! ooN i
- X —X ... — X
Haszgb( %) Oz Ozt 023 || Loo ()
i 3 j1 Ji
g’ & ) / 00%¢ ds-...-‘ or
ox? Lo () Jo || 000z Lo (x) Ot | poo ()
Cloly, Clély Clolyent  Clolyn€ _ Clily,.
Sy T N A
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0ot o9
—X ... —X
ox! Oxodzi OxJi ]O,a,(a:)

9t 13
iWﬁ(&f)] ( 5) ds)
Oz 0,a,(x) /0 Lo (z) ZLIJ-

€ aajlso
wﬂ s ‘
LOO(T) (/0 |:8$08.r71 070‘,(3:) Ig

B

8

Oxir

oI )
OxoOxin

X

<

&

OzIr

A X

Vo (X, 6)

)
|

o
Les(z)

Sl 9d7yp ~ §im v
+2§zm:§i o Lo (x) </0 Owodl ) L= () ds) GWX} Om(x)) (P?lf:n[,l dxlv
Cldly,. ¢ Cldly,, Cldly,.&  Cldlly,, ¢
T e+ 1)7+N I+a ta ti tiz tdi
Clolly,, Clloly,, Cllély, & Clldly, &
(€+ 1)i+N 1 tiita ti2 tdi
Cldlly,. Cliely,, Cliglly, ECl2ly,. & Cldlly,., ¢
€+ 1)i+N 1 ti1 tim+o ti2 tii

Clély, .
T (€Tt

Thus we obtain

oG _ Cliély,. N Cliély,., /5 A s

dzt e tE+DY e+ )Y Jo [|0240x0 Lo ()
astel Cliolly,, — Clidlly,, (1% e _
{Wawo ]o,a,m R (S VA (S Vi /0 [axfaxo S)]Ou,(w) -

This completes the proof. m
We now prove Proposition 4.
Y4
Proof of Proposition 4. Taking % of ¢ and using (2.12), we get

o* %) to
L@=- /e%g

S
[]-]]] will denote a generic norm (or seminorm) that will be assumed to take
the spemﬁc values || HLOO s [0, - Then

where we used % < 1. Suppose that the induction hypothesis (2.35)-(2. 36)
satisfied. By Lemma 12, we then have

¢ Cllo
2 | < Cle 1,

oz (€ + 1) 0<s<t

‘G
Dt

9C (||| ac+2 >H'ds <2

a 0|< )

oe
(24

oy

S 9|11 (2.44)

(s)
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X
Lee (x)




where

6 = e s
= R . 2.45
v { tra, i = o (245)

Putting (2.44) into (2.43) yields

0y ¢ d¢
(15 @] < et [ zoms) e,

Thus if ¢ is small enough, we obtain (2.9). In a similar way, we have

854,0
7t 8

) \}scngbnyu{ o

0<s<t

i
ozt

oty 8“16’ 9+
< . .
H drtdxg (s H‘ Oxtdxg H‘ de + f H D00 (g)m dg. (2.46)
Using Lemma 12 yields
o1 I Ol o1
s 5)||| ds 2.4
H dado H’ e+~ { / oxam, ||| 4 (2.47)

where 7 is as in (2.45). By putting (2.47) into (2.46) and integrating from s = 0
8Z+1 7

to s = t, we have
t 1 '
/0 ds<C’||¢Hy“ (/ / 5_1_ S) {E_F (/0 0xtox
t d t 6€+1
+Clel,, (/ (gi; ){ = (55 @)y

Axtdxg (®)
a€+1
<Clély,. {ﬁ + ( 0 axfafo (s) ‘ d5>}'

Thus we obtain (2.10) provided eq is small. We then substitute (2.47) for (2.10)
and put s =t in (2.46) to get

Therefore the proof is complete. m

aZ—H
0xt0xg

(s)

(s)

o)

9+l 1C||¢y“/ &de Cllolly, .
|| < < :
dxt0xo t E+1)N !

2.4 Estimating the potential ¢ in terms of the density p.

The following is a standard regularity result for the Poisson equation.

Lemma 13 (Elliptic regularity theory)

1l < Cllollx,
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Proof. For any fixed t > 0 we define
plat)=(t+ 1)V p(z(t+1),1)
Notice that:

Jp@ld%= [+ 0.0]dY = [lo@)]d*s

On the other hand

k k
ZHVZ ||L°C(]RN) t+1 NZ t+1)£’|v£p(.7t)||Lo@(RN)
£=0 =0
sup |V ﬁ(zla ) p(227t)| _ (t+1)N+k+a sup |vzp ‘Tlv ) vkp(x% )‘
z1,22€RN |Z1 - 22| r1,22ERN |1’1 - 1‘2|
Then:

k k ~ ko~
~ ~ vzp z1,t _vzp Z2,1t
[N @S [V eyt TEPEDZTLCI gy
21,22

(2.48)
On the other hand, by assumption

We define

$(z)=(t+1D)" (2 (t+1),1)
Then: R
Ad=p

We now claim that the following estimate holds

k2 (V426 (24,8) — V526 (22,1)

ZHV&Z(J)H + sup

<CJ
L (RN) N ‘Zl — Zg‘a
=1 z1,22€R

(2.49)
k V ’ VIZCN 7t
= [/RN ‘ﬁ(2)|dNZ+ZHvﬁﬁ("t)HLW(ﬂw) + sup [VEp () = ap(zz )|
=0

z1,22€RN |21 — 2o

Indeed, a standard interpolation argument yields
~ el 1
12l e < llpllpee NlAll <7, 1<p<oo
Using then the Calderon-Zygmund inequality it follows that:

V2

]L <Clpll,<CJ, 1<p<oo
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Therefore, the Sobolev embedding theorem implies that

7, <
" N _9 q <

Interior estimates for the Poisson equation in Sobolev spaces give a uniform
bound on the W#+2:9 norm of the restriction of ¢~> to any unit ball and hence
of the C® norm of this restriction. Using this estimate, (2.49) follows from the
inequality

<O [0y * WPminin] <€

H Hk+2aBl(a:0) C(B1(z0))

that is just a consequence of classical interior estimates for the Poisson equation
(cf. [7]). Using the estimate (2.48) it can be concluded that

k+2 05 ‘V§+2(5 (Z17 t) - V§+2(5 (ZQa t)‘
vz(b '7t H + sup [} S C P
Y A P~ Iollx,..

Using the definition of ¢ as well as the definition of the norm Illy, . asin
(2.2), it then follows that

I6lly, . < Clolly, .

and this completes the proof of the lemma. m

2.5 Conservation of the L! norm of f.

The following result is standard in the theory of the Vlasov-Poisson equation.
See for instance [8].

Lemma 14 Suppose that f (z,v,t) solves the problem (1.1), (1.2). Then:

/ / xvt|dvdxf/ / | fo (z,v)|dvdx , t>0 (2.50)
RN JRN

2.6 The proof of Theorem 1.

We now prove our main Theorem 1. We use a continuation argument as well
as the assumptions on fj to derive estimates for p and to close the argument.
More precisely, we will show that an estimate of the form

k
/|pxt|de+t+lNZt+l ) IV (D] o e
£=0

VEp (x,t Jt
+(t+1)N+k+a sup | p(w,t) — ( )|

< Mey
z,y€RN |.”L' - y|
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for 0 <t < t* implies an estimate of the form

k
1o+ ¢+ 1™ 37 (¢4 0 [T () e
£=0

bt (V@0 ~ V()

z,yeRN |.23 - y|

+(t+1 < Ceg (2.51)

for 0 <t <t*+§(t*), where § (t*) > 0 and C is independent of M if g is small
enough. Together with a suitable local existence theorem which guarantees that
an inequality of the form (2.51) holds on some time interval [0,¢1] for ¢; > 0
the estimates which have been derived imply that (2.51) can be extended to
the whole time interval 0 < ¢t < oo and this implies Theorem 1. Notice that
this in particular yields a global existence theorem generalizing that of [3] for
N = 3. The local existence theorem can be obtained by combining the estimates
obtained in this paper with a contraction mapping argument in a straightforward
way.

Notice that the decay assumptions on fy have not been used until now and
only the decay properties of the potential ¢ have been used. We now use the
decay properties of fy for the first time in the following proof.

Proof. Suppose first that 0 < ¢ < 1. Let (zg, vg) denote the starting point
for the solution of the characteristic equations reaching the point (x,v) at time
t. More precisely,

dv (s)

%:V(S)’Tzw(f(@ s), X()=z, V(t)=v  (2.52)

Notice that X (s) = X (s;z,v,t), V (s) =V (s;z,v,t) and:
2o = 20 (1,v,t) = X (0;2,0v,t), vy =g (z,v,t) =V (0;2,0,t).
Then

t
1
vol = |vo (2, v, 8) = [v] —/O Vo (s)lds 2 |v] = Cli¢lly, , 2 vl =5, (2:53)

if g9 is small enough. Taking the derivative % of the formula

p(x,t):/fo (20, vp) dv

yields, for 0 < ¢ < k,

p _0fo P Piag
ox* = + + ) Ciapm Hzi=mPym (o, v0) it T Dy v,
0211<e o]ém<z
Notice that the derivatives %xn N %Lfo arebounded 0 <t < lasC (1 + H(b”n ) ,

as can be seen by differentiating the characteristic equations (2.52) with respect
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to x and v. It is then straightforward to see that for 0 < ¢ < k, using (2.3) and
(2.53) yields

9'p oy
’W(t) ()gc(1+|¢||yeya)/ S (w0, v) [ dv (254)
Loe(x
dv
< Ceo (14 / —
o (1+19lly,.,) T
< Cezo (14 19lly,,,) » 0<t<1
o ] dv
— (¢t <Ce 1+ /7 2.55
0], sea(iel) [ e

< Ceo (1+9lly,,, ) » 0<t<1

Next we treat the case ¢ > 1. By taking 88—; of p(z,t) in (2.8), we get, for
0</?¢<k,

op 9" fo o\ o\ oP ow
—(x,t) = E iy — (z —_— N [ — [ |det =—1 ) dz
833@( *) _ - Ciip vt (20, V7 (0)) Ox V() Ox V() OxP Oz 0

Jit...+ji+p=£L

0<i<e
where
T — X0
V(0) =V (0,t,z,w(t,z,z)) = " + ¢ (0;t,2,20) .

By Lemma 9, Lemma 10 and the assumption (2.3), it is easy to see that for
0</(<k,

(1+Clelly,..)

op 9" fo
o (m)‘ <c A / I (o, v 0| dro (2.56)
b=t
Coo (1410, ) [ awy _ Ceo(1+19lly,..)
< ' < L t>1
= tE+N / (1 + |x0|)K — tZ+N
Using Lemma 8 with ¢ = k yields
6k,0 (lJrC”(b”Yk,a) aZfO 82f0
o] <o [ [GR v o)+ [FReon]
(2.57)
Coo (1+10l,.) [ dwg _ Coo(1+10ly,..)
= th+N+a / K < th+N+a , £>1
(1 + |zol)
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On the other hand, combining (2.50) with the decay assumptions for fy in
(2.3), it follows that

/|p(x,t)| dz < C, (2.58)
It then follows from (2.54)-(2.58), as well as from Lemma 13 that
Ipllx, . < Ceo+ Ceollélly, . < Ceo+ Ceollollx, .

Choosing ¢ small enough, Theorem 1 follows. m

3 CONVERGENCE TO THE SELF-SIMILAR
BEHAVIOUR.

We define the following set of self-similar variables

1
f(l',’l),t) = — N9 (yaUaT)v (31)
(t+1)Y
1
o (z,v,t) = W@ (y,v,7), (3.2)
where "
= — =log(t+1) . 3.3
v=Garn 0 T og (t+1) (3.3)
A straightforward computation yields the following transformed system
gr+(v—y) - Vyg+ e_(N_2)TVy(I> -Vyg = Ny, (3.4)
AU(I) = /g(y,v,T) d’U Eﬁ(y77-)a (35)
where g (z,v,0) = go (x,v) = fo (z,v) = f (z,v,0).

_ _ K _ vkﬁ (ya t) - Vkﬁ (y/7 t)
1Al x, .. = i;ﬁ{/w 15y, O dy + D [VD ) oo ny + 5D | |

e ,0<a<ly,
1—0 v,y ERN |y ) |

k+2 k+2 k28 (y
. ¢ VR (g, 1) — VI (1)
1@lly, ., = up{; Vi@ Oy 52 y—yT" |

Notice that Lemma 13 is also valid in self-similar variables

Lemma 15 (Elliptic regularity theory)

12y, <Cllollx, .,
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We reformulate Theorem 1 in self-similar variables

Theorem 16 Suppose that go (y,v) satisfies the following estimates

ke
YN | :
—m | = K K
=0 m=0 dzmut—m (14 [=])™ (1 + [v])
(3.6)
k _ 0O%go O
(9&77”8’0]"77" (x7’U) 81}7"3’0’“7”1 (m 71]) 50
sup a < 7, 0<a<l,
m—0 &' €EIRN |$ - ‘ (1 + |U|)
ak ak‘
K Famgut= (£:0) = grmger=m (2,0 co
sup e < N = 0<a<l,
= v —vl<1 v —v'| (I +z))™ (1 +[vl)
(3.7

where K > N and g 1s small enough. Then there exists a corresponding solution
of the rescaled Vlasov-Poisson system with

17lx, . < Cieo

The main theorem that we prove in this Section is the following

Theorem 17 Suppose that the assumptions of Theorem 16 are satisfied. Then,
there ezist goo (y,40) € Cf.y oo (y) € CE.NLY (RY), @ (y) € Cl’fcrlﬁ satis-
fying

e N9 (Y, Yo, T) = goo (W, %0), in CF (3.8)
/3(:% T) — Poo (y) 5 in CVlkoc
P (y, T) - (Doo (y) y in C’lko—:;Lﬁ’

for any 0 < B <1, as 7 — oco. Moreover, we have

|Poo ”LI(RN) = ”gOHLl(RN xRN

and we have the following representation formulae for geo

Joo (Y5 40) = 90 (40, Y + woo (0, 90))
Poo (Y) = /goo (¥, 90) Joo (¥, %0) dyo (3.9)
AyPo (y) = poo (v)

as well as the limit formula, as T — oo

g (g,0,7) - / ge (40,9) 8 (0 — 1) Joo (oyo) dyo » in D' (RY x RY)  (3.10)
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where weo (8;Y,Y0) s the solution of the following integral equation

o 13
Weo (89, 90) = f/ e N2y, 3 (y +(yo—y)e* +/ e Mwne (19, 90) dmf) dg,

s 0
(3.11)
and where Jx (y,y0) is given by

. Owoo
Joo (y,90) = lim |det (INJFeT - (T;y,yo))‘
T—00 8y0

Remark 18 Notice that (3.8) can be read in the original set of variables as

as t — oo, uniformly on sets |x| < Ct.

Remark 19 The function weo (8;y,yo) is small for small densities. In partic-
ular the representation formula (3.9) implies that the rescaled density function
Poo (Y) approaches the one associated to the free streaming case, defined in (1.3)
if €0 — 0. Notice that this shows that the particular profile that describes the
self-similar behaviour of the solutions depends very sensitively on the initial data
go- This contrasts with the situation in the one-dimensional case where the lead-
ing self-similar behaviour depends only on the mass of the initial distribution
but it does not depend on any other information on the initial data go (cf. [4]).
However, notice that it is not possible to obtain a closed form expression for
Joo in terms of go due to the fact that the function ws (8;y,yo) depends on the
values of the function ® for any t € (0,00) .

In order to prove Theorem 17, we introduce some changes of variables anal-
ogous to the ones used in the previous Section.

Suppose that the characteristics starting at yg, vg reach the points y, v at
time 7 and we regard vg = wo (y,v0,7), v = w (y,yo,7) as functions of y, yo,
and 7 and make the change of variables from v to yg to get

dv =

ow
det — | d
€ 8yo’ Yo

ov
p(y,7) = /gg(y,v,T) dv = /eNTgo (yo,vo) dv = /eNTgo (yo, wo (¥, Yo, 1)) detay()’dyo-
Rk

The corresponding boundary value problem in the self similar variables (y, v, 7)
reads

dy dV
adal . oY o —(N-2)s
I V-Y, I ¢ V,® (Y (s),s),

Y (1) =y, Y (0) = yo.

dg _

N
ds g
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In the absence of the field, we solve

dy - - dV
ds " ds ’
Y(T) =Y, Y (0) = Yo,

which yields

v(s):yiyoe

T

Y Y — Yol Yo—Y _
Y (s) = s,
1—e 7’ () l—e 7 17"

As in the previous section, we formulate the above as a perturbed problem from
the free streaming one.

V=V-+uw, YEY/—FC,

¢ dw _ _(N—2)s >
Z=w-( —=e vy@(y+g,s),
¢(r)=¢(0)=0.
It is straightforward to see that

—T

w(s)=— / e 26y B (v (€), ) det

— p—T
s 1—e

(3.12)
C(s) = /0 (=0 (€) d,

where
-

Y — Yo~
Y =
©) 1—eT7 1—e7
Along the characteristics, we have

ov 1 Oow
_— = — -7 _— t
Yo (1—6_7)6 fet €

The following result provides some decay estimates for the derivatives of w,
analogous to the ones derived in Lemma 9.

Lemma 20 There ezists €9 small such that for any 7 > 1 and any function ®
satisfying

@y, . < <o
we have
| Ow ow
- (5) ds < Cl®|y. |7 (1) <Ce [y, , (3.13)
/0 Oyo L= () o190t ey Yo
T Ow Ow
<s>} ds < C @]y, . [ <r>} <O @]y, . (314)
/0 [390 0,0,(y) R K277 PP Yo
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Proof. The method of proof is similar to the one used in the proof of Lemma
9. We take 6%0 of (3.12) to get

Oow

87.@0 —e 7

T O(N-3)E (€ o2 et T [ e Ow
/Oe (1—e*) Vi@ (Y (§),6){ +/0 e T (1) dn}de.

l—e "

T —§ _ T ¢
== [ WO (T S+ [ OIS ) dniae

-7

e

+1—e—T

Taking the L (y) norm yields

Ow T N_ _ . _ Ow
|22 <cly,, [Tty [ |22 6] anag
Y L (y) S s 0 Yo llLee(y)
T ¢ Ow
+C||2ly, efT/ ef(Nf‘D’)E{e*g—i-e*T—F/ e (€= —(n) dn}dg.
“ 0 0 Yo Lo (y)

Integrating the above inequality from s = 0 to s = 7 and using e~ ¢~ < 1,
e " <efforn<E E<Tand N > 3 yield

| dw /T —2 </T - > Ow
s ds < C||® e *ds+ || P e *ds a5 dn
/o 8y0( ) L>(y) 1%l 0 1®lh. 0 0 8y0( ) L>=(y)
. . | Ow
+C|®lly, e T+ C®]y, e T E) dn | -
, ’ 0 Yo L= (y)
Thus we have
L ds < C ||| (3.15)
o 110y " gy o |

provided g¢ is small enough. We now specialize to s = 7 and use (3.15) as well
as the fact that N > 3 to get

T ow
<O e_T/ e—f+/ —(&=m ’ n dn}dg
o @], et [ o I
. _ Ow T e
<Ol e+ Cloly, e [22m| ([ etma)ay
’ ’ Yoo llLeey) \Jn

<Clolly, e

where we changed the order of integration. We thus obtain (3.13). Using (3.13)
we deduce (3.14) in a similar way. Thus we complete the proof. m

We also obtain the following estimates for the derivative of w with respect
to y.

Lemma 21 There exists €9 small such that for any 7 > 1 and any function ®

satisfying
®lly, . < <o,
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we have

dw
y

Ow
<Cloly,,.. s [326|  <ciely,

(s)
% " 1oa,)

sup
0<s<rt

L= (y)

Proof. We take a% of (3.12) to get

= [ et 9,01

1—e¢
l1—e 7

£ 8@
—(¢—n) ¥
+ e dntd
/0 Dy (n) dn}dé
e

[T N _ R A
s [ e e Vi @ 0 i+ [ G dnde,

* l1—e "

Since N > 3, we have

dw T N Ow ¢ e
swp |52 <l [ e (s |22 ) [
0<s<t Y L () 0<s<T Y L= (y) 0

3
ow (e—
+C||<I>||YO / {1+ <oiul<) 8—y() . ())/0 e~ (€ ”)dn}df
ST oOy
ow
SOy, + ClPlly, ., S 15y (s) o
S T Qoy
Thus we have
w
su — (s <C|® , 3.16
oo | @ <Cl, (3.16)

provided g¢ is small enough. In a similar manner, using (3.16) we obtain

sup
0<s<T

0 T 9 3
[‘”<s>] <Cloly,, [ @B s [%)] [ etemanag
8?/ 0,0, (%) 0<s<t 8y 0,0, (%) 0

13
Lol / s |20 | e manyae
O 0<s<T ay 0,c,(y) 0

Ow
<C|@lly, . +Cl®lly, . ( o [6y (s )]0 <>).
<s<Tt ;0L (Y

This yields the Holder estimate of a“’ and completes the proof. m
We present the following estlmates for higher-order derivatives similar to
Theorems in the previous section.

Lemma 22 Let ¢ > 1 be an integer. There exists g small such that for any
7> 1 and any function @ satisfying

1@y, . < eo.
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we have the following

0w 0w
sup ||=— (s <C|® . su [s} <C|® ,
2 |G o) el s (320 <clly,
T a£+1w T alJrlw
s ds < C||® ,/ { s} ds < C'||® ,
[ Nowam @, @ <0 [ [ @], ds<Clel,,
ot lw {8“‘%} }
T < Ce 7P = (7 < Ce 7 |D|l5 .
o @), 2010 [ ] 0TIl

As a consequence of Theorem 16, we have, for any £ > 0 integer and 0 <
a <1,
”pHCk,a(]RN) < C¢g, ||(I>||Ck+2,a(RN) < Cey. (3.17)

We now study the limit behaviour of the self-similar system (3.1)-(3.3). Indeed,

the limit behaviour is asymptotically equivalent to the free streaming case.

3.1 Proof of Theorem 17.
Proof. We begin with

w (519 Yo, ) = — / e (NDEG B (Y (E1y,y0.7) ,€) dE (3.18)
e [T Ve G ) O d

By using (3.17) and by the dominated convergence theorem, as 7 — oo, in C*+1,

w (89, Y0,T) — w (39, Y0,0) = wee (5,9,%0) -

In particular, we have, as 7 — oo, in C**1,

vo (¥, 90,7) = vo (¥, (¥, %0, 7)) =V +w (034,50, 7) = ¥ + wWoo (0,4, %0) -

Thus, we have, as 7 — oo, in Cl’f)c,

e g (y,50,7) = 90 (Y0, v0 (¥ Y0, 7)) = 9o (Yo, ¥ + wee (0,4, %0)) = goo (¥, Y0) -

Next, since

. Ov 1 In 4o ow 0
el — =— el —
Ao 1—e7) N Ayo
using Lemma 20-Lemma 22 yields, as 7 — oo, in C¥,

eN'r

ov
— — ~1 .
ot | o () = 140 (2)
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We then apply the dominated convergence theorem to get, as 7 — oo, in Cl’fm,

ov
py,7)= /go (0, y +w (059,50, 7)) €7 det c’)T/Odyo

- /go (40, Y + woo (0,4, 90)) Joo (5 Y0) dyo
= poo (Y) -
Using the elliptic regularity theory from the equation
Ay(I) =p

there exists @ (y) € CcrtLe , for any 0 < 8 < 1, such that

loc
Aoy = poc.

Taking the limit in (3.4) as 7 — oo yields (3.8). Finally, notice that, given a
test function ¢ (y,v)

/RS Rgg(y,v,r)w(y,v) dydv = /eNTgo (Y0,v0) ¥ (y,v) dydv =

ov
/eNTgo (Yo, wo (4, Y0, 7)) ¥ (y,w (y, yo, 7)) det %dydyo

and taking the limit 7 — oo we obtain

/Rg Rgg(y,vﬁ)w(y,v) dydv — /go (Y0, Y + wWeo (0,4,%0)) ¥ (¥, Y) Joo (4, y0) dyody
3R
which can be written in the sense of distributions as

90:0:7) = [ 9 (0095 (0 = 9) o (. 90) g a5 7 o

This yields (3.10), whence the proof is complete.
Notice that in the limit case g — 0 (3.10) reduces to

0@ 0,7) = [/goo (yo,mdyo] 5(y—v)

= Ugo(yo?y)dyo] 6(y—v) as 7— o0
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