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Abstract. Hierarchical matrices (H-matrices) provide an elegant approach to handling large
densely populated matrices: the matrix is split into a hierarchy of blocks, and each block is appro-
ximated by a low-rank matrix in factorized form. It has been demonstrated that this representation
can be used to treat integral and partial differential equations, solve matrix equations from the field
of control theory, and evaluate matrix functions efficiently.

‘H2-matrices use a refined representation that employs a multi-level structure in order to reduce
the storage requirements of hierarchical matrices. It has been shown that H2-matrices can signifi-
cantly reduce storage requirements for large problems, in particular when combined with modern
error control schemes.

Until now, all algorithms for constructing an efficient approximation of a general matrix by an
‘H?-matrix required a representation of the entire original matrix to be kept in storage, therefore the
storage requirements of H2-matrix algorithms could be far larger than those of the final approxima-
tion. This paper presents a new approach that allows us to construct an H2-matrix without storing
the entire original matrix. The central idea is to approximate submatrices and combine them by an
efficient new algorithm to form approximations of larger matrices until the entire matrix has been
treated. Using this new approach, many H-matrix algorithms can be “refitted” easily to compute
results in the more efficient representation.

Possible applications include efficient matrix arithmetics for the construction of preconditioners,
the approximation of matrix functions or solutions of matrix equations, or efficient compression
schemes based on the popular cross approximation algorithms.
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1. Introduction. The performance of a numerical scheme depends crucially on
the representation of input and output data, e.g., finite element methods for partial
differential equations are only efficient because they make use of the sparsity of the
stiffness matrix, the same holds for solvers like the conjugate gradient methods or
multigrid schemes.

There are many problems that lead to non-sparse matrices: most integral equa-
tions have non-local kernel functions, therefore standard discretizations lead to non-
sparse stiffness matrices. The LU or Cholesky factorizations of sparse matrices are in
general also not sparse, and the same holds for solutions of certain matrix equations
or the results of matrix functions.

Hierarchical matrices (abbreviated H-matrices) [20, 21, 14, 17, 9] provide a flexible
method for treating these non-sparse matrices: following the general idea of panel-
clustering [23, 25] and multipole [24, 19] techniques, the matrix is split into a disjoint
partition of submatrices, and each submatrix is approximated by a low-rank matrix
in factorized form.

It is possible to prove that integral equations [8], solution operators of elliptic
partial differential equations [2, 6], solutions of matrix equations [16, 18] and matrix
functions [12, 13] can be approximated efficiently by H-matrices.
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‘H-matrix algorithms have by now matured to a point that allows even very large
problems to be treated in a relatively short time, provided that enough storage is
available. Since the storage capacity of typical computers grows at a much slower
rate than their processing power, we have to look for techniques that use the available
capacity as efficiently as possible.

H2-matrices [22, 10] replace the general low-rank representation of the matrix
blocks by a special multi-level representation that takes advantage of the relation-
ships between different submatrices in order to reduce the storage requirements. This
representation was originally only available for certain integral operators, but by now
algorithms have been developed that can approximate arbitrary matrices up to an
arbitrary error tolerance [10, 7, 5]. It has been proven that this representation is
efficient for integral operators [5] and solution operators of elliptic partial differential
equations [6].

The algorithms mentioned above construct an H2?-matrix approximation of the
given matrix in one pass and require the entire original matrix to be available during
the computation. This is a severe limitation: the algorithm may fail if the original
matrix does not fit into the storage capacity even though there would be sufficient
capacity for the compressed H2-matrix.

This paper introduces a new approach: only submatrices of the original matrix
are constructed, the submatrices are compressed to get H2-submatrices, and these
compressed matrices are then recursively merged to form the entire 7{2-matrix. Since
only compressed matrices are stored, the overall storage requirements no longer de-
pend on the original matrix, thus the new algorithm can treat significantly larger
problems than its predecessors.

A second advantage of the new technique is that it fits the structure of most H-
matrix algorithms, therefore these algorithms can be “refitted” to compute results in
the more efficient H2-matrix representation instead of the H-matrix representation.

The paper is organized in four sections: section 1 is the introduction you are
currently reading, section 2 defines the basic structure of H2-matrices, section 3 recalls
the fundamental theory of H?-matrix compression and error control and presents the
new hierarchical compression scheme, and section 4 contains numerical experiments
that demonstrate its efficiency.

2. H2-matrices. We will now briefly recall the structure of H2-matrices [22, 10].

2.1. Block structure. Hierarchical matrix techniques are based on detecting
subblocks of the matrix which admit a data-sparse approximation. In order to find
these admissible blocks efficiently, we introduce a hierarchy of subsets:

DEFINITION 2.1 (Cluster tree). Let T be an index set. Let T be a labeled tree.
We denote its root by root(T ), the label of t € T by t, and the set of sons by sons(7 , )
(or just sons(t) if this does not lead to ambiguity).

T is a/cl\uster tree for T if it satisfies the following conditions:

e root(7)=71.
o Ifsons(t) # 0 holds for t € T, we have

t= U § and

sesons(t)

§1 N 32 =0 for all s1,s2 € sons(t) with s; # $a.

If T is a cluster tree for T, we will denote it by Tz and call its nodes clusters. The
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set of leaves of 77 is denoted by
L7 :={teTr : sons(t) =0}.

The definition implies t C 7 for all clusters ¢ € T7r. We can use induction to prove
that the set L7 of leaves of 77 is a disjoint partition of the index set Z, i.e.,

7= Utehf. (2.1)

Given a cluster tree 77 and a cluster ¢ € 7z, we denote the subtree with root ¢ by 77
and call its nodes, including ¢ itself, the descendants of t. If t € 77 is a descendant of

tT € 7z, the cluster tT is called a predecessor of t. The set of predecessors of a cluster
t € 77 is defined by

pred(t) :={t" €Tz : te T1t+}

Using cluster trees, we can now define a hierarchical partition of the matrix entries:
DEFINITION 2.2 (Block cluster tree). Let Z, J be index sets, and let Tz and Ty

be corresponding cluster trees. Let T be a labeled tree. T is a block cluster tree for
11 and Tz if it satisfies the following conditions:

e root(7) = (root(7z),root(77)).

e Each cluster b € T has the form b= (t,s) fort € Tz and s € T7 and its label

satisfies b=1x .
o Letb=(t,s) € T. If sons(b) # 0, we have

{t} x sons(s) if sons(t) = 0, sons(s) # 0,
sons(b) = ¢ sons(t) x {s} if sons(t) # (,sons(s) =0
sons(t) x sons(s)  otherwise.
If T is a block cluster tree for T and J, we will denote it by Tz« 7 and call its nodes
blocks. The leaves of Tz« 7 are denoted by L1y 7.

This definition implies that a block cluster tree for 7 and J is a cluster tree for
the product index set Z x J, therefore the set of leaf labels

P:={b=1tx5: b=(ts)€Lrxs}

defines a disjoint partition of Z x J into blocks of indices.

DEFINITION 2.3 (Admissibility). Let 77 and T4 be cluster trees for T and J.
Let o : Tr x Ty — B = {true, false} be a predicate, which we will call admissibility
condition. A block cluster tree Tz« 7 is called admissible if

(sons(7z,t) # 0 Vsons(Z7,s) # 0) = a(t,s)  holds for all b= (t,s) € L1x7,

i.e., if each leaf of Tz« 7 is either admissible or a pair of leaf clusters of the respective
cluster trees. For an admissible block cluster tree, we split the set of leaves into

£t ;=1{b=(t,s) € L1xg : aft,s) holds} and L7,;:=Lrxg\LE,

i.e., into admissible and inadmissible leaves. Usually, we will not work with «, but
only use LT, ; and LT, ;.
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For matrices resulting from the discretization of elliptic problems, the admissibil-
ity condition

. (2.2)
false otherwise

aft,s) {true if max{diam(£;),diam(Q;)} < dist(Q¢, Qs),
is frequently used, where Q; and 25 are suitable domains containing the supports of
the basis functions or functionals corresponding to ¢ and s.

The condition (2.2) ensures that we are dealing with a region where we can expect
Green’s function to be smooth or at least separable. In the case Z = 7, this means
that the block  x § lies “sufficiently far away” from the diagonal of the matrix.

If the indices in Z and J correspond to locations in space, it is possible to construct
good cluster trees 77 and 77 by binary space partitioning and a good block cluster
tree Tz« 7 by a simple recursion strategy [14, 17].

2.2. Matrix structure. Typical hierarchical matrices are defined based on the
leaves L1« of a block cluster tree: the submatrices M|;, , corresponding to admis-
sible leaf blocks b = (¢, s) € C}'XJ are required to be of low rank:

H(Tzx7,k) ={M € RIXJT . rank(M|;, ;) < k forall b= (¢, s) € E}XJ}.

The parameter k € N is called the local rank of the H-matrix set. For each b = (¢, s) €
L%, 7, the low-rank matrix M|;, ; is represented in factorized form, i.e., by matrices
Ay € R™F and B, € R¥** with M|;, . = AyB, .

The H?-matrix format is a specialization of this representation: we require not
only that admissible blocks correspond to low-rank submatrices, but also that the
ranges of these blocks and their adjoints are contained in predefined spaces.

DEFINITION 2.4 (Cluster basis). Let Tz be a cluster tree, and let K = (Ky)ier,
be a family of index sets. A family V. = (Vi)iezy of matrices satisfying Vi € RE*K:
for all t € T1 is called cluster basis for Tz and K. For each t € Tz, the cardinality
# K, is called the rank of V in t.

The high efficiency of H?-matrix methods is owed to the fact that the cluster
bases are designed to form a nested hierarchy matching the cluster tree:

DEFINITION 2.5 (Nested cluster basis). Let V = (Vy)iez, be a cluster basis for a
cluster tree Tz and a family (K;)ier, of index sets. Let E = (Et)ier, be a family of
matrices satisfying By € REv*Ee gnd

(Vlpxx, = Ve Ev for all t € Tz, t' € sons(t). (2.3)

Then the cluster basis V is called nested with transfer matrices E.
If a cluster basis V = (V})iez; is nested, we have

‘/tl Etl ‘/tl Etl
‘/—t — , — .. N
Vi, By, Vi

tr Ey,
for all t € Tz with #sons(t) = 7 > 0 and sons(t) = {t1,...,t,}. This means that we
have to store the matrices V; only for leaf clusters ¢ € L7 and can use the transfer
matrices Fy to represent them implicitly for all other clusters. Since the transfer ma-
trices Ey only require (#K )(#K:) units of storage, while the cluster basis matrices

V; require (#t)(#K;) units, this nested representation is very efficient for #¢ > #K,/.
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The nested structure is the key difference between general hierarchical matrices
and ‘H2-matrices [22, 10], since it allows us to construct very efficient algorithms by
re-using information across the entire cluster tree, similar to multigrid algorithms or
other multilevel methods.

DEFINITION 2.6 (HZ-matrix). Let Tz and Tz be cluster trees. Let Tz« 7 be an
admissible block cluster tree. Let V and W be nested cluster bases for Tz and 17 with
families K = (Ki)ter, and L = (Lg)se1, of index sets. The set of H*-matrices for
Trx7, V and W is given by

H* (Tzxg, VW) :={X e R®* : for all b= (t,s) € L, ; there is a matriz
Sy, € REXLs satisfying X|;, s = ViSyW,'}

In this context, V is called the row cluster basis, W is called the column cluster basis,
and the family S = (S’b)beﬂzr S is called the family of coupling matrices.

2.3. Complexity. Let us now consider the storage complexity of the H2-matrix
representation.

Block cluster trees constructed for standard situations have an important prop-
erty: for each t € 7z, there is only a limited number of blocks of the form (¢, s), i.e.,
the cardinalities of the sets

row(t):={s€ Ty : (t,8) € Tzx7}, col(s) :={te€ Tz : (t,s) € Tzx7}

can be bounded by a constant. For cluster trees and block cluster trees constructed by
geometric bisection, an explicit bound can be given, and this bound does not depend
on the number of degrees of freedom [14, 17].

DEFINITION 2.7 (Sparsity). Let Csp € N. The block cluster tree Trxg is Csp-
sparse if we have

#row(t) =#{s€ Ty : (t,s) € Trxg} < Cs for all t € 17, (2.4a)
#Heol(s)=#{t €Tz : (t,8) € Tzxg} < Cy for all s € Ty. (2.4b)

The complexity of an H2-matrix representation can be bounded if the following
conditions are fulfilled:
o the block cluster tree 774 7 is admissible and Cs,-sparse,
e each cluster has only a bounded number of sons, i.e., there is a constant
Csn > 1 with

#sons(t) < Cyp, #sons(s) < Cygy forall t € 77,5 € 17, (2.5)
e each leaf cluster is not too large, i.e., there is a constant Cy¢ > 1 satisfying
#t < Cy#K;, #5<Cy#L, forallleavestec Lz,s€ Ls. (2.6)
To keep the notations short, we introduce the abbreviations
ky .= #Kq, ls .= #Lg forallt € 77,5 € 1.

Let us first consider the storage complexity of the cluster bases V' and W.
LEMMA 2.8 (Storage of a cluster basis). A nested cluster basis V. = (Vi)iers,
represented using transfer matrices, requires not more than

(Ch¢ + Cslr{z) Z kZ  units of storage.
teTr
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Proof. For each leaf cluster t € 77, we have to store the matrix V;, which requires
(#£)(#K;) units of storage. Due to (2.6), this is bounded by Ci¢(#K;)? < Cy¢k?, and
all of these matrices require not more than

o Z kf < C} Z k‘? units of storage.
telr teTr

For each non-leaf cluster ¢ € 77, we have to store the transfer matrices Ey for all
t' € sons(t), which requires (#Ky )(#K;) = ky k units of storage and a total of

1/2 1/2
S Y aes(Y ¥ k) (X @
te7z t/€sons(t) te7z t/€sons(t) teTz t’ €sons(t)
2.5 1/2 1/2
: (oZk) (zkz) ey
teTr t'eTr teTr

where we have used the Cauchy-Schwarz inequality and the fact that each cluster has
at most one father. O

The storage requirements of the coupling matrices and the nearfield part of an
H2-matrix can be bounded using the sparsity of 77y 7:

LEMMA 2.9 (Storage of matrices). The coupling matrices (Sb)beﬁij and the

nearfield matrices (X|B)beﬁg , for an H2-matriz X require not more than

CLC,
% Z k? + Z 12 units of storage.
teTr seTy

Proof. Similar to Lemma 2.8. 0
Adding the estimates of Lemma 2.8 and Lemma 2.9 yields an upper bound of

C‘l2fcvb 1/2 2 2
<Tp + Oy +CY ki Y12 (2.7)

teTr s€Ty

for the storage requirements of an H2-matrix.
In simple situations, we can assume that the ranks of the matrices V; and W; are
bounded by a constant k € N, i.e., that

#K; <k, #Ls <k holds for all t € T7,s € 7.

This leads to an estimate of O((#77 + #77)k?) for the storage requirements.
In practical applications, the cluster trees are constructed in such a way that
#T7 Sn/k and #77 < n/k hold for

n = max{#Z, #J},

therefore an H2-matrix representation of X requires only O(nk) units of storage.

In the general case, we can take advantage of the fact that the estimate (2.7)
depends only on the sums of k7 and [? and not on the maximum k, therefore we can
admit higher ranks for a small number of clusters and still get a low complexity [25, 5].
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3. Construction of cluster bases. Our goal is to approximate an arbitrary
matrix X € RZ*7 by an H?-matrix X. We assume that the cluster trees 77 and 77
and the block cluster tree 774 7 are given.

3.1. Matrix approximation. If the row and column cluster bases V and W
are also given, it is reasonable to wonder if we can compute the best approximation
of X in the matrix space H?(Tzx.7,V, W).

DEFINITION 3.1 (Orthogonal cluster basis). Let V = (V;)iez, be a cluster basis.
It is called orthogonal if

V,\'"Vi=1 holds for all t € T7. (3.1)

If V and W are orthogonal cluster bases, the computation of the least-squares
approximation of X in H2(7zx7,V, W) is straightforward: for an admissible block
b=(ts) € E}'XJ, we let Xy := X|;,; and look for a good approximation of this

block in the factorized form V}SbWT used by H2-matrices. We let Sy = VtTXt’SVVS

S

and observe that the orthogonality of V; and W, implies
1Xe.s = ViSiWIIE = X0, = ViSg Wi + Va(Sg = Sp) W, |3
= || X1,s = ViSg Wil % + IVi(Sy — S)W, |17
= | Xes — ViSi Wil 4+ ||S; — Sp||% for all S, € RE>Le,

i.e., S minimizes the blockwise approximation error. For the Frobenius norm, the
sum of the squares of the blockwise approximation errors yields the square of the total
approximation error, therefore the H2-matrix X defined by X|;, ; = V;S; W, for all
be C}'XJ is indeed the best approximation of X in the space H?(Tzx.7,V, W) with
respect to the Frobenius norm. Using

HXt,s - WS;WST”%‘ = ||Xt7s - Vtv;tTth + V;‘/V;STXt,s - WVtTthWSWsTH%
= ||Xt7s - Vtv;tTXtSH% + HV;‘/V;T(XLS - Xt73W9WeT)|‘%
< Xes = ViVi Xosll b+ 1 Xes — X W |13, (32)

the influence of V' and W can be investigated independently.

We conclude that finding the matrix X is a relatively simple task once we have
good orthogonal cluster bases at our disposal, and that orthogonal row and column
cluster bases V and W can be considered “good” if

1 Xes = ViV, Xesllr <€, I1X], - W WX/ |lr<e forallb=(ts) €L}, ;

hold for a given error tolerance € € R+.

Due to the symmetry of these inequalities, we can restrict our attention to the
construction of a good row cluster basis V', since applying the same technique to the
transposed matrix X T will then yield a good column cluster basis WW.

In practical applications, the Frobenius norm is usually only of little interest, more
important are induced matrix norms like the spectral norm. The theory presented
here carries over to this case [5].

3.2. Orthogonalization. Let us now consider the construction of “good” clus-
ter bases. In a first step, we assume that a nested cluster basis V' = (V;)ier;, for the
cluster tree 77 and the index sets K = (K¢ )ie7y is given that satisfies

zbé%if?tx& | Xts — ViZo|lr <€ for all b= (t,s) € LT, ;. (3.3)
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We are looking for an orthogonal nested cluster basis @ = (Q¢)ter; for the same
cluster tree and the new index sets (Ki)ter, that satisfies

HXt,s_Qt tTXt,SHF SG fOI‘ allbz (t,S) EL%_XJ’

i.e., that allows us to compute the best approximation of X; ; explicitly by an ortho-
gonal projection.

In general, the latter inequality will only hold if the range of V; is contained in
the range of Qy, i.e., if there is a matrix R; € RXt*X¢ guch that V; = Q;R; holds.

This equation already suggests a good approach for an algorithm: we are looking
for orthogonal factorizations of the matrices V;, and we have the additional require-
ment that the new cluster basis Q = (Q:)te7, has to be nested. To illustrate the idea,
let us consider a cluster t € 77 with sons(t) = {t1,t2} for t1 # t2. Since V' is nested,
there are transfer matrices E;, and Ey, such that

Vi, Ei
V — L1 1
t (‘/tz Etz)
holds. We assume that the factorizations Vi, = Q¢ Ry, and Vi, = @4, R, and the
corresponding index sets Ky, and Ky, have already been computed. We also assume

that the IN(tl C #; and I~(t2 C ity hold, since this implies I~(t1 N I?tg = () and allows us
to avoid formal problems in the construction of the matrix V; below. We get

vV, = (thEtl> _ (QthtlEt1> _ (Qt1 ) <Rt1Et1> _ (Qt1 ) v,
Vi, B, Qt, R, B, Qt, ) \ R, Et, Qt,
for the auxiliary matrix
V= <g:;§2> € RIA{MK", K = I?tlUI?tz.
We compute the factorization
Vi = QiR
with an orthogonal matrix @t € RExK: apd a matrix I € RE XK using Givens or

Householder transformations. The index set K; is chosen as a subset of K; C t of
cardinality min{#K;, #K:}. The new cluster basis matrix Q; is defined by

Qt = (Qtl Qtz) @tv

and it is obviously orthogonal. Due to K, = IN(tlUIN(t2, we can split @t into its “upper
half” Ft1 — Qt|[~(tl <y and its “lower half” Ft2 = Qt|f(1,2 x K, and observe

A _ (Fu _(Qn A~ (Qy F\ _ (QunFy
a=(i) o= (* g )= (* o) ()~ (&r):

i.e., the cluster basis @) = (Q¢)te7, is nested (cf. Definition 2.5), and the transfer
matrices are given by F;. Due to our construction, we have

i.e., the matrices 1 and R; indeed form an orthogonal decomposition of V;.

If t is a leaf, the situation is simple: we let K; := ¢, V; := V; and Q; := Qy, i.e.,
we just compute a standard orthogonal factorization of V; by Householder or Givens
transformations.
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Algorithm 1 Given X € RMXV | construct an index set K C M of minimal cardi-
nality and orthogonal @ € RM*X such that | X — QQ T X||r < ¢

procedure Lowrank(X, ¢, var @, K);

m— #M; {u1,....pm}t— M; n—#N; {v1,...,vn} < N;
X—0¢ RmXm.

forie{l,...,m},je€{1,...,n} do )?ij — Xy

Compute singular value decomposition X = Usv’;

k «— min{m,n}; €« 0;

while k£ > 0 and E—i—Eik <e? do begink — k —1; E<—€—|—Zik end;
K —{p1,....un}; Q«—0eRMXE,
foric{l,...,m},je{l,...,k} do Qu,u, — Ui

3.3. Truncation. The complexity of subsequent computations with the new
cluster basis @ is determined by the cardinalities of the index sets K = (Ki)iery,
therefore we would like these sets to be as small as possible. The orthogonalization
procedure guarantees #K; < #K; for all t € 77, i.e., the new cluster basis will at
least not be less efficient than the original one, but this is not necessarily the optimal
result.

In order to improve efficiency, we replace the exact factorization V; = Q;R; by
an approximate factorization: we are looking for an orthogonal nested cluster basis
Q@ = (Q¢)ie7, such that V; &~ Q¢R; holds for the optimal coefficient matrices R; :=

[ Vi. We aim to choose the cardinalities #K, as small as possible given the desired
accuracy of the approximation.

This_goal is reached by the truncation algorithm: we replace the exact factor-
ization V; = Q¢ used in the orthogonalization algorithm by an approximate fac-
torization V; = Q: Ry, e.g., by computing the singular value decomposition of V; and
dropping all singular values below a given error tolerance (cf. Algorithm 1).

In this setting we have

Vi, By Qt, R, Ey Q+ = Q: ~
V., = 1) ISRl S R 1 Vo~ ) R R,
' <V;52 Etz) <Qt2 Ry, By, Q1, t Q. QiR = Qi Ry
i.e., the approximation error V; — @ R; is the sum of two errors: the first one is caused

by the approximation of Vi, and V4,, the second one is caused by the approximation
of V;. Using the orthogonality of Q¢, and @y, yields

i 2 _ (‘/;51 - Qthtl)Etlx Qtl UV 0O ’
I0vi=Qural = | (e ~ G p sy (U ) G- Q]|

= |(Vey = Q. Ry Ev )5 + || (Vi — Qe Rea) Evytll3 + |(Vi — Qe Ry

for all vectors € R¥¢. The first two terms of this sum are of the same structure
as the original term, only with the vectors E;, x and Fy,x instead of x. Using the
long-range transfer matrices defined by

b= for t € Tz,7 € Tf,

B . E,vEy ifre Tf for at’ € sons(t),
" 1 otherwise, i.e., if r =1t
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we can proceed by induction (cf. [4, Theorem 4] for a detailed general proof) to get

(Ve = QeR)a|3 = Y [[(Ve = QuRy) Er 3. (3.4)

reT}

This equation relates the total error to the local errors introduced in each step of the
algorithm, therefore it can be used to implement sophisticated error-control schemes.
Applying it to canonical unit vectors and summing up yields

Ve = QuRell = Y (Ve = Qe Re) B 7, (3.5)

reT}

while taking the supremum of (3.4) yields a similar estimate for the spectral norm.

3.4. Matrix compression. Let us now return our attention to the problem of
finding a “good” nested cluster basis for an arbitrary matrix X € RT*7,

Let b= (t,s) € C}'XJ be an admissible block. According to (3.2), we have to find
an orthogonal nested cluster basis @ = (Q¢)te7y such that

||Xt,s - QtQtTXt,sHF S €

holds for a given error tolerance € € R+ .
We approach this problem by using the concept of the total cluster basis intro-
duced in [7]: if we collect the relevant matrix blocks X; s in a large matrix X; with

Xis = Xilixs (3.6)
and find an algorithm that guarantees

[ X — Q:Q! Xi||lr < e,

this would immediately imply

1Xes = QeQ/ Xesllp = (Xe — QuQf Xo)lisllr < 1Xe — Q:Qf Xellp <.

We choose the matrices X; in such a way that they not only satisfy (3.6), but also
form a nested cluster basis: we let

Xt = Xliyn,» Ni:= U{§ : with (t7,s) € E}XJ for t* € pred(t),s € 77}

for all clusters ¢ € 7z. Obviously (X¢)ier; is a cluster basis with the index sets
(Nt)ters, and since Ny D N; holds for all ¢ € Tz, t' € sons(t), this cluster basis is
also nested with trivial transfer matrices. For all b = (t,s) € L5, we have § C IV,
and therefore X ; = X, ;-

This means that the total cluster basis (Xi)ier, can be used to represent each
admissible block of X with zero error. The ranks of the total cluster basis are usually
too large (on the order of #J) for useful algorithms, but we already know how to
fix this: we apply the truncation algorithm to the total cluster basis. Due to the
simplicity of its transfer matrices, the error estimate (3.5) takes the form

I1Xe = QeRellz = D (Xr = QrRo)l g w4 (3.7)

reT}
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and due to § C N; and X,
conclude

lixs = Xis for all admissible leaves (t,s) € LF, 7, we

[ Xt,s — QtQ:Xt,SH%‘ = Z | Xr,s — QTQIXT,SH%‘

reT}

for )?ns = )A(T| Roxs therefore we can control the approximation error by making sure
that the local errors on the right-hand side of this equation are under control.

3.5. Unification. Using the total cluster basis (X¢)ier, directly to construct
the adaptive cluster basis (Q¢)te7, is only an option if nothing about the structure
of X is known, since it means working with ranks on the order of #J and leads to
algorithms of at least quadratic complexity.

We consider the special matrix

X=(X ... X,
for submatrices X; € RT*7: with disjoint index sets Jj,.. ., Jp. We assume that
cluster trees 77, are given for each ¢ € {1,...,p} and that each of the matrices X;

is an ‘HZ-matrix with nested cluster bases V; = (V; )iez, and W; = (Wi,S)SETji and

coupling matrices (Sixb)beﬁ;xj_ .
k2

In order to make the computation of Q@ = (Q)icz, as efficient as possible, we
have to take the special structure of the H?-matrices X; into account.

Let t € Tz, t* € pred(t) and s € Ty, with (t,s) € L3, ;. Since X; is an
H2-matrix, we have

Xt s = (Xi)lprws = V7:,t+51',bWiL
and since V; is a nested cluster basis, we can apply (2.3) inductively to get
‘/;:7t+|£XKi.t+ = ivtEi7t7t+
and therefore
Xilpws = Vigr Sia Wil ) iws = Vit |7 Si oWl = Vit By 4 Si W,

tix 3 1,tt 03,0V s ) lixs ittt lEx K, 4 P50 is ittt 9030V s

This means that the total cluster basis (X; +)te7, for the submatrix X; satisfies
Xip = Vi 2], for all t € 77,

where Z;+ € RNt xKit jg given by

Zitlsxk,, = I/Vi,SSZbEZtﬁ for all t € 7T7,t" € pred(t),s € T,

with b= (t*,s) € LT ;.

The matrix Z; ; has only #K; ; columns, therefore we can use an orthogonal transfor-
mation to turn it into a upper triangular matrix with not more than #K;; columns.

More precisely, we can find an index set ]VM C N, ¢ with #]\NIM < #K; 4, an orthogonal
matrix P;; € RNitxNit and a matrix Zit € RNt xKit with

Ziy = P tZ@t for all t € 77.

by
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The weight matrix Z}t is relatively small, since both the number of rows and the
number of columns are bounded by #Kj; ;, and using the factorization

Xy = VHZ—DPL (3:8)

allows us to handle the truncation algorithm far more efficiently: the orthogonality
of the matrix P;; implies

1 Xi: — Q:iQ) Xi dlF = VieZ], — Q[ Vi Z] |, (3.9a)
1Xis — QQ) Xl = VinZ[, — Q[ Vir Z]l || p (3.9b)

for the matrices R;; := Qt 3¢ and

Vit if sons(t) = 0,
Vii = R E;
ot A1t otherwise
R/I:7t2E/I:7t2

already used in the orthogonalization algorithm.
Replacing all matrices X/ in the truncation algorithm by the more compact ma-
trices V;'Z! means that we can handle the matrix

)Ai;t = (VLtZIt N ‘/;7’752;15) S RfXﬁt, Nt = Nl,t Uu...uJ Np’t Q Nt (310)

instead of the full total cluster basis matrix X; without changing the result of the
algorithm. We will call the matrix X; the condensed counterpart of X;: as far as
our algorithm is concerned, both matrices contain essentially the same information,
but X; is far smaller than X;. Using this approach, the matrices X, appearing in the
orthogonalization and truncation procedures are given by

Ro= (W, o VuZy),) e REN.

We can proceed as in the truncation algorithm: the singular value decomposition of
Xt yields an orthogonal matrix Qt with minimal rank satisfying an error estimate of
the form

”)?t - @t@jnyF <€
for an arbitrary ¢; € Rsg. Due to (3.9) and (3.7), we get

1 Xes = QuQf X sl < 1 Xe — QuQf Xel|F < Y & forallb=(t,s) € L7, ;
reT}

and conclude that by choosing the error tolerances (€¢):e, small enough an arbitrarily
good approximation can be computed. A similar result [7, Theorem 4.2] can be derived
for the total approximation error.

During the course of the algorithm, we also need the operators R;; = Qf Vi de-
scribing the mapping from the old cluster bases to the new one. A direct computation
would be too time-consuming, but since the orthogonality of @y, and @, implies

11‘_Qt 1t—Q V;,tv
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Algorithm 2 Given X € RM*N construct an index set KX C M and a factorization
X = QR such that Q € RM*X is orthogonal, R € RE*XYN and #K < #N
procedure Householder(X, var @, R, K);

m—#M; {u1,....pm}— M; n—#N; {v,...,vn} < N; k< min{m,n};
)?HOER’”X"; @HIER’”X’”;

forie{1,...,m},je{1,...,n} do )?” — Xy,

Apply k& Householder reflections to X to make it upper triangular;

Apply the same reflections to @;
K —{u1,....,ux}; Q—0cRMXE, R. 0gcREXN

foric{1,...,m},j€{1,...,k} do Qu.,, — Qji;
foric{l,...,k},je{l,...,n} do Ry,,, — Xjj

we can perform this task more efficiently.

We intend to use this basis construction recursively, so we require the weight
matrices (Z;)ter, for the unified approximation with the new cluster basis Q. Fortu-
nately, their construction is straightforward: the total cluster basis matrices for the
unified approximation are given by Q;Q, X, and due to (3.8) and (3.10), we have

QO X =QuQ (Xuu - Xp0) =Qu@] (VieZLPl, .. ViuZ],P),)
T T
Pl,t Pl,t
= Q! Xy = QiY: ,
Pp,t Pp,t
for the matrix }7,5 = ;'—)?t S Rfﬁx}vt, and we can use a standard orthogonal factor-

ization (cf. Algorithm 2) to find an index set ]\7,5 - ]\Aft, a matrix Zt € RN*Ke and an
orthogonal matrix P; € RN:*Nt with

Y, =Pz,
therefore we get
T
Py
Q:Qf Xi = QuY, =z Pl
PM
for the orthogonal matrix
Py
Pt = T Pt,
Pp,t

and conclude that Zt is a weight matrix for the new approximation defined by the
projection into the new cluster basis ). The resulting recursive procedure is given in
Algorithm 3.
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Algorithm 3 Construct unified cluster basis V' = (V;)ie7, with weight matrices
(Z)tet, for cluster bases Vi, ..., V, with weight matrices Zi,..., Zp
procedure Unify(t, Vi, ..., V,, 21, e Zp, var @, Z, Ry, ..., Rp);
if sons(¢) = () then begin
I?t — tA;
forie {1,...,p} do \A/” — Vi
end else begin
I?t — 0
for t' € sons(t) do begin
Unify(t', Vi, ..., Vi, Z1, - oy Zpy Q, Z, Ry, .., Ry);
K; — KUKy
end;
forie{1,...,p} do begin
Vie—0€ ]RfQXK”;

by

for t' € sons(t) do ‘th|1~<t/xKi T RivEip
end ‘
end;
Nt — 0
forie{l,...,p} do N, — ]\AftUﬁi7t;
)?t —0e Rfﬂx}vt;
forie{1,...,p} do )A(tb?txﬁi L ‘A/szzf,
Lowrank()/(\'t, €t, @t, f{-t); Y
forie{l,...,p} do R;; «— CA)tT‘A/M,
Y, @Z)/ft € Rfﬂxm;
Householder(f/;—r, ﬁt, Zs, Nt);
if sons(t) = () then
Qt — @f,
else
for t' € sons(t) do Fy — @t|f(t,xf(t

3.6. Complexity of the unification. Let us now investigate the complexity of
Algorithm 3. We assume that the computation of the Householder factorization of a
m x n matrix requires Cq,mn? operations and that its singular value decomposition
(up to machine accuracy) can be found in Csyamn? operations.

We introduce the abbreviation

ki = #Kiy, for all t € 77
and start by establishing a number of basic estimates: by construction, we have
BN < #K = kiy for all i € {1,...,p},t' € Tz,

and this implies

P

P
#N; = Z #N; < Z kit for all t € 77.

i=1 =1
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Since )?t has only #]Vt columns, its rank cannot be higher, therefore also the rank of
the new cluster basis @); has to be bounded by

p
#HE, < H#N <> ki for all t € T7. (3.11)
=1

Let us now consider the last remaining quantity #I?t. If t is a leaf, we have I?t =1{
and get #K; < Cy¢k; 4 for any ¢ € {1,...,p}, which trivially implies

p
#K, < Cie Y ki for all t € L7.

=1

Otherwise, we have

#IAQ: Z #Kt’<z Z iy for all t € 77 \ L7.

t’ €sons(t) =1 t'€sons(t)

Using these preliminary estimates, we can now give a bound for the algorithmic com-
plexity of Algorithm 3:

LEMMA 3.2 (Complexity of unification). There is a constant Cyni € Rso depend-
ing only on Cq, Csya, Cir and Csy such that Algorithm 3 requires not more than

P
CuniD? E E kir arithmetic operations.
i=1 TGT}

Proof. Let t € 77. Algorithm 3 starts by preparing the matrix ‘A/?t If ¢ is a leaf,
the matrix V;; is copied and no arithmetic operations are performed. If ¢ is not a
leaf, the matrices R; + and E; ; are multiplied for all ¢ € {1,...,p} and t' € sons(t),
and this requires not more than

Z Z #Kt/ (#EKiv)#Kir) < 222 Z kjukivkie operations
1=1 t’Esons(t) i=1 j=1t'€sons(t)

due to (3.11). We employ the elementary inequality
1
xyz < g(x?’ + 93+ 2%) for all z,y,z € R>g

to bound this term by
2 p
—ZZ D, Ke+klu+kli<gpd > 2+
=1 j=1 t'€sons(t) i=1 t’€sons(t)

Since most of our estimates will be of a similar form with different constants, we
introduce

P
o = Zk‘”, B = Z Z kig,t’

i=1 t’Esons(t)
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and get
2
S Y 2R ) () < (3up) o+ (30) 51
1=1 t/€sons(t)

We can use similar techniques to prove that the number of operations for the con-
struction of X; by multiplying V;; and Z;; is bounded by

p
22 #Kf (#Kv t)(#Nz f) > (Qlep+ C@np) o + ( ) ﬁtv
=1

that the computation of the singular value decomposition of )?t takes not more than

~ ~ 2 1
Csva(#K)(#N,)? < (csvdclpr + gcsvdcsnp?) o + (

3 svdp )ﬁt

operations, that the transformation matrices R;; can be constructed in not more than

P

2> RO #E) < (2057 + 5Cus? )t (37 5

i=1

operations, that we can compute the “uncondensed” weight matrix Y; in not more
than

A RIERIGER) < (200 + 3Cu? ) o+ (3)

operations and that the orthogonal factorization used to find the final weight matrix
Z; takes not more than

~ ~ 1 2
qu(#Nt)(#Kt)2 S <qu012fp2 + gcqrcsnp2> Qi + (3 qrp ) ﬂt

arithmetic operations. Adding up these estimates yields a bound of

Cip*a; + Cop®By = Cip? Z ki + Cap® Z Z kDo

i=1 t’€sons(t)

for constants Cy,Cy € R>g depending only on Cyy, Csya, Cir and Cy.

Since Algorithm 3 uses recursive calls to compute the matrices also for all descen-
dants r of ¢, a bound for the total number of operations can be derived by summing
this result over all descendants. Due to the fact that each of these descendants cannot
have more than one father, we get the bound

P
> Cip*ay + Cop®By = CpoZZk +Op’Y Y > K

reT} i=1reT} i=1 reT} r’'€sons(r)

P P
SCp' Y] Y K+t D ki

i=1reTt =1 r'eT}
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< (C1+Co)p Z > K,

1= lrg']‘t

and using Cly := C7 + Co, this is the estimate we need. O

We can again consider special cases: if k;; < k holds for all ¢ € {1,...,p} and
all t € Tz, Algorithm 3 requires O((#77)k3p?) operations, and for #77 < n/k, we
get O(nk?p3). Lemma 3.2 provides us with a worst-case bound: our estimates allow
the case #f(t = #ﬁt, corresponding to completely unrelated submatrices, while in
practice we expect that the submatrices correspond to subblocks of a matrix that can
be approximated globally by an H2-matrix, therefore the resulting rank #K; can be
expected to be similar to #K; ;.

7. Hierarchical compression. Based on the unification technique we can
now introduce the hierarchical compression algorithm.

A simple approach is to use the block cluster tree: for each admissible leaf, we
construct a low-rank approximation of the corresponding submatrix using one of the
established H-matrix techniques (e.g., matrix arithmetics [20, 17] or cross approxi-
mation [3, 8]). Then we work towards the root of the block cluster tree and construct
unified row and column cluster bases for each submatrix.

Each unification adds an error bounded by € to the final result, leading to a total
error that can be bounded by e depth(7zx7), and therefore is under control.

The analysis of the complexity of the hierarchical compression scheme is a little
more complicated: the number of operations required for constructing the leaf blocks
L7«7 depends on the original approximation scheme, and we can apply standard
results [17] of the H-matrix theory. The number of operations required for conversion
into the H2-matrix format can be bounded using Lemma 3.2: Algorithm 3 has to be
applied for all b = (t,s) € Tzx7 \ L2x7, and assuming that all ranks can be bounded
by a constant k € N, Lemma 3.2 yields a bound of

Z CouniD® Z k3 + Z k3 arithmetic operations.

b=(t,s)ETzx g reT} reT;
bZLx g

Assuming again that 77« 7 is sparse, we get

> Cad® | YR DK < CpCunip® | D DK D DK
b=(t,s)€Tzx 7 reT} reTs t€Tr reT} s€TyreTs
bEL1x T

= Cspcunip3 Z kB# pred Z kg# pred( )

relr reTy
< CopConip®k? (depth(77)# 77 + depth(T7)#77) .

Under the standard assumptions depth(77), depth(77) < logn and #77, #77 S n/k,
we conclude that the hierarchical compression requires O(nk? logn) operations. This
is the same order of complexity as for most H-matrix algorithms, i.e., the conver-
sion to the more efficient H2-matrix format can be performed without changing the
complexity of the underlying H-matrix algorithm.
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SLP matrix DLP matrix L? error
n | Build | Mem | M/n | Build | Mem | M/n €1 €2 €3

2048 6.7 871 44 12.5 74 371125 |23_2| 18
8192 36.9 48.5| 6.1 64.3 385 | 48(62_9 |11 2|89 9
32768 | 205.7| 2324 | 73| 3106| 1776| 5.6 |3.1_2|56_3|44 2
131072 | 1069.7 | 1257.0 | 9.8 | 1706.2 | 1034.6 | 8.1 | 1.5_o | 2.8_3 | 2.2_5
524288 | 6051.3 | 5529.0 | 10.8 | 8152.7 | 4552.1 89| 77_3| 143|119

TABLE 4.1
Boundary integral operators on the unit sphere

4. Numerical experiments. We apply the hierarchical compression scheme to
a boundary integral problem: consider a Lipschitz domain 2 C R? and a harmonic
function u in this domain. The Dirichlet values u|r on the boundary I' := 99 of
are connected to the Neumann values d,u|r by Green’s formula

1
[ s@mpumay = 5u@) + [oaumdy  forallzer, (@)

which allows us to compute the Neumann values corresponding to given Dirichlet
values, where the kernel function is given by

1 1
9(x,y) == — for all 2,y € R,z # y.
A [z —yl2

The integral operator on the left-hand side of (4.1) is called the single layer potential
(SLP) operator, the integral operator on the right-hand side is called the double layer
potential (DLP) operator. We discretize (4.1) by a Galerkin scheme with piecewise
constant basis functions for the Neumann values 9, u|r and continuous piecewise linear
basis functions for the Dirichlet values u|r, thus approximating the single and double
layer potential operators by matrices V' and K.

These matrices are dense and can only be handled efficiently if a compression
scheme is applied. We use the unification Algorithm 3 in combination with an initial
low-rank approximation provided by the HCA method [8] and a grey-box quadrature
rule [26]. Strang’s lemma (e.g., [11, Theorem 4.1.1]) implies that error estimates of
the form |V — V]l < h* and |K — K|
of convergence of the overall scheme is preserved. We achieve this goal by using the
advanced error control technique presented in [5].

Table 4.1 contains the results for a simple situation: we approximate the unit
sphere by n plane triangles and apply our scheme to the harmonic functions

< h* would ensure that the optimal order

~

1 1
ur(e) =af — a3, uz(r) = uz(x) = |

_ for all z € R®
|z — 2|2

l = a*[l2”

with z* = (1.2,1.2,1.2) and z** = (1,1/4,1) to test the approximation properties
of the approach. The columns “Build” contain the time for the construction of the
matrices (including quadrature of the singular nearfield integrals) in seconds, mea-
sured on one processor of a SunFire X4600 computer, the columns “Mem” give the
storage requirements for near- and farfield in MBytes, the columns “M/n” give the
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H2-matrix H-matrix
Spectral error Spectral error
n| Build | M/n | abs. rel. Build | M/n | abs. rel.

25744 166.7| 7.7]112_g |59_5 138.1 74118_g |89_5
102976 8074 79|6.1_10|1.2_5 636.3 | 12.2 | 9.3_10 | 1.9_5
411904 | 4814.7| 7.7 2.5_11 | 2.1-¢| 38319 | 188 |2.8_11|2.2_¢

1647616 | 25751.0 | 8.3 | 1.4_12 | 4.5_7 | 21646.1 | 27.6 | 2.0_12 | 6.4_~

25088 170.5 791123 [1.6_5 1414 9.0 1.7_g |2.2_5
100352 886.3| 9.6 |52_109|2.7-¢ 7174 134 | 6.1_19 | 3.2_¢
401408 | 4479.1 | 10.1 | 2.7_11 | 5.6_7 | 3628.8 | 20.1 | 3.5_11 | 7.2_~

1605632 | 28257.2 | 10.8 | 1.4_1o | 1.1_7 | 25784.1 | 29.5 | 2.4_15 | 2.0_7

28952 266.1 | 15.1 | 7.2_g | 1.6_5 2373 | 105 |81_g | 1.9_5
115808 | 1133.2 | 12.1 | 3.8_9 | 3.4_¢ 952.8 | 16.8 | 5.8_9 | 5.2_¢
463232 | 5949.8 | 12.7 | 2319 | 8.1_7 | 4959.4| 26.0 | 2.8_10 | 9.8_7

1852928 | 34921.5| 95| 1.4_11 | 2.0_7 | 33409.8 | 40.3 | 2.1_11 | 3.0_7

TABLE 4.2
Comparison of H- and H?-matriz compression

storage requirements per degree of freedom in KBytes, while €1, € and e are the L2-
norm errors of the approximated Neumann values. The storage requirements for the
SLP matrix V could be reduced further by taking advantage of its symmetry without
changing the accuracy, but this is not yet implemented. We can see that the errors
converge like 1/n, which is the optimal rate for a piecewise constant approximation.

In a second experiment, we compare the H2-matrix approximation provided by
the hierarchical compression algorithm with an approximation in the H-matrix for-
mat: the adaptive coarsening algorithm [15] not only uses near-optimal low-rank
approximations in each admissible block, it also optimizes the block cluster tree in
order to reduce the storage requirements. The resulting H-matrix is very close to the
best possible approximation in this representation.

We compare both techniques using three different geometries: the first two are
examples from the NetGen package by Joachim Schéberl, namely an approximation
of a crank shaft with 25744 plane triangles and an approximation of a pierced sphere
with 25088 plane triangles, the third one is an approximation of a three-dimensional
foam with 28952 plane triangles courtesy of Giinther Of and Heiko Andréd. Each of
the geometries is refined three times by splitting each triangle into four congruent
subtriangles, thus providing us with a range of problem dimensions.

We approximate the single layer potential matrix V' on each of the resulting
twelve surface meshes and compare the time for the construction and the storage
requirements. The results are given in Table 4.2, and we can see that the time
requirements for the construction of H- and H2-matrices are comparable and that
the compression works very well for large problem dimensions: for 100000 degrees
of freedom, both representations require similar amount of storage, for 400000 the
H2-matrix requires less than half the amount needed by the H-matrix, and for 1.6
million the ratio is less than one third.

The experiments demonstrate that with the hierarchical compression algorithm,
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the H2-matrix method is significantly better than the best known H-matrix approach:
it requires approximately the same amount of time (which is no surprise, since it is
based on the same initial low-rank approximation), and its improved storage com-
plexity is clearly visible for large problem dimensions.
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