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Abstract

We consider the Navier-Stokes system with variable density and variable
viscosity coupled to a transport equation for an order parameterc. Moreover,
an extra stress depending orc and r ¢, which describes surface tension like
e ects, is included in the Navier-Stokes system. Such a system arises e.g. for
certain models for granular ows and as a di use interface model for a two-
phase ow of viscous incompressible uids. The so-called density-dependent
Navier-Stokes system is also a special case of our system. We prove short-time
existence of strong solution inL9-Sobolev spaces withg > d. We consider the
case of a bounded domain and an asymptotically at layer with combination
of a Dirichlet boundary condition and a free surface boundary condition. The
result is based on a maximal regularity result for the linearized system.

Key words: Navier Stokes equations, free boundary value problems, maximal reg-
ularity, di use interface models, granular ows, non-stationary Stokes system
AMS-Classi cation:  76D05, 35Q30, 35R35, 76T99, 76D27, 76D45

1 Introduction and Main Results

We consider the following Navier-Stokes system with variable density and variable
viscosity coupled to a transport equation for an order parametes.

no)(@v+v rv) dv(2 (c)Dv)+r g= divF(c;rc) forx2 (t); (1.1)

divv=0 forx2 (t); (1.2)
@+vrc=0 forx2 (t); (1.3)
vj, =0 forx 2 o (1.4)

n T(c,v;&)j ,, = n F(c;r ¢ forx 2 ,y; (1.5)
Vjt=o = Vo forx2 o (1.6)
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2 1 INTRODUCTION AND MAIN RESULTS

fort 2 (0;T) and (0) = . Herev is the velocity of the uid, p is the pressuren
is the exterior normal, and

T(c;v;e) =2 (c)Dv ¢l

is the usual stress tensor for Newtonian, incompressible uids in the case of a variable
viscosity (c) > 0, whereDv = %(r v+ r v'). The density % >0 depends explicitly
and su ciently smooth on the order parameterc. Moreover, F(c;r c) is an extra
stress tensor describing surface tension like forces related to variations of the order
parameter. Finally, we assume thata t) = [ o forallt2 [0;T], where 1; 2
are disjoint, closed (possibly empty), and su ciently smooth surfaces. ,; and ;
describe the free boundary of the domair( t) and the xed part of the boundary,
respectively. The motion of the free boundary is determined by the usual kinematic
relation

Voaon =N Vi, (1.7)

whereV , is the normal velocity of ,(t). Surface tension e ects at the free bound-
ary ,(t) (in relation to the exterior gas or vacuum) and exterior forces are neglected.
In applications F can be e.g.

F(c;re) = alQjrgrcr c

for some O0anda?2 C?(R). Then F(c;r c) describes capillary stresses related to
a free energy of the form

Z o
a(o)jr ¢? q

2+ X:

E(c) =
(Of course more general version of a free energy dependingcoend r ¢ and a cor-
responding extra stress can be treated too.) The latter form includes the case that
the free energy density depends an%instead ofr c sincer %= %c)r c. In partic-
ular, if =0 and c describes the concentration of two partly mixing incompressible
viscous uids, we recover a well-known di use interface model in the case when dif-
fusion e ects are neglected, cf. Gurtin et al. [10]. Note that in this case the system
arises from the systems studied e.g. in [1, 2] if one chooses the mobility coe cient
m = 0. Moreover, if c = %describes the density of the uid and = 0, the system
describes a continuum model for the motion of granular material as e.g. sand or
powder, cf. Malek and Rajagopak [12]. The latter system was studied by Nakano
and Tani [13] before, where short time existence of strong solutions in anisotropic
L2-Sobolev spaces in the case of Dirichlet boundary condition and a bounded domain
was proved.

The purpose of the paper is to obtain local existence of strong solutions for the
system above in anisotropid-9-Sobolev space for a gener& in bounded domains
and asymptotically at layers. The result is proved by transformation to Lagrangian
coordinates, where both the evolution of the free boundary,; and the transport
equation for c can be solved explicitly for given velocity.



More precisely, letX (;t), t > 0O, be the trajectory of the mass patrticle, i.e.,
X (;t) solves

@X(;t)=v(X(;t)t);,  X(;0=; fort2(0;T); 2 o
Then (1.7) impliesX ( 20;t) = ¢ fort 2 (0; T), and (1.3) implies
c(X(;t);)=¢co() forallt2 (0;T);, 2
since
@(X(;t);)=(@)(X(;t);t)+(v r o(X(;t);)=0

Moreover, letu(;t) = v(X(;t);t), p(;t) = g(X(;t);t) be the velocity and the
pressure of the uid in Lagrangian coordinates. Then
Z t
X(t)=Xu(5t)= + u(; )d
0
and the system (1.1)-(1.6) is transformed to

WNeo)@u  divy (2 (c)Dyu)+ r yp= divy F(Co;r yG); in Qt; (1.8)
div,u =0; in Qr; (1.9)
uj , =0; on 1 (0;T); (1.10)
Ny Tu(Cosu;P)j , = Nu F(Coir uCo) on , (0;T); (1.11)
Ujt=o = Ug in o (1.12)
where 0o=(@0) ,Q= (0;T), 2= 20, and
Z t
Xu(t; )=+ u(; )d: (1.13)
0
Here
ro=AUr ; divpv=r, v=Tr( A(Wr v);
Tu(u;p) =2 (c)Dyu pl; D v:} rovE(r o)’ o onu(;t)= Alwn .
u ’ u ’ u 2 u u ’ u\ » jA(U)n ja

whereA(u) = (D X,) T(;t) andn denotes the exterior normal at 2 @ .
The main result of the paper is the following:

THEOREM 1.1 Letd 2,d<g<1,q63,andlet be abounded domain with

1 1
Wq “-boundary or let = be an asymptotically at layer witth2 _boundary,
cf. Assumption 1.2 below. Moreover, we assume tha%: R! R are C!-functions,
F:R R?! R??is aC?function with F(s;0) =0 forall s2 R, ¢ 2 Wj() and
that (cp) and %cy) are bounded from above and below by some posmve constant.

Then for everyug 2 Wq q() d with divug =0, Ugj , =0, and(n2 (c) Dug) j ,=0
if g > 3; there is someT > 0 such that (1.8)-(1. 13) have a unique solutioku; p) 2

: : o 1 Lia b
WEHQr)? Wg%Qr) with pj , 2 Wg 7 *( 2 (0;T)).



4 1 INTRODUCTION AND MAIN RESULTS

Here and in the following we denote by andf, the tangential and normal compo-
nents, respectively, of a vector eldf .

The advantage of theL9theory in comparison with the usual result based on
L2-Sobolev spaces is that less smoothness of the data is needed. We note that we
also reduced the assumption on the smoothness @f in comparison to the earlier

1
work A. [3] in the case of an asymptotically at layer with @ 2 Ct\ qu I,
constant viscosity and density, andc 0, and in comparison with Beale [6], where
the correspondingL?-theory was treated. Moreover, it improves and extends the
result on the density-dependent Navier-Stokes equation in a bounded domain by
Danchin [8], where@ 2 C2*" and Dirichlet boundary conditions are assumed.

The proof is done with the aid of the Banach contraction-mapping principle using
the unique solvability of the linearized system, i.e., the non-stationary Stokes system
with variable viscosity:

@ div(2 (x)Dv)+r p=f in 0;T); (1.14)
divv=g in ©; T); (1.15)
vj,=0 on ;1 (0;T); (1.16)
n T(v;p)j,=a on , (0;T); (2.17)
Vjt=0 = Vo on (1.18)
where v: (0;T) !' RYis the velocity of the uid, p: (0;T) ! R is the
pressure,
T(v;ip=2 (x)Dv pl;
I (0;1) is a variable given viscosity coe cient (independent of), and RY,
d 2, is a suitable domain with boundary@= ;[ , consisting of two closed,

disjoint (possibly empty) components j, j = 1;2. More precisely, we assume the
following:

1
Assumption 1.2 Let be a bounded domain WithV,? "-boundary for somed <

1
r 1 orlet = be an asymptotically at layer WithWr2 "-boundary, i.e.,

= x2R%:a+ (xY<xg<b+ (x9 :

wherex = (x%xg), a<b, and 2 W/ r;(RO' 1) such that . (x9 x9+b a
> 0forall x°2 R 1, limjyou (x9=0, andlimyq; r (x9=0ifr=1.
Moreover, let@= ;[ , consist of two closed, disjoint (possibly empty) com-
ponents j, j =1;2. Inthe case of an asymptotically at layer, we will assume that
1= f(x% (x9:x°2RY gand ,=f(x% . (x9:x°2RY 1g.

The maximal regularity result we prove and apply is the following.

THEOREM 1.3 Let0O<T < 1 ,let beasinAssumption 1.2, and Ieg <gq<1
with max(q;d) r, g6 3. Moreover, assume that 2 W2 () for somed <r,



1 such that max(q; &) r, and (x) o> 0. Then for everyf 2 L9(Qq)Y,

g 2 WIO(Qr) with @y 2 LIO; T; W, 1()) 2w 0, 0Ty, a2
1L %(1 1)

Wq ¢ (5 (0;T))Y, and vp 2 Wq q() d satlsfylng the compatibility condition
div Vo = gt=o in Wy.%,() ; Voj , =0; (N 2DVy) j , = aji=o if 4 >3
there is a unique solution(v; p) 2 WZ(Qr)? W, °(Qr) of (1.14)-(1.18). Moreover,

kaqu;l + Kr pkpa + Kpj 2kW1 Lia b (1.19)

q

C k(f; r gkia + k@gK 1,0 + K(gj ,; @)k ,

1 Lia b T Kk o2
Wq q’ q Wq Q()

where kik 1.0q := k:qu(O.T.Wq 1. The constantC can be chosen independently of
W,
T 2 (0;Tp] forany xed 0<To< 1.

Precise de nitions of the function spaces are given in Section 2 below.

The proof of the latter theorem is based on a recent result on the existence of
a boundedH; -calculus for an associated (reduced) Stokes operator by the authors,
cf. [5].

We note that rst results on general non-stationary Stokes systems, including the
case of variable viscosity, were obtained by Solonnikov [14, 15]Lifi-Sobolev spaces
and weighted Holder spaces in the case of a bounded domain with pure Dirichlet
boundary conditions andg = 0. Moreover, Bothe and Priy [7] obtained unique solv-
ability of general non-stationary Stokes systems ih9-Sobolev spaces for the case of
bounded and exterior domains with Dirichlet, Neumann, and Navier boundary condi-
tions. Finally, we note that Lady®enskaja and Solonnikov [11] and later Danchin [8]
obtained results for a similar non-stationary Stokes system with variable density
instead of variable viscosity.

The structure of the article is as follows: In Section 2, we prepare some preliminary
results. In Section 3, the unique solvability of the linear system is established, which
is Theorem 1.3. Finally, in Section 4, the results of the linear theory are applied and
Theorem 1.1 is proved.

2 Preliminaries and Notation

For s 2 R we denote by[s] the largest integer s and setfsg:= s [s]2 [0;1).

If M RYis measurableL9M),1 g 1 denotes the usual Lebesgue-space
and kikq its norm. Moreover,L9(M ; X)) denotes its vector-valued variant, whereX
is a Banach space. If 2 L9(M), g2 L%(M), Where + lo =1, then

Z
(f;9)m = ) f (x)g(x)dx:
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If X is a Banach space an& %is its dual, then
h;gi h f;gixex = (0Q); f2X%2X;

denotes the duality product. MoreoverC ([0; T];X), 2 (0;1), T > O, denotes the
space of Holder continuous function$ : [0; T]! X. Furthermore, CKY() denotes

the space ofk-times dierentiable functions f: | R with uniformly Lipschitz
continuous k-th derivatives, wherek 2 No and RY is a domain.
Let RY be a domain. In the followingWg() ,s 0,1 qg<1,denotes the
usual Sobolev)—(SIobodeckij space normed by
kuk‘s‘;q = kD ukg if s2 Np;
i s
Z Z
X X iD D id
kukd., = kD ukj + ) P(X) — fl:(y)J dxdy if s62No:
| IS j=lsl oy

Moreover, Wg(; X) denotes its vector-valued variant, whereX is a Banach space.
Finally, W3(@) is de ned in the same way as above with the Lebesgue measure
replaced by the surface measure.

We note that Assumption 1.2 on the domain implies the Assumption 1 in [5],
see A. [4] for the details. In particular, since has aC!-boundary due tor >d, the
usual Sobolev embedding theorem holds fov () . HenceWg() | L* () for all
d<qg< 1 and we have the following fundamental lemma:

Lemma 2.1 Letl<g< 1 andd<p 1 suchthatg pandlet be adomain
as in the Assumption 1.2. Then (f;g)(x) := f (x)g(x) de nes a continuous, bilinear
mapping :Wg()  W7() ! W,() :

The anisotropic Sobolev-Slobodeckij space is de ned as
WZS(Qr) = LYO; T;Wis()) \ We(0; T;L9()) ;s 0

normed by

a9 = kykd J :
KUkzsisig = KUKCaomawgey * KUKwszomiaq)

Moreover, we de neWé’“O(QT) = L9O; T;Wg"()) , m 2 N, and denote byk:km:oq
the corresponding norm.
The following lemma will be used to reduce to zero boundary and initial values.

Lemma 2.2 Let RS, d 2,d<r 1 beasinAssumption 1.2, Ieg <g<1,
g63,and let0O<T 1 . Moreover, let 2 erl() with  (x) o > 0 for some
d<r; 1 suchthatr; g Then:

2
1. For every ug 2 qu “() with uj , = 0 there is someu 2 W& (Qr) with
Ujt=o = Uo, Uj , 1) = 0. Moreover, there is someC > 0 independent of
T 2 (0;1 ] such that

kUquz;l(QT) Ckaquz %() .



1.1 1

2. For everya 2 Wq (2 (0;T) with aji-o = 0 if g > 3 there is some
A 2 WZHQr)? with Ajio =0, Aj , =0, and
(n 2DA)j,=a; divAj , = a,:
Moreover,
KAK,,

(:f:l(QT) Ckakl %;%(1

el

)
whereC can be chosen independently af 2 (0;1 ].

Proof: With the aid of the coordinate transformations due to [5, Proposition 1] and
a suitable partition of unity the rst statement can be easily reduced to the case of
a half-spaceR?, which is well-known, cf. e.g. Grubb [9, Appendix].

In order to prove 2., letA 2 WZH(Qr)? with Aji-o = Ajg =0,and@Aj ,= ‘a
such thatkAk,.1q  Ckak, Lig lyge As before, the existence ofA can be reduced

to the corresponding statement inRY. Then

(n 2DA)j,=(r A+ @A)} ,=0+ a;

divAj ,=(div A + @QAn)] , =0+ a,:
The constant C can be chosen independently of since we can extendh to & 2
Wy P, (0:1))¢ such that keky 11y 1, Ckaky 1 1 whereC
does not depend orT, and restrict the corresponding® 2 WJ™( (0;1 )¢ to
(0; T) afterwards. The latter extension to(0; 1 ) can be done by rst extendinga in

an even way aroundt = T to a function de ned on (0; 2T) and then extending by
zero, which yields are2 Wq 2% ¥( , (0:1 ))9 sincegjisr = ajreo = 0 if q > 3.

For the following we denote

Wi () = u2 Wg(): w'2=0 if ,86;;
42 ( u2Wg(): udx=0 if p=;;

wi () % if 26 ;;
Wi = 1

f2Wug():=( WH)) %:H;1i=0 if ,=;:

Herqul; ,() is equipped with the normkr k _a() . Moreover, we note that is a
bounded domain if , = ;.

Lemma 2.3 Let be as in Assumption 1.2 and lel < g < 1. Then for every
1
F 2 Wq;lz() anda?2 qu 9( ,) there is a uniquep 2 qu; ,() such that

(rpr') =HF iy 2y forall 2Wg () ; (21)
Q2’0 2 ’
p,=a on 2. (22)
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Moreover, there is some constan€, independent ofF such that
kr pqu() Cq kF kW 1 + kr Aqu()
a2

for every A 2 Wy() with Aj , = a.
We refer to [5, Lemma 2] and [4, Corollary A.2] for the proof.
We will frequently use the following lemma:

Lemma 2.4 Let be as in Assumption 1.2 and legy > d. Then for any F 2
CY(U), where U R™, m 1, is open, and anyR > 0 there is some constant
C = C(R;F) > 0 such that

KF (W)kws() C
kF(U) F(V)kLl O Cku kaql()

for all u;v 2 qu() with k(u; v)kwy; R and u(x); v(x) 2 U forall x 2 . If even
F 2 C2(U), then

kF (U) F(V)kwa() Cku Vqul()
for all u;v 2 qu() with k(u; V)kwa R and u(x); v(x) 2 U for all x 2

Proof: The proof follows easily from the Sobolev embedding;() ! L* () ,the
chain rule, and the representation
Z 1

F(u) F(v)= . DF(tu+(1 tv)dt (u v):

3 Non-Stationary Stokes Equations

As in the case of the generalized Stokes resolvent equations, cf. [5], (1.14)-(1.18) can
(at least formally) be reduced to thenon-stationary reduced Stokes equations

@ div(rv+rPvr Trvi=f, in Qr; (3.1)
vj,=0 on ;1 (0;T); (3.2)
Tu=a on , (O;T); (3.3)
Vjt=o0 = Vo in (3.4)

where T is de ned by
(TA) =(n 2Dv) j ,; (TA), = divyj ,: (3.5)



For given 2 qu() with  (x) o > 0 the reduced Stokes operatof, on L9() ¢
is de ned as

div( rv)+rPv r Trv' (3.6)
V2WE() “ivp, =0;TYj ,=0 ;

Aqv
D(Aq)

Q-

R
Moreover,Pv  p; 2 qu() with pyj , 2 qu (2)if 26 ; and pdx=0if

> = ; is de ned as the solution of
(rpuyr') = (C(C r div)yv;r') +(Dv;2r r'); (3.7)
P, = 2 @Wn (3.8)

forall ' 2 Wc%); ,() . Note that the right-hand-side of (3.7) de nes a bounded linear
functional on quo; ,() . The existence of a solution follows from Lemma 2.3. Hence
P: qu() di qu() is a bounded linear operator. The following result follows from
[5, Theorems 1,2, and 3].

Theorem 3.1 Letl<p;q<1,0<T< 1,andlet beasinAssumption 1.2 and
assume thatmax(q;d) r. Moreover, assume that 2 erl() forsomed<r; 1
such thatmax(g; ) ri and (x) o > 0. Then for everyf 2 LP(0;T;L9() 9
there is a unique solutionv 2 W(0; T;L9() 9)\ LP(0; T;D(Ay)) of

vAt) + Agv(t)
v(0)

f(t); 0<t<T;
0

Moreover, there is some constan€ > 0 independent off such that
kvkiooriLay + KAqVKLpo:TiLa)  CKf Kiporriia):

Remark 3.2 Obviously, the constantC above can be chosen uniformly i@ < T
Toforany0<Ty< 1.

From the latter theorem and Lemma 2.2, we deduce:
Theorem 3.3 Let 0 < T < 1, let ;r be as in Assumption 1.2, Ietg < g <

1 with max(q;d) r, g6 3, and let 2 W}.() for somed <r; 1 such
that max(g;d) ri and (x) o > 0. Moreover, let (f;;a;;Vg) 2 LIQr)?

1.1 1 2
qu aiz® q)( , (0;T))¢ qu () ¢ satisfy the compatibility conditions
1. div Vo = gj=o in W, ',() , Voj , =0,

2.(n 2Dvy) j,=ajw=o if q>3.
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Then there is a unique solutiornv 2 WqZ;l(QT)d of (3.1)-(3.4), which satis es

2
q

kaqu;l(QT) C kfrqu(QT)+ karkw1 Liia & + kvok

A LYY ) we ()

for someC > 0 independent off ;& ;Vvy. The constant can be chosen uniformly in
0<T ToforanyO0O<To< 1.

Proof: The theorem follows immediately from Theorem 3.1 i, = vo = 0. The
general case can be easily reduced to the latter case by rst subtracting a suitable
extension ofug and then a suitable extension o&,, cf. Lemma 2.2. [ ]

Now we are able to prove Theorem 1.3. A proof in a more general case can be
found in [4]. For a similar proof in the case of constant viscosity and an asymptoti-
cally at layer with mixed boundary conditions we refer to [3].

Proof of Theorem 1.3: For almost everyt 2 (0;T) let po(:;t) 2 qu() with

1

1 R
P2j , 2 qu ‘(o) if ,6; and p,dx =0 else be the solution of
(rp(50ir ) =(F O+ rot):r’) +hayt):" iw *ws, (3.9)

forall' 2 quo; ,() andpyj , = a,, cf. Lemma23. Nowwedend, =f r py+
r g. Then

Kiky  C k(i 1 Qkg* k@kagiran, 1) * Kanky Lia 1y

q’

with C independent of T. Moreover, let(a;) = a and(a)n = gj ,.

Now letv 2 qu?l(QT)d be the solution of the reduced Stokes equations with right-
hand side(f,;a’). Then (v;p) with r p=r Pv+r p, solves (1.14) and (1.16)-(1.18)
by construction. Hence it only remains to prove thadivv = g.

First of all, because of (3.9),

(fr()r ") = h@y):" iy 2wy, S+ T o(M)ir ") (3.10)

forall* 2 W () and almost everyt 2 (0; T). On the other hand, ifv 2 W2*() ¢
solves (3.1)-(3.4), then

(fesr') =bh@divv;' iy 1w +( r divvir ') (3.11)
a4 2% ,
forall* 2 Wy ,() because of

(div( rv);r')  (rPvir') +(r Trviir') (3.12)
=( wr') (rPvir')y +(Dv;2r r ") =( rdvvir')

for all * 2 qu; ,() and almost everyt 2 (0;T) due to (3.7). Moreover, since
divv g2 qu; ,() , Proposition 3.4 below impliedivv = g. [
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Proposition 3.4 Let ;r be as in Assumption 1.21<q< 1 with max(q;d) r,

q63,and let 2 W.() for somed <r; 1 suchthatmax(q;d) r; and

(x) o > 0. Moreover, letu 2 L90;T;Wg. ,()) , 0<T < 1, be such that
@u 2 L90; T;W,.*,()) , Ujt=o =0 in W% () , and

Z g

0 hQu;’ iWq:12§quO; 2 *Oruri)e =0 (3.13)

forall * 2 LY(0; T; W3 () . Thenu=0.

Proof: Let 2 L9(0;T;W} ,()) be arbitrary and letv 2 W3'(Qr)? be a solution
of the reduced Stokes equations (3.1)-(3.4) with right-hand sidg = r ,a=0, and
Vo =0. Then by (3.11)

Z 1
(r ;r')o, =  h@divv;'iy 1y dt+( rdivvir '),
0 % a2

forall ' 2 Lq(O;T;qu; ,()) . Now, choosing (x;t) = u(x;T t), we obtain

(r ug it o
T
= h@div v(t); u(T t)iwol wi dt+( rdivvir u(T ),
ZOT a5 2" 42
= h@u)(T t);divv(t)iy 1 .we dt+( ruT™ 2);r divv)g, =0
0 a 270 5

due to (3.13). Here we have used

Z T Z
@V Wiy, 1 ye  dt= hu(t); w(t)i . WV @Wiy: o @ dt
@ 277'q% 5 W q© @ 2% 5

1
0 q ;qu 0
for all v 2 L9O; T; W ,)\ Wi (0; T; W, %) w 2 qu(O;T;quo; )\ WEHO; T Wt ),
where we note thatLs(0; T; W)\ W2(0;T;w, 1) ! BU C([0: T]; Ws 5) for all 1<
s<1.
Since 2 LqO(O;T;quo; ,()) was arbitrary, we concluder u(t) = 0 for almost

everyt 2 (0;T) due to Lemma 2.3. Hence&gu = 0 due to (3.13) and thereforeu = 0
sinceuji= = 0. [
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4 Short-Time Existence for the Non-Linear System

Recall that our coupled Navier-Stokes system of interest, (1.1)-(1.6), reads in La-
grangian coordinates as follows:

%Rco)@u  divy(2 ()Dyu)+ r yp= divyF(Co;r uG) in Qr;

divu=0 in Qr;
uj ,=0 on 1 (0;T);
Ny Tu(c;uipj , = Ny F(Coir uCo) on > (0;T);
UJt=o = Uo n
where ,= 50, = (0) and
Zt
Xot, ) = +  u(; )d; Tu(u;p) =2 (c)Dyu  pl:

0

We will solve the system locally in time by a linearization technique. The lin-
earization of the problem (around0) is the following system:

@v  div(2 (c)%'Dw)+r p=f in Qr;
divw = g; in Qr;
wj,=0; on i (O;T);
n T(w;p)j, = & on » (O;T);
Wjt=0 = Wo in
where we have sewv := %cy)v, Wp := %co)vo, % = %), and
T(w;p) =2 (co)%co) 'Dw  pl:

For this system, we can apply Theorem 1.3 to obtaiw 2 Wq2;1(QT). From this,
we can obtain the estimates of = %co) ‘w2 WZ*(Qr) sinceco 2 WZ() .

We can formulate the initial-boundary value problem as an abstract xed point
eqguation:

Lv = G(v+h , v=L G(v)+ L h; (4.1)

wherev = (u;p)" 2 Xt; andh =(0;0;0; %cy)ug) "

Xr = (up):u2WZQm)%uj , =0;divujizo =0;p2 Wy%(Qr);
) 1%L L . . .
P ,2Wq 7% *( 2 (0;T);(n Suj=o)j,=0ifq>3;
Yr = (fgiaug): f 2L%Qr)% 92 Wy (Qr); @2 LY OTiW, o()

. 1

Oitzo = 0:a2 qu a2 2 2);ajt=o:0;u02qu () %divug=0;
Uoj , =0;(n Sw) j,=01if >3 ;

1
2
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and 0 L
@%u) div(2 ()% 'D(%co)u)) + r p
. _ div(%u)
LR = n T(%u:p)
%Uo
G(u;p) = (9u(u;p); %(u); gs(u; p); 0)'
with
qu(u;p) = divy(2 (G)Dyu) div(2 (co)Du) div( ()%™ (r % u+u r %))
Z“r pr up (divy div)F(Cor uGo);
W = r %c) u+ %c)(divu divy u) R if ,6;;
& f %c) Ut %c)divu  diveu)+ L %diveudx it o=
G(Up) = n Toupi, nu Tu(upi,+n (%' (r% u+ur %)

+ny F(Cr uo)j ,:

Because of Theorem 1.3 anflycy) 2 Wj() , L * exists andkL ‘ki(v; x;) C(To)
forany0<T Tpand xed 0<To< 1.
Note that, if , = ;, then is necessarily a bounded domain due to our assump-
fipons. The modi cation in this case implies the necessary compatibility condition
g:(w) dx = 0. Moreover, we note that

R(u) = 1% u+%Tr((l  A(u)ru) (4.2)
We mentionthat Xt = X2 p2 WX(Qr):pj , 2 W™ *( , (0;T)) ,where

X9 shall be normed by
kukxo = kukyz1 g,y * kukwa(o;T;Wq;lz) + Kuji=o quz 3
This implies that

kuk Chukye (4.3)

aln

BUC (0:TIWe ()

uniformly in 0<T 1.
The proof of Theorem 1.1 relies on the following result.

THEOREM 4.1 Letd 2, 9>d;q63 > Oandlet be asin Assumption 1.2
withr = g, and letG: X1 ! Yr; T > 0O; be de ned as above. Then for everl > 0
there is someT, > 0 such that

kG(u) G(v)ky, ku vkx,

forall uyv2 Br(0) Xy andO<T T,
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The main task now is to prove the latter theorem.
To this end we will use the following lemma.

Lemma 4.2 Letd 2 g >d, and R > 0. Moreover, letF(u) = X, and Z =
WZ() @ or F(u) = A(u) and Z = Wj() ¢ 9. Then there is someT, = To(R) > 0
and a constantC > 0 such that for allO<T Ty

sup KF(u) F(Wkz  CT®ku vkpig  (4.4)
0Ot T
2O (FU) FOpGioKE ¢ 1
sup R dh CT2ku  Vka1q  (4.5)
ot T 0 h™" 20
ZTZtk h(F(u)  FW)(:; kS a L,
e % dhdt CTa" 2°ku Vkp1q (4.6)
0 0 2q0

for all u;v 2 WEH( 7)™ with kukayq kvkoq R, where of ()= f(t) f(t h).
The proof in the present situation is identical with the proof in [3, Lemma 4.1].

Remark 4.3 We note (4.4) implies that for everyR > 0O there is some0< T, 1
such that

. 1

qu id kLl (0:T;C%1(Y) + kr Xu | k|_1 (Q7) E
forallO<T T, kUquZ;1 R. In particular, this implies that A(u) = (D X,) T is
well-de ned and KA(u)k.: ;) 2. Moreover,X,: !  is aC!-di eomorphism

under the latter conditions.

Lemma 4.4 LetR > 0, let Tg = To(R) be as above, and leb < T To. Then
t: X1 ! L9Qr)Yis a bounded mapping such that

kau(vi)  Gu(V2)Kiacqr) C(R)Talole V2K 0 (4.7)
uniformly in 0<T  Tp and vy; v, 2 X1 with k(vl;vz)kXTo R.
Proof: First of all,
divy(2 (c)Dyu)  div(2 (co)Du)
= Li(x; Ry r Xy;r 2u;r pp+Tr( A(u) (o)r A(u)2Du);
and
divy F(coir uG) = La(x;r Ryt coir 2coir 2Xy)

wherel;, j = 1;2, are uniformly bounded w.r.tx, continuously di erentiable w.r.t.
the se&)nd (and third) variable, and linear w.r.t. the variable after ;. Moreover,

X, = cfu(x; )d = Xy(x;t) X. Hence we can decomposg(u; p) as
a(u;p) = LG Ryiruir 2ur p) o div( (co)%M(r % u+u r %))
+Lo(X;r Ryr Coir 2co;r 2R+ Tr( A(u) (o)r A(u)2Du):  (4.8)
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Using the structural properties ofL;, we have the following estimates

KLy(X;r Rupsr upr 2u;r p) o La(xr Ry,r usr 2usr p)kiaor)
Ckr Xul r XquLl Q1) kUquzu(QT) + kr pqu(QT)

CTekup Ugkyzs Kukyza + kr pkiagg) (4.9)
due to (4.4). SinceL,(x; 0;r u;r 2u;r p) =0, (4.9) implies
KLi(x;r ®u;r vir 2v;r p)Kiacor)
CT#kuky 21, KVkyzi o,y + KM Pkiagar)
Altogether these estimates yield (4.7) fogy(v) replaced byL(x;r Xyu;r u;r 2u;r p)

with v = (u;p).
For L, we have similarly

KLo(X; 1 Xu;r Cojr 2Cor 2R0)  La(xr Ryir Goir 2o 2%y )Keacor)
kK Lo(x;1 Xy; 0,01 2Ry v))KLacor)
+KLo(X; T X1 ol %Cosr 2Ry)  La(x;r Ryir Cojt 2Coir 2R,)keaor)
Cer 2)eu vqu(QT) + Cer >eu vkLl ©0;T;w) k(l’ Co; I ZCO;r 2>ev)qu(QT)

1
CRTaOkU VquZ;l(QT)
for all u;v 2 WZH(Qr) with k(u;V)kyz: R due to (4.4) again.
To estimate the last term in (4.8), we use the fact thatA(u) (c) 2 L! (Qy),

A&(u) 2 L! (Qr) where &(u) is de ned by r A(u) = &(u)r 2X, and the following
estimate:

1
kr 2Xu DUqu(QT) kr ZXukLl (O;T;Lq)kr UKLq(O;T;Ll) Cqu)kUquz;l(QT)
Finally, using Lemma 2.1, it is easy to obtain
kr % ur % VkLl CREE Cku Vk|_l ©:T;W) Cku kag:

due to (4.3). This yields easily the estimate (4.7) for this part due t&f K a@.7:x)
Talokf k|_1 (0;T;X)- |
Lemma 4.5 LetR > Oand letT, = To(R) be as above. To this end we ugg: X2 !

Yor = LYO; T, W () \ qu(O;T;Wq;lz()) is a bounded mapping such that

k(i)  G(Vo)kv,y C(R)TTkv:  Vokyo

uniformly in 0<T  Tp andvy; v, 2 X1 with k(vl;vz)kxTo R.
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Proof: First of all, the estimate

kgo(U1)  G(U2)Kiae;Tiwg) CTHlOkUl UzKy o

can be obtained similarly as before. It is almost identical with the corresponding
estimates in [3, Proof of Lemma 4.3], where we note that%c,) u is linear w.r.t u,
of lower order, and can simply be estimated as

kr %Co) UKLq(O;T;qu) CTalokUkLl ©0:T;Wd) COTalokka%}:
due to (4.3). Hence it only remains to estimate théqu(O; T;Wq;lz)-norm. Then

(Ru):') = (udiv((l AWH% ) +(r% u')
forall* 2 W, ,() . Therefore we obtain for all' 2 Wy () with k' kwy, =1

S@uo)y') = @idv(l AWD% ) (Ui (@AWN% )
Hr % @Qu;') ;
where
kKA(u1)  A(u2)ki: omwy) CTElOkUl UKL ago:1w2);

k@A(u1)  @A(U2)KiaoTwy) Ckruy 1 UzKiaT:wg()
due to (4.4) and@A(u1) = DF (r Xy;)r u;; hereA(u;) = F(r Xy, ). Hence
(@u(t); div((A(us(t))  A(ua(t)T)"))
Ck@u(t)kac) kkA(u)"  A(uz) ke CREED
CT@k@u(t)koy KUz Uskyo
and
(r ut); (@A(ui(t))  Au(t) ™)
CTalOkUkLl 0:T;W()) kkr Ul(t) r Uz(t)qu()
CT#kukxekuy(t)  Ua(t)kwa

forall ' 2 quo. ,() with k' ky 1, 1. From these estimates one easily derives
! 9% 2

1
k@gz(u1) @QZ(UZ)kLQ(O;T;Wq;lz) C(R)Tkuy  uzkyo

for all uj;u; 2 X2 with k(ug; uz)kyo R. In patrticular, this implies g,(u) =
Gk(u)  @%(0) 2 WI(0; T; W, %).
]
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Lemma 4.6 Let R > 0O and letTog = To(R) > 0 be as above. Thems: X+ !
1.1 1
qu a2t )( > (0;T)) is a bounded mapping such that

Kgs(vi) G(V2K 1 110 1, C(R)TZKvy  Vaky,
w, 972

q

Qalr

uniformly in 0<T T and vy; v, 2 X1 with k(vy;vo)kx, R.

Proof: Letv; =(u;;p) 2 X1 with K(vi;v2)kx, R. We estimate the terms

(CO)(nul DU1 n D)ul (CO)(nuz Duz n D)UZ (410)
(nU1 n)pl (nuz n)pz (411)
Nu, F(Coir u,G) Nu, F(Coir u,C) (4.12)

n ()%'(r% uituir %) (% U+tu r %) (413

on , (0;T) separately. First of all, in [3, Proof of Lemma 4.3] it was shown that

1
kn, Dygw ny, D\,Wkwl Lia b C(R)T z°ku VquZ;l(QT)kaWqZ;l(QT) (4.14)

q

and

knyp nvpkwa tia b

Q-

C(R)T?®ku  vky21q,, K& Pkiar) + kpk

i3a %)

Qo=

q
for all (u;p);(v;p) 2 Xt with norm bounded byR and all0 < T To for some

suitable To > Oand w 2 W2'1(QT) Note that in [3] the estimates are shown for an
asymptotically at layer Wlth CYl-boundary. But the proof in the present situation

is almost identically using only additionally n 2 W, "( 2) and knbk %( )
W 2
Cknk , 1+ Kbk , 1 forall1<qgq r. Using n=ng, D = Dy, as vtilell as the
We T(2)  Wq 9 2)

simple general relation
(f(x)) FO)x1 (F(x2) F(O)x2=(f(x1) fF(x)x2+(f(x1) F(O)(x1 X2);

these estimates imply the estimates din,, n)p.  (ny, n)p, and

1

q

for vi = (u;;p) as in the statement of the lemma. This implies the same estimate

1
with (cy) as prefactor since (cp) 2 qu ‘( ,). Hence we obtained the estimate of
the term (4.10). Furthermore, the term (4.12) can be estimated in the similarly as
in [3, Proof of Lemma 4.3].
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Finally, to estimate (4.13) we use that

N|»

2 1 1
uz BUC([O;T];Wq2 ) \CH Ao TILY)) ! Ct oz a0 TEWS())
forevery0 s 2 éanduZqu?l(QT). Therefore

kuj ,ke (oTiLa@ — C Kukxo

NI

for every O < 2 due tokuj ,k . 1 Cskukysy forall 2 <s 1
q Wq Q(@) q q
Hence
. 1 1 .
kU] kaqa%ﬁ) CT® kUkCl 2 "OTILI( 2) + kuky CRBWE CT@kkag,
_ . . 11 .
for some0<"< 1 é which |mpI|esziqO <1 % Sincecy;r g2 Wy (@) , this
yields the estimate of the last term. ]

Proof of Theorem 1.1: We apply the Banach xed point theorem to the setBr(0),
whereR > 0is chosen so large thakL 1hkxﬁ % for some® > 0. Then, because of
Theorem 4.1, there is som&<T P suchthatL 'G:Bg(0)jx, ! Br(0)jx; isa
contraction with Lipschitz constant = 1:Now letF(v) := L G(v)+L *h; v2 Xt:
Then kF (v)kx, R for v 2 Bgr(0)jx, sincekL thkyx, k L *hky, B and
kL 1G(v) L 'G(O)kx, %: Hence the Banach xed point theorem implies the
existence of a unique xed pointLv = G(v), which is a solution of (1.8)-(1.13) if
26 ;. Finally, if ,=;,thena xed point w = %; of Lw = G(w) only satis es

div(%co)u) = g(u) %divyu = Jij % divyudx =: K(t):

Therefore it remains to prove thatK (t) 0, which follows from the next lemma.m

Lemma 4.7 If L(u;p) = G(u;p) and , = ;, then K(t) = 0 for everyt 2 [0;T],
whereK (t) is de ned as above.

Proof: First of all, sinceujg =0 andkl Xk grcory 3 X(t): ! isa
C!-di eomorphism with Xjg =idg forevery0 t T. Hence (t):= X(t; )=

for all t 2 [0; T] and thereforej ( t)j = oj forall 0 t T. Moreover, ifv(x;t)
is de ned by

V(Xy(;t);t)=u(;t) forall 2 o;t2][0;T];
then @X (;t) = v(X( ;t)ét) and X (;0)= %nd therefore

0

%j (t))= divv(x;t) dx = divy u(x;t)detDX (x;t) dx
7 (1 0
K({t) %(x) tdetDX (x;t)dx:

0
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Since the latter integral is positive, we conclud& (t) = 0 for all t 2 [0; T]. This
implies div, u = 0. [

References

[1] H. Abels. Existence of weak solutions for a di use interface model for viscous,
incompressible uids with general densitiesPreprint, Max Planck Institute for
Mathematics in the Sciences, No. 5/2008, to appear in Comm. Math. Phys.

[2] H. Abels. On a di use interface model for two-phase ows of viscous, incompress-
ible uids with matched densities. Arch. Rat. Mech. Anal., DOI 10.1007/s00205-
008-0160-2

[3] H. Abels. The initial value problem for the Navier-Stokes equations with a free
surface inL%Sobolev spacesAdv. Di. Eq. , Vol. 10, No. 1:45 64, 2005.

[4] H. Abels. Nonstationary stokes system with variable viscosity in bounded and
unbounded domains. Preprint, Max Planck Institute for Mathematics in the
Sciences, No. 12/20092009.

[5] H. Abels and Y. Terasawa. On Stokes Operators with variable viscosity in
bounded and unbounded domaindMath. Ann., DOI: 10.1007/s00208-008-0311-
7, 344(2):381 429, 2009.

[6] J. T. Beale. The initial value problem for the Navier-Stokes equations with a
free surface Comm. Pure Appl. Math., Vol. 34, 359-392, 1981.

[7] D. Bothe and J. Priuss.Lp-theory for a class of non-Newtonian uids.SIAM J.
Math. Anal., 39(2):379 421 (electronic), 2007.

[8] R. Danchin. Density-dependent incompressible uids in bounded domains.
Math. Fluid Mech., 8(3):333 381, 2006.

[9] G. Grubb and V. A. Solonnikov.Solution of parabolic pseudo-di erential initial-
boundary value problems]. Di. Eq. 87, 256-304, 1990.

[10] M. E. Gurtin, D. Polignone, and J. Vifials. Two-phase binary uids and immis-
cible uids described by an order parameterMath. Models Methods Appl. Scj.
6(6):815 831, 1996.

[11] O. A. Lady®enskaja and V. A. Solonnikov. The unique solvability of an initial-
boundary value problem for viscous incompressible inhomogeneous uidap.
Nau£n. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI)52:52 109, 218 219,
1975. Boundary value problems of mathematical physics, and related questions
of the theory of functions, 8.



20 REFERENCES

[12] J. Malek and K. R. Rajagopal. On the modeling of inhomogeneous incompress-
ible uid-like bodies. Mechanics of Materials 38:233 242, 2006.

[13] N. Nakano and A. Tani. An initial-boundary value problem for motion of in-
compressible inhomogeneous uid-like bodie®reprint.

[14] V. A. Solonnikov. L p-estimates for solutions to the initial boundary-value prob-
lem for the generalized Stokes system in a bounded domaih.Math. Sci. (New
York), 105(5):2448 2484, 2001. Function theory and partial di erential equa-
tions.

[15] V. A. Solonnikov. Estimates of the solution of model evolution generalized Stokes
problem in weighted Hdlder spaces.Zap. Nauchn. Sem. S.-Peterburg. Otdel.
Mat. Inst. Steklov. (POMI), 336(Kraev. Zadachi Mat. Fiz. i Smezh. Vopr. Teor.
Funkts. 37):211 238, 277, 2006.



