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Geometric T op ology and Field Theory

on 3-Manifolds

Kishore Marathe

Abstract In recen t y ears the in teraction b et w een geometric top ology and

classical and quan tum �eld theories has attracted a great deal of atten tion

from b oth the mathematicians and ph ysicists. This in teraction has b een es-

p ecially fruitful in lo w dimensional top ology . In this article W e discuss some

topics from the geometric top ology of 3-manifolds with or without links where

this has led to new viewp oin ts as w ell as new results. They include in ad-

dition to the early w ork of Witten, Casson, Bott, T aub es and others, the

categori�cation of knot p olynomials b y Kho v ano v. Rozansky , Bar-Natan and

Garofouladis and a sp ecial case of the gauge theory to string theory corre-

sp ondence in the Euclidean v ersion of the theories, where exact results are

a v ailable. W e sho w ho w the Witten-Reshetikhin-T uraev in v arian t in S U ( n )

Chern-Simons theory on S

3

is related via conifold transition to the all-gen us

generating function of the top ological string amplitudes on a Calabi-Y au

manifold. This result can b e though t of as an in terpretation of TQFT as

TQG (T op ological Quan tum Gra vit y). A brief discussion of P erelman's w ork

on the geometrization conjecture and its relation to gra vit y is also included.

1 In tro duction

This pap er is based in part on m y seminars giv en at the Max Planc k Institute

for Mathematics in the Sciences, and at other institutes, notably at the I IT

(Mum bai), Univ ersit� a di Firenze, Univ ersit y of Florida at Gainsville, In ter

Univ ersit y Cen ter for Astronom y and Astroph ysics, Univ ersit y of Pune, In-

dia and conferences giv en at the XXIV w orkshop on Geometric Metho ds in

Ph ysics ,P oland [50 ] and the Blaub euren w orkshop \Mathematical and Ph ys-

Kishore Marathe, Max Planc k Inst. for Mathematics in the Sciences, Leipzig and

Departmen t of Mathematics, Bro oklyn College, CUNY, 2900 Bedford Av en ue, Bro oklyn,

NY 11210, USA, e-mail: kmarathe@bro oklyn.cun y .edu
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2 Kishore Marathe

ical Asp ects of Quan tum Gra vit y" [51 ]. In m y lectures on the mathematical

and ph ysical asp ects of gauge theories in New Y ork and Florence in the early

1980s, I b egan using the phrase gauge theoretic top ology and geometry to

describ e a rapidaly dev eloping area of mathematics, where unexp ected ad-

v ances w ere made with essen tial use of gauge theory . By the late 1990s it

w as eviden t that in addition to gauge theory , man y other parts of theoretical

ph ysics w ere con tributing new ideas and metho ds to the study of top ology ,

geometry , algebra and other �elds of mathematics. I then b egan using the

phrase \Ph ysical Mathematics" to collectiv ely denote the areas of mathe-

matics b ene�tting from an infusion of ideas from ph ysics. It app ears in prin t

for the �rst time in [48 ] and more recen tly , in [49 ] and is the theme of m y

forthcoming b o ok with Springer-V erlag on \T opics in Ph ysical Mathematics".

During the past t w o decades a surprising n um b er of new structures ha v e

app eared in the geometric top ology of lo w-dimensional manifolds. Chiral,

V ertex, A�ne and other in�nite dimensional algebras are related to 2d CFT

and string theory as w ell as to sp oradic �nite groups suc h as the monster. In

three dimensions there are the p olynomial link in v arian ts of Jones, Kaufman.

HOMFL Y and others, Witten-Reshetikhin-T uraev in v arian ts of 3-manifolds,

Casson in v arian ts of homology spheres and F uk a y a-Flo er instan ton homolo-

gies. In 4 dimensions w e ha v e the instan ton in v arian ts of Donaldson and the

monop ole in v arian ts of Seib erg-Witten and the list con tin ues to gro w. These

in v arian ts ma y b e roughly split in to t w o groups. Those in the �rst group

arise from com binatorial (algebraic or top ological) considerations and can b e

computed algorithmically . Those in the second group arise from the study of

mo duli spaces of solutions of partial di�eren tial equations whic h ha v e their

origin in ph ysical �eld theories. Here the computations generally dep end on

sp ecial conditions or extra structures. The main aim of these lectures is to

study some of the relations that ha v e b een found b et w een the in v arian ts

from the t w o groups and more generally , to understand the in
uence of ideas

from �eld theories in geometric top ology and vice v ersa. F or example, man y

ph ysicists consider sup ersymmetric string theory to b e the most promising

candidate to lead to the so called grand uni�cation of all four fundamen tal

forces. Unifying di�eren t string theories in to a single theory (suc h as M-

theory) w ould seem to b e the natural �rst step. This goal seems distan t at

this time, since ev en the ph ysical foundations for suc h uni�cation are not

y et clear. Ho w ev er, in mathematics it has led to new areas suc h as mirror

symmetry , Calabi-Y au spaces, Gromo v-Witten theory , and Gopakumar-V afa

in v arian ts. The earliest and the b est understo o d example of the relationship

b et w een in v arian ts from the t w o groups is illustrated b y the Casson in v ari-

an t whic h w as de�ned b y using com binatorial top ological metho ds. T aub es

found a gauge theoretic in terpretation of the Casson in v arian t as the Euler

c haracteristic b y using the generalized P oincar � e-Hopf index whic h can also

b e obtained b y using Flo er's instan ton homology . Y et there is no algorithm

for computing the homology groups themselv es.
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T op ological quan tum �eld theory w as ushered in b y Witten in his 1989

pap er [80] \QFT and the Jones' p olynomial". WR T in v arian ts arose as a

b ypro duct of the quan tization of Chern-Simons theory used to c haracterize

the Jones' p olynomial. A t this time, it is the only kno wn geometric c har-

acterization of the Jones' p olynomial, although the F eynman in tegrals used

b y Witten do not y et ha v e a mathematically acceptable de�nition. Space-

time manifolds in suc h theories are compact Riemannian manifolds. They

are referred to as Euclidean theories in the ph ysics literature. Their role in

ph ysically in teresting theories is not clear at this time and they should b e

regarded as to y mo dels.

In the last few y ears w e ha v e celebrated a n um b er of sp ecial ev en ts. The

Gauss' y ear and the 100th anniv ersary of Einstein's \Ann us Mirabilis" (the

miraculous y ear) are the most imp ortan t among these. Indeed, Gauss' \Dis-

quisitiones generale circa sup er�cies curv as" w as the basis and inspiration for

Riemann's w ork whic h ushered in a new era in geometry . It is an extension

of this geometry that is the cornerstone of relativit y theory . More recen tly ,

w e ha v e witnessed the marriage b et w een Gauge Theory and the Geometry of

Fib er Bundles from the sometime w arring trib es of Ph ysics and Mathematics.

Marriage brok ers w ere none other than Chern and Simons. The 1975 pap er b y

W u and Y ang [83 ] can b e regarded as the announcemen t of this union. It has

led to man y w onderful o�spring. The theories of Donaldson, Chern-Simons,

Flo er-F uk a y a, Seib erg-Witten, and TQFT are just some of the more famous

mem b ers of their extended family . Quan tum Groups, CFT, Sup ersymmetry

(SUSY), String Theory , Gromo v-Witten theory and Gra vit y also ha v e close

ties with this family . Later in this pap er w e will discuss one particular re-

lationship b et w een gauge theory and string theory , that has recen tly come

to ligh t. The qualitativ e asp ects of Chern-Simons theory as string theory

w ere in v estigated b y Witten [82 ] almost ten y ears ago. Before recoun ting the

main idea of this w ork w e review the F eynman path in tegral metho d of quan-

tization whic h is particularly suited for studying top ological quan tum �eld

theories. F or general bac kground on gauge theory and geometric top ology

see, for example, [47 , 48 ].

W e no w giv e a brief description of the con ten ts of the pap er. In section 2

w e discuss Gauss' F orm ula for Linking Num b er of knots, the earliest example

of TFT (T op ological Field Theory) and its recen t extension to self linking in-

v arian ts. Witten's fundamen tal w ork on sup ersymmetry and Morse theory is

co v ered in section 3. Chern-Simons theory is in tro duced in section 4. Its rela-

tion to Casson in v arian t via the mo duli space of 
at connections is explained

in section 5. Ideas from sections 3 and 4 are used in section 6 to de�ne the

F uk a y a-Flo er homology . This homology pro vides the categori�cation of the

Casson in v arian t. Knot p olynomials and their categori�cation are discussed

in sections 7 and 8 resp ectiv ely . Section 9 is dev oted to a general discus-

sion of TQFT and its applications to in v arian ts of links and 3-manifolds.

A tiy ah-Segal axioms for TQFT are in tro duced in subsection 9.1. In subsec-

tion 9.2 w e de�ne quan tum observ ables and in tro duce the F eynman path
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in tegral approac h to QFT. The Euclidean v ersion of this theory is applied in

subsection 9.3 to the Chern-Simons Lagrangian to obtain the sk ein relations

for the Jones-Witten p olynomial of a link in S

3

. A b y pro duct of this is the

family of WR T in v arian ts of 3-manifolds. They are discussed in subsection

9.4. Section 10 is dev oted to studying the relation b et w een WR T in v arian ts

of S

3

with gauge group S U ( n ) and the op en and closed string amplitudes

in generalized Calabi-Y au manifolds. Change in geometry and top ology via

conifold transition whic h pla ys an imp ortan t role in this study is in tro duced

in subsection 10.1 in the form needed for our sp eci�c problem. Expansion

of free energy and its relation to string amplitudes is giv en in subsection

10.2 This result is a sp ecial case of the general program in tro duced b y Wit-

ten in [82 ]. A realization of this program ev en within Euclidean �eld theory

promises to b e a ric h and rew arding area of researc h. W e ha v e giv en some

indication of this at the end of this section. Links b et w een Y ang-Mills, gra v-

it y and string theory are considered in the concluding section 11. Relation of

Y ang-Mills equations with Einstein's equations for gra vitational �eld in the

Euclidean setting is considered in subsection 11.1. V arious form ulations of

Einstein's equations for gra vitational �eld are discussed in subsection 11.2.

They also mak e a surprising app earance in P erelaman's pro of of Th urston's

Geometrization conjecture. A brief indication of this is giv en in subsection

11.3.

W e ha v e included some basic material and giv en more details than nec-

essary to mak e the pap er essen tially self-con tained. A fairly large n um b er of

references ranging from Jan uary 1833 to Jan uary 2009, when the Heidelb erg

conference w as held, are included to facilitate further study and researc h in

this exciting and rapidaly expanding area.

2 Gauss' F orm ula for Linking Num b er of knots

Knots ha v e b een kno wn since ancien t times but knot theory is of quite re-

cen t origin. One of the earliest in v estigations in com binatorial knot theory is

con tained in sev eral unpublished notes written b y Gauss b et w een 1825 and

1844 and published p osth umously as part of his Nac hla�(estate). They deal

mostly with his attempts to classify \T ract�guren" or plane closed curv es

with a �nite n um b er of transv erse self-in tersections. Ho w ev er, one fragmen t

deals with a pair of link ed knots. W e repro duce a part of this fragmen t b elo w.

Es seien die Co or dinaten eines unb estimmten Punkts der ersten Linie r =

( x; y ; z ) ; der zweiten r

0

= ( x

0

; y

0

; z

0

) und

Z Z

( r

0

� r ) � ( dr � dr

0

)

j r

0

� r j

3

= V
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dann ist dies Inte gr al dur ch b eide Linien ausge dehnt = 4 � m und m die A nzahl

der Umschlingungen. Der Werth ist ge genseitig, d.i. er bleibt derselb e, wenn

b eide Linien ge gen einander umgetauscht wer den 1833. Jan. 22.

In this fragmen t of a note from his Nac hla�, Gauss had giv en an analytic

form ula for the linking n um b er of a pair of knots. This n um b er is a com bi-

natorial top ological in v arian t. As is quite common in Gauss's w ork, there is

no indication of ho w he obtained this form ula. The title of the section where

the note app ears, \Zur Electro dynamik" (\On Electro dynamics") and his

con tin uing w ork with W eb er on the prop erties of electric and magnetic �elds

leads us to guess that it originated in the study of magnetic �eld generated

b y an electric curren t 
o wing in a curv ed wire.

Maxw ell knew Gauss's form ula for the linking n um b er and its top ological

signi�cance and its origin in electromagnetic theory . In fact, b efore he knew

of Gauss's form ula, he had redisco v ered it. He men tions it in a letter to T ait

dated Decem b er 4, 1867. He wrote sev eral man uscripts whic h study knots,

links and also addressed the problem of their classi�cation. In these and

other top ological problems his approac h w as not mathematically rigorous but

w as rather based on his deep understanding of ph ysics. Indeed this situation

p ersists to da y in sev eral mathematical results obtained b y ph ysical reasoning.

Lik e Maxw ell, T ait used his ph ysical in tuition to correctly classify all knots

up to sev en crossings and made a n um b er of conjectures, the last of whic h

remained op en for o v er h undred y ears.

In obtaining a top ological in v arian t b y using a ph ysical �eld theory , Gauss

had an ticipated T op ological Field Theory b y almost 150 y ears. Ev en the

term top ology w as not used then. It w as in tro duced in 1847 b y J. B. Listing,

a studen t and proteg � e of Gauss, in his essa y \V orstudien zur T op ologie".

Gauss's linking n um b er form ula can also b e in terpreted as the equalit y of

top ological and analytic degree of the function � de�ned b y

� ( r ; r

0

) :=

( r � r

0

)

j r � r

0

j

; 8 ( r ; r

0

) 2 C � C

0

It is w ell de�ned b y the disjoin tness of C and C

0

. If ! denotes the standard

v olume form on S

2

, then the pull bac k �

�

( ! ) of ! to C � C

0

is precisely

the in tegrand in the Gauss form ula and

R

! = 4 � . One can c hec k that the

top ological degree of � equals the linking n um b er m .

Recen tly , Bott and T aub es ha v e used these ideas to study a self-linking

in v arian t of knots [12 ]. It turns out that this in v arian t b elongs to a family

of knot in v arian ts, called �nite t yp e in v arian ts, de�ned b y V assiliev. Gauss

forms with di�eren t normalization are used b y Kon tsevic h [39] in the for-

m ula for this in v arian t and it is stated that the in v arian t is an in teger equal

to the second co e�cien t of the Alexander-Con w a y p olynomial of the knot. In

[10 , 11 ] Bott and Cattaneo obtain in v arian ts of rational homology 3-spheres

in terms of con�guration space in tegrals. Kon tsevic h views these form ulas

as forming a small part of a v ery broad program to relate the in v arian ts of
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lo w-dimensional manifolds, homotopical algebras, and non-comm utativ e ge-

ometry with top ological �eld theories and the calculus of F eynman diagrams.

It seems that the full realization of this program w ould require the b est e�orts

of mathematicians and ph ysicists for y ears to come.

3 Sup ersymmetry and Morse Theory

Classical Morse theory on a �nite dimensional, compact, di�eren tiable man-

ifold M relates the b eha viour of critical p oin ts of a suitable function on M

with top ological information ab out M . The relation is generally stated as an

equalit y of certain p olynomials as follo ws. Recall �rst that a smo oth function

f : M ! R is called a Morse function if its critical p oin ts are isolated and

non-degenerate. If x 2 M is a critical p oin t (i.e. d f ( x ) = 0), then b y T a ylor

expansion of f around x , w e obtain the Hessian of f at x de�ned b y

f

@

2

f

@ x

i

@ x

j

( x ) g :

Then the non-degeneracy of the critical p oin t x is equiv alen t to the non-

degeneracy of the quadratic form determined b y the Hessian. The dimension

of the negativ e eigenspace of this form is called the Morse index , or simply

index, of f at x and is denoted b y �

f

( x ) or simply � ( x ) when f is understo o d.

It can b e v eri�ed that these de�nitions are indep enden t of the c hoice of the

lo cal co ordinates. Let m

k

b e the n um b er of critical p oin ts with index k . Then

the Morse series of f is the formal p o w er series

X

k

m

k

t

k

; where m

k

= 0 ; 8 k > dim M :

Recall that the P oincar � e series of M is giv en b y

P

k

b

k

t

k

, where b

k

� b

k

( M )

is the k -th Betti n um b er of M . The relation b et w een the t w o series is giv en

b y

X

k

m

k

t

k

=

X

k

b

k

t

k

+ (1 + t )

X

k

q

k

t

k

; (1)

where q

k

are non-negativ e in tegers. Comparing the co e�cien ts of the p o w ers

of t in this relation leads to the w ell-kno wn Morse inequalities

i

X

k =0

m

i � k

( � 1)

k

�

i

X

k =0

b

i � k

( � 1)

k

; 0 � i � n � 1 ;

n

X

k =0

m

n � k

( � 1)

k

=

n

X

k =0

b

n � k

( � 1)

k

:
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The Morse inequalities can also b e obtained from the follo wing observ ation.

Let C

�

b e the graded v ector space o v er the set of critical p oin ts of f . Then

the Morse inequalities are equiv alen t to the existence of a certain cob oundary

op erator @ : C

�

! C

�

so that @

2

= 0 and the cohomology of the complex

( C

�

; @ ) coincides with the deRham cohomology of M .

In his fundamen tal pap er [78 ], Witten arriv es at precisely suc h a complex

b y considering a suitable sup ersymmetric quan tum mec hanical Hamiltonian.

Witten sho w ed ho w the standard Morse theory (see, for example, Milnor

[53 ]) can b e mo di�ed b y considering the gradien t 
o w of the Morse function

f b et w een pairs of critical p oin ts of f . One ma y think of this as a sort of

relativ e Morse theory . He w as motiv ated b y the phenomenon of the quan tum

mec hanical tunnelling. W e no w discuss this approac h. F rom a mathematical

p oin t of view, sup ersymmetry ma y b e regarded as a theory of op erators on

a Z

2

-graded Hilb ert space. In recen t y ears this theory has attracted a great

deal of in terest from theoretical p oin t of view ev en though as y et there is no

ph ysical evidence for its existence.

Gr ade d A lgebr aic Structur es

In this subsection w e recall brie
y a few imp ortan t prop erties of graded v ector

spaces and graded op erators in a sligh tly more general situation than is im-

mediately needed. W e will use this information again in studying Kho v ano v

homology . Graded algebraic structures app ear naturally in man y mathemat-

ical and ph ysical theories. W e shall restrict our considerations only to Z - and

Z

2

-gradings. The most basic suc h structure is that of a graded v ector space

whic h w e no w describ e. Let V b e a v ector space. W e sa y that V is Z - g raded

(resp. Z

2

- graded ) if V is the direct sum of v ector subspaces V

i

, indexed b y

the in tegers (resp. in tegers mo d. 2), i.e.

V =

M

i 2 Z

V

i

( resp. V = V

0

� V

1

) :

The elemen ts of V

i

are said to b e homogeneous of degree i . In the case of

Z

2

-grading it is customary to call the elemen ts of V

0

(resp. V

1

) ev en (resp.

o dd ). If V and W are t w o Z -g ra ded v ector spaces, a linear transformation

f : V ! W is said to b e graded of degree k if f ( V

i

) � W

i + k

; 8 i 2 Z : If

V and W are Z

2

-graded , then a linear map f : V ! W is said to b e ev en

if f ( V

i

) � W

i

; i 2 Z

2

and is said to b e o dd if f ( V

i

) � W

i +1

; i 2 Z

2

. An

algebra A is said to b e Z - graded if A is Z - gra ded as a v ector space, i.e.

A =

M

i 2 Z

A

i
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and A

i

A

j

� A

i + j

; 8 i; j 2 Z : An ideal I � A is called a homogeneous ideal

if

I =

M

i 2 Z

( I \ A

i

) :

A similar de�nition can b e giv en for a Z

2

-graded algebra. In the ph ysical

literature a Z

2

- graded algebra is referred to as a sup eralgebra . Other

algebraic structures (suc h as Lie, comm utativ e etc.) ha v e their sup eralgebra

coun terparts. An example of a Z -g ra ded algebra is giv en b y the exterior

algebra of di�eren tial forms � ( M ) of a manifold M if w e de�ne �

i

( M ) = 0

for i < 0 : The exterior di�eren tial d is a graded linear transformation of

degree 1 of � ( M ) : The graded or quan tum dimension of V is de�ned b y

dim

q

V =

X

i 2 Z

q

i

(dim ( V

i

)) ;

where q is a formal v ariable. If w e write q = exp 2 � iz ; z 2 C then dim

q

V can

b e regarded as the F ourier expansion of a complex function. A sp ectacular

application of this o ccurs in the study of �nite groups. W e discuss this brie
y

in the next paragraph. It is not needed in the rest of the pap er. Ho w ev er, it

has surprising connections with conformal �eld theory and v ertex algebras. It

do es not deal with 3-manifolds and ma y b e omitted without loss of con tin uit y .

Monstrous Mo onshine

It w as his study of Kepler's sphere pac king conjecture, that led John Con-

w a y to the disco v ery of his sp oradic simple group. So on thereafter the last

holdouts in the complete list of the 26 �nite sp oradic simple groups w ere

found. All the in�nite families of �nite simple groups (suc h as the groups

Z

p

; for p a prime n um b er and alternating groups A

n

; n > 4 that w e study

in the �rst course in algebra) w ere already kno wn. So the classi�cation of

�nite simple groups w as complete. It ranks as the greatest ac hiev emen t of

t w en tieth cen tury mathematics. Hundreds of mathematicians con tributed to

it. The v arious parts of the classi�cation together �ll more than ten thousand

pages. Con w a y's group and other sp oradic simple groups are closely related

to the symmetries of lattices. The study of represen tations of the largest of

these groups (called the F riendly Gian t or Fisher-Griess Monster) has led

to the creation of a new �eld of mathematics called V ertex algebras. They

turn out to b e closely related to the c hiral algebras in conformal �eld theory .

These and other ideas inspired b y string theory ha v e led to a pro of of Con w a y

and Norton's Mo onshine conjectures ( see, for example, Borc herds [9], and

the b o ok [22 ] b y F renk el, Lep o wski, Meurman). The monster Lie algebra is

the simplest example of a Lie algebra of ph ysical states of a c hiral string on

a 26-dimensional orbifold. This algebra can b e de�ned b y using the in�nite
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dimensional graded represen tation V of the monster simple group. Its quan-

tum dimension is related to Jacobi's S L (2 ; Z ) hauptmo dul (elliptic mo dular

function of gen us 0) j ( q ), where q = e

2 � iz

; z 2 H b y

dim

q

V = j ( q ) � 744 = q

� 1

+ 196884 q + 21493760 q

2

+ : : :

The ab o v e form ula is one small part in the pro of of the mo onshine conjectures.

F or more information see m y review [52 ] in the Mathematical In telligencer.

SUSY Quan tum Theory

The Hilb ert space E of a sup ersymmetric theory is Z

2

-graded, i.e. E =

E

0

� E

1

, where the ev en (resp. o dd) space E

0

(resp. E

1

) is called the space

of b osonic (resp. fermionic) states. These spaces are distinguished b y an op-

erator S : E ! E de�ned b y

S u = u; 8 u 2 E

0

;

S v = � v ; 8 v 2 E

1

:

The op erator S is in terpreted as coun ting the n um b er of fermions mo dulo

2. A sup ersymmetric theory b egins with a collection f Q

i

j i = 1 ; : : : ; n g of

sup erc harge (or sup ersymmetry) op erators on E whic h are of o dd degree, i.e.

an ti-comm ute with S

S Q

i

+ Q

i

S = 0 ; 8 i (2)

and satisfy the follo wing an ti-comm utation relations

Q

i

Q

j

+ Q

j

Q

i

= 0 ; 8 i 6= j: (3)

The dynamics is in tro duced b y the Hamiltonian op erator H whic h com-

m utes with the sup erc harge op erators and is usually required to satisfy ad-

ditional conditions. F or example, in the simplest non-relativistic theory one

requires that

H = Q

2

i

; 8 i: (4)

In fact this simplest sup ersymmetric theory has surprising connections with

Morse theory whic h w e no w discuss.

Let M b e a compact di�eren tiable manifold and de�ne E b y

E := � ( M ) 
 C :

The natural grading on � ( M ) induces a grading on E . W e de�ne

E

0

:=

M

j

�

2 j

( M ) 
 C (resp. E

1

:=

M

j

�

2 j +1

( M ) 
 C )
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the space of complex-v alued ev en (resp. o dd) forms on M . The exterior dif-

feren tial d and its formal adjoin t � ha v e natural extension to o dd op erators

on E and th us satisfy (2). W e de�ne sup erc harge op erators Q

j

; j = 1 ; 2, b y

Q

1

= d + � ; (5)

Q

2

= i ( d � � ) : (6)

The Hamiltonian is tak en to b e the Ho dge-deRham op erator extended to E ,

i.e.

H = d� + � d: (7)

The relations d

2

= �

2

= 0 imply the sup ersymmetry relations (3) and (4).

W e note that in this case b osonic (resp. fermionic) states corresp ond to ev en

(resp. o dd) forms. The relation to Morse theory arises in the follo wing w a y .

If f is a Morse function on M , de�ne a one-parameter family of op erators

d

t

= e

� f t

de

f t

; �

t

= e

f t

� e

� f t

; t 2 R (8)

and the corresp onding sup ersymmetry op erators

Q

1 ;t

= d

t

+ �

t

; Q

2 ;t

= i ( d

t

� �

t

) ; H

t

= d

t

�

t

+ �

t

d

t

:

It is easy to v erify that d

2

t

= �

2

t

= 0 and that Q

1 ;t

; Q

2 ;t

; H

t

satisfy the

sup ersymmetry relations (3) and (4). The parameter t in terp olates b et w een

the deRham cohomology and the Morse indices as t go es from 0 to + 1 . A t

t = 0, the n um b er of linearly indep enden t eigen v ectors with zero eigen v alue

is just the k -th Betti n um b er b

k

when H

0

= H is restricted to act on k -forms.

In fact these ground states of the Hamiltonian are just the harmonic forms.

On the other hand, for large t the sp ectrum of H

t

simpli�es greatly with the

eigenfunctions concen trating near the critical p oin ts of the Morse function.

It is in this w a y that the Morse indices en ter in to this picture. W e can write

H

t

as a p erturbation of H near the critical p oin ts. In fact, w e ha v e

H

t

= H + t

X

j;k

f

;j k

[ �

j

; i

X

k ] + t

2

k d f k

2

;

where �

j

= dx

j

acts b y exterior m ultiplication, X

k

= @ =@ x

k

and i

X

k is the

usual action of inner m ultiplication b y X

k

on forms and the norm k d f k is

the norm on �

1

( M ) induced b y the Riemannian metric on M . In a suitable

neigh b orho o d of a �xed critical p oin t tak en as origin, w e can appro ximate

H

t

up to quadratic terms in x

j

b y

H

t

=

X

j

 

�

@

2

@ x

2

j

+ t

2

�

2

j

x

2

j

+ t�

j

[ �

j

; i

X

j
]

!

;
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where �

j

are the eigen v alues of the Hessian of f . The �rst t w o terms corre-

sp ond to the quan tized Hamiltonian of a harmonic oscillator with eigen v alues

t

X

j

j �

j

j (1 + 2 N

j

) ;

whereas the last term de�nes an op erator with eigen v alues � �

j

. It comm utes

with the �rst and th us the sp ectrum of H

t

is giv en b y

t

X

j

[ j �

j

j (1 + 2 N

j

) + �

j

n

j

] ;

where N

j

's are non-negativ e in tegers and n

j

= � 1. W e remark that the clas-

sical harmonic oscillator w as the �rst dynamical system that w as quan tized

b y using the canonical quan tization principle. Dirac in tro duced his creation

and annihilation op erators to obtain its sp ectrum without solving the cor-

resp onding Sc hro dinger equation. F eynman used this result to test his path

in tegral quan tization metho d. Restricting H to act on k -forms w e can �nd

the ground states b y requiring all the N

j

to b e 0 and b y c ho osing n

j

to

b e 1 whenev er �

j

is negativ e. Th us the ground states (zero eigen v alues) of

H corresp ond to the critical p oin ts of Morse index k . All other eigen v alues

are prop ortional to t with p ositiv e co e�cien ts. Starting from this observ a-

tion and using standard p erturbation theory , one �nds that the n um b er of

k -form ground states equals the n um b er of critical p oin ts of Morse index k .

Comparing this with the ground state for t = 0, w e obtain the w eak Morse

inequalities m

k

� b

k

. As w e observ ed in the in tro duction the strong Morse

inequalities are equiv alen t to the existence of a certain co c hain complex whic h

has cohomology isomorphic to H

�

( M ), the cohomology of the base manifold

M . Witten de�nes C

p

, the set of p -c hains of this complex, to b e the free

group generated b y the critical p oin ts of Morse index p . He then argues that

the op erator d

t

de�ned in (8) de�nes in the limit as t ! 1 a cob oundary

op erator

d

1

: C

p

! C

p +1

and that the cohomology of this complex is isomorphic to the deRham coho-

mology of Y .

Th us w e see that in establishing b oth the w eak and strong form of Morse

inequalities a fundamen tal role is pla y ed b y the ground states of the sup er-

symmetric quan tum mec hanical system (5), (6), (7). In a classical system

the transition from one ground state to another is forbidden, but in a quan-

tum mec hanical system it is p ossible to ha v e tunneling paths b et w een t w o

ground states. In gauge theory the role of suc h tunneling paths is pla y ed b y

instan tons. Indeed, Witten uses the prescien t w ords \instan ton analysis" to

describ e the tunneling e�ects obtained b y considering the gradien t 
o w of the

Morse function f b et w een t w o ground states (critical p oin ts). If � (resp. � )

is a critical p oin t of f of Morse index p + 1 (resp. p ) and � is a gradien t 
o w
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of f from � to � , then b y comparing the orien tation of negativ e eigenspaces

of the Hessian of f at � and � , Witten de�nes the signature n

�

of this 
o w.

By considering the set S of all suc h 
o ws from � to � , he de�nes

n ( �; � ) :=

X

� 2 S

n

�

:

No w de�ning �

1

b y

�

1

: C

p

! C

p +1

b y � 7!

X

� 2 C

p +1

n ( �; � ) � ; (9)

he sho ws that ( C

�

; �

1

) is a co c hain complex with in teger co e�cien ts. Witten

conjectures that the in teger-v alued cob oundary op erator �

1

actually giv es

the in tegral cohomology of the manifold M . The complex ( C

�

; �

1

), with the

cob oundary op erator de�ned b y (9), is referred to as the Witten complex .

As w e will see later, Flo er homology is the result of suc h \instan ton analysis"

applied to the gradien t 
o w of a suitable Morse function on the mo duli space

of gauge p oten tials on an in tegral homology 3-sphere. Flo er has also used

these ideas to study a \symplectic homology" asso ciated to a manifold. A

corollary of this theory pro v es the Witten conjecture for �nite dimensional

manifolds (see [64 ] for further details), namely

H

�

( C

�

; �

1

) = H

�

( M ; Z ) :

A direct pro of of the conjecture ma y b e found in the app endix to K. C.

Chang [15 ]. A detailed study of the homological concepts of �nite dimensional

Morse theory in anology with Flo er homology ma y b e found in M. Sc h w arz

[67 ]. While man y basic concepts of \Morse homology" can b e found in the

classical in v estigations of Milnor, Smale and Thom, its presen tation as an

axiomatic homology theory in the sense of Eilen b erg and Steeenro d [18 ] is

giv en for the �rst time in [67 ]. One consequence of this axiomatic approac h

is the uniqueness result for \Morse homology" and its natural equiv alence

with other axiomatic homology theories de�ned on a suitable category of

top ological spaces. Witten conjecture is then a corollary of this result. A

discussionof the relation of equiv arian t cohomolgy and sup ersymmetry ma y

b e found in Guillemin and Stern b erg's b o ok [24 ].

4 Chern-Simons Theory

Let M b e a compact manifold of dimension m = 2 r + 1 ; r > 0 ; and let

P ( M ; G ) b e a principal bundle o v er M with a compact, semisimple Lie group

G as its structure group. Let �

m

( ! ) denote the Chern-Simons m -form on M

corresp onding to the gauge p oten tial (connection) ! on P ; then the Chern-
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Simons action A

C S

is de�ned b y

A

C S

= c ( G )

Z

M

�

m

( ! ) ; (10)

where c ( G ) is a coupling constan t whose normalization dep ends on the group

G . In the rest of this paragraph w e restrict ourselv es to the case r = 1 and

G = S U ( n ). The most in teresting applications of the Chern-Simons theory

to lo w dimensional top ologies are related to this case. It has b een extensiv ely

studied b y b oth ph ysicists and mathematicians in recen t y ears. In this case

the action (10) tak es the form

A

C S

=

k

4 �

Z

M

tr ( A ^ F �

1

3

A ^ A ^ A ) (11)

=

k

4 �

Z

M

tr ( A ^ dA +

2

3

A ^ A ^ A ) ; (12)

where k 2 R is a coupling constan t, A denotes the pull-bac k to M of the

gauge p oten tial ! b y a lo cal section of P and F = F

!

= d

!

A is the gauge

�eld on M corresp onding to the gauge p oten tial A . A lo cal expression for (11)

is giv en b y

A

C S

=

k

4 �

Z

M

�

�� 


tr ( A

�

@

�

A




+

2

3

A

�

A

�

A




) ; (13)

where A

�

= A

a

�

T

a

are the comp onen ts of the gauge p oten tial with resp ect

to the lo cal co ordinates f x

�

g , f T

a

g is a basis of the Lie algebra su ( n ) in

the fundamen tal represen tation and �

�� 


is the totally sk ew-symmetric Levi-

Civita sym b ol with �

123

= 1. W e tak e the basis f T

a

g with the normalization

tr ( T

a

T

b

) =

1

2

�

ab

; (14)

where �

ab

is the Kronec k er � function. Let g 2 G b e a gauge transformation

regarded (lo cally) as a function from M to S U ( n ) and de�ne the 1-form � b y

� = g

� 1

dg = g

� 1

@

�

g dx

�

:

Then the gauge transformation A

g

of A b y g has the lo cal expression

A

g

�

= g

� 1

A

�

g + g

� 1

@

�

g : (15)

In the ph ysics literature, the connected comp onen t of the iden tit y , G

id

� G is

called the group of small gauge transformations . A gauge transformation

not b elonging to G

id

is called a large gauge transformation . By a direct

calculation, one can sho w that the Chern-Simons action is in v arian t under

small gauge transformations, i.e.

A

C S

( A

g

) = A

C S

( A ) ; 8 g 2 G

id

:
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Under a large gauge transformation g the action (13) transforms as follo ws:

A

C S

( A

g

) = A

C S

( A ) + 2 � k A

W Z

; (16)

where

A

W Z

:=

1

24 �

2

Z

M

�

�� 


tr ( �

�

�

�

�




) (17)

is the W ess-Zumino action functional . It can b e sho wn that the W ess-

Zumino functional is in teger v alued and hence, if the Chern-Simons coupling

constan t k is tak en to b e an in teger, then w e ha v e

e

i A

C S

( A

g

)

= e

i A

C S

( A )

:

The in teger k is called the lev el of the corresp onding Chern-Simons theory .

It follo ws that the path in tegral quan tization of the Chern-Simons mo del is

gauge-in v arian t. This conclusion holds more generally for an y compact simple

group if the coupling constan t c ( G ) is c hosen appropriately . The action is

manifestly co v arian t since the in tegral in v olv ed in its de�nition is indep enden t

of the metric on M . It is in this sense that the Chern-Simons theory is a

top ological �eld theory . W e will consider this asp ect of the Chern-Simons

theory later.

In general, the Chern-Simons action is de�ned on the space A

P ( M ;G )

of

all gauge p oten tials on the principal bundle P ( M ; G ). But when M is 3-

dimensional P is trivial (in a non-canonical w a y). W e �x a trivialization

to write P ( M ; G ) = M � G and write A

M

for A

P ( M ;G )

. Then the group

of gauge transformations G

P

can b e iden ti�ed with the group of smo oth

functions from M to G and w e denote it simply b y G

M

. F or k 2 N , the

transformation la w (16) implies that the Chern-Simons action descends to

the quotien t B

M

= A

M

= G

M

as a function with v alues in R = Z . W e denote

this function b y f

C S

, i.e.

f

C S

: B

M

! R = Z is de�ned b y [ ! ] 7! A

C S

( ! ) ; 8 [ ! ] = ! G

M

2 B

M

: (18)

The �eld equations of the Chern-Simons theory are obtained b y setting the

�rst v ariation of the action to zero as

� A

C S

= 0 :

W e shall discuss t w o approac hes to this calculation. Consider �rst a one pa-

rameter family c ( t ) of connections on P with c (0) = ! and _c (0) = � . Di�eren-

tiating the action A

C S

( c ( t )) with resp ect to t and noting that di�eren tiation

comm utes with in tegration and the tr op erator, w e get

d

dt

A

C S

( c ( t )) =

1

4 �

Z

M

tr (2 _ c ( t ) ^ dc ( t ) + 2( _ c ( t ) ^ c ( t ) ^ c ( t )))



Geometric T op ology and Field Theory on 3-Manifolds 15

=

1

2 �

Z

M

tr ( _ c ( t ) ^ ( dc ( t ) + c ( t ) ^ c ( t )) )

=

1

2 �

Z

M

< _c ( t ) ; � F

c ( t )

>

where the inner pro duct on the righ t is as de�ned in De�nition 2.1. It follo ws

that

� A

C S

=

d

dt

A

C S

( c ( t ))

j t =0

=

1

2 �

Z

M

< � ; � F

!

> : (19)

Since � can b e c hosen arbitrarily , the �eld equations are giv en b y

� F

!

= 0 or equiv alen tly F

!

= 0 : (20)

Alternativ ely , one can start with the lo cal co ordinate expression of equa-

tion (13) as follo ws

A

C S

=

k

4 �

Z

M

�

�� 


tr ( A

�

@

�

A




+

2

3

A

�

A

�

A




)

=

k

4 �

Z

M

�

�� 


tr ( A

a

�

@

�

A

c




T

a

T

b

+

2

3

A

a

�

A

b

�

A

c




T

a

T

b

T

c

)

and �nd the �eld equations b y using the v ariational equation

� A

C S

� A

a

�

= 0 : (21)

This metho d brings out the role of comm utation relations and the structure

constan ts of the Lie algebra su ( n ) as w ell as the b oundary conditions used

in the in tegration b y parts in the course of calculating the v ariation of the

action. The result of this calculation giv es

� A

C S

� A

a

�

=

k

2 �

Z

M

�

�� 


�

@

�

A

a




+ A

b

�

A

c




f

abc

�

(22)

where f

abc

are the structure constan ts of su ( n ) with resp ect to the basis T

a

.

The in tegrand on the righ t hand side of the equation (22) is just the lo cal

co ordinate expression of � F

A

, the dual of the curv ature, and hence leads to

the same �eld equations.

The calculations leading to the �eld equations (20) also sho w that the

gradien t v ector �eld of the function f

C S

is giv en b y

grad f

C S

=

1

2 �

� F (23)

The gradien t 
o w of f

C S

pla ys a fundamen tal role in the de�nition of Flo er

homology . The solutions of the �eld equations (20) are called the Chern-

Simons connections . They are precisely the 
at connections. In the next



16 Kishore Marathe

paragraph w e discuss 
at connections on a manifold N and their relation to

the homomorphisms of the fundamen tal group �

1

( N ) in to the gauge group.

Flat c onne ctions

Let H b e a compact Lie group and Q ( N ; H ) b e a principal bundle with

structure group H o v er a compact Riemannian manifold N . A connection !

on Q is said to b e 
at if its curv ature is zero, i.e. F

!

= 0 : The pair ( Q; ! )

is called a 
at bundle . Let 
 ( N ; x ) b e the lo op space at x 2 N . Recall

that the horizon tal lift h

u

of c 2 
 ( N ; x ) to u 2 �

� 1

( x ) determines a unique

elemen t of H . Th us w e ha v e the map

h

u

: 
 ( N ; x ) ! H :

It is easy to see that ! 
at implies that this map h

u

dep ends only on the

homotop y class of the lo op c and hence induces a map (also denoted b y h

u

)

h

u

: �

1

( N ; x ) ! H :

It is this map that is related to the Bohm-Aharono v e�ect. It can b e sho wn

that the map h

u

is a homomorphism of groups. The group H acts on the

set H om ( �

1

( N ) ; H ) b y conjugation sending h

u

to g

� 1

h

u

g = h

ug

. Th us a 
at

bundle ( Q; ! ) determines an elemen t of the quotien t H om ( �

1

( N ) ; H ) =H : If

a 2 G ( Q ), the group of gauge transformations of Q , then a � ! is also a 
at

connection on Q and determines the same elemen t of H om ( �

1

( N ) ; H ) =H :

Con v ersely , let f 2 H om ( �

1

( N ) ; H ) and let ( U; q ) b e the univ ersal co v er-

ing of N . Then U is a principal bundle o v er N with structure group �

1

( N ).

De�ne Q := U �

f

H to b e the bundle asso ciated to U b y the action f

with standard �b er H . It can b e sho wn that Q admits a natural 
at con-

nection and that f and g

� 1

f g ; g 2 H , determine isomorphic 
at bundles.

Th us the mo duli space M

f

( N ; H ) of 
at H -bundles o v er N can b e iden ti�ed

with the set H om ( �

1

( N ) ; H ) =H : The mo duli space M

f

( N ; H ) and the set

H om ( �

1

( N ) ; H ) ha v e a ric h mathematical structure whic h has b een exten-

siv ely studied in the particular case when N is a compact Riemann surface

[3].

The 
at connection deformation complex is the generalized deRham

sequence with the usual di�eren tial d replaced b y the co v arian t di�eren tial

d

!

. The fact that in this case it is a complex follo ws from the observ ation that

! 
at implies d

!

� d

!

= 0. By rolling up this complex, w e can consider the

rolled up deformation op erator d

!

+ �

!

: �

ev

! �

odd

: By the index theorem,

w e ha v e

I nd ( d

!

+ �

!

) = � ( N ) dimH

and hence
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n

X

i =0

( � 1)

i

b

i

= � ( N ) dimH ; (24)

where b

i

is the dimension of the i -th cohomology of the deformation complex.

Both sides are iden tically zero for o dd n . F or ev en n , the form ula can b e used

to obtain some information on the virtual dimension of M

f

(= b

1

) : F or

example, if N = �

g

is a Riemann surface of gen us g > 1, then � ( �

g

) =

� 2 g + 2, while, b y Ho dge dualit y , b

0

= b

2

= 0 at an irreducible connection.

Th us, equation (24) giv es

� b

1

= � (2 g � 2) dimH :

F rom this it follo ws that

dim M

f

( �

g

; H ) = dim M

f

= (2 g � 2) dimH : (25)

In ev en dimensions greater than 2, the higher cohomology groups pro vide

additional obstructions to smo othabilit y of M

f

: F or example, for n = 4,

Ho dge dualit y implies that b

0

= b

4

and b

1

= b

3

and (24) giv es

b

1

= b

0

+ ( b

2

� � ( N ) dimH ) = 2 :

Equation (25) sho ws that dim M

f

is ev en. Iden tifying the �rst cohomology

H

1

( � ( M ; adh ) ; d

!

) of the deformation complex with the tangen t space T

!

M

f

to M

f

, the in tersection form de�nes a map �

!

: T

!

M

f

� T

!

M

f

! R b y

� ( X ; Y ) =

Z

�

g

X ^ Y ; X ; Y 2 T

!

M

f

: (26)

The map �

!

is sk ew-symmetric and bilinear. The map

� : ! 7! �

!

; 8 ! 2 M

f

; (27)

de�nes a 2-form � on M

f

. If h admits an H -in v arian t inner pro duct, then this

2-form � is closed and non-degenerate and hence de�nes a symplectic structure

on M

f

. It can b e sho wn that, for a Riemann surface with H = P S L (2 ; R ),

the form � , restricted to the T eic hm • uller space, agrees with the w ell-kno wn

W eil-P etersson form.

W e no w discuss an in teresting ph ysical in terpretation of the symplectic

manifold ( M

f

( �

g

; H ) ; � ). Consider a Chern-Simons theory on the principal

bundle P ( M ; H ) o v er the 2 + 1-dimensional space-time manifold M = �

g

� R

with gauge group H and with time indep enden t gauge p oten tials and gauge

transformations. Let A (resp. H ) denote the space (resp. group) of these gauge

connections (resp. transformations). It can b e sho wn that the curv ature F

!

de�nes an H -equiv arian t momen t map

� : A ! LH

�

=

�

1

( M ; adP ) ; b y ! 7! � F

!

;
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where LH is the Lie algebra of H . The zero set �

� 1

(0) of this map is precisely

the set of 
at connections and hence

M

f

�

=

�

� 1

(0) = H := A == H (28)

is the reduced phase space of the theory , in the sense of the Marsden-

W einstein reduction. W e call A == H the symplectic quotien t of A b y H .

Marsden-W einstein reduction and symplectic quotien t are fundamen tal con-

structions in geometrical mec hanics and geometric quan tization. They also

arise in man y other mathematical applications.

A situation similar to that describ ed ab o v e, also arises in the geomet-

ric form ulation of canonical quan tization of �eld theories. One pro ceeds b y

analogy with the geometric quan tization of �nite dimensional systems. F or

example, Q = A = H can b e tak en as the con�guration space and T

�

Q as the

corresp onding phase space. The asso ciated Hilb ert space is obtained as the

space of L

2

sections of a complex line bundle o v er Q . F or ph ysical reasons

this bundle is tak en to b e 
at. Inequiv alen t 
at U (1)-bundles are said to cor-

resp ond to distinct sectors of the theory . Th us w e see that at least formally

these sectors are parametrized b y the mo duli space

M

f

( Q; U (1))

�

=

H om ( �

1

( Q ) ; U (1)) =U (1)

�

=

H om ( �

1

( Q ) ; U (1))

since U (1) acts trivially on H om ( �

1

( Q ) ; U (1)).

W e note that the Chern-Simons theory has b een extended b y Witten to

the cases when the gauge group is �nite and when it the complexi�cation

of compact real gauge groups [17 , 81 ]. While there are some similarities b e-

t w een these theories and the standard CS theory , there are ma jor di�erences

in the corresp onding TQFTs. New in v arian ts of some h yp erb olic 3-manifolds

ha v e recen tly b een obtained b y considering the complex gauge groups lead-

ing to the concept of arithmetic TQFT b y Zagier and collab orators (see

arXiv:0903.24272v1 [hep-th]). See also Dijkgraaf and F uji arXiv:0903.2084

[hep-th] and Guk o v and Witten arXiv:0809.0305 [hep-th].

5 Casson in v arian t and Flat Connections

Let Y b e a homology 3-sphere. Let D

1

, D

2

b e t w o unitary , unimo dular rep-

resen tations of �

1

( Y ) in C

2

. W e sa y that they are equiv alen t if they are

conjugate under the natural S U (2)-action on C

2

, i.e.

D

2

( g ) = S

� 1

D

1

( g ) S; 8 g 2 �

1

( Y ) ; S 2 S U (2) :

Let us denote b y R ( Y ) the set of equiv alence classes of suc h represen tations.

It is customary to write
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R ( Y ) := Hom f �

1

( Y ) ! S U (2) g = conj : (29)

The set R ( Y ) can b e giv en the structure of a compact, real algebraic v ariet y .

It is called the S U (2)-represen tation v ariet y of Y . Let R

�

( Y ) b e the class of

irreducible represen tations. Fixing an orien tation of Y , Casson sho w ed ho w to

assign a sign s ( � ) to eac h elemen t � 2 R

�

( Y ). He sho w ed that the set R

�

( Y )

is 0-dimensional and compact and hence �nite. Casson de�ned a n umerical

in v arian t of Y b y coun ting the signed n um b er of elemen ts of R

�

( Y ) b y

c ( Y ) :=

X

� 2R

�

( Y )

s ( � ) : 1 (30)

The in teger c ( Y ) is called the Casson in v arian t of Y .

Theorem 1 The Casson invariant c ( Y ) is wel l de�ne d up to sign for any

homolo gy spher e Y and satis�es the fol lowing pr op erties:

i) c ( � Y ) = � c ( Y ) ,

ii) c ( X # Y ) = c ( X ) + c ( Y ) , X a homolo gy spher e,

iii) c ( Y ) = 2 = � ( Y ) mo d 2 , � R okhlin invariant.

W e no w giv e a gauge theory description of R ( Y ) leading to T aub es' theorem.

In [71 ] T aub es giv es a new in terpretation of the Casson in v arian t c ( Y ) of

an orien ted homology 3-sphere Y , whic h is de�ned ab o v e in terms of the

signed coun t of equiv alence classes of irreducible represen tations of �

1

( Y )

in to S U (2). As indicated ab o v e, this space can b e iden ti�ed with the mo duli

space M

f

( Y ; S U (2)) of 
at connections in the trivial S U (2)- bundle o v er

Y . Recall that this is also the space of solutions of the Chern-Simons �eld

equations (20) The map F : ! 7! F

!

de�nes a natural 1-form on A = G and

the zeros of this form are just the 
at connections. W e note that since A = G

is in�nite dimensional, it is necessary to use suitable F redholm p erturbations

to get simple zeros and to coun t them with appropriate signs. Let Z denote

the set of zeros of the p erturb ed v ector �eld and let s ( a ) b e the sign of a 2 Z .

T aub es sho ws that Z is con tained in a compact set and that

c ( Y ) =

X

a 2 Z

s ( a ) : 1

The righ t hand side of this equation can b e in terpreted as the index of a

v ector �eld in the in�nite dimensional setting. The classical P oincar � e-Hopf

theorem can also b e generalized to in terpret the index as Euler c haracteristic.

A natural question to ask is if this Euler c haracteristic comes from some

homology theory? An a�rmativ e answ er is pro vided b y Flo er's instan ton

homology . W e discuss it in the next section.

Another approac h to Casson's in v arian t in v olv es symplectic geometry and

top ology . W e conclude this section with a brief indication of this approac h.

Let Y

+

[

�

g

Y

�

b e a Heegaard splitting of Y along the Riemann surface �

g

of

gen us g . The space R ( �

g

) of conjugacy classes of represen tations of �

1

( �

g

)
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in to S U (2) can b e iden ti�ed with the mo duli space M

f

( �

g

; S U (2)) of 
at

connections. This iden ti�cation endo ws it with a natural symplectic struc-

ture whic h mak es it in to a (6 g � 6)-dimensional symplectic manifold. The

represen tations whic h extend to Y

+

(resp. Y

�

) form a (3 g � 3)-dimensional

Lagrangian submanifold of R ( �

g

) whic h w e denote b y R ( Y

+

) (resp. R ( Y

�

)).

Casson's in v arian t is then obtained from the in tersection n um b er of the La-

grangian submanifolds R ( Y

+

) and R ( Y

�

) in the symplectic manifold R ( �

g

).

Ho w the Flo er homology of Y �ts in to this sc heme seems to b e unkno wn at

this time.

6 F uk a y a-Flo er Homology

The idea of instan ton tunnelling and the corresp onding Witten complex w as

extended b y Flo er to do Morse theory on the in�nite dimensional mo duli

space of gauge p oten tials on a homology 3-sphere Y and to de�ne new top o-

logical in v arian ts of Y . F uk a y a has generalized this w ork to apply to arbitrary

orien ted 3-manifolds. W e shall refer to the in v arian ts of Flo er and F uk a y a col-

lectiv ely as F uk a y a-Flo er Homology . F uk a y a-Flo er Homology asso ciates to an

orien ted, connected, closed, smo oth 3-dimensional manifold Y , a family of

Z

8

-graded instan ton homology groups F F

n

( Y ) ; n 2 Z

8

. W e b egin b y in tro-

ducing Flo er's original de�nition, whic h requires Y to b e a homology 3-sphere.

Let R ( Y ) b e the S U (2)-represen tation v ariet y of Y as de�ned in (29 and let

R

�

( Y ) b e the class of irreducible represen tations. W e sa y that � 2 R

�

( Y ) is

a regular represen tation if

H

1

( Y ; ad ( � )) = 0 : (31)

W e iden tify R ( Y ) with the space of 
at or Chern-Simons connections on Y .

The Chern-Simon functional has non-degenerate Hessian at � if � is regular.

Fix a trivialization P of the giv en S U (2)-bundle o v er Y . Using the trivial

connection � on P = Y � S U (2) as a bac kground connection on Y , w e can

iden tify the space of connections A

Y

with the space of sections of �

1

( Y ) 


su (2). In what follo ws w e shall consider a suitable Sob olev completion of this

space and con tin ue to denote it b y A

Y

.

Let c : I ! A

Y

b e a path from � to � . The family of connections c ( t ) on

Y can b e iden ti�ed as a connection A on Y � I . Using this connection w e can

rewrite the Chern-Simons action (11) as follo ws

A

C S

=

1

8 �

2

Z

Y � I

tr ( F

A

^ F

A

) : (32)

W e note that the in tegrand corresp onds to the second Chern class of the

pull-bac k of the trivial S U (2)-bundle o v er Y to Y � I . Recall that the critical

p oin ts of the Chern-Simons action are the 
at connections. The gauge group
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G

Y

acts on A

C S

: A ! R b y

A

C S

( �

g

) = A

C S

( � ) + deg( g ) ; g 2 G

Y

:

It follo ws that A

C S

descends to B

Y

:= A

Y

= G

Y

as a map f

C S

: B

Y

! R = Z

and w e can tak e R ( Y ) � B

Y

as the critical set of f

C S

. The gradien t 
o w of

this function is giv en b y the equation

@ c ( t )

@ t

= �

Y

F

c ( t )

: (33)

Since Y is a homology 3-sphere, the critical p oin ts of the 
o w of g r ad f

C S

and the set of reducible connections in tersect at a single p oin t, the trivial

connection � . If all the critical p oin ts of the 
o w are regular then it is a

Morse-Smale 
o w. If not, one can p erturb the function f

C S

to get a Morse

function.

In general the represen tation space R

�

( Y ) � B

Y

con tains degenerate crit-

ical p oin ts of the Chern-Simons function f

C S

. In this case Flo er de�nes a set

of p erturbations of f

C S

as follo ws. Let m 2 N and let _

m

i =1

S

1

i

b e a b ouquet

of m copies of the circle S

1

. Let �

m

b e the set of maps


 :

m

_

i =1

S

1

i

� D

2

! Y

suc h that the restrictions




x

:

m

_

i =1

S

1

i

� f x g ! Y and 


i

: S

1

i

� D

2

! Y

are smo oth em b eddings for eac h x 2 D

2

and for eac h i; 1 � i � m . Let ^


x

denote the family of holonom y maps

^


x

: A

Y

! S U (2) � � � � � S U (2)

| {z }

m times

; x 2 D

2

:

The holonom y is conjugated under the action of the group of gauge transfor-

mations and w e con tin ue to denote b y ^


x

the induced map on the quotien t

B

Y

= A

Y

= G . Let F

m

denote the set of smo oth functions

h : S U (2) � � � � � S U (2)

| {z }

m times

! R

whic h are in v arian t under the adjoin t action of S U (2). Flo er's set of p ertur-

bations � is de�ned as

� :=

[

m 2 N

�

m

� F

m

:
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Flo er pro v es that for eac h ( 
 ; h ) 2 � the function

h




: B

Y

! R de�ned b y h




( � ) =

Z

D

2

h ( ^ 


x

( � ))

is a smo oth function and that for a dense subset P � RM ( Y ) � � the critical

p oin ts of the p erturb ed function

f

( 
 ;h )

:= f

C S

+ h




are non-degenerate and the corresp onding mo duli space decomp oses in to

smo oth, orien ted manifolds of regular tra jectories of the gradien t 
o w of the

function f

( 
 ;h )

with resp ect to a generic metric � 2 RM ( Y ). F urthermore,

the homology groups of the p erturb ed c hain complex are indep enden t of the

c hoice of p erturbation in P . W e shall assume that this has b een done. Let

�; � b e t w o critical p oin ts of the function f

C S

. Considering the sp ectral 
o w

(denoted b y sf ) from � to � w e obtain the mo duli space M ( �; � ) as the

mo duli space of self-dual connections on Y � R whic h are asymptotic to �

and � (as t ! �1 ). Let M

j

( �; � ) denote the comp onen t of dimension j in

M ( �; � ). There is a natural action of R on M ( �; � ). Let

^

M

j

( �; � ) denote

the comp onen t of dimension j � 1 in M ( �; � ) = R . Let #

^

M

1

( �; � ) denote the

signed sum of the n um b er of p oin ts in

^

M

1

( �; � ). Flo er de�nes the Morse

index of � b y considering the sp ectral 
o w from � to the trivial connection � .

It can b e sho wn that the sp ectral 
o w and hence the Morse index are de�ned

mo dulo 8. No w de�ne the c hain groups b y

R

n

( Y ) = Z f � 2 R

�

( Y ) j sf ( � ) = n g ; n 2 Z

8

and de�ne the b oundary op erator @

@ : R

n

( Y ) ! R

n � 1

( Y )

b y

@ � =

X

� 2R

n � 1

( Y )

#

^

M

1

( �; � ) � : (34)

It can b e sho wn that @

2

= 0 and hence ( R ( Y ) ; @ ) is a complex. This complex

can b e though t of as an in�nite dimensional generalization [21 ] of Witten's

instan ton tunnelling and w e will call it the Flo er-Witten Complex of the

pair ( Y ; S U (2)). Since the sp ectral 
o w and hence the dimensions of the

comp onen ts of M ( �; � ) are congruen t mo dulo 8, this complex de�nes the

Flo er homology groups F H

j

( Y ) ; j 2 Z

8

, where j is the sp ectral 
o w of � to

� mo dulo 8. If r

j

denotes the rank of the Flo er homology group F H

j

( Y ) ; j 2

Z

8

, then w e can de�ne the corresp onding Euler c haracteristic �

F

( Y ) b y

�

F

( Y ) :=

X

j 2 Z

8

( � 1)

j

r

j

:
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Com bining this with T aub es' in terpretation of the Casson in v arian t c ( Y ) w e

get

c ( Y ) = �

F

( Y ) =

X

j 2 Z

8

( � 1)

j

r

j

: (35)

An imp ortan t feature of Flo er's instan ton homology is that it can b e re-

garded as a functor from the category of homology 3-spheres with morphisms

giv en b y orien ted cob ordism, to the category of graded ab elian groups. Let

M b e a smo oth, orien ted cob ordism from Y

1

to Y

2

so that @ M = Y

2

� Y

1

.

By a careful analysis of instan tons on M , Flo er sho w ed [20 ] that M induces

a graded homomorphism

M

j

: F H

j

( Y

1

) ! F H

j + b ( M )

( Y

2

) ; j 2 Z

8

; (36)

where

b ( M ) = 3( b

1

( M ) � b

2

( M )) : (37)

Then the homomorphisms induced b y cob ordism has the follo wing functorial

prop erties.

( Y � R )

j

= id; (38)

( M N )

j

= M

j + b ( N )

N

j

: (39)

An algorithm for computing the Flo er homology groups for Seifert-�b ered

homology 3-spheres with three exceptional �b ers (or orbits) has b een dis-

cussed in [19 ].

In addition to these in v arian ts of 3-manifolds and the linking n um b er, there

are sev eral other in v arian ts of knots and links in 3-manifolds. W e in tro duce

them in the next section and study their �eld theory in terpretations in the

later sections.

7 Knot P olynomials

In the second half of the nineteen th cen tury , a systematic study of knots in R

3

w as made b y T ait. He w as motiv ated b y Kelvin's theory of atoms mo delled

on knotted v ortex tub es of ether. T ait classi�ed the knots in terms of the

crossing n um b er of a plane pro jection and made a n um b er of observ ations

ab out some general prop erties of knots whic h ha v e come to b e kno wn as the

\T ait conjectures". Recall that a knot � in S

3

is an em b edding of the circle

S

1

and that a link is a disjoin t union of knots. A link diagram of � is a

plane pro jection with crossings mark ed as o v er or under. By c hanging a link

diagram at one crossing w e can obtain three diagrams corresp onding to links

�

+

, �

�

and �

0

.
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In the 1920s, Alexander ga v e an algorithm for computing a p olynomial

in v arian t A

�

( q ) of a knot � , called the Alexander p olynomial , b y using

its pro jection on a plane. He also ga v e its top ological in terpretation as an

annihilator of a certain cohomology mo dule asso ciated to the knot � . In the

1960s, Con w a y de�ned his p olynomial in v arian t and ga v e its relation to the

Alexander p olynomial. This p olynomial is called the Alexander-Con w a y

p olynomial or simply the Con w a y p olynomial. The Alexander-Con w a y p oly-

nomial of an orien ted link L is denoted b y r

L

( z ) or simply b y r ( z ) when

L is �xed. W e denote the corresp onding p olynomials of L

+

, L

�

and L

0

b y

r

+

, r

�

and r

0

resp ectiv ely . The Alexander-Con w a y p olynomial is uniquely

determined b y the follo wing simple set of axioms.

A C1. Let L and L

0

b e t w o orien ted links whic h are am bien t isotopic. Then

r

L

0

( z ) = r

L

( z ) (40)

A C2. Let S

1

b e the standard unknotted circle em b edded in S

3

. It is usually

referred to as the unknot and is denoted b y O . Then

r

O

( z ) = 1 : (41)

A C3. The p olynomial satis�es the follo wing sk ein relation

r

+

( z ) � r

�

( z ) = z r

0

( z ) : (42)

W e note that the original Alexander p olynomial �

L

is related to the

Alexander-Con w a y p olynomial b y the relation

�

L

( t ) = r

L

( t

1 = 2

� t

� 1 = 2

) :

Despite these and other ma jor adv ances in knot theory , the T ait conjectures

remained unsettled for more than a cen tury after their form ulation. Then in

the 1980s, Jones disco v ered his p olynomial in v arian t V

�

( q ), called the Jones

p olynomial , while studying V on Neumann algebras and ga v e its in terpreta-

tion in terms of statistical mec hanics. These new p olynomial in v arian ts ha v e

led to the pro ofs of most of the T ait conjectures. As with the earlier in v arian ts,

Jones' de�nition of his p olynomial in v arian ts is algebraic and com binatorial

in nature and w as based on represen tations of the braid groups and related

Hec k e algebras. The Jones p olynomial V

�

( t ) of � is a Lauren t p olynomial in

t (p olynomial in t and t

� 1

) whic h is uniquely determined b y a simple set of

prop erties similar to the axioms for the Alexander-Con w a y p olynomial. More

generally , the Jones p olynomial can b e de�ned for an y orien ted link L as a

Lauren t p olynomial in t

1 = 2

. Rev ersing the orien tation of all comp onen ts of L

lea v es V

L

unc hanged. In particular, V

�

do es not dep end on the orien tation of

the knot � . F or a �xed link, w e denote the Jones p olynomial simply b y V .

Recall that there are 3 standard w a ys to c hange a link diagram at a cross-

ing p oin t. The Jones p olynomials of the corresp onding links are denoted b y
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V

+

; V

�

and V

0

resp ectiv ely . Then the Jones p olynomial is c haracterized b y

the follo wing prop erties:

JO1. Let � and �

0

b e t w o orien ted links whic h are am bien t isotopic. Then

V

�

0

( t ) = V

�

( t ) (43)

JO2. Let O denote the unknot. Then

V

O

( t ) = 1 : (44)

JO3. The p olynomial satis�es the follo wing sk ein relation

t

� 1

V

+

� tV

�

= ( t

1 = 2

� t

� 1 = 2

) V

0

: (45)

An imp ortan t prop ert y of the Jones p olynomial that is not shared b y the

Alexander-Con w a y p olynomial is its abilit y to distinguish b et w een a knot

and its mirror image. Let �

m

b e the mirror image of the knot � . Then

V

�

m

( t ) = V

�

( t

� 1

) 6= V

�

( t ) (46)

Since the Jones p olynomial is not symmetric in t and t

� 1

. So on after Jones'

disco v ery a t w o v ariable p olynomial generalizing V w as found b y sev eral

mathematicians. It is called the HOMFL Y p olynomial and is denoted b y

P . The HOMFL Y p olynomial P ( �; z ) satis�es the follo wing sk ein relation

�P

+

� �

� 1

P

�

= z P

0

: (47)

If w e put � = t

� 1

and z = ( t

1 = 2

� t

� 1 = 2

) in equation (47) w e get the sk ein

relation for the original Jones p olynomial V . If w e put � = 1 w e get the sk ein

relation for the Alexander-Con w a y p olynomial.

Knots and links in R

3

can also b e obtained b y using braids. A braid on

n strands (or with n strings or simply an n -braid) can b e though t of as a

set of n pairwise disjoin t strings joining n distinct p oin ts in one plane with n

distinct p oin ts in a parallel plane in R

3

. The set of equiv alence classes of n -

braids is denoted b y B

n

. A braid is called elemen tary if only t w o neigh b oring

strings cross. W e denote b y �

i

the elemen tary braid where the i -th string

crosses o v er the ( i + 1)-th string.

Theorem (M. Artin): The set B

n

with m ultiplication op eration induced b y

concatenation of braids is a group generated b y the elemen tary braids �

i

; 1 �

i � n � 1 sub ject to the braid relations

�

i

�

i +1

�

i

= �

i +1

�

i

�

i +1

; 1 � i � n � 2 : (48)

and the far comm utativit y relations

�

i

�

j

= �

j

�

i

; 1 � i; j � n � 1 and j i � j j > 1 : (49)
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The closure of a braid b obtained b y gluing the endp oin ts is a link de-

noted b y c ( b ). A classical theorem of Alexander sho ws that the closure map

from the set of braids to the set of links is surjectiv e, i.e. an y link (and, in

particular, knot) is the closure of some braid. Moreo v er, if braids b and b

0

are equiv alen t, then the links c ( b ) and c ( b

0

) are equiv alen t. There are sev eral

descriptions of the braid group leading to v arious approac hes to the study

of its represen tations and in v arian ts of links. F or example, B

n

is isomorphic

to the fundamen tal group of the con�guration space of n distinct p oin ts in

the plane. The action of B

n

on the homology of the con�guration space is

related to the represen tations of certain Hec k e algebras leading to in v arian ts

of links suc h as the Jones p olynomial that w e ha v e discussed earlier. The

group B

n

is also isomorphic to the mapping class group of the n -punctured

disc. This de�nition w as recen tly used b y Krammer and Bigelo w in sho wing

the linearit y of B

n

o v er the ring Z [ q

� 1

; t

� 1

] of Lauren t p olynomials in t w o

v ariables.

8 Categori�cation of Knot P olynomials

W e b egin b y recalling that a categori�cation of an in v arian t I is the con-

struction of a suitable (co)homology H

�

suc h that its Euler c haracteristic

� ( H

�

) (the alternating sum of the ranks of (co)homology groups) equals

I . Historically , the Euler c haractristic w as de�ned and understo o d w ell b e-

fore the adv en t of algebraic top ology . Theorema egregium of Gauss and the

closely related Gauss-Bonnet theorem and its generalization b y Chern giv e

a geometric in terpretation of the Euler c haracteristic � ( M ) of a manifold

M . They can b e regarded as precursors of Chern-W eil theory as w ell as in-

dex theory . Categori�cation � ( H

�

( M )) of this Euler c haracteristic � ( M ) b y

v arious (co)homolgy theories H

�

( M ) came m uc h later. A w ell kno wn recen t

example that w e ha v e discussed is the categori�cation of the Casson in v arian t

b y the F uk a y a-Flo er homology . Categori�cation of quan tum in v arian ts suc h

as Knot P olynomials requires the use of quan tum Euler c haracteristic and

m ulti-graded knot homologies.

Recen tly Kho v ano v [29 ] has obtained a categori�cation of the Jones p oly-

nomial V

�

( q ) b y constructing a bi-graded sl (2)-homology H

i;j

determined

b y the knot � . It is called the Kho v ano v homology of the knot � and is

denoted b y K H ( � ). The Kho v ano v p olynomial K h

�

( t; q ) is de�ned b y

K h

�

( t; q ) =

X

i;j

t

j

q

i

dim H

i;j

:

It can b e though t of as a t w o v ariable generalization of the P oincar � e p olyno-

mial. The quan tum or graded Euler c haracteristic of the Kho v ano v homology

equals the Jones p olynomial. i.e.
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V

�

( q ) = �

q

( K H ( � )) =

X

i;j

( � 1)

j

q

i

dim H

i;j

:

Kho v ano v's construction follo ws Kau�man's state-sum mo del of the link L

and his alternativ e de�nition of the Jones p olynomial. Let

^

L b e a regular

pro jection of L with n = n

+

+ n

�

lab elled crossings. A t eac h crossing w e

can de�ne t w o resolutions or states, the v ertical or 1-state and horizon tal or

0-state. Th us there are 2

n

total resolutions of

^

L whic h can b e put in to one

to one corresp ondence with the v ertices of an n -dimensional unit cub e. F or

eac h v ertex x let j x j b e the sum of its co ordinates and let c ( x ) b e the n um b er

of disjoin t circles in the resolution

^

L

x

of

^

L determined b y x . Kau�man's

state-sum expression for the non-normalized Jones p olynomial

^

V ( L ) can b e

written as follo ws:

^

V ( L ) = ( � 1)

n

�

q

( n

+

� 2 n

�

)

X

( � q )

j x j

( q + q

� 1

)

c ( x )

: (50)

Dividing this b y the unknot v alue ( q + q

� 1

) giv es the usual normalized Jones

p olynomial V ( L ). The Kho v ano v complex is constructed as follo ws. Let V

b e a graded v ector space o v er a �xed ground �eld K , generated b y t w o basis

v ectors v

�

with resp ectiv e degrees � 1. The total resolution asso ciates to eac h

v ertex x a one dimensional manifold M

x

consisting of c ( x ) disjoin t circles.

W e can construct a (1 + 1)-dimensioal TQFT (along the lines of A tiy ah-Segal

axioms discussed in the next section) for eac h edge of the cub e as follo ws. If

xy is an edge of the cub e w e can get a pair of pan ts cob ordism from M

x

to

M

y

b y noting that a circle at x can split in to t w o at y or t w o circles at x

can fuse in to one at y . If a circle go es to a circle than the cylinder pro vides

the cob ordism. T o the manifold M

x

at eac h v ertex x w e asso ciate the graded

v ector space

V

x

( L ) := V


 c ( x )

fj x jg ; (51)

where f k g is the degree shift b y k . W e de�ne the F rob enius structure (see the

b o ok [34 ] b y Ko c k for F rob enius algebras and their relation to TQFT) on V

as follo ws. Multiplication m : V 
 V ! V is de�ned b y

m ( v

+


 v

+

) = v

+

; m ( v

+


 v

�

) = v

�

;

m ( v

�


 v

+

) = v

�

; m ( v

�


 v

�

) = 0 :

Co-m ultiplication � : V ! V 
 V is de�ned b y

� ( v

+

) = v

+


 v

�

+ v

�


 v

+

; � ( v

�

) = v

�


 v

�

:

Th us v

+

is the unit. The co-unit � 2 V

�

is de�ned b y mapping v

+

to 0 and v

�

to 1 in the base �eld. The r -th c hain group C

r

( L ) in the Kho v ano v complex

is the direct sum of all v ector spaces V

x

( L ), where j x j = r ; and the di�eren tial

is de�ned b y the F rob enius structure. Th us
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C

r

( L ) := �

j x j = r

V

x

( L ) : (52)

W e remark that the TQFT corresp onds to the F rob enius algebra structure

on V de�ned ab o v e. The r -th homology group of the Kho v ano v complex is

denoted b y K H

r

. Kho v ano v has pro v ed that the homology is indep enden t of

the v arious c hoices made in de�ning it. Th us w e ha v e

Theorem 2 The homolo gy gr oups K H

r

ar e link invariants. In p articular,

the Khovanov p olynomial

K h

L

( t; q ) =

X

j

t

j

dim

q

( K H

j

)

is a link invariant that sp e cializes to the non-normalize d Jones p olynomial.

The Khovanov p olynomial is strictly str onger than the Jones p olynomial.

W e note that the knots 9

42

and 10

125

are c hiral. Their c hiralit y is detected

b y the Kho v ano v p olynomial but not b y the Jones p olynomial. Also there

are sev eral pairs of knots with the same Jones p olynomials but di�eren t

Kho v ano v p olynomials. F or example (5

1

; 10

132

) is suc h a pair.

8.1 Cate gori�c ation of V (3

1

)

Using equations (51) and (52) and the algebra structure on V the calcula-

tion of the Kho v ano v complex can b e reduced to an algorithm. A computer

program implemen ting suc h an algorithm is discussed in [6]. A table of Kho-

v ano v p olynomials for knots and links up to 11 crossings is also giv en there.

W e no w illustrate Kho v ano v's categori�cation of the Jones p olynomial of

the righ t handed trefoil knot 3

1

. F or the standard diagram of the trefoil,

n = n

+

= 3 and n

�

= 0. The quan tum dimensions of the non-zero terms of

the Kho v ano v complex with the shift factor included are giv en b y

C

0

= ( q + q

� 1

)

2

; C

1

= 3 q ( q + q

� 1

) ; C

2

= 3 q

2

( q + q

� 1

)

2

; C

3

= q

3

( q + q

� 1

)

3

:

(53)

The non-normalized Jones p olynomial can b e obtained from (53) or directly

from (50) giving

^

V ( L ) = ( q + q

3

+ q

5

� q

9

) (54)

The normalized or standard Jones p olynomial is then giv en b y

V ( q ) = ( q + q

3

+ q

5

� q

9

) = ( q + q

� 1

) = q

2

+ q

6

� q

8

:

By direct computation or using the program in [6 ] w e obtain the follo wing

form ula for the Kho v ano v p olynomial of the trefoil

K h ( t; q ) = q + q

3

+ t

2

q

5

+ t

3

q

9

; K h ( � 1 ; q ) = �

q

=

^

V ( L ) :
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Based on computations using the program describ ed in [6 ], Kho v ano v, Garo-

fouladis and Bar-Natan (BK G) ha v e form ulated some conjectures on the

structure of Kho v ano v p olynomials o v er di�eren t base �elds. W e no w state

these conjectures.

The BK G Conjectures : F or an y prime knot � , there exists an ev en in teger

s = s ( � ) and a p olynomial K h

0

�

( t; q ) with only non-negativ e co e�cien ts suc h

that

1. Ov er the base �eld K = Q ,

K h

�

( t; q ) = q

s � 1

[1 + q

2

+ (1 + tq

4

) K h

0

�

( t; q )]

2. Ov er the base �eld K = Z

2

,

K h

�

( t; q ) = q

s � 1

(1 + q

2

)[1 + (1 + tq

2

) K h

0

�

( t; q )]

3. Moreo v er, if the � is alternating, then s ( � ) is the signature of the knot and

K h

0

�

( t; q ) con tains only p o w ers of tq

2

.

The conjectured results are in agreemen t with all the kno wn v alues of the

Kho v ano v p olynomials.

If S � R

4

is an orien ted surface cob ordism b et w een links L

1

and L

2

, then

it induces a homomorphism of Kho v ano v homologies of links L

1

and L

2

.

These homomorphisms de�ne a functor from the category of link cob ordisms

to the category of bigraded ab elian groups. Kho v ano v homology extends to

colored links (i.e. orien ted links with comp onen ts lab elled b y irreducible �nite

dimensional represen tations of sl (2)) to giv e a categori�cation of the colored

Jones p olynomial. Kho v ano v and Rozansky ha v e de�ned an sl ( n )-homology

for links colored b y either the de�ning represen tation or its dual. This giv es

categori�cation of the sp ecialization of the HOMFL Y p olynomial P ( �; q ) with

a = q

n

. The sequence of suc h sp ecializations for n 2 N w ould categorify the

t w o v ariable HOMFL Y p olynomial P ( �; q ). F or n = 0 the theory coincides

with the Heegaard Flo er homology of Ozsv� ath and Szab o [57 ].

In the 1990s Reshetikhin, T uraev and other mathematicians obtained sev-

eral quan tum in v arian ts of triples ( g ; L; M ), where g is a simple Lie algebra,

L � M is an orien ted, framed link with comp onen ts lab elled b y irreducible

represen tations of g and M is a 2-framed 3-manifold. In particular, there

are p olynomial in v arian ts < L > that tak e v alues in Z [ q

� 1

; q ]. Kho v ano v

has conjectured that at least for some classes of Lie algebras (e.g. simply-

laced) there exists a bigraded homology theory of lab elled links suc h that

the p olynomial in v arian t < L > is the quan tum Euler c haracteristic of this

homology . It should de�ne a functor from the category of framed link cob or-

disms to the category of bigraded ab elian groups. In particular, the homology

of the unknot lab elled b y an irreducible represen tation U of g should b e a

F rob enius algebra of dimension dim ( U ).
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9 T op ological Quan tum Field Theory

Quan tization of classical �elds is an area of fundamen tal imp ortance in mo d-

ern mathematical ph ysics. Although there is no satisfactory mathematical

theory of quan tization of classical dynamical systems or �elds, ph ysicists

ha v e dev elop ed sev eral metho ds of quan tization that can b e applied to sp eci�c

problems. Most successful among these is QED (Quan tum Electro dynamics),

the theory of quan tization of electromagnetic �elds. The ph ysical signi�cance

of electromagnetic �elds is th us w ell understo o d at b oth the classical and

the quan tum lev el. Electromagnetic theory is the protot yp e of classical gauge

theories. It is therefore, natural to try to extend the metho ds of QED to

the quan tization of other gauge �eld theories. The metho ds of quan tization

ma y b e broadly classi�ed as non-p erturbativ e and p erturbativ e. The litera-

ture p ertaining to eac h of these areas is v ast. See for example [17, 66 , 70 ].

Our aim in this section is to discuss some asp ects of a new area of researc h

in quan tum �eld theory , namely , top ological quan tum �eld theory (or TQFT

for short). Ideas from TQFT ha v e already led to new w a ys of lo oking at old

top ological in v arian ts as w ell as to surprising new in v arian ts.

9.1 A tiyah-Se gal axioms for TQFT

In 2 and 3 dimensional geometric top ology , Conformal Field Theory (CFT)

metho ds ha v e pro v ed to b e useful. An attempt to put the CFT on a �rm

mathematical foundation w as b egun b y Segal in [68 ] b y prop osing a set of

axioms for CFT. CFT is a t w o dimensional theory and it w as necessary to

mo dify and generalize these axioms to apply to top ological �eld theory in

an y dimension. W e no w discuss brie
y these TQFT axioms follo wing A tiy ah

The A tiy ah-Segal axioms for TQFT (see, for example, [2 ], [40]) arose from an

attempt to giv e a mathematical form ulation of the non-p erturbativ e asp ects

of quan tum �eld theory in general and to dev elop, in particular, compu-

tational to ols for the F eynman path in tegrals that are fundamen tal in the

Hamiltonian approac h to Witten's top ological QFT. The most sp ectacular

application of the non-p erturbativ e metho ds has b een in the de�nition and

calculation of the in v arian ts of 3-manifolds with or without links and knots.

In most ph ysical applications ho w ev er, it is the p erturbativ e calculations that

are predominan tly used. Recen tly , p erturbativ e asp ects of the Chern-Simons

theory in the con text of TQFT ha v e b een considered in [5 ]. F or other ap-

proac hes to the in v arian ts of 3-manifolds see [30 , 32 , 55 , 72 , 74 ]

Let C

n

denote the category of compact, orien ted, smo oth n -dimensional

manifolds with morphism giv en b y orien ted cob ordism. Let V

C

denote the

category of �nite dimensional complex v ector spaces. An ( n + 1)-dimensional

TQFT is a functor T from the category C

n

to the category V

C

whic h satis�es

the follo wing axioms.
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A1. Let � � denote the manifold � with the opp osite orien tation of � and

let V

�

b e the dual v ector space of V 2 V

C

. Then

T ( � � ) = ( T ( � ))

�

; 8 � 2 C

n

:

A2. Let t denote disjoin t union. Then

T ( �

1

t �

2

) = T ( �

1

) 
 T ( �

2

) ; 8 �

1

; �

2

2 C

n

:

A3. Let Y

i

: �

i

! �

i +1

; i = 1 ; 2 b e morphisms. Then

T ( Y

1

Y

2

) = T ( Y

2

) T ( Y

1

) 2 H om ( T ( �

1

) ; T ( �

3

)) ;

where Y

1

Y

2

denotes the morphism giv en b y comp osite cob ordism Y

1

[

�

2

Y

2

.

A4. Let ;

n

b e the empt y n -dimensional manifold. Then

T ( ;

n

) = C :

A5. F or ev ery � 2 C

n

T ( � � [0 ; 1]) : T ( � ) ! T ( � )

is the iden tit y endomorphism.

W e note that if Y is a compact, orien ted, smo oth ( n + 1)-manifold with

compact, orien ted, smo oth b oundary � , then

T ( Y ) : T ( �

n

) ! T ( � )

is uniquely determined b y the image of the basis v ector 1 2 C � T ( �

n

). In

this case the v ector T ( Y ) � 1 2 T ( � ) is often denoted simply b y T ( Y ) also.

In particular, if Y is closed, then

T ( Y ) : T ( �

n

) ! T ( �

n

) and T ( Y ) � 1 2 T ( �

n

) � C

is a complex n um b er whic h turns out to b e an in v arian t of Y . Axiom A3

suggests a w a y of obtaining this in v arian t b y a cut and paste op eration on

Y as follo ws. Let Y = Y

1

[

�

Y

2

so that Y

1

(resp. Y

2

) has b oundary � (resp.

� � ). Then w e ha v e

T ( Y ) � 1 = < T ( Y

1

) � 1 ; T ( Y

2

) � 1 >; (55)

where < ; > is the pairing b et w een the dual v ector spaces T ( � ) and

T ( � � ) = ( T ( � ))

�

. Equation (55) is often referred to as a gluing form ula.

Suc h gluing form ulas are c haracteristic of TQFT. They also arise in F uk a y a-

Flo er homology theory of 3-manifolds, Flo er-Donaldson theory of 4-manifold

in v arian ts as w ell as in 2-dimensional conformal �eld theory . F or sp eci�c ap-

plications the A tiy ah axioms need to b e re�ned, supplemen ted and mo di�ed.

F or example, one ma y replace the category V

C

of complex v ector spaces b y
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the category of �nite-dimensional Hilb ert spaces. This is in fact, the situation

of the (2 + 1)-dimensional Jones-Witten theory . In this case it is natural to

require the follo wing additional axiom.

A6. Let Y b e a compact orien ted 3-manifold with @ Y = �

1

t ( � �

2

). Then

the linear transformations

T ( Y ) : T ( �

1

) ! T ( �

2

) and T ( � Y ) : T ( �

2

) ! T ( �

1

)

are m utually adjoin t.

F or a closed 3-manifold Y the axiom A6 implies that

T ( � Y ) = T ( Y ) 2 C :

It is this prop ert y that is at the heart of the result that in general, the Jones

p olynomials of a knot and its mirror image are di�eren t, i.e.

V

�

( t ) 6= V

�

m

( t ) ;

where �

m

is the mirror image of the knot � .

An imp ortan t example of a (3 + 1)-dimensional TQFT is pro vided b y the

Flo er-Donaldson theory . The functor T go es from the category C of compact,

orien ted Homology 3-spheres to the category of Z

8

-graded ab elian groups. It

is de�ned b y

T : Y ! H F

�

( Y ) ; Y 2 C :

F or a compact, orien ted, 4-manifold M with @ M = Y , T ( M ) is de�ned to

b e the v ector q ( M ; Y )

q ( M ; Y ) := ( q

1

( M ; Y ) ; q

2

( M ; Y ) ; : : : ) ;

where the comp onen ts q

i

( M ; Y ) are the relativ e p olynomial in v arian ts of

Donaldson de�ned on the relativ e homology group H

2

( M ; Y ; Z ).

The axioms also suggest algebraic approac hes to TQFT. The most widely

studied of these approac hes are based on quan tum groups, op erator algebras,

mo dular tensor categories and Jones' theory of subfactors. See, for example,

b o oks [38 , 34 , 35 , 73 ], and articles [72 , 74 , 75 ]. T uraev and Viro ga v e an

algebraic construction of suc h a TQFT b y using the quan tum 6 j -sym b ols

for the quan tum group U

q

( sl

2

) at ro ots of unit y .. Ocnean u [56 ] starts with

a sp ecial t yp e of subfactor to generate the data whic h can b e used with the

T uraev and Viro construction.

The corresp ondence b et w een geometric (top ological) and algebraic struc-

tures has pla y ed a fundamen tal role in the dev elopmen t of mo dern mathe-

matics. Its ro ots can b e traced bac k to the classical w ork of Descartes. Recen t

dev elopmen ts in lo w dimensional geometric top ology ha v e raised this corre-

sp ondence to a new lev el bringing in ev er more exotic algebraic structures

suc h as quan tum groups, v ertex algebras, monoidal and higher categories.
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This broad area is no w often referred to as quan tum top ology . See, for exam-

ple, [84 , 43 ].

9.2 Quantum Observables

A quan tum �eld theory ma y b e considered as an assignmen t of the quan-

tum exp ectation < � >

�

to eac h gauge in v arian t function � : A ( M ) ! C ,

where A ( M ) is the space of gauge p oten tials for a giv en gauge group G and

the base manifold (space-time) M . � is called a quan tum observ able or

simply an observ able in quan tum �eld theory . Note that the in v ariance of

� under the group of gauge transformations G implies that � descends to a

function on the mo duli space B = A = G of gauge equiv alence classes of gauge

p oten tials. In the F eynman path in tegral approac h to quan tization the quan-

tum or v acuum exp ectation < � >

�

of an observ able is giv en b y the follo wing

expression.

< � >

�

=

R

B ( M )

e

� S

�

( ! )

� ( ! ) D B

R

B ( M )

e

� S

�

( ! )

D B

; (56)

where e

� S

�

D B is a suitably de�ned measure on B ( M ). It is customary to

express the quan tum exp ectation < � >

�

in terms of the partition function

Z

�

de�ned b y

Z

�

( � ) :=

Z

B ( M )

e

� S

�

( ! )

� ( ! ) D B : (57)

Th us w e can write

< � >

�

=

Z

�

( � )

Z

�

(1)

: (58)

In the ab o v e equations w e ha v e written the quan tum exp ectation as < � >

�

to indicate explicitly that, in fact, w e ha v e a one-parameter family of quan-

tum exp ectations indexed b y the coupling constan t � in the action. There are

sev eral examples of gauge in v arian t functions. F or example, primary c harac-

teristic classes ev aluated on suitable homology cycles giv e an imp ortan t fam-

ily of gauge in v arian t functions. The instan ton n um b er and the Y ang-Mills

action are also gauge in v arian t functions. Another imp ortan t example is the

Wilson lo op functional w ell kno wn in the ph ysics literature.

Wilson lo op functional : Let � denote a represen tation of G on V . Let � 2


 ( M ; x

0

) denote a lo op at x

0

2 M : Let � : P ( M ; G ) ! M b e the canonical

pro jection and let p 2 �

� 1

( x

0

) : If ! is a connection on the principal bundle

P ( M ; G ), then the parallel translation along � maps the �b er �

� 1

( x

0

) in to

itself. Let ^�

!

: �

� 1

( x

0

) ! �

� 1

( x

0

) denote this map. Since G acts transitiv ely

on the �b ers, 9 g

!

2 G suc h that ^�

!

( p ) = pg

!

: No w de�ne

W

�;�

( ! ) := T r [ � ( g

!

)] 8 ! 2 A : (59)



34 Kishore Marathe

W e note that g

!

and hence � ( g

!

), c hange b y conjugation if, instead of p ,

w e c ho ose another p oin t in the �b er �

� 1

( x

0

) ; but the trace remains un-

c hanged. W e call these W

�;�

the Wilson lo op functionals asso ciated to the

represen tation � and the lo op � . In the particular case when � = Ad the

adjoin t represen tation of G on g , our constructions reduce to those consid-

ered in ph ysics. If L = ( �

1

; : : : ; �

n

) is an orien ted link with comp onen t knots

�

i

; 1 � i � n and if �

i

is a represen tation of the gauge group asso ciated to

�

i

, then w e can de�ne the quan tum observ able W

�;L

asso ciated to the pair

( L; � ), where � = ( �

1

; : : : ; �

n

) b y

W

�;L

=

n

Y

i =1

W

�

i

;�

i

:

9.3 Link Invariants

In the 1980s, Jones disco v ered his p olynomial in v arian t V

�

( q ), called the

Jones p olynomial , while studying V on Neumann algebras and ga v e its in-

terpretation in terms of statistical mec hanics. These new p olynomial in v ari-

an ts ha v e led to the pro ofs of most of the T ait conjectures. As with most of

the earlier in v arian ts, Jones' de�nition of his p olynomial in v arian ts is alge-

braic and com binatorial in nature and w as based on represen tations of the

braid groups and related Hec k e algebras. The Jones p olynomial V

�

( t ) of � is

a Lauren t p olynomial in t (p olynomial in t and t

� 1

) whic h is uniquely deter-

mined b y a simple set of prop erties similar to the w ell kno wn axioms for the

Alexander-Con w a y p olynomial. More generally , the Jones p olynomial can b e

de�ned for an y orien ted link L as a Lauren t p olynomial in t

1 = 2

.

A geometrical in terpretation of the Jones' p olynomial in v arian t of links

w as pro vided b y Witten b y applying ideas from QFT to the Chern-Simons

Lagrangian constructed from the Chern-Simons action

A

C S

=

k

4 �

Z

M

tr ( A ^ dA +

2

3

A ^ A ^ A ) ;

where A is the gauge p oten tial of the S U ( n ) connection ! . Chern-Simons

action is not gauge in v arian t. Under a gauge transformation g the action

transforms as follo ws:

A

C S

( A

g

) = A

C S

( A ) + 2 � k A

W Z

; (60)

where A

W Z

is the W ess-Zumino action functional . It can b e sho wn that

the W ess-Zumino functional is in teger v alued and hence, if the Chern-Simons

coupling constan t k is tak en to b e an in teger, then the partition function In

fact, Witten's mo del allo ws us to consider the knot and link in v arian ts in an y

compact 3-manifold M . Z de�ned b y
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Z ( � ) :=

Z

B ( M )

e

� i A

C S

( ! )

� ( ! ) D B

is gauge in v arian t. W e tak e for � the Wilson lo op functional W

�;L

, where �

is a represen tation of S U ( n ) and L is the link under consideration.

W e denote the Jones p olynomial of L simply b y V . Recall that there are

3 standard w a ys to c hange a link diagram at a crossing p oin t. The Jones

p olynomials of the corresp onding links are denoted b y V

+

; V

�

and V

0

re-

sp ectiv ely . T o v erify the de�ning relations for the Jones' p olynomial of a link

L in S

3

, Witten [80 ] starts b y considering the Wilson lo op functionals for the

asso ciated links L

+

; L

�

; L

0

. F or a framed link L , w e denote b y < L > the

exp ectation v alue of the corresp onding Wilson lo op functional for the Chern-

Simons theory of lev el k and gauge group S U ( n ) and with �

i

the fundamen tal

represen tation for all i . T o v erify the de�ning relations for the Jones' p olyno-

mial of a link L in S

3

, Witten considers the exp ectation v alues of the Wilson

lo op functionals for the asso ciated links L

+

; L

�

; L

0

and obtains the relation

� < L

+

> + � < L

0

> + 
 < L

�

> = 0 (61)

where the co e�cien ts �; � ; 
 are giv en b y the follo wing expressions

� = � exp (

2 � i

n ( n + k )

) ; (62)

� = � exp (

� i (2 � n � n

2

)

n ( n + k )

) + exp (

� i (2 + n � n

2

)

n ( n + k )

) ; (63)


 = exp (

2 � i (1 � n

2

)

n ( n + k )

) : (64)

W e note that the result mak es essen tial use of 3-manifolds with b oundary .

The calculation of the co e�cien ts �; � ; 
 is closely related to the V erlinde

fusion rules [76 ] and 2 d conformal �eld theories. Substituting the v alues of

�; � ; 
 in to equation (61) and cancelling a common factor exp (

� i (2 � n

2

)

n ( n + k )

), w e

get

� t

n= 2

< L

+

> +( t

1 = 2

� t

� 1 = 2

) < L

0

> + t

� n= 2

< L

�

> = 0 ; (65)

where w e ha v e put

t = exp (

2 � i

n + k

) :

This is equiv alen t to the follo wing sk ein relation for the p olynomial in v arian t

V of the link

t

n= 2

V

+

� t

� n= 2

V

�

= ( t

1 = 2

� t

� 1 = 2

) V

0

(66)

F or S U (2) Chern-Simons theory , equation (66) is the sk ein relation that de-

�nes a v arian t of the original Jones' p olynomial. This v arian t also o ccurs in

the w ork of Kirb y and Melvin [31 ] where the in v arian ts are studied b y using
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represen tation theory of certain Hopf algebras and the top ology of framed

links. It is not equiv alen t to the Jones p olynomial. In an earlier w ork [49 ]

I had observ ed that under the transformation

p

t ! � 1 =

p

t , it go es o v er

in to the equation whic h is the sk ein relation c haracterizing the Jones p oly-

nomial. The Jones p olynomial b elongs to a di�eren t family that corresp onds

to the negativ e v alues of the lev el. Note that the co e�cien ts in the sk ein

relation (66) are de�ned for p ositiv e v alues of the lev el k . T o extend them to

negativ e v alues of the lev el w e m ust also note that the shift in k b y the dual

Co xeter n um b er w ould no w c hange the lev el � k to � k � n . If in equation (66)

w e no w allo w negativ e v alues of n and tak e t to b e a formal v ariable, then

the extended family includes b oth p ositiv e and negativ e lev els.

Let V

( n )

denote the Jones-Witten p olynomial corresp onding to the sk ein

relation (66), (with n 2 Z ) then the family of p olynomials f V

( n )

g can b e

sho wn to b e equiv alen t to the t w o v ariable HOMFL Y p olynomial P ( �; z )

whic h satis�es the follo wing sk ein relation

�P

+

� �

� 1

P

�

= z P

0

: (67)

If w e put � = t

� 1

and z = ( t

1 = 2

� t

� 1 = 2

) in equation (47) w e get the sk ein

relation for the original Jones p olynomial V . If w e put � = 1 w e get the sk ein

relation for the Alexander-Con w a y p olynomial.

T o compare our results with those of Kirb y and Melvin w e note that

they use q to denote our t and t to denote its fourth ro ot. They construct

a mo dular Hopf algebra U

t

as a quotien t of the Hopf algebra U

q

( sl (2 ; C ) )

whic h is the w ell kno wn q -deformation of the univ ersal en v eloping algebra of

the Lie algebra sl (2 ; C ) . Jones p olynomial and its extensions are obtained b y

studying the represen tations of the algebras U

t

and U

q

.

9.4 WR T invariants

If Z

k

(1) exists, it pro vides a n umerical in v arian t of M . F or example, for

M = S

3

and G = S U (2), using the Chern-Simons action Witten obtains the

follo wing expression for this partition function as a function of the lev el k

Z

k

(1) =

r

2

k + 2

sin

�

�

k + 2

�

: (68)

This partition function pro vides a new family of in v arian ts for M = S

3

,

indexed b y the lev el k . Suc h a partition function can b e de�ned for a more

general class of 3-manifolds and gauge groups. More precisely , let G b e a com-

pact, simply connected, simple Lie group and let k 2 Z . Let M b e a 2-framed

closed, orien ted 3-manifold. W e de�ne the Witten in v arian t T

G;k

( M ) of the

triple ( M ; G; k ) b y
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T

G;k

( M ) := Z (1) :=

Z

B ( M )

e

� i A

C S

D B ; (69)

where e

� i A

C S

D B , is a suitable measure on B ( M ). W e note that no precise

de�nition of suc h a measure is a v ailable at this time and the de�nition is to

b e regarded as a formal expression. Indeed, one of the aims of TQFT is to

mak e sense of suc h formal expressions. W e de�ne the normalized Witten

in v arian t W

G;k

( M ) of a 2-framed, closed, orien ted 3-manifold M b y

W

G;k

( M ) :=

T

G;k

( M )

T

G;k

( S

3

)

: (70)

If G is a compact, simply connected, simple Lie group and M ; N b e t w o

2-framed, closed, orien ted 3-manifolds. Then w e ha v e the follo wing results:

T

G;k

( S

2

� S

1

) = 1 (71)

T

S U (2) ;k

( S

3

) =

r

2

k + 2

sin

�

�

k + 2

�

(72)

W

G;k

( M # N ) = W

G;k

( M ) W

G;k

( N ) (73)

If G is a compact simple group then the WR T in v arian t T

G;k

( S

3

) can b e

giv en in a closed form in terms of the ro ot and w eigh t lattices asso ciated to

G . In particular, for G = S U ( n ) w e get

T =

1

p

n ( k + n )

( n � 1)

n � 1

Y

j =1

�

2 sin

�

j �

k + n

� �

n � j

:

W e will sho w later that this in v arian t can b e expressed in terms of the gener-

ating function of top ological string amplitudes in a closed string theory com-

pacti�ed on a suitable Calabi-Y au manifold. More generally , if a manifold M

can b e cut in to pieces o v er whic h the CS path in tegral can b e computed, then

the gluing rules of TQFT can b e applied to these pieces to �nd T . Di�eren t

w a ys of using suc h a cut and paste op eration can lead to di�eren t w a ys of

computing this in v arian t. Another metho d that is used in b oth the theoretical

and exp erimen tal applications is the p erturbativ e quan tum �eld theory . The

rules for p erturbativ e expansion around classical solutions of �eld equations

are w ell understo o d in ph ysics. It is called the stationary phase appro xima-

tion to the partition function. It leads to the asymptotic expansion in terms

of a parameter dep ending on the coupling constan ts and the group. If �c ( G )

is the dual Co xeter n um b er of G then the asymptotic expansion is in terms

of } = 2 � i= ( k + �c ( G )). This notation in TQFT is a reminder of the Planc k's

constan t used in ph ysical �eld theories. The asymptotic expansion of log( T )

is then giv en b y
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log( T ) = � b log } +

a

0

}

+

1

X

n =1

a

n +1

}

n

;

where a

i

are ev aluated on F eynman diagrams with i lo ops. The expansion

ma y b e around an y 
at connection and the dep endence of a

i

the c hoice of

connection ma y b e explicitly indicated if necessary . F or Chern-Simons theory

the ab o v e p erturbativ e expansion is also v alid for non-compact groups. In his

talk at this conference, Garofouladis discussed the asymptotic expansion of

the free energy asso ciated to the LMO in v arian t of a 3-manifold and its

man y in teresting prop erties (see . Garofouladis et al in these pro ceedings) I

ask ed Sta vros if he has lo ok ed at his expansion as a generating function for

top ological string mo duli. I also ask ed a similar question to Don Zagier ab out

the free energy expansion of Chern-Simons in v arian t with complex gauge

group considered b y Zagier et al in (arXiv:0903.24272v1 [hep-th]). Both of

them told me that they had not considered this asp ect. It seems that the

general program of relating gauge theoretic and string theoretic in v arian ts

is still far from w ell form ulated, ev en in the cases where explicit asymptotic

expansions are a v ailable.

CFT appr o ach to WR T Invariants

In [36 ] Kohno de�nes a family of in v arian ts �

k

( M ) of a 3-manifold M b y using

its Heegaard decomp osition along a Riemann surface �

g

and represen tations

of the mapping class group of �

g

. Kohno's w ork mak es essen tial use of ideas

and results from conformal �eld theory . W e no w giv e a brief discussion of

Kohno's de�nition.

W e b egin b y reviewing some information ab out the geometric top ology

of 3-manifolds and their Heegaard splittings. Recall that t w o compact 3-

manifolds X

1

; X

2

with homeomorphic b oundaries can b e glued together

along a homeomorphism f : @ X

1

! @ X

2

to obtain a closed 3-manifold

X = X

1

[

f

X

2

. If X

1

; X

2

are orien ted with compatible orien tations on the

b oundaries, then f can b e tak en to b e either orien tation preserving or rev ers-

ing. Con v ersely , an y closed orien table 3-manifold can b e obtained b y suc h a

gluing pro cedure where eac h of the pieces is a sp ecial 3-manifold called a han-

dleb o dy . Recall that a handleb o dy of gen us g is an orien table 3-manifold

obtained from gluing g copies of 1-handles D

2

� [ � 1 ; 1] to the 3-ball D

3

.

The gluing homeomorphisms join the 2 g discs D

2

� f� 1 g to the 2 g pairwise

disjoin t 2-discs in @ D

3

= S

2

in suc h a w a y that the resulting manifold is

orien table. The handleb o dies H

1

; H

2

ha v e the same gen us and a common

b oundary H

1

\ H

2

= @ H

1

= @ H

2

. Suc h a decomp osition of a 3-manifold X

is called a Heegaard splitting of X of gen us g . W e sa y that X has Hee-

gaard gen us g if it has some Heegaard splitting of gen us g but no Heegaard

splitting of smaller gen us. Giv en a Heegaard splitting of gen us g of X , there
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exists an op eration called stabilization whic h giv es another Heegaard split-

ting of X of gen us g + 1. Tw o Heegaard splitting of X are called equiv alen t

if there exists a homeomorphism of X on to itself taking one splitting in to

the other. Tw o Heegaard splitting of X are called stably equiv alen t if they

are equiv alen t after a �nite n um b er of stabilizations. A pro of of the follo wing

theorem is giv en in [65 ].

Theorem 3 A ny two He e gaar d splittings of a close d orientable 3-manifold

X ar e stably e quivalent.

The mapping class group M ( M ) of a connected, compact, smo oth sur-

face M is the quotien t group of the group of di�eomorphisms D if f ( M ) of

M mo dulo the group D if f

0

( M ) of di�eomorphisms isotopic to the iden tit y .

i.e.

M ( M ) := D if f ( M ) =D if f

0

( M )

If M is orien ted, then M ( M ) has a normal subgroup M

+

( M ) of index 2 con-

sisting of orien tation preserving di�eomorphisms of M mo dulo isotopies. The

group M ( M ) can also b e de�ned as �

0

( D if f ( M )). Smo oth closed orien table

surfaces �

g

are classi�ed b y their gen us g and in this case it is customary to

denote M ( �

g

) b y M

g

. In the applications that w e ha v e in mind, it is this

group M

g

that w e shall use. The group M

g

is generated b y Dehn t wists

along simple closed curv es in �

g

. Let c b e a simple closed curv e in �

g

whic h

forms one of the b oundaries of an ann ulus. In lo cal complex co ordinate z

w e can iden tify the ann ulus with f z j 1 � j z j � 2 g and the curv e c with

f z j j z j = 1 g . Then the Dehn t wist �

c

along c is an automorphism of �

g

whic h is the iden tit y outside the ann ulus and in the ann ulus, is giv en b y the

form ula

�

c

( r e

i�

) = r e

i ( � +2 � ( r � 1))

; where z = r e

i�

; 1 � r � 2 ; 0 � � � 2 �

Changing the curv e c b y an isotopic curv e or c hanging the ann ulus giv es

isotopic t wists. Ho w ev er, t wists in opp osite directions de�ne elemen ts of M

g

whic h are the in v erses of eac h other. Note that an y t w o homotopic simple

closed curv es on �

g

are isotopic. A useful description of M

g

is giv en b y the

follo wing theorem.

Theorem 4 L et �

g

b e a smo oth close d orientable surfac e of genus g . Then

the gr oup M

g

is gener ate d by the 3 g � 1 Dehn twists along the curves

�

i

; �

j

; 


k

; 1 � i; j � g ; 1 � k < g which ar e Poinc ar � e dual to a b asis of

the �rst inte gr al homolo gy of �

g

.

In [36 ] Kohno obtains a represen tation of the mapping class group M

g

in

the space of conformal blo c ks whic h arise in conformal �eld theory . He then

uses a sp ecial function for this represen tation and the stabilization to de�ne

a family of in v arian ts �

k

( M ) of the 3-manifold M whic h are indep enden t of

its stable Heegaard decomp osition. Kohno obtains the follo wing form ulas:
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�

k

( S

2

� S

1

) =

 

r

2

k + 2

sin

�

�

k + 2

�

!

� 1

; (74)

�

k

( S

3

) = 1 ; (75)

�

k

( M # N ) = �

k

( M ) � �

k

( N ) : (76)

Kohno's in v arian t coincides with the normalized Witten in v arian t with the

gauge group S U (2). Similar results w ere also obtained b y Crane [16]. The

agreemen t of these results with those of Witten ma y b e regarded as strong

evidence for the correctness of the TQFT calculations. In [36 ] Kohno also ob-

tains the Jones-Witten p olynomial in v arian ts for a framed colored link in a

3-manifold M b y using represen tations of mapping class groups via conformal

�eld theory . In [37 ] the Jones-Witten p olynomials are used to estimate the

tunnel n um b er of knots and the Heegaard gen us of a 3-manifold. The mon-

o drom y of the Knizhnik-Zamolo dc hik o v equation [33] pla ys a crucial role in

these calculations.

WR T Invariants via Quantum Gr oups

Shortly after the publication of Witten's pap er [80 ], Reshetikhin and T uraev

[62 ] ga v e a precise com binatorial de�nition of a new in v arian t b y using the rep-

resen tation theory of quan tum group U

q

sl

2

at the ro ot of unit y q = e

2 � i= ( k +2)

.

The parameter q coincides with Witten's S U ( n ) Chern-Simons theory param-

eter t when n = 2 and in this case the in v arian t of Reshetikhin and T uraev

is the same as the normalized Witten in v arian t. In view of this it is no w

customary to call the normalized Witten in v arian t as Witten-Reshetikhin-

T uraev in v arian t or WR T in v arian t. W e no w discuss their construction in the

form giv en b y Kirb y and Melvin in [31 ].

Let U denote the univ ersal en v eloping algebra of sl (2 ; C ) and let U

h

denote

the quan tized univ ersal en v eloping algebra of formal p o w er series in h . Recall

that U is generated b y X ; Y ; H sub ject to relations as in the algebra sl (2 ; C ) ,

i.e.

[ H ; X ] = 2 X ; [ H ; Y ] = � 2 Y ; [ X ; Y ] = H :

In U

h

the last relation is replaced b y

[ X ; Y ] = [ H ]

s

:=

s

H

� s

� H

s � s

� 1

; s = e

h= 2

:

It can b e sho wn that U

h

admits a Hopf algebra structure as a mo dule o v er

the ring of formal p o w er series. Ho w ev er, the presence of div ergen t series

mak e this algebra unsuitable for represen tation theory . W e construct a �nite

dimensional algebra b y using U

h

. De�ne



Geometric T op ology and Field Theory on 3-Manifolds 41

K := e

hH = 4

and

�

K := e

� hH = 4

= K

� 1

:

Fix an in teger r > 1 ( r = k + 2 of the Witten form ula) and set q = e

h

= e

2 � i=r

.

W e restrict this to a subalgebra o v er the ring of con v ergen t p o w er series in

h generated b y X ; Y ; K ;

�

K . This in�nite dimensional algebra o ccurs in the

w ork of Jim b o. W e tak e its quotien t b y setting

X

r

= 0 ; Y

r

= 0 ; K

4 r

= 1 :

It is the represen tations of this quotien t algebra A that are used to de�ne

colored Jones p olynomials and the WR T in v arian ts. The algebra A is a �nite

dimensional complex algebra satisfying the relations

�

K = K

� 1

; K X = sX K ; K Y = �sY K ;

[ X ; Y ] =

K

2

� K

� 2

s � �s

; s = e

� i=r

There are irreducible A -mo dules V

i

in eac h dimension i > 0. If w e put

i = 2 m + 1, then V

i

has a basis f e

m

; : : : ; e

� m

g . The action of A on the basis

v ectors is giv en b y

X e

j

= [ m + j + 1]

s

e

j +1

; Y e

j

= [ m � j + 1]

s

e

j � 1

; and K e

j

= s

j

e

j

:

The A -mo dules V

i

are self dual for 0 < i < r . The structure of their tensor

pro ducts is similar to that in the classical case. The algebra A has the ad-

ditional structure of a quasitriangular Hopf algebra with Drinfeld's univ ersal

R -matrix R satisfying the Y ang-Baxter equation. One has an explicit form ula

for R 2 A 
 A of the form

R =

X

c

nab

X

a

K

b


 Y

n

K

b

:

If V ; W are A -mo dules, then R acts on V 
 W . Comp osing with the p erm u-

tation op erator w e get the op erator R

0

: V 
 W ! W 
 V . These are the

op erators used in the de�nition of our link in v arian ts. Let L b e a framed link

with n comp onen ts L

i

colored b y k = f k

1

; : : : ; k

n

g . Let J

L; k

b e the corre-

sp onding colored Jones p olynomial. The colors are restricted to lie in a family

of irreducible mo dules V

i

, one for eac h dimension 0 < i < r . Let � denote

the signature of the linking matrix of L . De�ne �

L

b y

�

L

=

�

p

2 =r sin( � =r )

�

n

e

3(2 � r ) � = (8 r )

X

[ k ] J

L; k

;

where the sum is o v er all admissible colors. Ev ery 3-manifold can b e obtained

b y surgery on a link in S

3

. Tw o links giv e isomorphic manifolds if they are

related b y Kirb y mo v es. It can b e sho wn that the in v arian t �

L

is preserv ed

under Kirb y mo v es and hence de�nes an in v arian t of the 3-manifold M

L

ob-

tained b y surgery on L . With suitable normaliazation it coincides with the
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WR T in v arian t. WR T in v arian ts do not b elong to the class of p olynomial

in v arian ts or other kno wn 3-manifold in v arian ts. They arose from top ologi-

cal quan tum �eld theory applied to calculate the partition functions in the

Chern-Simons gauge theory .

A n um b er of other mathematicians ha v e also obtained in v arian ts that are

closely related to the Witten in v arian t. The equiv alence of these in v arian ts

de�ned b y using di�eren t metho ds w as a folk theorem un til a complete pro of

w as giv en b y Piunikhin in [61 ]. Another approac h to WR T in v arian ts is via

Hec k e algebras and related sp ecial categories. A detailed construction of mo d-

ular categories from Hec k e algebras at ro ots of unit y is giv en in [8 ]. F or a

sp ecial c hoice of the framing parameter, one reco v ers the Reshetikhin-T uraev

in v arian ts of 3-manifolds constructed from the represen tations of the quan-

tum groups U

q

sl ( N ) b y Reshetikhin, T uraev and W enzl [62 , 75 , 77 ]. These

in v arian ts w ere constructed b y Y ok ota [85 ] b y using sk ein theory . As w e ha v e

discussed earlier the quan tum in v arian ts w ere obtained b y Witten [79 ] b y us-

ing path in tegral quan tization of Chern-Simons theory . In "Quan tum In v ari-

an ts of Knots and 3-Manifolds" [73 ], T uraev sho w ed that the idea of mo dular

categories is fundamen tal in the construction of these in v arian ts and that it

pla ys an essen tial role in extending them to a T op ological Quan tum Field

Theory . Since these early results, WR T in v arian ts for sev eral other manifolds

and gauge groups ha v e b een obtained. W e collect together some of these

results b elo w.

Theorem 5 The WR T invariant for the lens sp ac e L ( p; q ) in the c anonic al

fr aming is given by

W

k

( L ( p; q )) = �

i

p

2 p ( k + 2)

e

(

6 � is

k +2

)

X

� 2f� 1 ; 1 g

p

X

n =1

� e

�

2 p ( k +2)

e

2 � iq n

2

( k +2)

p

e

2 � in ( q + � )

p

;

wher e s = s ( q ; p ) is the De dekind sum de�ne d by

s ( q ; p ) :=

1

4 p

p � 1

X

k =1

cot(

� k

p

) cot(

� k q

p

) :

In all of these the in v arian t is w ell de�ned only at ro ots of unit y and

p erhaps near ro ots of unit y if a p erturbativ e expansion is p ossible. This sit-

uation o ccurs in the study of classical mo dular functions and Raman ujan's

mo c k theta functions. Raman ujan had in tro duced his mo c k theta functions

in a letter to Hardy in 1920 (the famous last letter) to describ e some p o w er

series in v ariable q = e

2 � iz

; z 2 C . He also wrote do wn (without pro of, as

w as usual in his w ork) a n um b er of iden tities in v olving these series whic h

w ere completely v eri�ed only in 1988 b y Hic k erson [28 ]. Recen tly , La wrence

and Zagier ha v e obtained sev eral di�eren t form ulas for the Witten in v arian t

W

S U (2) ;k

( M ) of the P oincar � e homology sphere M = � (2 ; 3 ; 5) in [41 ]. Using

the w ork of Zw egers [86 ], they sho w ho w the Witten in v arian t can b e extended
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from in tegral k to rational k and giv e its relation to the mo c k theta function.

In particular, they obtain the follo wing fan tastic form ula, a la Raman ujan,

for the Witten in v arian t W

S U (2) ;k

( M ) of the P oincar � e homology sphere

W

S U (2) ;k

( � (2 ; 3 ; 5)) = 1 +

1

X

n =1

x

� n

2

(1 + x )(1 + x

2

) : : : (1 + x

n � 1

)

where x = e

� i= ( k +2)

. W e note that the series on the righ t hand side of this

form ula terminates after k + 2 terms

1

.

W e ha v e not discussed the Kau�mann brac k et p olynomial or the theory

of sk ein mo dules in the study of 3-manifold in v arian ts. An in v arian t that

com bines these t w o ideas has b een de�ne in the follo wing general setting. Let

R b e a comm utativ e ring and let A b e a �xed in v ertible elemen t of R . Then

one can de�ne a new in v arian t, S

2 ; 1

( M ; R ; A ), of an orien ted 3-manifold

M called the Kau�mann brac k et sk ein mo dule . The theory of sk ein

mo dules is related to the theory of represen tations of quan tum groups. This

connection should pro v e useful in dev eloping the theory of quan tum group

in v arian ts whic h can b e de�ned in terms of sk ein theory as w ell as b y using

the theory of represen tations of quan tum groups.

10 Chern-Simons and String Theory

The general question \what is the relationship b et w een gauge theory and

string theory?" is not meaningful at this time. So I will follo w the strong

admonition b y Galileo against

2

\disputar lungamen te delle massime questioni

senza conseguir v erit� a nissuna". Ho w ev er, in teresting sp ecial cases where suc h

relationship can b e established are emerging. F or example, Witten [82 ] has

argued that Chern-Simons gauge theory on a 3-manifold M can b e view ed as

a string theory constructed b y using a top ological sigma mo del with target

space T

�

M . The p erturbation theory of this string will coincide with Chern-

Simons p erturbation theory , in the form discussed b y Axelro d and Singer

[4]. The co e�cien t of k

� r

in the p erturbativ e expansion of S U ( n ) theory in

p o w ers of 1 =k comes from F eynman diagrams with r lo ops. Witten sho ws ho w

eac h diagram can b e replaced b y a Riemann surface � of gen us g with h holes

(b oundary comp onen ts) with g = ( r � h + 1) = 2. Gauge theory w ould then giv e

an in v arian t �

g ;h

( M ) for ev ery top ological t yp e of � . Witten sho ws that this

in v arian t w ould equal the corresp onding string partition function Z

g ;h

( M ).

W e no w giv e an example of gauge theory to string theory corresp ondence

relating the non-p erturbativ e WR T in v arian ts in Chern-Simons theory with

gauge group S U ( n ) and top ological string amplitudes whic h generalize the

1

I w ould lik e to thank Don Zagier for bringing this w ork to m y atten tion

2

length y discussions ab out the greatest questions that fail to lead to an y truth whatev er.
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GW (Gromo v-Witten) in v arian ts of Calabi-Y au 3-folds follo wing the w ork in

[23 , 1 ]. The passage from real 3 dimensional Chern-Simons theory to the 10

dimensional string theory and further on to the 11 dimensional M-theory can

b e sc hematically represen ted b y the follo wing:

3 + 3 = 6 (real symplectic 6-manifold)

= 6 (conifold in C

4

)

= 6 (Calabi-Y au manifold)

= 10 � 4 (string compacti�cation)

= (11 � 1) � 4 (M-theory)

W e no w discuss the signi�cance of the v arious terms of the ab o v e equation ar-

ra y . Recall that string amplitudes are computed on a 6-dimensional manifold

whic h in the usual setting is a complex 3-dimensional Calab y-Y au manifold

obtained b y string compacti�cation. This is the most extensiv ely studied

mo del of passing from the 10-dimensional space of sup ersymmetric string

theory to the usual 4-dimensional space-time manifold. Ho w ev er, in our w ork

w e do allo w these so called extra dimensions to form an op en or a symplectic

Calabi-Y au manifold. W e call these the generalized Calabi-Y au manifolds.

The �rst line suggests that w e consider op en top ological strings on suc h a

generalized Calabi-Y au manifold, namely , the cotangen t bundle T

�

S

3

, with

Diric hlet b oundary conditions on the zero section S

3

. W e can compute the

op en top ological string amplitudes from the S U ( n ) Chern-Simons theory .

Conifold transition [69 ] has the e�ect of closing up the holes in op en strings

to giv e closed strings on the Calabi-Y au manifold obtained b y the usual string

compacti�cation from 10 dimensions. Th us w e reco v er a top ological gra vit y

result starting from gauge theory . In fact, as w e discussed earlier, Witten

had an ticipated suc h a gauge theory string theory corresp ondence almost ten

y ears ago. Signi�cance of the last line is based on the conjectured equiv a-

lence of M-theory compacti�ed on S

1

to t yp e I IA strings compacti�ed on a

Calabi-Y au threefold. W e do not consider this asp ect here. The crucial step

that allo ws us to go from a real, non-compact, symplectic 6-manifold to a

compact Calabi-Y au manifold is the conifold or geometric transition. Suc h a

c hange of geometry and top ology is exp ected to pla y an imp ortan t role in

other applications of string theory as w ell. A discussion of this example from

ph ysical p oin t of view ma y b e found in [1, 23 ].

10.1 Conifold T r ansition

T o understand the relation of the WR T in v arian t of S

3

for S U ( n ) Chern-

Simons theory with op en and closed top ological string amplitudes on \Calabi-

Y au" manifolds w e need to discuss the concept of conifold transition. F rom
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the geometrical p oin t of view this corresp onds to symplectic surgery in six

dimensions. It replaces a v anishing Lagrangian 3-sphere b y a symplectic S

2

.

The starting p oin t of the construction is the observ ation that T

�

S

3

min us

its zero section is symplectomorphic to the cone z

2

1

+ z

2

2

+ z

2

3

+ z

2

4

= 0 min us

the origin in C

4

, where eac h manifold is tak en with its standard symplectic

structure. The complex singularit y at the origin can b e smo othed out b y the

manifold M

�

de�ned b y z

2

1

+ z

2

2

+ z

2

3

+ z

2

4

= � pro ducing a Lagrangian S

3

v anishing cycle. There are also t w o so called small resolutions M

�

of the

singularit y with exceptional set C P

1

.

They are de�ned b y

M

�

:=

�

z 2 C

4

j

z

1

+ iz

2

z

3

� iz

4

=

� z

3

� iz

4

z

1

� iz

2

�

:

Note that M

0

n f 0 g is symplectomorphic to eac h of M

�

n C P

1

. Blo wing up

the exceptional set C P

1

� M

�

giv es a resolution of the singularit y whic h

can b e expressed as a �b er bundle F o v er C P

1

. Going from the �b er bundle

T

�

S

3

o v er S

3

to the �b er bundle F o v er C P

1

is referred to in the ph ysics

literature as the conifold transition. W e note that the holomorphic automor-

phism of C

4

giv en b y z

4

7! � z

4

switc hes the t w o small resolutions M

�

and

c hanges the orien tation of S

3

. Conifold transition can also b e view ed as an

application of mirror symmetry to Calabi-Y au manifolds with singularities.

Suc h an in terpretation requires the notion of symplectic Calabi-Y au mani-

folds and the corresp onding en umerativ e geometry . The geometric structures

arising from the resolution of singularities in the conifold transition can also

b e in terpreted in terms of the symplectic quotien t construction of Marsden

and W einstein.

10.2 WR T Invariants and String A mplitudes

T o �nd the relation b et w een the large n limit of S U ( n ) Chern-Simons theory

on S

3

to a sp ecial top ological string amplitude on a Calabi-Y au manifold w e

b egin b y recalling the form ula for the partition function (v acuum amplitude)

of the theory T

S U ( n ) ;k

( S

3

) or simply T . Up to a phase, it is giv en b y

T =

1

p

n ( k + n )

( n � 1)

n � 1

Y

j =1

�

2 sin

�

j �

k + n

� �

n � j

: (77)

Let us denote b y F

( g ;h )

the amplitude of an op en top ological string theory

on T

�

S

3

of a Riemann surface of gen us g with h holes. Then the generating

function for the free energy can b e expressed as
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�

1

X

g =0

1

X

h =1

�

2 g � 2+ h

n

h

F

( g ;h )

(78)

This can b e compared directly with the result from Chern-Simons theory b y

expanding the log T as a double p o w er series in � and n .

Instead of that w e use the conifold transition to get the top ological am-

plitude for a closed string on a Calabi-Y au manifold. W e w an t to obtain the

large n expansion of this amplitude in terms of parameters � and � whic h

are de�ned in terms of the Chern-Simons parameters b y

� =

2 �

k + n

; � = n� =

2 � n

k + n

: (79)

The parameter � is the string coupling constan t and � is the 't Ho oft cou-

pling n� of the Chern-Simons theory . The parameter � en tering in the string

amplitude expansion has the geometric in terpretation as the K• ahler mo dulus

of a blo wn up S

2

in the resolv ed M

�

. If F

g

( � ) denotes the amplitude for a

closed string at gen us g then w e ha v e

F

g

( � ) =

1

X

h =1

�

h

F

( g ;h )

(80)

So summing o v er the holes amoun ts to �lling them up to giv e the closed

string amplitude.

The large n expansion of T in terms of parameters � and � is giv en b y

T = exp

"

�

1

X

g =0

�

2 g � 2

F

g

( � )

#

; (81)

where F

g

de�ned in (80) can b e in terpreted on the string side as the con tri-

bution of closed gen us g Riemann surfaces. F or g > 1 the F

g

can b e expressed

in terms of the Euler c haracteristic �

g

and the Chern class c

g � 1

of the Ho dge

bundle of the mo duli space M

g

of Riemann surfaces of gen us g as follo ws

F

g

=

Z

M

g

c

3

g � 1

�

�

g

(2 g � 3)!

1

X

n =1

n

2 g � 3

e

� n ( � )

: (82)

The in tegral app earing in the form ula for F

g

can b e ev aluated explicitly to

giv e

Z

M

g

c

3

g � 1

=

( � 1)

( g � 1)

(2 � )

(2 g � 2)

2 � (2 g � 2) �

g

: (83)

The Euler c haracteristic is giv en b y the Harer-Zagier [27 ] form ula

�

g

=

( � 1)

( g � 1)

(2 g )(2 g � 2)

B

2 g

; (84)
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where B

2 g

is the (2 g )-th Bernoulli n um b er. W e omit the sp ecial form ulas

for the gen us 0 and gen us 1 cases. The form ulas for F

g

for g � 0 coincide

with those of the g -lo op top ological string amplitude on a suitable Calabi-

Y au manifold. The c hange in geometry that leads to this calculation can b e

though t of as the result of coupling to gra vit y . Suc h a situation o ccurs in the

quan tization of Chern-Simons theory . Here the classical Lagrangian do es not

dep end on the metric, ho w ev er, coupling to the gra vitational Chern-Simons

term is necessary to mak e it TQFT.

W e ha v e men tioned the follo wing four approac hes that lead to the WR T

in v arian ts.

1. Witten's QFT calculation of the Chern-Simons partition function

2. Quan tum group (or Hopf algebraic) computations initiated b y Reshetikhin

and T uraev

3. Kohno's sp ecial functions corresp onding to represen tations of mapping

class groups in the space of conformal blo c ks and a similar approac h b y

Crane

4. op en or closed string amplitudes in suitable Calabi-Y au manifolds

These metho ds can also b e applied to obtain in v arian ts of links, suc h as the

Jones p olynomial. Indeed, this w as the ob jectiv e of Witten's original w ork.

WR T in v arian ts w ere a b ypro duct of this w ork. Their relation to top ological

strings came later.

The WR T to string theory corresp ondence has b een extended b y Gopaku-

mar and V afa (see, hep-th/9809187, 9812127) b y using string theoretic argu-

men ts to sho w that the exp ectation v alue of the quan tum observ ables de�ned

b y the Wilson lo ops in the Chern-Simons theory also has a similar in terpre-

tation in terms of a top ological string amplitude. This leads them to con-

jecture a corresp ondence b et w een certain knot in v arian ts (suc h as the Jones

p olynomial) and Gromo v-Witten t yp e in v arian ts of generalized Calabi-Y au

manifolds. Gromo v-Witten in v arian ts of a Calabi-Y au 3-fold X are in general

rational n um b ers, since one has to get the w eigh ted coun t b y dividing b y the

order of automorphism groups.. Using M-theory Gopakumar and V afa ha v e

argued that the generating series F

X

of Gromo v-Witten in v arian ts in all de-

grees and all genera is determined b y a set of in tegers n ( g ; � ). They giv e the

follo wing remark able form ula for F

X

F

X

( �; q ) =

X X

g � 0

X

k � 1

1

k

n ( g ; � )(2 sin ( k �= 2))

2 g � 2

q

k �

;

where � is the string coupling constan t and the �rst sum is tak en o v er all

nonzero elemen ts � in H

2

( X ). W e note that for a �xed gen us there are only

�nitely man y nonzero in tegers n ( g ; � ). A mathematical form ulation of the

Gopakumar-V afa conjecture (GV conjecture) has b een giv en in [58 ]. Sp ecial

cases of the conjecture ha v e b een v eri�ed (see, for example [59 ] and refer-

ences therein). In [42 ] a new geometric approac h relating the Gromo v-Witten

in v arian ts to equiv arian t index theory and 4-dimensional gauge theory has
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b een used to compute the string partition functions of some lo cal Calabi-Y au

spaces and to v erify the GV conjecture for them.

A knot should corresp ond to a Lagrangian D-brane on the string side and

the knot in v arian t w ould then giv e a suitably de�ned coun t of compact holo-

morphic curv es with b oundary on the D-brane. T o understand a prop osed

pro of, recall �rst that a categori�cation of an in v arian t I is the construction

of a suitable homology suc h that its Euler c haracteristic equals I . A w ell

kno wn example of this is Flo er's categori�cation of the Casson in v arian t. W e

ha v e already discussed earlier, Kho v ano v's categori�cation of the Jones p oly-

nomial V

�

( q ) b y constructing a bi-graded sl (2)-homology H

i;j

determined

b y the knot � . Its quan tum or graded Euler c haracteristic equals the Jones

p olynomial. i.e.

V

�

( q ) =

X

i;j

( � 1)

j

q

i

dim H

i;j

:

No w let L

�

b e the Lagrangian submanifold corresp onding to the knot � of a

�xed Calabi-Y au space X . Let r b e a �xed relativ e in tegral homology class of

the pair ( X ; L

�

). Let M

g ;r

denote the mo duli space of pairs ( �

g

; A ), where

�

g

is a compact Riemann surface in the class r with b oundary S

1

and A is a


at U (1) connection on �

g

. This data together with the cohomology groups

H

k

( M

g ;r

) determines a tri-graded homology . It generalizes the Kho v ano v

homology . Its Euler c haracteristic is a generating function for the BPS states'

in v arian ts in string theory and these can b e used to obtain the Gromo v-

Witten in v arian ts. T aub es has giv en a construction of the Lagrangians in the

Gopakumar-V afa conjecture. W e note that coun ting holomorphic curv es with

b oundary on a Lagrangian manifold w as in tro duced b y Flo er in his w ork on

the Arnold conjecture.

The tri-graded homology is exp ected to unify knot homologies of the Kho-

v ano v t yp e as w ell as knot Flo er homology constructed b y Ozsw� ath and

Szab� o [57 ] whic h pro vides a categori�cation of the Alexander p olynomial.

Knot Flo er homology is de�ned b y coun ting pseudo-holomorphic curv es and

has no kno wn com binatorial description. An explicit construction of a tri-

graded homology for certain torus knots has b een recen tly giv en b y Dun�eld,

Guk o v and Rasm ussen [math.GT/0505662].

11 Y ang-Mills, Gra vit y and Strings

Recall that in string theory , an elemen tary particle is iden ti�ed with a vibra-

tional mo de of a string. Di�eren t particles corresp ond to di�eren t harmonics

of vibration. The F eynman diagrams of the usual QFT are replaced b y fat

graphs or Riemann surfaces that are generated b y mo ving strings splitting

or joining together. The particle in teractions describ ed b y these F eynman

diagrams are built in to the basic structure of string theory . The app earance



Geometric T op ology and Field Theory on 3-Manifolds 49

of Riemann surfaces explains the relation to conformal �eld theory . W e ha v e

already discussed Witten's argumen t relating gauge and string theories. It

no w forms a small part of the program of relating quan tum group in v arian ts

and top ological string amplitudes. In general, the string states are iden ti�ed

with �elds. The ground state of the closed string turns out to b e a massless

spin t w o �eld whic h ma y b e in terpreted as a gra viton. In the large distance

limit, (at least at the lo w er lo op lev els) string theory includes the v acuum

equations of Einstein's general relativit y theory . String theory a v oids the

ultra violet div ergences that app ear in con v en tional attempts at quan tizing

gra vit y . In ph ysically in teresting string mo dels one exp ects the string space

to b e a non-trivial bundle o v er a Loren tzian space-time M with compact or

non-compact �b ers. Relating the usual Einstein's equations with cosmological

constan t with the Y ang-Mills equations requires the ten dimensional mani-

fold �

2

( M ) of di�eren tial forms of degree t w o. There are sev eral di�erences

b et w een the Riemannian functionals used in theories of gra vitation and the

Y ang-Mills functional used to study gauge �eld theories. The most imp ortan t

di�erence is that the Riemannian functionals are dep enden t on the bundle of

frames of M or its reductions, while the Y ang-Mills functional can b e de�ned

on an y principal bundle o v er M . Ho w ev er, w e ha v e the follo wing in teresting

theorem [7].

Theorem: Let ( M ; g ) b e a compact, 4-dimensional, Riemannian manifold.

Let �

2

+

( M ) denote the bundle of self-dual 2-forms on M with induced metric

G

+

. Then the Levi-Civita connection �

g

on M satis�es the Euclidean gra vi-

tational instan ton equations if and only if the Levi-Civita connection �

G

+

on

�

2

+

( M ) satis�es the Y ang-Mills instan ton equations.

Gr avitational Field Equations

A geometric form ulation of gra vitational �eld equations is generally not in

the to ol kit of top ologists. W e review them as the full Einstein equations

with energy-momen tum tensor corresp onding to the dilaton �eld app ear in

P erelman's w ork on the Thruston geometrization conjecture. There are sev-

eral w a ys of deriving Einstein's gra vitational �eld equations. F or example,

w e can consider natural tensors satisfying the conditions that they con tain

deriv ativ es of the fundamen tal (pseudo-metric) tensor up to order t w o and

dep end linearly on the second order deriv ativ es. Then w e obtain the tensor

c

1

R

ij

+ c

2

g

ij

S + c

3

g

ij

;

where R

ij

are the comp onen ts of the Ricci tensor R ic and S is the scalar

curv ature. Requiring this tensor to b e div ergenceless and using the Bianc hi

iden tities leads to the relation c

1

+ 2 c

2

= 0 b et w een the constan ts c

1

; c

2

; c

3

.

Cho osing c

1

= 1 and c

3

= 0 w e obtain Einstein's equations (without the
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cosmological constan t) whic h ma y b e expressed as

E = � T (85)

where E := R ic �

1

2

S g is the Einstein tensor and T is an energy-momen tum

tensor on the space-time manifold whic h acts as the source term. No w the

Bianc hi iden tities satis�ed b y the curv ature tensor imply that

div E := r

i

E

ij

= 0 :

Hence, if Einstein's equations (85) are satis�ed, then for consistency w e m ust

ha v e

div T = r

i

T

ij

= 0 : (86)

Equation (86) is called the di�eren tial (or lo cal) la w of conserv ation of en-

ergy and momen tum. Ho w ev er, in tegral (or global) conserv ation la ws can b e

obtained b y in tegrating equation (86) only if the space-time manifold admits

Killing v ectors. Th us equation (86) has no clear ph ysical meaning, except in

sp ecial cases. An in teresting discussion of this p oin t is giv en b y Sac hs and

W u [63 ]. Einstein w as a w are of the ten tativ e nature of the righ t hand side

of equation (85), but he b eliev ed strongly in the expression on the left hand

side of (85). By taking the trace of b oth sides of equations (85) w e are led to

the condition

S = t (87)

where t denotes the trace of the energy-momen tum tensor. The ph ysical

meaning of this condition seems ev en more obscure than that of condi-

tion (86). If w e mo dify equation (85) b y adding the cosmological term �g ( �

is called the cosmological constan t ) to the left hand side of equation (85),

w e obtain Einstein's equation with cosmological constan t

E + �g = � T : (88)

This equation also leads to the consistency condition (86), but condition (87)

is c hanged to

S = t + 4 �: (89)

Using (89), equation (88) can b e rewritten in the follo wing form

K = � ( T �

1

4

tg ) ; (90)

where

K = ( R ic �

1

4

S g ) (91)

is the trace-free part of the Ricci tensor of g . W e call equations (90) gener-

alized �eld equations of gra vitation. W e no w sho w that these equations
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arise naturally in a geometric form ulation of Einstein's equations. W e b egin

b y de�ning a tensor of curv ature t yp e.

Let C b e a tensor of t yp e (4 ; 0) on M . W e can regard C as a quadrilinear

mapping (p oin t wise) so that for eac h x 2 M , C

x

can b e iden ti�ed with a

m ultilinear map

C

x

: T

�

x

( M ) � T

�

x

( M ) � T

�

x

( M ) � T

�

x

( M ) ! R :

W e sa y that the tensor C is of curv ature t yp e if C

x

satis�es the follo wing

conditions for eac h x 2 M and for all �; � ; 
 ; � 2 T

�

x

( M ).

1. C

x

( �; � ; 
 ; � ) = � C

x

( � ; �; 
 ; � );

2. C

x

( �; � ; 
 ; � ) = � C

x

( �; � ; � ; 
 );

3. C

x

( �; � ; 
 ; � ) + C

x

( �; 
 ; � ; � ) + C

x

( �; � ; 
 ; � ) = 0 :

F rom the ab o v e de�nition it follo ws that a tensor C of curv ature t yp e also

satis�es the follo wing condition:

C

x

( �; � ; 
 ; � ) = C

x

( 
 ; � ; �; � ) ; 8 x 2 M :

W e denote b y C the space of all tensors of curv ature t yp e. The Riemann-

Christo�el curv ature tensor R m is of curv ature t yp e. Indeed, the de�nition of

tensors of curv ature t yp e is mo delled after this fundamen tal example. Another

imp ortan t example of a tensor of curv ature t yp e is the tensor G de�ned b y

G

x

( �; � ; 
 ; � ) = g

x

( �; 
 ) g

x

( � ; � ) � g

x

( �; � ) g

x

( � ; 
 ) ; 8 x 2 M (92)

where g is the fundamen tal or metric tensor of M .

W e no w de�ne the curv ature pro duct of t w o symmetric tensors of t yp e

(2 ; 0) on M . It w as in tro duced b y the author in [44 ] and used in [46 ] to

obtain a geometric form ulation of Einstein's equations.

Let g and T b e t w o symmetric tensors of t yp e (2 ; 0) on M . The curv ature

pro duct of g and T , denoted b y g �

c

T , is a tensor of t yp e (4 ; 0) de�ned b y

( g �

c

T )

x

( �; � ; 
 ; � ) :=

1

2

�

g ( �; 
 ) T ( � ; � ) + g ( � ; � ) T ( �; 
 )

� g ( �; � ) T ( � ; 
 ) � g ( � ; 
 ) T ( �; � )

�

;

for all x 2 M and �; � ; 
 ; � 2 T

�

x

( M ).

In the follo wing prop osition w e collect together some imp ortan t prop erties

of the curv ature pro duct and tensors of curv ature t yp e.

Prop osition 6 ) L et g and T b e two symmetric tensors of typ e (2 ; 0) on M

and let C b e a tensor of curvatur e typ e on M . Then we have the fol lowing:

1. g �

c

T = T �

c

g .

2. g �

c

T is a tensor of curvatur e typ e.

3. g �

c

g = G; wher e G is the tensor de�ne d in (92).

4. G

x

induc es a pseudo-inner pr o duct on �

2

x

( M ) ; 8 x 2 M .
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5. C

x

induc es a symmetric, line ar tr ansformation of �

2

x

( M ) ; 8 x 2 M :

The orthogonal group O ( g ) of the metric acts on the space C and splits it in to

three irreducible subspaces of dimensions 10, 9, and 1. Under this splitting

the Riemann curv ature R m in to three parts as follo ws:

R m = W + c

1

( K �

c

g ) + c

2

S ( g �

c

g ) :

The ten dimensional part W is the W eyl conformal curv ature tensor. It splits

further in to its self-dual part W

+

and an ti-dual part W

�

under the action of

S O ( g ). The part in v olving the trace-free Ricci tensor K is 9 dimensional. All

of these tensors o ccur in functionals on the space of metrics.

W e denote the Ho dge star op erator on �

2

x

( M ) b y J

x

. The fact that

M is a Loren tz 4-manifold implies that J

x

de�nes a complex structure on

�

2

x

( M ) ; 8 x 2 M : Using this complex structure w e can giv e a natural structure

of a complex v ector space to �

2

x

( M ). Then w e ha v e the follo wing prop osition.

Prop osition 7 L et U : �

2

x

( M ) ! �

2

x

( M ) b e a r e al, line ar tr ansformation.

Then the fol lowing ar e e quivalent:

1. L c ommutes with J

x

.

2. L is a c omplex line ar tr ansformation of the c omplex ve ctor sp ac e �

2

x

( M ) .

3. The matrix of L with r esp e ct to a G

x

-orthonormal b asis of �

2

x

( M ) is of

the form

�

A B

-B A

�

(93)

wher e A; B ar e r e al 3 � 3 matric es.

W e no w de�ne the gra vitational tensor W

g r

, of curv ature t yp e, whic h includes

the source term. Let M b e a space-time manifold with fundamen tal tensor g

and let T b e a symmetric tensor of t yp e (2 ; 0) on M . Then the gra vitational

tensor W

g r

is de�ned b y

W

g r

:= R m + g �

c

T ; (94)

where R m is the Riemann-Christo�el curv ature tensor of t yp e (4 ; 0).

W e are no w in a p osition to giv e a geometric form ulation of the generalized

�eld equations of gra vitation.

Theorem 8 L et W

g r

denote the gr avitational tensor de�ne d by (94) with

sour c e tensor T . We denote by

^

W

g r

the line ar tr ansformation of �

2

x

( M ) in-

duc e d by W

g r

. Then the fol lowing ar e e quivalent:

1. g satis�es the gener alize d �eld e quations of gr avitation (90);

2.

^

W

g r

c ommutes with J

x

;

3.

^

W

g r

is a c omplex line ar tr ansformation of the c omplex ve ctor sp ac e �

2

x

( M ) .

W e shall call the triple ( M ; g ; T ) a generalized gra vitational �eld if an y

one of the conditions of Theorem 8 is satis�ed. Generalized gra vitational �eld
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equations w ere in tro duced b y the author in [44 ]. Their mathematical prop-

erties ha v e b een studied in [48 , 45, 54 ]. In lo cal co ordinates, the generalized

gra vitational �eld equations can b e written as

R

ij

�

1

4

R g

ij

= � ( T

ij

�

1

4

T g

ij

) : (95)

W e observ e that the equation (95) do es not lead to an y relation b et w een the

scalar curv ature and the trace of the source tensor, since b oth sides of equa-

tion (95) are trace-free. T aking div ergence of b oth sides of equation (95) and

using the Bianc hi iden tities w e obtain the generalized conserv ation condition

r

i

T

ij

� g

ij

�

i

= 0 ; (96)

where r

i

is the co v arian t deriv ativ e with resp ect to the v ector

@

@ x

i

,

� =

1

4

( T � R ) (97)

and �

i

=

@

@ x

i

� . Using the function � de�ned b y equation (97), the �eld

equations can b e written as

R

ij

�

1

2

R g

ij

� �g

ij

= � T

ij

: (98)

In this form the new �eld equations app ear as Einstein's �eld equations with

the cosmological constan t replaced b y the function � , whic h w e ma y call the

cosmological function. The cosmological function is in timately connected with

the classical conserv ation condition expressing the div ergence-free nature of

the energy-momen tum tensor as is sho wn b y the follo wing prop osition.

Prop osition 9 The ener gy-momentum tensor satis�es the classic al c onser-

vation c ondition

r

i

T

ij

= 0 (99)

if and only if the c osmolo gic al function � is a c onstant. Mor e over, in this

c ase the gener alize d �eld e quations r e duc e to Einstein 's �eld e quations with

c osmolo gic al c onstant.

W e note that, if the energy-momen tum tensor is non-zero but is lo calized

in the sense that it is negligible a w a y from a giv en region, then the scalar

curv ature acts as a measure of the cosmological constan t. By setting the

energy-momen tum tensor to zero in (95) w e obtain v arious c haracterizations

of the usual gra vitational instan ton. Solutions of the generalized gra vitational

�eld equations whic h are not solutions of Einstein's equations ha v e b een

discussed in [13 ].

W e note that the theorem (8) and the last condition in prop osition (6)

can b e used to discuss the P etro v classi�cation of gra vitational �elds (see

P etro v [60 ]). The tensor W

g r

can b e used in place of R in the usual de�nition
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of sectional curv ature to de�ne the gra vitational sectional curv ature on the

Grassmann manifold of non-degenerate 2-planes o v er M and to giv e a further

geometric c haracterization of gra vitational �eld equations. W e observ e that

the generalized �eld equations of gra vitation con tain Einstein's equations

with or without the cosmological constan t as sp ecial cases. Solutions of the

source-free generalized �eld equations are called gra vitational instan tons

If the base manifold is Riemannian, then gra vitational instan tons corresp ond

to Einstein spaces. A detailed discussion of the structure of Einstein spaces

and their mo duli spaces ma y b e found in [7 ]. Ov er a compact, 4-dimensional,

Riemannian manifold ( M ; g ), the gra vitational instan tons that are not solu-

tions of the v acuum Einstein equations are critical p oin ts of the quadratic,

Riemannian functional or action A

2

( g ) de�ned b y

A

2

( g ) =

Z

M

S

2

dv

g

:

F urthermore, the standard Hilb ert-Einstein action

A

1

( g ) =

Z

M

S dv

g

also leads to the generalized �eld equations when the v ariation of the action

is restricted to metrics of v olume 1.

The generalized �eld equations of gra vitation in the Euclidean theory can

b e obtained b y considerations similar to those giv en ab o v e. It is these equa-

tions with the source the dilaton �eld that app ear in P erelman's mo di�cation

of the Ricci 
o w. W e giv e a brief discussion of his w ork in the next section.

11.1 Ge ometrization Conje ctur e and Gr avity

The classi�cation problem for lo w dimensional manifolds is a natural question

after the success of the case of surfaces b y the uniformization theorem . In

1905, P oincar � e form ulated his famous conjecture whic h states in the smo oth

case: A closed, simply-connected 3-manifold is di�eomorphic to S

3

, the stan-

dard sphere. A great deal of w ork in three dimensional top ology in the next

100 y ears w as motiv ated b y this. In the 1980s Th urston studied h yp erb olic

manifolds. This led him to his \Geometrization Conjecture" ab out the ex-

istence of homogeneous metrics on all 3-manifolds. It includes the P oincar � e

conjecture as a sp ecial case. In the case of 4-manifolds, there is at presen t

no analogue of the geometrization conjecture. W e discuss brie
y the curren t

state of these problems in the next t w o subsections.

The Ricci 
o w equations

@ g

ij

@ t

= � 2 R

ij
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for a Riemannian metric g w ere in tro duced b y Hamilton in [25 ]. They form

a system of nonlinear second order partial di�eren tial equations. Hamilton

pro v ed that this equation has a unique solution for a short time for an y

smo oth metric on a closed manifold. The ev olution equation for the metric

leads to the ev olution equations for the curv ature and Ricci tensors and for

the scalar curv ature. By dev eloping a maxim um principle for tensors, Hamil-

ton pro v ed that the Ricci 
o w preserv es the p ositivit y of the Ricci tensor

in dimension three and that of the curv ature op erator in dimension four

[26 ]. In eac h of these cases he pro v ed that the ev olving metrics con v erge to

metrics of constan t p ositiv e curv ature (mo dulo scaling). These and a series

of further pap ers led him to conjecture that the Ricci 
o w with surgeries

could b e used to pro v e the Thruston geometrization conjecture. In a series

of e-prin ts P erelman dev elop ed the essen tial framew ork for implemen ting the

Hamilton program. W e w ould lik e to add that the full Einstein equations

with dilaton �eld as source pla y a fundamen tal role in P erelman's w ork (see,

arXiv.math.DG/0211159, 0303109, 0307245) on the geometrization conjec-

ture. A corrolary of this w ork is the pro of of the long standing P oincar � e

conjecture. A complete pro of of the geometrization conjecture b y applying

the Hamilton-P erelman theory of the Ricci 
o w has just app eared in [14 ] in

a sp ecial issue dedicated to the memory of S.-S. Chern,

3

one of the greatest

mathematicians of the t w en tieth cen tury .

The Ricci 
o w is p erturb ed b y a scalar �eld whic h corresp onds in string

theory to the dilaton. It is supp osed to determine the o v erall strength of all

in teractions. The lo w energy e�ectiv e action of the dilaton �eld coupled to

gra vit y is giv en b y the action functional

F ( g ; f ) =

Z

M

( R + jr f j

2

) e

� f

dv :

Note that when f is the constan t function the action reduces to the classical

Hilb ert-Einstein action. The �rst v ariation can b e written as

� F ( g ; f ) =

Z

M

[ � � g

ij

( R

ij

+ r

i

f r

j

f ) + (

1

2

� g

ij

( g

ij

� � f )(2 �f � jr f j

2

+ R )] dm ;

where dm = e

� f

dv : If m =

R

M

e

� f

dv is k ept �xed, then the second term in

the v ariation is zero and then the symmetric tensor � ( R

ij

+ r

i

f r

j

f ) is the

L

2

gradien t 
o w of the action functional F

m

=

R

M

( R + jr f j

2

) dm : The c hoice

of m is similar to the c hoice of a gauge. All c hoices of m lead to the same


o w, up to di�eomorphism, if the 
o w exists. W e remark that in the quan-

3

I �rst met Prof. Chern and his then newly arriv ed studen t S.-T. Y au in 1973 at the

AMS summer w orkshop on di�eren tial geometry held at Stanford Univ ersit y . Chern w as

a gourmet and his conference dinners w ere alw a ys memorable. I attended the �rst one

in 1973 and the last one in 2002 on the o ccasion of the ICM satellite conference at his

institute in Tianjin. In spite of his adv anced age and p o or health he participated in the

en tire program and then con tin ued with his duties as Presiden t of the ICM in Beijing.
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tum �eld theory of the t w o-dimensional nonlinear � -mo del, Ricci 
o w can b e

considered as an appro ximation to the renormalization group 
o w. This sug-

gests gradien t-
o w lik e b eha viour for the Ricci 
o w, from the ph ysical p oin t

of view. P erelman's calculations con�rm this result. The functional F

m

has

also a geometric in terpretation in terms of the classical Bo c hner-Lic hnero wicz

form ulas with the metric measure replaced b y the dilaton t wisted measure

dm .

The corresp onding v ariational equations are

R

ij

�

1

2

R g

ij

= � ( r

i

r

j

f �

1

2

( �f ) g

ij

) :

These are the usual Einstein equations with the energy-momen tum tensor of

the dilaton �eld as source. They lead to the decoupled ev olution equations

( g

ij

)

t

= � 2( R

ij

+ r

i

r

j

f ) ; f

t

= � R � �f :

After applying a suitable di�eomorphism these equations lead to the gradien t


o w equations. This mo di�ed Ricci 
o w can b e pushed through the singular-

ities b y surgery and rescaling. A detailed case b y case analysis is then used to

pro v e Th urston's geometrization conjecture. This includes as a sp ecial case

the classical P oincar � e conjecture.

W e ha v e seen that QFT calculations ha v e their coun terparts in string

theory . One can sp eculate that this is a top ological quan tum gra vit y (TQG)

in terpretation of a result in TQFT, in the Euclidean v ersion of the theories.

If mo des of vibration of a string are iden ti�ed with fundamen tal particles,

then their in teractions are already built in to the theory . Consistency with

kno wn ph ysical theories requires string theory to include sup ersymmetry .

While sup ersymmetry has had great success in mathematical applications, its

ph ysical v eri�cation is not y et a v ailable. Ho w ev er, there are indications that

it ma y b e the theory that uni�es fundamen tal forces in the standard mo del

at energies close to those at curren tly existing and planned accelarators.

P erturbativ e sup ersymmetric string theory (at least up to lo w er lo op lev els)

a v oids the ultra violet div ergences that app ear in con v en tional attempts at

quan tizing gra vit y . Recen t w ork relating the Hartle-Ha wking w a v e function

to string partition function can b e used to obtain a w a v e function for the

metric 
uctuations on S

3

em b edded in a Calabi-Y au manifold. This ma y b e

a �rst step in a realistic quan tum cosmology relating the en trop y of certain

blac k holes with the top ological string w a v e function. While a string theory

mo del unifying all fundamen tal forces is not y et a v ailable, a n um b er of small

results (some of whic h w e ha v e discussed in this pap er) are emerging to

suggest that sup ersymmetric string theory could pla y a fundamen tal role

in constructing suc h a mo del. Dev eloping a theory and phenomenology of

4-dimensional string v acua and relating them to exp erimen tal ph ysics and

cosmological data w ould b e a ma jor step in this direction. New mathematical

ideas ma y b e needed for the completion of this pro ject.
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W e w ould lik e to think of this w ork as part of a new area called \ph ysical

mathematics". Man y other asp ects of ph ysical mathematics are considered

in m y forthcoming b o ok \T opics in Ph ysical Mathematics", Springer V er-

lag (2009). It is w ell kno wn that the ro ots of \ph ysical mathematics" go

bac k to the v ery b eginning of man's attempts to understand nature. Ab-

stracting some of what he observ ed in the motion of hea v enly b o dies led to

the early dev elopmen ts in mathematics. Indeed mathematics w as an in tegral

part of natural philosoph y . Rapid gro wth of the ph ysical sciences aided b y

tec hnological progress and increasing abstraction in mathematical researc h

caused a separation of the sciences and mathematics in the 20th cen tury .

Ph ysicists metho ds w ere often rejected b y mathematicians as imprecise and

mathematicians approac h to ph ysical theories w as not understo o d b y the

ph ysicists. W e ha v e already giv en man y examples of this. Ho w ev er, theoret-

ical ph ysics did in
uence dev elopmen t of some areas of mathematics. Tw o

fundamen tal ph ysical theories, Relativit y and Quan tum theory no w o v er a

cen tury old sustained in terest in geometry and functional analysis and group

theory . Y ang-Mills theory , no w o v er half a cen tury old w as abandoned for

man y y ears b efore its relation to the theory of connections in a �b er bun-

dle w as found. It has paid ric h dividends to the geometric top ology of lo w

dimensional manifolds in the last quarter cen tury . Secondary c haracteristic

classes w ere giv en less than secondary atten tion when they w ere in tro duced.

No w a ma jor conference celebrating t w en t y y ears of Chern-Simons theory is

planned b y the Max Planc k and the Hausdor� institutes in Bonn in August

2009. Man y areas suc h as statistical mec hanics, conformal �eld theory and

string theory that w e ha v e not included in this w ork ha v e already led to new

dev elopmen ts in mathematics. The scop e of ph ysical mathematics con tin ues

to expand rapidly . Ev en in the topics that w e ha v e considered in this b o ok a

n um b er of new results are app earing and new connections b et w een old results

are emerging. In fact, the recen t lecture

4

b y Curtis McMullen (Fields medal,

ICM 1998, Berlin) w as en titled \F rom Platonic Solids to Quan tum T op ol-

ogy". McMullen w ea v es a fascinating tale from ancien t to mo dern mathe-

matics p oin ting out unexp ected links b et w een v arious areas of mathematics

and theoretical ph ysics. He concludes with the statemen t of a sp ecial case of

the v olume conjecture in terpreting it as the equalit y b et w een a gauge the-

oretic in v arian t and a top ological gra vit y in v arian t. The v ast and exciting

landscap e of ph ysical mathematics is op en for exploration.

Ac kno wledgemen ts

This w ork w as supp orted in part b y a researc h fello wship of the Max Planc k

Gesellsc haft at the Max Planc k Institute for Mathematics in the Sciences,

4

The 2009 Reimar L • ust lecture in Bonn deliv ered on June 12
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Leipzig. I w ould lik e to thank Prof. Dr. J. Jost, director of the MPI-MIS

for his con tin ued in terest in m y w ork. I w ould lik e to thank the organizers

Markus Banagl and Denis V ogel for their hospitalit y at the Heidelb erg Knot

theory conference where I met man y old friends and made some new ones.
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