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ABSTRACT. We present a rigorous derivation of a homogenized, bending-torsion theory for inex-
tensible rods from three-dimensional nonlinear elasticity in the spirit ofΓ-convergence. We start
with the elastic energy functional associated to a nonlinear composite material. In a stress-free ref-
erence configuration it occupies a thin cylindrical domain with thicknessh ≪ 1. We consider com-
posite materials that feature a periodic microstructure with periodε ≪ 1. We study the behavior
asε andh simultaneously converge to zero and prove that the energy (scaled byh−4) Γ-converges
towards a non-convex, singular energy functional. The energy is onlyfinite for configurations that
correspond to pure bending and twisting of the rod. In this case, the energy is quadratic in curvature
and torsion.

Our derivation leads to a new relaxation formula that uniquely determines the homogenized
coefficients. It turns out that their precise structure additionally depends on the ratioh/ε and,
in particular, different relaxation formulas arise forh ≪ ε, ε ∼ h andε ≪ h. Although, the
initial elastic energy functional and the limiting functional are non-convex,our analysis leads to a
relaxation formula that is quadratic and involves only relaxation over a single cell. Moreover, we
derive an explicit formula for isotropic materials in the casesh ≪ ε andh ≫ ε, and prove that the
Γ-limits associated to homogenization and dimension reduction in general do not commute.

Keywords: nonlinear elasticity, dimension reduction, homogenization, rod theory, two-scale con-
vergence.
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1. INTRODUCTION

A three-dimensional, elastic rod is an elastic body that occupies in a reference configuration a
slender, cylindrical domainΩh := ω × (hS) ⊂ R3. Hereω := (0, 1) is the center-line,S ⊂ R2
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2 STEFAN NEUKAMM

the cross section andh a small positive parameter that we refer to as the thickness of the rod. We
study rods made of composite materials that feature a periodic microstructure with small periodε
in the lateral direction. The associated elastic energy per unit volume is given by the nonconvex
integral functional

(1) Eε,h(v) :=
1

|Ωh|

ˆ

Ωh

Wε,h(x,∇v(x)) dx,

wherev : Ωh → R3 is a sufficiently smooth deformation, andWε,h(x, F ) is a frame indifferent,
possibly unbounded, stored energy function. Since we are interested inmicrostructured compos-
ites the stored energy functionWε,h is supposed to oscillate on scaleε in the lateral component of
x, and to vary on a scale comparable toh in cross-sectional directions.

The goal of this paper is to understand the effective behavior of the energy Eε,h for small pa-
rametersε andh by rigorous mathematical analysis. For thehomogenizationlimit, ε → 0, we
expect that the oscillating-in-space energy densityWε can be replaced by a non-oscillating stored
energy function given by a multi-cell homogenization formula. The zero-thickness limit,h → 0,
is associated todimension reduction. Both limits (h → 0 with ε > 0 fixed andε → 0 with
h > 0 fixed) are understood reasonably well. In the present paper we analyze the behavior of (1)
as both parametersε andh simultaneouslytend to zero. Therefore, we assume that the period of
the composite is given as a function of the thickness, i.e.ε = ε(h). As a main result we prove in
Theorems3.1 and3.3 that the scaled energy functionalh−2Eε(h),h and the associated minimiza-
tion problem converge to a homogenized, nonlinear bending-torsion theory for inextensible rods
in the sense ofΓ-convergence. The limiting theory is a nonconvex, singular functional defined
for rod configurations; these are pairs(v,R) wherev : ω → R3 is an isometric space curve and
R : ω → SO(3) is a rotation field adapted tov (i.e. at every point the tangent ofv is given by
the first column ofR). Physically, the pair(v,R) describes the bending of the rod’s center-line
and the torsion of the rod’s cross-section. For a rod configuration the matrix field RtR,1 is skew-
symmetric and its entries are associated to curvature and torsion of the deformed rod. The limiting
energy is quadratic in curvature and torsion and takes the form

(2) (v,R) 7→
ˆ

ω
Q
(
x1, R

tR,1(x1)
)
dx1,

where the quadratic energy densityQ encodes the effective behavior of the rod and is given by a
relaxation formula (see Definition2.12below).

Let us point out that the functional (2) is non-convex: its domain of definition, namely the class of
rod configurations, is a non-convex set and additionally the mapping(v,R) 7→ RtR,1 is nonlinear.
Despite the severe non-convexity of (1) and (2), our result reveals thatQ is given by aconvex,
single-cellrelaxation formula. This is remarkable: as it is well-known (see e.g. [Mül87, Bra85,
GMT93]), in general the homogenization of nonconvex integral functionals leads to non-convex
relaxation formulas where an infinite number of periodicity cells has to be takeninto account.

As it is natural to expect, the quadratic energy densityQ depends on the properties ofWε and
the geometry of the rod’s cross section. Interestingly, we find thatQ additionally depends on the
asymptotics of the ratioh/ε(h), since the relaxation mechanisms associated to homogenization and
dimension reduction couple in a nontrivial way. In particular, the casesh ≪ ε, h ∼ ε andh ≫ ε
have to be distinguished. In the casesh≪ ε andh≫ ε the two fine-scales separate. We prove in
Section5 that in these two cases the effective behavior is similar to that obtained by passing to the
limits associated to homogenization and dimension reduction separately. As a sideresult we prove
that both limits do not commute in general and derive an explicit formula for isotropic materials.
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A brief survey of the literature. The derivation of lower dimensional models (e.g. for rods
and plates) from the three-dimensional theory is a fundamental problem in nonlinear elasticity.
Classical approaches are often based on extra kinematic assumptions. Inthis paper we follow a
different philosophy, and approach the problem in the framework ofΓ-convergence. Within this
framework the relevant patterns and constraints in the kinematics of the deformations naturally
emerge in the limiting process from the elastic energy itself. Hence, suitable compactness results
have to be established. The main challenge in this context is due to the peculiaritythat slender,
non-linearly elastic bodies can undergo large deformations at low energy. For example, the scaling
(w. r. t. thickness) of the elastic energy per volume associated to a stretched rod is of order1,
while bending of the rod leads to energies that scale as the square of the thickness. For this reason
different theories emerge for different scalings of the elastic energy.First results in variational
dimension reduction are due to Acerbi, Buttazo & Percivale [ABP91]. They prove that (1) (with
ε > 0 fixed) Γ-converges to a one-dimensional elastic string theory which shows no resistance
to compression. LeDret & Raoult established in [LDR95] a similar result for two-dimensional
membranes. In the present contribution we scale the energy byh−2. For this so calledbending
regimeMora & Müller [MM03] provedΓ-convergence to a nonlinear bending-torsion theory for
inextensible rods. At the heart of their analysis is a quantitative geometric rigidity estimate (see
Theorem4.1) that has been developed by Friesecke, James & Müller in the seminal work [FJM02],
where a nonlinear bending theory for plates was derived. Based on thegeometric rigidity estimate
various lower dimensional models have been derived (see for instance [FJM06] and the references
therein, see [MM03], [Sca06, Sca09] for results related to rod theory). Let us also mention that
Mielke [A.88] rigorously derived the fully nonlinear rod equations by appealing to the method of
center- manifolds.

The first rigorously treated homogenization problems in elasticity theory wereconcerned with lin-
early elastic, periodic composites. Various methods have been developed inthis context, see for
instance [Spa68, SP74, Tar77, BLP78, SP80, OSI84, MT97, ZKO94, CD99]. In a nutshell, for
linearly elastic composites the effective elastic behavior can be derived bysolving a linear correc-
tor problem; which is related to the observation that in the linear (or convex) case, solutions of
the elasticity system essentially oscillate on the scale given by the microstructureof the compos-
ite. For non-linearly elastic composites this is not the case and considerable additional difficulties
arise: As stated in [GMT93] “the main difference with the linear case is that the macroscopic
behavior of the nonlinear composite can be of a nature completely differentfrom the microscopic
behavior of its constituents.” For instance, homogenized nonlinear materialsmight lose strong
ellipticity due to buckling phenomena (see [TM85] and [GMT93]). The first rigorous homog-
enization results relevant in nonlinear elasticity are due to Müller [Mül87] and Braides [Bra85]
and stated in the language ofΓ-convergence (see [DGF75, DGDM83, DM93]). They study non-
convex energy functionals with oscillating energy densities, and prove that the limiting energy is
again an integral functional with a homogeneous-in-space energy density Whom determined by a
multi-cell homogenization formula. For their approach the energy density is required to satisfy
a p-growth condition from above. In nonlinear elasticity it is desired to consider materials with
the physical propertyW (x, F ) = ∞ for all F ∈ M3 with detF ≤ 0. The homogenization of
such materials is still an open problem. Let us remark that the desired behavior of the material
for detF close to0, does not play a role in our context. Indeed, our result applies to unbounded
energy densities, since our argument only relies on the behavior of the material close toSO(3).

Regarding homogenization, in this paper we appeal to a combination of directmethods from the
calculus of variations, and two-scale convergence as introduced by Nguetseng [Ngu89] and further
developed by Allaire [All92]. More precisely, in Section6 we introduce a modified version of two-
scale convergence tailor made for the analysis on thinning domains – the content of this chapter is
of independent interest.
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While the literature for homogenization and dimension reduction is vast, only fewresults are
known for the combination of both in the nonlinear situation. As far as we know, our result is
the first rigorous one for simultaneous homogenization and dimension reduction in the bending
regime. Results associated to the membrane regime are treated for instance by Braides, Fonseca
& Francfort [BFF00], Shu [Shu00], Babadijan & Bàıa [BB06]. Recently Velcic [Vela, Velb] con-
sidered the dimension reduction problem for rapidly precurved rods andplates in the von Karman
regime which corresponds to a scaling ofEε(h),h by h−4 and leads to a linear limit.

Let us mention that the main results of our paper were announced in a simplifiedversion in the
author’s thesis, see [Neu10]. There we also study the case of elastic plates and present lower- and
upper bounds for theΓ-limit (in the bending regime) that, although being non-optimal, already
show a dependence on the ratioγ. The derivation of a completeΓ-convergence result for non-
linearly elastic plates with oscillating coefficients in the bending as well as in the von Karman
regime is work in progress.

A motivation of our approach. Starting point of our derivation is the functional (1). To fix
ideas, letWε(x, F ) =W (x1/ε, F ) whereW is [0, 1) =: Y -periodic in its spatial component. We
assume thatW is frame-indifferent, non-degenerate in the sense thatW (y, F ) & dist2(F, SO(3)),
and minimal at the identity withW (y, I) = 0. Moreover, we suppose thatW (y, ·) admits a
quadratic expansion at the identity. Since by minimality ofI the first two terms in the expansion
drop out, we getW (y, I + G) = Q(y,G) + o(|G|2) whereQ(y, F ) is a non-negative quadratic
form.

We are interested in the derivation of a bending-torsion model. Therefore, we consider deforma-
tionsvh with Eε(h),h(vh) = O(h2). The non-degeneracy ofW directly implies

(3) lim sup
h→0

1

h2|Ωh|

ˆ

Ωh

dist2(∇vh(x), SO(3)) dx <∞.

Let Eh = 1
h

(√
(∇vh)t∇vh − I

)
denote thescaled nonlinear strain, which by (3) and the ele-

mentary estimatedist2(F, SO(3)) ≥ |
√
F tF − I|2 is equi-bounded in the sense that

(4) lim sup
h→0

1

|Ωh|

ˆ

Ωh

|Eh|2 dx <∞.

The nonlinear strain monitors the deviation of the right Cauchy-Green deformation tensor from
the identity. Forh ≪ 1 the elastic energy depends on the nonlinear strain in a quadratic way:
indeed, by frame-indifference, polar factorization, and the expansionof W at identity, a formal
computation yields

1

h2
Eε,h(vh) ≈ 1

h2|Ωh|

ˆ

Ωh

W

(
x1/ε,

√
(∇vh)t∇vh

)
dx

≈ 1

h2|Ωh|

ˆ

Ωh

W
(
x1/ε, I + hEh

)
dx

≈ 1

|Ωh|

ˆ

Ωh

Q
(
x1/ε,E

h
)
dx+ higher order terms.

Clearly, this calculation would hold rigorously ifEh was bounded uniformly inh andx – which
of course is not the case. However, to fix ideas let us take the expansionfor granted. The crucial
information that can be extracted from the expansion is the observation thatfor h≪ 1 the behavior
of Eε(h),h is dominated by the functional

(5) vh 7→ 1

|Ωh|

ˆ

Ωh

Q(x1/ε(h), E
h) dx.
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We note that (5) is a nonconvex integral functional, for the mappingvh 7→ Eh being nonlinear.
However, seen as a function of the nonlinear strain, (5) is quadratic and, from this perspective, the
passage(ε(h), h) → 0 can be treated by convex homogenization methods.

Indeed, we pass to the limit in (5) by appealing to a version of two-scale convergence which is
adapted to dimension reduction problems and introduced in Section6. In particular, we prove that

lim inf
h→0

1

h2
Eε(h),h(vh) ≥ inf

¨

Ω×Y
Q(y,E) dy dx

where the infimum on the right-hand side is taken over all weak two-scale cluster pointsE of the
family Eh ash → 0. In a second step, see Theorem3.5, we identify the general structure ofE
and put it in relation to the limits ofvh and∇vh. By virtue of the non-linearity ofvh 7→ Eh and
the presence of oscillations induced by the material microstructure, this is a delicate task. Let us
comment on this. In [MM03] Mora and M̈uller derive a nonlinear bending-torsion theory for rods
as aΓ-limit from 3d-elasticity. As a central ingredient, they prove, based on the geometric rigidity
estimate Theorem4.1, a compactness result that can be stated as follows: if (3) is satisfied, then, up
to a subsequence (and modulo the subtraction of a constant fromvh), the cross sectional averages〈
vh
〉
hS

:=
ffl

hS v
h and

〈
∇vh

〉
hS

:=
ffl

hS ∇vh converge inL2 to a rod configuration(v,R). In
Theorem3.5we prove that any weak two-scale limit of(Eh) takes roughly the form

(6) sym


(RtR,1

)



0
x2
x3


⊗ e1


+G

whereG belongs to a (precisely described) subspace ofL2(Ω×Y,M3
sym). The first term in (6) is

determined by the limit(v,R), and is associated to the macroscopic curvature and torsion of the
rod configuration. The second term,G, is a relaxation field and captures properties associated to
the scaled stretch, shear and cross-sectional deformation, as well as oscillations along the lateral
direction. Interestingly, it turns out that the admissible relaxation fields satisfy a set of kinematic
constraints that couple the behavior in the cross sectional directions with theoscillatory behavior
in the lateral direction. In particular, the precise structure of the constraints depend in a subtle
way on the scaling of the fine-scale ratioh/ε(h). In the second part of Theorem3.5 we prove
that the identification is optimal in the sense that any rod configuration(v,R) and any admissible
relaxation fieldG can be obtained as the limit of a sequence of deformationsvh and the associated
scaled nonlinear strainsEh, respectively. Hence, it is not surprising that the limit ofh−2Eε(h),h is
given by a functional that roughly takes the form

inf
G admissible
relaxation field

¨

ω×S×Y
Q


y, sym


(RtR,1

)



0
x2
x3


⊗ e1


+G


 dy dx.

In Theorem3.1and Theorem3.3we present the precise convergence result and limiting functional.
The precise relaxation formula (in a localized form) is defined in Definition2.12.

Outline of the paper. The article is structured as follows: In Section2 we introduce the general
framework, basic concepts and notation. The main results of this paper arepresented in Section3.
In particular, in Theorem3.1we study the asymptotic behavior of the minimization problem asso-
ciated to the energy (1) extended by a loading term and subject to one-sided boundary conditions.
In Theorem3.3 we state the generalΓ-convergence result and Theorem3.5 contains the two-
scale identification and compactness result for the nonlinear strain. The proofs are contained in
Section4. In Section5 we analyze the limiting model in the regimesh ≪ ε andh ≫ ε. In
particular, we compare the effective coefficients obtained by the simultaneous limit with those
obtained by consecutively passing to the limitsh→ 0 andε→ 0, and demonstrate that in general
homogenization and dimension reduction do not commute. In Section6 we introduce a version of
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two-scale convergence adapted to dimension reduction problems. In particular, in Theorem6.11
we precisely identify the structure of two-scale limits that emerge from scaled gradients, and in
Proposition6.12we prove a new Korn-type inequality for the emerging limiting function space
which consists of functions inH1(S×Y,R3) that are periodic in the third component. Both results
are needed in the proof of Theorem3.5.

Basic notation.

- R+ := [0,∞) is the set of non-negative real numbers;
- e1, e2, e3 denotes the standard basis inR3;
- we decomposex ∈ R3 asx = (x1, x2, x3) = (x1, x̄) with xi ∈ R andx̄ ∈ R2;
- a⊗b denotes the outer product of vectorsa andb; in particular,ei⊗ej is the unique3×3-matrix

which is1 in theith row andjth column, and zero elsewhere;
-
(
a |A

)
denotes the3 × 3 matrix whose first column is given bya ∈ R3 and whose remaining

columns are given byA ∈ R3×2;
-
(
a1 | a2 | a3

)
denotes the3× 3 matrix whose columns are given bya1, a2, a3 ∈ R3;

- Md denotes the space ofd× d matrices;
- for F ∈ Md we writeF t, traceF , symF = 1/2(F + F t) andskwF = F − symF for the

transposition ofF , the symmetric-, skew-symmetric part ofF and the trace ofF ;
- SO(d) := {R ∈ Md : RtR = I, detR = 1 } is the set of rotations ofRd;
- Skew(d) is the set of skew-symmetricd× d matrices;
- Td

sym denotes the space of symmetric fourth order tensors onRd;
- Y := [0, 1) is the unit cell of periodicity;
- ∂iu andu,i denote the partial derivative ofu in directionei. We set∇̄u :=

(
∂2u | ∂3u

)
and

define the scaled deformation gradient as∇hu :=
(
∂1u | 1

h∇̄u
)
.

-
ffl

ω := 1
|ω|

´

ω denotes the integral mean;
- ε andh denote generic elements of vanishing sequences of positive numbers{ε} and{h}, re-

spectively;
- the notationε

γ∼ h indicates thatε is coupled toh with ratioγ, see Definition2.10;
- A . B means that the inequality holds up to a multiplicative constant that only depends on the

domainsω andS, and the constants of ellipticityα, β. We writeA≪ B if the constant is much
smaller than1.

- Lp(D,Rd),H1(D,Rd),W 1,p(D,Rd),H1
0 (D,R

d), andW 1,p
0 (D,Rd) denote the standard Lebesgue,

Hilbert and Sobolev spaces; if no confusion occurs, we tacitly writeLp(D), H1(D), . . . or even
simplyLp, H1, . . ..

- In this paper we frequently encounter function spaces of periodic functions. Following [Vis06]
we writeC(Y) to denote the space of continuous functionsf : R → R satisfyingf(y + 1) =
f(y) for all y ∈ R. Clearly,C(Y) endowed with the norm||f ||∞ := supy∈Y |f(y)| is a
Banach space. Moreover, we setCk(Y) := Ck(R) ∩ C(Y) and denote byL2(Y), H1(Y) and
H1(S×Y) (S ⊂ R2 Lipschitz domain) the closure ofC∞(Y) andC∞(S̄, C∞(Y)) w. r. t. the
norm inL2(Y ),H1(Y ) andH1(S×Y ), respectively. Obviously, they are Banach spaces.

- ForA ⊂ Rd measurable andX a Banach space,L2(A,X) is understood in the sense of Bochner.
We tacitly identify the spacesL2(A,L2(B)) andL2(A× B); since wheneverf ∈ L2(A× B),
then there exists a functioñf ∈ L2(A,L2(B)) with f = f̃ almost everywhere inA×B.

Acknowledgement. I would like to thank Stefan M̈uller for helpful discussions. Partial support
of the Technische Universität München, Germany, and of the Elite Network of Bavaria through its
doctorate program “TopMath” is gratefully acknowledged.
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2. GENERAL FRAMEWORK

Kinematics. Throughout this paperΩh denotes the cylindrical domainω × (hS), whereω :=
(0, 1), S ⊂ R2 is an open, bounded, connected domain with Lipschitz boundary andh a small
positive parameter. Physically, we think ofΩh, ω, S andh as thereference domain, center-line,
(up)scaled cross sectionandthicknessof a three-dimensional rod.

Deformations of the rod are described by sufficiently smooth mappingsvh : Ωh → R3. Since
we are interested in the behaviorh → 0, it is convenient to work on thescaled reference domain
Ω := ω × S. Let πh : R3 → R3 denote the change of coordinatesπh(x1, x̄) := (x1, hx̄). Here
and below, we refer to the components ofx ∈ R3 by x = (x1, x2, x3) = (x1, x̄). Clearly, for
sufficiently smooth mapsvh : Ωh → R3, the compositionuh := vh ◦ πh is a map fromΩ → R3

and∇hu
h = (∇vh) ◦ πh where∇h :=

(
∂1 | 1

h∇̄
)

denotes thescaled deformation gradient. As
explained in the introduction a central role in our analysis is played by thescaled nonlinear strain
which is defined foru ∈ H1(Ω,R3) by

Eh(u) :=

√
(∇hu)t∇hu− I

h
.

We frequently associate to functionsvh anduh defined onΩh andΩ theircross sectional averages〈
vh
〉
hS

:=
ffl

hS v
h(·, x̄) dx̄ and

〈
uh
〉
S
:=

ffl

S u
h(·, x̄) dx̄, respectively.

Next, we introduce one-sided boundary conditions for three-dimensional deformations of the rod.

Definition 2.1 (boundary conditions). Define the vector field

(7) dS : R2 → R3, dS(x2, x3) :=




0
x2
x3


− cS

wherecS ∈ R3 is chosen such that〈dS〉S = 0. Let v0 ∈ R3 andR0 ∈ SO(3). We say
u ∈ H1(Ω,R3) and v ∈ H1(Ωh,R

3) satisfy the one-sided boundary condition associated to
(v0, R0), if

(8)
u(0, x̄) = v0 + hR0

dS(x̄) almost everywhere inS,

and v(0, x̄) = v0 +R0
dS(x̄) almost everywhere inhS,

respectively. We write

Ah
(v0,R0)(Ω) :=

{
u ∈ H1(Ω,R3) : u satisfies (8)

}
,

A(v0,R0)(Ωh) :=
{
v ∈ H1(Ωh,R

3) : v satisfies (8)
}

for the associated set of admissible deformations.

Next, we introduce some notation and basic properties for the one-dimensional rod theory.

Definition 2.2 (rod configuration). A rod configurationconsists of a pair(v,R) where v ∈
H2(ω,R3), R ∈ H1(ω,M3), andR(x1) ∈ SO(3), v,1(x1) = R(x1)e1 for almost everyx1 ∈ ω.
We writeArod andArod

(v0,R0)
for the set of arbitrary rod configurations and the set of those that

additionally satisfyv(0) = v0 andR(0) = R0. With slight abuse of notation we writev ∈ Arod if
(v,R) ∈ Arod for someR, and similarlyR ∈ Arod, v ∈ Arod

(v0,R0)
andR ∈ Arod

(v0,R0)
.

A central quantity in rod theory is therod strainK := RtR,1 associated to a rod configuration
(v,R) ∈ Arod. By construction we have

K =




0 κ1 κ2
−κ1 0 τ
−κ2 −τ 0
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where the scalar fieldsκ1, κ2 and τ are associated to the curvature ofv and the torsion of the
frame, respectively. A rod configuration(v,R) is uniquely determined byK and its one-sided
boundary value(v(0), R(0)):

Lemma 2.3 (approximation of rod configurations). Let K ∈ L2(ω, Skew(3)), v0 ∈ R3 and
R0 ∈ SO(3) be given. There exists a unique rod configuration(v,R) ∈ Arod

(v0,R0)
withK = RtR,1

almost everywhere. Additionally, for allδ > 0 there exists a rod configuration(v(δ), R(δ)) ∈
Arod

(v0,R0)
with v(δ) andR(δ) analytic such that

(9)
ˆ

ω
|v(δ) − v|2 + |R(δ) −R|2 + |(R(δ))tR

(δ)
,1 −K|2 dx1 ≤ δ.

Proof. The proof of the lemma is standard. For analyticK it relies on the Picard-Lindelöf theorem,
which yields uniqueness and existence of an analytic solutionR : [0, 1] → M3 to the initial value
problemR(0) = R0 andR,1 = RK in [0, 1]. SinceK is skew-symmetric andR0 ∈ SO(3), R
is genericallySO(3)-valued. Thus, by settingv(x1) := v0 +

´ x1

0 R(s)e1 ds the pair(v,R) is an
analytic rod configuration inArod

(v0,R0)
. The general case withK ∈ L2(ω, Skew(3)) follows by an

approximation argument, as it is demonstrated in [FMP10, Lemma 4.4]). �

The proof of the following corollary is easy and left to the reader.

Corollary 2.4. Let(vh, Rh) ∈ Arod be a sequence of rod configurations. The following properties
are equivalent:

(a) There exists(v,R) ∈ Arod such that

vh ⇀ v weakly inH2(ω,R3) and Rh ⇀ R weakly inH1(ω, Skew(3))

(b) There exists(v0, R0) ∈ R3 × SO(3) andK ∈ L2(ω, Skew(3)) such that

vh(0) → v0, Rh(0) → R0, (Rh)tRh
,1 ⇀ K weakly inL2(ω, Skew(3)).

Moreover, if (b) holds for(v0, R0,K), then (a) holds for the unique rod configuration(v,R) with
R(0) = R0,R,1 = RK in ω andv(x1) = v0 +

´ x1

0 R(s)e1 ds.

Constitutive relation. The elastic energy associated to a three-dimensional hyperelastic rod is
given by an integral of the form

´

Ωh
W (x,∇v(x)) dxwhereW (x, ·) encodes the elastic properties

of the material at the material pointx. We consider materials of the following type:

Definition 2.5 (nonlinear material law). Let 0 < α ≤ β andρ > 0. The classW(α, β, ρ) consists
of all measurable functionsW : M3 → [0,∞] that satisfy the following properties:

W is frame indifferent, i.e.(W1)

W (RF ) =W (F ) for all F ∈ M3,R ∈ SO(3);

W is non degenerate, i.e.(W2)

W (F ) ≥ α dist2(F, SO(3)) for all F ∈ M3;

W (F ) ≤ β dist2(F, SO(3)) for all F ∈ M3 with dist2(F, SO(3)) ≤ ρ;

W is minimal atI, i.e.(W3)

W (I) = 0

W admits a quadratic expansion atI, i.e.(W4)

W (I +G) = Q(G) + o(|G|2) for all G ∈ M3

whereQ : M3 → R is a quadratic form.
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An energy density of classW(α, β, ρ) corresponds to a (spatially homogeneous) material with a
single, quadratic energy well atSO(3). For such materials Hooke’s law holds in the following
generalized sense: for infinitesimally small strains, the stress-strain relationis linear and deter-
mined by the quadratic termQ in the expansion ofW at identity (see [MN11] and [DMNP02]
where this is made rigorous in the language ofΓ-convergence). By construction,Q satisfies cer-
tain conditions that are common in linear elasticity, namely

α| symG| ≤ Q(G) ≤ β| symG|2 for all G ∈ M3.(Q1)

Definition 2.6. We say a quadratic formQ : M3 → R belongs to the classQ(α, β), if (Q1) is
satisfied.

Lemma 2.7. LetW ∈ W(α, β, ρ) and letQ be the quadratic form associated toW through the
expansion(W4). ThenQ ∈ Q(α, β) and there exists a monotone functionr : R+ → R+ ∪ {∞}
that can be chosen only depending on the parametersα, β andρ, such thatr(δ) → 0 asδ → 0
and

(10) ∀G ∈ M3 : |W (I +G)−Q(G)| ≤ |G|2r(|G|).

Proof. The statement easily follows from the properties ofW and the expansion

dist2(I + hG, SO(3)) = |
√
(I + hG)t(I + hG)− I|2 = h2| symG|2 + o(h2)

which holds for allG ∈ M3 andh≪ 1.

�

For heterogeneous materials the energy density additionally depends on thespatial position. In
order to guarantee the measurability of the compositionW (·,∇v(·)) we need the following defi-
nition:

Definition 2.8. We say a functionW : Ω×M3 → R ∪ {∞} is sup-measurable, if the superpo-
sitionx 7→W (x, F (x)) is measurable for all measurable mapsF : Ω → M3.

Now, we are in position to state the assumptions on the composite under investigation. We suppose
that the stored energy function in (1) can be written in the formWε,h(x, F ) = Wε(x1,

1
h x̄, F )

which excludes oscillations (on scales that are small compared to the thickness) of the material in
the cross-sectional directions. We assume thatWε satisfies the following conditions.

Assumption 2.9 (conditions on the composite). Let Wε : Ω → R ∪ {∞} be a sequence of
energy densities. We assume that there exist parameters(α, β, ρ) and a quadratic energy density
Q : Ω× R×M3 → R+ such that the following properties hold:

(A1) Wε : Ω → R∪{∞} is sup-measurable andWε(x, ·) ∈ W(α, β, ρ) for almost everyx ∈ Ω.
(A2) The quadratic termQε in the expansion ofWε at identity satisfies

lim sup
ε→0

esssup
x∈Ω

max
G∈M3

|G|=1

|Qε(x,G)−Q(x, x1/ε,G)| = 0.

(A3) For allG ∈ M3 the function

Ω× R ∋ (x, y) 7→ Q(x, y,G) ∈ R+

is aY -periodic Carath́eodory function in the sense that(x,G) 7→ Q(x, y,G) is continuous
andy 7→ Q(x, y,G) is measurable andY -periodic.
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Remarks.1. LetWε satisfy Assumption2.9and letQ denote the associated quadratic form. Then
Q(x, y, ·) automatically belongs to classQ(α, β) for almost every(x, y) ∈ Ω×R. Furthermore,
there exists a tensor fieldC ∈ C(Ω, L∞(Y,T3

sym)) with

C(x, y)A : B =
Q(x, y, A+B)−Q(x, y, A)−Q(x, y,B)

2
for all A,B ∈ M3

almost everywhere inΩ× R.
2. Obviously, conditions (A2) and (A3) impose additional assumptions on themicrostructure and

the measurability ofWε. As we are going to see, our analysis basically depends on the behavior
of Wε close toSO(3). Since this behavior is captured by the quadratic formQ, it is convenient
to put the needed assumptions regarding measurability and periodicity of the microstructure
rather onQ than on the stored energy functionWε.

3. LetW0 : R × M3 → [0,∞] be a Borel-function,[0, 1)-periodic in its first component and
W0(y, ·) ∈ W(α, β, ρ) for almost everyy ∈ R. Then the familyWε(x, F ) := W0(x1/ε, F )
satisfies Assumption2.9. The family models a composite that is constant in cross sectional
direction and periodic in the lateral direction. An explicit example is given by the following
model functional for isotropic materials of St. Venant-Kirchhoff type

Wε(x, F ) :=

{
2µ(x1/ε)|

√
F tF − I|2 + λ(x1/ε)| trace(

√
F tF − I)|2 for detF > 0

∞ else,

whereµ, λ ∈ L∞(Y) satisfy2µ ≥ α, λ ≥ 0.

Relaxation formula. The effective material law for the homogenized rod with reduced dimension
can be computed by means of arelaxation formulawhere “inner degrees of freedom”, represented
by relaxation fields, are minimized out. The structure of these relaxation fields depends on the
limit of the ratioh/ε(h) ash→ 0. For the precise definition of the relaxation formula we need the
following vocabulary.

Definition 2.10 (coupling of the fine-scales). We sayε andh are coupled with ratioγ ∈ [0,∞],
and briefly writeε

γ∼ h, if ε = ε(h) is a monotone function from(0,∞) to (0,∞) with the
following properties: ash → 0 we haveε(h) → 0 andh/ε(h) → γ for somefine-scale ratio
γ ∈ [0,∞].

Definition 2.11(space of relaxation fields). Letγ ∈ [0,∞]. We denote byGγ(S×Y) the following
subspace ofL2(S×Y, Sym(3))

Gγ(S×Y) :=

{
G(x̄, y) = sym

[
∂yΨ(y)

(
dS(x̄)⊗ e1) + a(e1 ⊗ e1) + F (x̄, y)

]
:

a ∈ R, F ∈ Fγ(S×Y),

Ψ ∈ H1(Y, Skew(3)) for γ = 0 andΨ = 0 for γ > 0

}
.

Above,dS : R2 → R3 is defined in (7) and the spaceFγ(S × Y) is given by Definition6.10.

We are now in position to state the relaxation formula that (as we are going to prove in Section3)
determines the effective behavior of the one-dimensional rod.

Definition 2.12 (relaxation formula). Let Q be as in Assumption2.9. For γ ∈ [0,∞] define
Qγ : ω × Skew(3) → R+ by

Qγ(x1,K) := inf

{
¨

S×Y
Q
(
x1, x̄, y, K(dS(x̄)⊗e1) +G(x̄, y)

)
dy dx̄ : G ∈ Gγ(S×Y)

}
.
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Remark1. If Q(x, y,G) is independent on the fast variabley, then it is easy to check that the
relaxation formula simplifies to

Qγ(x1,K) := inf
a∈R

φ∈H1(S,R3)

ˆ

S
Q
(
x1, x̄, K(dS(x̄)⊗e1) + a(e1 ⊗ e1) +

(
0 | ∇̄φ(x̄)

) )
dx̄.

In particular, we recover the result for non-oscillatory materials derived in [MM03].

Proposition 2.13. In the situation above the following properties hold:

(a) Skew(3) ∋ K 7→ Qγ(x1,K) is quadratic and convex for allx1 ∈ ω.
(b) ω ∋ x1 7→ Qγ(x1,K) is continuous for allK ∈ Skew(3).
(c) There exists a linear, bounded operator

L2(ω, Skew(3)) ∋ K 7→ GK ∈ L2(ω,Gγ(S×Y))

such that
ˆ

ω
Qγ(x1,K(x1)) dx1 =

¨

Ω×Y
Q(x, y,K(dS ⊗ e1) +GK) dy dx

= inf
G∈L2(ω;Gγ(S×Y))

¨

Ω×Y
Q(x, y,K(dS ⊗ e1) +G) dy dx.

and||GK ||L2(Ω×Y,M3) . ||K||L2(ω,M3).
(d) For all K ∈ Skew(3) we have

|K|2 . min
x1∈ω

Qγ(x1,K) ≤ max
x1∈ω

Qγ(x1,K) . |K|2.

(For the proof see Subsection4.6).

3. MAIN RESULTS

In this section we present our main results. The corresponding proofs are presented in Section4.
Unless otherwise stated we assume that the following properties are fulfilled throughout this sec-
tion:

– ε andh are coupled with ratioγ ∈ [0,∞] in the sense of Definition2.10;
– Ω andΩh are cylindrical domains as described in Subsection2;
– Wε satisfies Assumption2.9andQ denotes the associated quadratic form;
– Qγ is defined by the relaxation formula in Definition2.12.

Our first result identifies the asymptotic behavior of minimizers and minima of the elastic energy
(1) extended by a loading term and subject to one-sided boundary conditions. The precise setup
is the following. Let boundary datav0 ∈ R3, R0 ∈ SO(3), a sequence of applied loadsfh ∈
L2(Ωh,R

3) and a limiting loadf ∈ L2(ω,R3) be given and from now on fixed. We suppose that

(11)
1

h2

〈
fh
〉
hS
⇀ f weakly inL2(ω,R3) and lim sup

h→0

1

h2

 

Ωh

|fh −
〈
fh
〉
hS

|2 dx = 0.

We consider the total energy functionalEε,h[·; fh] : H1(Ωh,R
3) → R ∪ {∞} given by

(12) Eε,h[v; fh] :=
1

|Ωh|

ˆ

Ωh

Wε(x1,
1
h x̄,∇v(x))− v(x) · fh(x) dx.

Let vh ∈ A(v0,R0)(Ωh) be asequence of almost minimizersof (12) in the sense that

(13) lim sup
h→0

1

h2

(
Eε(h),h[vh; fh]− Eε(h),h

inf [fh]
)
= 0
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whereEε,h
inf [f

h] denotes the infimum ofEε,h[·; fh] among all deformations inA(v0,R0)(Ωh).

As a main result of this paper we prove that the limiting behavior of (12) is given by the functional

Eγ [·, ·; f ] : Arod → R ∪ {∞}, Eγ [v,R; f ] :=
1

|Ω|

ˆ

ω
Qγ(x1, R

tR,1)− v · f dx1.

Theorem 3.1. In the situation above the following properties hold:

(a) (Convergence of almost minimizers). The sequences
〈
vh
〉
hS

and
〈
∇vh

〉
hS

are norm
bounded inH1(ω,R3) andL2(ω,M3), respectively. Moreover, up to a subsequence,

〈
vh
〉
hS
⇀v∗ weakly inH1(ω,R3),

〈
∇vh

〉
hS

→R∗ strongly inL2(ω,M3),

where(v∗, R∗) ∈ Arod
(v0,R0)

minimizesEγ [·, ·, f ] among all rod configurations inArod
(v0,R0)

.
(b) (Convergence of minima).

lim
h→0

1

h2
Eε(h),h[vh; fh] = lim

h→0

1

h2
Eε(h),h
inf [fh]

=min
{
Eγ [v,R; f ] : (v,R) ∈ Arod

(v0,R0)

}

(c) (Approximation of minimizers). Let(v∗, R∗) ∈ Arod
(v0,R0)

be a minimizer ofEγ [·, ·, f ]. Then

there exists a sequencevh∗ ∈ Arod
(v0,R0)

(Ωh) such that
〈
vh∗

〉
hS
⇀ v∗ weakly inH1(ω,R3),

〈
∇vh∗

〉
hS

→ R∗ strongly inL2(ω,M3),

lim
h→0

1

h2
Eε(h),h[vh∗ ; f

h] = Eγ [v∗, R∗; f ].

Remark2. If Eγ [·, ·; f ] has a unique minimizer, say(v∗, R∗), then every sequence of almost min-
imizers converges to(v∗, R∗). However, sinceEγ [·, ·; f ] is a non-convex functional, it does not
exhibit a unique minimizer in general.

The previous theorem follows from a generalΓ-convergence statement that we present next. For
convenience we shall work on the fixed domainΩ; therefore, we introduce the scaled functional

Iε,h : L2(Ω,R3) → [0,∞], Iε,h(u) :=





1

h2

ˆ

Ω
Wε(x,∇hu(x)) dx for u ∈ H1(Ω,R3),

∞ else.

Forγ ∈ [0,∞] we introduce the functionalIγ : L2(Ω,R3)× L2(Ω,M3) → [0,∞] by

Iγ(v,R) :=





ˆ

ω
Qγ(x1, R

tR,1) dx1 for (v,R) ∈ Arod

∞ else.

Here and below, we tacitly identify functions defined onΩ that are constant in the cross-sectional
directions with their cross-sectional average. In particular, we shall write (v,R) ∈ Arod for func-
tions(v,R) ∈ L2(Ω,R3)× L2(Ω,M3) providedv = 〈v〉S ,R = 〈R〉S and(〈v〉S , 〈R〉S) ∈ Arod.

We prove thatIε(h),h converges toIγ in the sense ofΓ-convergence w. r. t. strong convergence
of (uh,∇hu

h) in L2. The choice of this notion of convergence is natural, as can be seen by the
following compactness result.
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Proposition 3.2 (compactness and stability of boundary conditions). Let uh ∈ L2(Ω,R3) be a
sequence satisfying

(14) lim sup
h→0

Iε(h),h(uh) <∞.

Then there exist(v,R) ∈ Arod andch ∈ R3 such that, up to a subsequence,

(15)
uh − ch → v strongly inL2(Ω,R3),

∇hu
h → R strongly inL2(Ω,M3).

Additionally, ifuh ∈ Ah
(u0,R0)(Ω) then the convergence holds forch = 0 and we have(v,R) ∈

Arod
(u0,R0)

.

The convergence statement reads as follows:

Theorem 3.3(convergence of the scaled energy).

(a) (Lower bound). Letuh ∈ L2(Ω,R3) be a sequence such that(uh,∇hu) → (v,R) strongly
in L2. Then

lim inf
h→0

Iε(h),h(uh) ≥ Iγ(v,R).

(b) (Recovery sequence). Let(v,R) ∈ Arod. Then there exists a sequenceuh ∈ Ah
(v(0),R(0))(Ω)

such that(uh,∇hu
h) → (v,R) strongly inL2 and

lim
h→0

Iε(h),h(uh) = Iγ(v,R).

As explained in the introduction, for the proof of Theorem3.3a precise understanding of the os-
cillatory behavior in the nonlinear strain along sequences with equi-bounded energy is mandatory.
In the next result we precisely identify the class of nonlinear limiting strains that can emerge as
two-scale limits of sequences with finite bending energy. For the statement we need the follow-
ing version of two-scale convergence that is adapted to dimension reduction problems and only
captures oscillations inx1-direction.

Definition 3.4 (two-scale convergence). Let ε andh be coupled with ratioγ ∈ [0,∞]. LetΩ :=
ω × S with ω ⊂ R a (possibly unbounded) open interval andS ⊂ R2 a Lipschitz domain.
We say a sequencegh ∈ Lp(Ω), p ∈ [1,∞), weakly two-scale converges inLp to the function
g ∈ Lp(ω,L2(S×Y)) ash→ 0, if the sequencegh is bounded inLp(Ω) and

lim
h→0

ˆ

Ω
gh(x)ψ(x, x1

ε(h)) dx =

¨

Ω×Y
g(x, y)ψ(x, y) dy dx

for all ψ ∈ C∞
c (Ω, C(Y)). We saygh strongly two-scale converges tog if additionally

lim
h→0

||gh||Lp(Ω) = ||g||Lp(Ω×Y ).

If the meaning is clear from the context, we shall simply writegh
2,γ−−⇀ g in Lp (resp. gh

2,γ−−→ g
in Lp) for weak (resp. strong) two-scale convergence inLp. Moreover, for technical reasons we
tacitly identify a two-scale limitg defined onω × S×Y with its extension by zero toR × S×Y.
In Section6 we give a detailed discussion of this type of convergence.

Theorem 3.5(two-scale identification of the nonlinear limiting strain). Letuh ∈ H1(Ω,R3) be a
sequence satisfying

(16) lim sup
h→0

1

h2

ˆ

Ω
dist2(∇hu

h, SO(3)) dx <∞.

Recall the definition ofGγ(S × Y) in Definition2.11. The following properties hold.
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(a) (Compactness and identification). There existR ∈ Arod andG ∈ L2(ω,Gγ(S×Y)) such
that, up to a subsequence,

Eh(uh)
2,γ−−⇀ E weakly two-scale inL2

where

E(x1, x̄, y) = sym
[
(Rt(x1)R,1(x1))(dS(x̄)⊗ e1)

]
+G(x1, y, x̄) almost everywhere.

(b) (Approximation). For all(v,R) ∈ Arod andG ∈ L2(ω,Gγ(S×Y)) there exists a sequence
uh ∈ Ah

(v(0),R(0))(Ω) such that

(uh,∇hu
h) → (u,R) strongly inL2

Eh(uh)
2,γ−−→ sym

[
(RtR,1)(dS ⊗ e1)

]
+G strongly two-scale inL2,

and

lim sup
h→0

ess sup
x∈Ω

(
h−1 dist2(∇hu

h(x), SO(3)) + h|Eh(uh)|2
)
= 0.

A central ingredient in the proof of Theorem3.5 is the following decomposition.

Proposition 3.6. Let 0 < h ≪ 1. For every deformationu ∈ H1(Ω,R3) there exist a rod
configuration(vh, Rh) ∈ Arod and a corrector fieldφh ∈ H1(Ω,R3) such that the following
properties hold.

(a) The representation

u(x) = vh(x1) + hRh(x1)dS(x̄) + hφh(x)

holds almost everywhere inΩ.
(b) The functionvh satisfies the boundary conditionvh(0) = 〈u(0, ·)〉S . Additionally, ifu ∈

Ah
(u0,R0)(Ω) then(vh, Rh) ∈ Arod

(u0,R0)
andφh(0, ·) = 0 almost everywhere inS.

(c) The functionKh := (Rh)tRh
,1 is a piecewise constant map fromω to Skew(3) and its

jumpset is contained inhZ.
(d) The estimates

||h−1(∇hu−Rh)||2L2(Ω) + ||Rh
,1||2L2(ω) + ||φh||2L2(Ω)| + ||∇hφ

h||2L2(Ω)

.
1

h2

ˆ

Ω
dist2(∇hu, SO(3)) dx

||Rh||2H1(ω) + ||vh||2H2(ω) . 1 + | 〈u(0, ·)〉S |2 + 1

h2

ˆ

Ω
dist2(∇hu, SO(3)) dx

hold up to a multiplicative constant that only depends on the cross sectionS.

Remark 3. Let uh be a sequence of (scaled) deformations inH1(Ω,R3) with
1
h2

´

Ω dist2(∇hu
h(x), SO(3)) dx . 1 small. The previous proposition shows that forh ≪ 1

the three-dimensional deformationuh is close (inL2) to a deformation of the form

(17) uhcosserat(x1, x̄) := vh(x1) + hRh(x1)dS(x̄)

where(vh, Rh) is a suitable rod-configuration. The deformationuhcosseratis classic: it is the exten-
sion of(vh, Rh) to a three-dimensional deformation based on the standard Cosserat-ansatz. In par-
ticular, the deformationuhcosseratpurely bends the center-lineω×{0} according tovh. The fibers in
the normal directions remain orthogonal to the center-line in the deformed configuration. It is well-
known that the Cosserat-ansatz is not optimal in the sense that the error||∇hu

h−∇hu
h
cosserat||L2(Ω)

has order one. The reason for this is thatuhcosseratdoes not take Poisson’s effect into account: in
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curved parts of the rod the material away from the rod’s center-line is squeezed or stretched. There-
fore, it prefers to relax in a material-specific direction that is non-tangential to the center-line. This
relaxation phenomena is captured by the corrector fieldφh.

4. PROOF OF THE MAIN RESULTS

In this section we present the proofs of our main results in the following ordering: Proposi-
tions3.6, 3.2, Theorems3.5, 3.3, 3.1and Proposition2.12.

4.1. Proof of Proposition 3.6. The proof crucially relies on the following geometric rigidity es-
timate developed by Friesecke, James and Müller:

Theorem 4.1(see [FJM02, FJM06]). LetU be a bounded Lipschitz domain inRd, d ≥ 2. There
exists a constantC(U) with the following property: for eachv ∈ H1(U,Rd) there is an associated
rotationR ∈ SO(d) such that

ˆ

U
|∇v(x)−R|2 dx ≤ C(U)

ˆ

Ω
dist2(∇v(x), SO(d)) dx.

Moreover, the constantC(U) is invariant under uniform scaling ofU .

Based on this theorem in [FJM02] a compactness result for deformations with finite bending en-
ergy has been developed. It is the main ingredient in the rigorous derivation of the nonlinear plate
and nonlinear rod theory from three-dimensional elasticity (see [FJM02] and [MM03]). Our proof
of Proposition3.6 is inspired by these results. However, as we seek for a precise two-scale iden-
tification of the nonlinear limiting strain, a slightly finer construction is needed to rule out certain
oscillations in quantities associated to curvature and torsion.

The general idea is the following. In a first step we approximate∇hu
h by a piecewise constant

rotation field:

Lemma 4.2. In the situation of Proposition3.6 there exists a piecewise constant rotation field
Rh

pc : R → SO(3) satisfying the following properties:Rh
pc is continuous from the right, its

jumpset is contained inhZ and
ˆ

Ω
|∇hu

h −Rh
pc|2 dx+ h

∑

ξ∈hZ

|[[Rh
pc(ξ)]]|2 .

ˆ

Ω
dist2(∇hu

h(x), SO(3)) dx

where[[Rh
pc(ξ)]] := lim

δ↓0

(
Rh

pc(ξ)−Rh
pc(ξ − δ)

)
denotes the jump ofRh

pc at ξ. The constant in the

estimate only depends on the geometry ofS. For uh ∈ Ah
(u0,R0)(Ω) the rotation field additionally

satisfiesRh
pc = R0 on [0, h).

The proof of the statement follows [FJM02, Theorem 4.1]. Since some additional arguments are
needed to treat the boundary condition and to guarantee the asserted structure of the jumpset, we
prove Lemma4.2 in the appendix.

In a second step (see Lemma4.3below) we regularize the rotation fieldRh
pc and get an approxima-

tionRh : ω → SO(3) of classH1. Finally, we draw the conclusion by comparinguh to a “hand
made” deformation that is based onRh and constructed via a standard Cosserat ansatz for inex-
tensible rods. Let us point out that the construction is made in such a way that Kh := (Rh)tRh

,1

is a piecewise constant function with jumpset contained inhZ. This is an important feature, since
for γ = ∞ this allows us to rule out oscillations in curvature and torsion on scaleε(h).

The regularization step is based on the following lemma the proof of which is easy. For the reader’s
convenience we present it in the appendix.
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Lemma 4.3. Lets1 < s2 andR1, R2 ∈ SO(3). There exists a mapR ∈ C∞([s1, s2], SO(3)) and
a skew symmetric matrixK such that

R(s1) = R1, R(s2) = R2, R(s)tR,1(s) = K for all s ∈ [s1, s2]

and

sup
s∈[s1,s2]

|R,1(s)|2 .
|R2 −R1|2
(s2 − s1)2

up to a universal multiplicative constant.

Proof of Proposition3.6. The proof will be divided into three steps.

Step 1.Proof of (a), (b) and (c).

We assert that there existsRh : ω → SO(3) of classH1 such that
ˆ

Ω
|∇hu−Rh|2 + h2|Rh

,1|2 dx1 .
ˆ

Ω
dist2(∇hu

h, SO(3)) dx,(18)

Kh := (Rh)tRh
,1 is a piecewise constant map fromω to Skew(3) and

its jumpset is contained inhZ.

(19)

Indeed, letRh
pc : R → SO(3) denote the approximation from Lemma4.2. Rh

pc is constant on
each interval[ξ, ξ + h), ξ ∈ hZ. For ξ ∈ hZ, letRh

ξ : [ξ, ξ + h] → SO(3) denote the smooth

function from Lemma4.3applied withs1 = ξ, s2 = ξ + h, R1 = Rh
pc(ξ) andR2 = Rh

pc(ξ + h).
For s ∈ R setRh(s) := Rh

ξ (s) whereξ ∈ hZ is determined bys ∈ [ξ, ξ + h). By construction

Rh : R → SO(3) is a function of classH1
loc and (after restriction toω) satisfies (19). It remains to

show thatRh satisfies (18). We start with the estimate for the second term in (18):

h2
ˆ

ω
|Rh

,1|2 dx1 ≤
∑

ξ∈hZ
[ξ,ξ+h)∩ω 6=∅

ˆ ξ+h

ξ
h2|(Rh

ξ ),1|2 dx1
Lemma4.3

. h
∑

ξ∈hZ

|[[Rh
pc(ξ + h)]]|2

Lemma4.2
.

ˆ

Ω
dist2(∇hu, SO(3)) dx.

The first term in (18) is estimated by comparison toRh
pc:

(20)
ˆ

Ω
|∇hu−Rh|2 dx .

ˆ

Ω
|∇hu−Rh

pc|2 dx+

ˆ

ω
|Rh

pc −Rh|2 dx1.

By Lemma4.2, the first term on the right-hand side is controlled by the right-hand side in (18).
The second term is bounded from above by

∑
ξ

´ ξ+h
ξ |Rh

pc(ξ)−Rh(x1)|2 dx1 where the sum runs
over allξ ∈ hZ with [ξ, ξ + h) ∩ ω 6= ∅. By construction we have forx1 ∈ [ξ, ξ + h)

|Rh
pc(ξ)−Rh(x1)|2 = |

ˆ x1

ξ
Rh

,1(s) ds|2 ≤ h2 sup
s∈[ξ,ξ+h)

|(Rh
ξ ),1|2

Lemma4.3
. |[[Rh

pc(ξ + h)]]|2.

By integration over[ξ, ξ + h) and summation inξ we get
ˆ

ω
|Rh

pc −Rh|2 dx1 . h
∑

ξ∈hZ

|[[Rh
pc(ξ)]]|2

Lemma4.2
.

ˆ

Ω
dist2(∇hu, SO(3)) dx.

This concludes the proof of (18).
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Next, we introduce the functions

vh(x1) := 〈u(0, ·)〉S +

ˆ x1

0
Rh(s)e1 ds,

φh(x) :=
u(x)−

(
vh(x1) + hRh(x1)dS(x̄)

)

h
.

With (18) and (19) at hand, it is straightforward to check that (a), (b) and (c) are satisfied by
(vh, Rh) and φh. The second part of (b) follows from the fact thatRh(0) = R0 if uh ∈
Ah

(v0,R0)(Ω) (see Lemma4.2).

Step 2.Proof of the first estimate in (d).

The estimate of the first two terms on the left-hand side in the first inequality in (d)directly follows
from (18). Moreover, differentiation of the identity in (a) and (18) lead to

(21) ||∇hφ
h||2L2(Ω) .

1

h2

ˆ

Ω
dist2(∇hu(x), SO(3)) dx.

Hence, it remains to prove that theL2-norm ofφh is controlled by the right-hand side in (21).
Since

´

S φ
h −

〈
φh
〉
S
dx̄ = 0 a.e. inω, the Poincaŕe inequality yields

ˆ

Ω
|φh|2 dx .

ˆ

Ω
|φh−

〈
φh
〉
S
|2 dx+

ˆ

ω
|
〈
φh
〉
S
|2 dx1 . h2

ˆ

Ω
|∇hφ

h|2 dx+
ˆ

ω
|
〈
φh
〉
S
|2 dx1.

By (21) it suffices to estimate the second term on the right-hand side. By construction we have〈
φh
〉
S
∈ H1(ω,R3) and by (b) we have

〈
φh(0, ·)

〉
S
= 0. Hence, Poincaré’s inequality yields

ˆ

ω
|
〈
φh
〉
S
|2 dx1 .

ˆ

ω
|
〈
φh,1

〉
S
|2 dx1 ≤

ˆ

Ω
|∇hφ

h|2 dx
(21)
.

1

h2

ˆ

Ω
dist2(∇hu, SO(3)) dx.

Step 3.Proof of the second estimate in (d).

Since(vh, Rh) ∈ Arod, we have|vh,1|2 = 1 and |Rh|2 = |I|2 = 3 almost everywhere inω.
Hence, it suffices to estimate theL2-norm ofvh. By Poincaŕe’s inequality we have

´

ω |vh|2 dx1 .
|vh(0)|2+

´

ω |vh,1|2 dx1. By (b) and the constrained|vh,1| = 1, the right-hand side equals| 〈u(0, ·)〉S |2+
|ω|. Combined with the first estimate in (d), this proves the assertion. �

4.2. Proof of Proposition 3.2. The proof is divided into two steps. In Step 1 we prove (15). In
the second step we treat the case with prescribed boundary data.

Step 1.Proof of (15).

Without loss of generality we may assume that
´

Ω u
h dx = 0; otherwise setch :=

ffl

Ω u
h dx and

consider the sequenceuh − ch. Our proof starts with the decomposition introduced in Proposi-
tion 3.6: there exist(vh, Rh) ∈ Arod andφh ∈ H1(Ω,R3) such that

(22) uh =
(
vh + hRh

dS

)
+ hφh.

By Proposition3.6(d), the non-degeneracy condition (W2) and assumption (14), we find that

(23a) lim sup
h→0

(
||h−1(∇hu

h −Rh)||2L2(Ω) + ||φh||2L2(Ω) + ||∇hφ
h||2L2(Ω)

)

. lim sup
h→0

1

h2

ˆ

Ω
dist2(∇hu

h, SO(3)) dx <∞.
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Since
´

uh dx = 0 by assumption, the previous estimate directly implies thatlim suph→0 ||uh||H1 <

∞. Hence, by the continuity of the trace operator we havelim suph→0 |
〈
uh(0, ·)

〉
S
| < ∞, and

Proposition3.6(d) yields

(23b) lim sup
h→0

(
||vh||2H2(ω) + ||Rh||2H1(ω)

)
<∞.

We assert that, up to a subsequence,

uh − vh → 0 strongly inL2(Ω),(24)

vh ⇀ v weakly inH2(ω),(25)

Rh ⇀ R weakly inH1(ω).(26)

In view of identity (22) it is evident that (24) – (26) imply the convergence of(uh,∇hu
h) to

(v,R) as asserted in (15). We prove (24) – (26). Obviously, (24) directly follows from (22),
(23a) and (25). We prove (25) and (26): by (23b) there obviously existv ∈ H2(ω,R3) and
R ∈ H1(ω,M3) such that, up to a subsequence,vh ⇀ v weakly inH2 andRh ⇀ R weakly
in H1. The embeddingH1(ω) ⊂ L2(ω) is compact. Since strong convergence inL2 implies
pointwise convergence almost everywhere (for a subsequence), wehaveR(x1) ∈ SO(3) almost
everywhere; thus,R ∈ Arod. It remains to argue thatv,1 = Re1. But this is obvious, since
Rh

e1 = vh,1 → v,1 andRh
e1 → Re1 in L2.

Step 2.Boundary conditions.

Suppose thatuh ∈ A(v0,R0)(Ω). Then Proposition3.6 implies that identity (22) and estimates
(23a), (23b) hold for (vh, Rh) ∈ Arod

(v0,R0)
andφh ∈ H1(Ω,R3) with φh(0, ·) = 0 almost every-

where. From (22) and the identity
´

S dS dx̄ = 0 we infer thatch :=
ffl

Ω u
h dx =

ffl

ω v
h dx1 +

h
ffl

Ω φ
h dx. The right-hand side is bounded as can be seen by appealing to Proposition 3.6 (d).

Hence, the sequencech is compact inR3 and arguments similar to those in Step 1 show that (24),
(25) and (26) hold for a subsequence. Since(vh, Rh) belongs toArod

(v0,R0)
, the limit (v,R) satisfies

the same one-sided boundary condition and the proof is complete. �

4.3. Proof of Theorem3.5. For the proof of Theorem3.5we need some auxiliary results regard-
ing two-scale convergence. We refer to Section6 for a brief introduction to two-scale convergence.

Lemma 4.4. Letε andh be coupled with ratioγ ∈ [0,∞]. Letfh ∈ L2(Ω) be a weakly two-scale
convergent sequence with limitf ∈ L2(Ω × Y). Letχh be a sequence of measurable functions
fromΩ toR and suppose that

lim sup
h→0

ess sup
x∈Ω

|χh(x)| <∞, χh → 1 strongly inL1(Ω).

Thenχhfh
2,γ−−⇀ f weakly two-scale inL2. The result remains valid for vector-valued functions.

Proof. First, we pass to a subsequence (not relabeled) such thatχh → 1 strongly inL2(Ω). By
appealing to Lemma6.6 we infer that the productgh := χhfh weakly two-scale converges tof
in L1. On the other hand, the sequencegh is bounded inL2(Ω). Thus, by Lemma6.5 we get

gh
2,γ−−⇀ g weakly two-scale inL2, and the uniqueness of the two-scale limit yieldsg = f . �

Lemma 4.5. Letε andh be coupled with ratioγ ∈ [0,∞]. Consider sequencesRh ∈ L2(Ω, SO(3)),
Gh ∈ L2(Ω,M3) and define

Eh :=

√
(Dh)tDh − I

h
, Dh := Rh

(
I + hGh

)
.
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Suppose thatGh 2,γ−−⇀ G weakly two-scale inL2 whereG ∈ L2(Ω× Y,M3). Then

Eh ⇀ symG weakly two-scale inL2.

Moreover, ifGh 2,γ−−→ G strongly two-scale inL2 and

(27) lim sup
h→0

ess sup
x∈Ω

h|Gh(x)| = 0,

thenEh 2,γ−−→ symG strongly two-scale inL2.

Proof. For convenience set

Λ : M3 → M3, F 7→
√

(I + F )t(I + F )− I.

We claim that every sequencẽGh ∈ L2(Ω,M3), that fulfills (27), satisfies

(28) lim
h→0

ˆ

Ω

∣∣∣∣∣
Λ(hG̃h)

h
− sym(G̃h)

∣∣∣∣∣

2

dx = 0.

Indeed, due to (27) the sequencehG̃h converges to0 in L∞ and (28) follows from the expansion
Λ(F ) = symF + o(|F |).

Let us first prove the second part of the lemma: Suppose thatGh fulfills (28) andGh 2,γ−−→ G in

L2. SinceEh = Λ(hGh)
h , (28) directly implies thatEh 2,γ−−→ symG strongly two-scale inL2.

Next, we prove the first part of the lemma: LetGh 2,γ−−⇀ G in L2. SinceEh = Λ(hGh)
h , the chain

of inequalities

∀F ∈ M3 : |Λ(F )|2 ≤ dist2(I + F, SO(3)) ≤ |F |2

implies that the sequenceEh is bounded inL2. Consequently, by Lemma6.5we haveEh 2,γ−−⇀ E
weakly two-scale inL2 for a subsequence andE ∈ L2(Ω× Y,M3). We have to show that

(29) E = symG.

For the argument, introduce the truncation

χh(x) :=

{
1 if |Gh(x)| ≤ h−1/2,

0 else.

Since the sequenceEh is bounded inL2, Chebyshev’s inequality yieldsχh → 1 strongly inL1.
Hence, we can apply Lemma4.4and get

(30)
χhEh 2,γ−−⇀ E weakly two-scale inL2,

χhGh 2,γ−−⇀ G weakly two-scale inL2.

On the other hand,̃Gh := χhGh satisfies (27). Hence, (29) follows from (28) and (30). �

Lemma 4.6. Let ε andh be coupled with ratioγ = ∞. Let fh ∈ L2(ω) be a weakly two-scale
convergent sequence with limitf ∈ L2(ω × Y). Suppose that for allh ≪ 1 the functionfh is
piecewise constant and its jumpset is contained inhZ. Thenf =

´

Y f dy almost everywhere. The
result remains valid for vector-valued functions.
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Proof. SetΛh := { ξ ∈ ε(h)Z : (ξ, ξ + ε(h)) ⊂ ω ∩ [η, η + h] for someη ∈ hZ } and define the
indicator function

χh(x1) :=

{
1 if x1 ∈ [ξ, ξ + ε(h)] for someξ ∈ Λh,

0 else.

We claim that

χh → 1 strongly inL2(ω)(31)

χhfh
2,γ−−⇀

ˆ

Y
f dy weakly two-scale inL1.(32)

Clearly, if this is the case, then application of Lemma4.4yieldsf =
´

Y f dy as desired.

We prove (31). As it is easy to check, we have

{χh = 0} ⊂
{
x1 ∈ ω : dist(x1, ∂ω) ≤ 2h

}
∪
{
x1 ∈ ω : dist(x1, hZ) ≤ 2ε(h)

}
.

Sinceε(h) ≪ h by assumption, the measure of the set on the right-hand side vanishes forh → 0,
and thus (31) follows.

Next, we prove (32). By assumption the jumpset offh is contained inhZ. Hence,fh is con-
stant on each of the intervals(ξ, ξ + ε(h)), ξ ∈ Λh. By definition of the unfolding operator (see
Definition6.1) a direct computation yields

Tε(h)(χhfh) = (Tε(h)χh)

ˆ

Y
Tε(h)fh dy.

On the right-hand side we can pass to the limit, sinceTε(h)χh strongly converges inL2 to the
indicator function ofω × Y , while

´

Y Tε(h)fh dy ⇀
´

Y f dy weakly inL2. Thus, (32) follows
from Proposition6.3. �

Proof of part (a) of Theorem3.5. Without loss of generality assume that
´

Ω u
h dx = 0. In the

proof we tacitly pass to suitable subsequences if necessary. The proofrelies on the decomposition

(33) uh =
(
vh + hRh

dS

)
+ hφh

where(vh, Rh) ∈ Arod andφh ∈ H1(Ω,R3) are constructed according to Proposition3.6. Set
Kh := (Rh)tRh

,1. As a direct consequence of Proposition3.6 (d) and assumption (16) we get the
estimate

(34) lim sup
h→0

(
||Kh||L2(ω) + ||h−1(∇hu

h −Rh)||L2(Ω)

+ ||φh||L2(Ω) + ||∇hφ
h||L2(Ω) + ||Rh||H1(ω)

)
<∞.

After these preparations we proceed in three steps.

Step 1.General compactness result.

We assert that there exist

R ∈ Arod, K ∈ L2(ω × Y, Skew(3)), φ ∈ H1(ω,R3), F ∈ L2(ω,Fγ(S×Y))
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with φ(0) = 0 such that

Rh → R strongly inL2(ω),(35)

∇hu
h → R strongly inL2(Ω),(36)

Kh 2,γ−−⇀ K weakly two-scale inL2(ω)(37)

φh → φ strongly inL2(Ω),(38)

∇hφ
h 2,γ−−⇀ ∂1φ⊗ e1 + F weakly two-scale inL2.(39)

The proof of (35) is similar to that of Proposition3.2. (36) follows by combining (34) and (35).
Convergence (37) directly follows from (34) and Lemma6.5. Application of the two-scale com-
pactness and identification result for scaled gradients (see Theorem6.11) yields (38) and (39).

Step 2.Identification ofK.

We assert that

K =

{
RtR,1 + ∂yΨ for γ ∈ [0,∞) and someΨ ∈ L2(ω,H1(Y, Skew(3))),
RtR,1 for γ = ∞.

Indeed, sinceRh → R strongly andRh
,1 ⇀ R,1 weakly, we deduce that

Kh = (Rh)tRh
,1 ⇀ K̄ := RtR,1 weakly inL2(ω, Skew(3)).

By Lemma6.8(c) we haveK̄ =
´

Y K(x1, y) dy. Thus,Ψ(x1, y) :=
´ y
0 K(x1, s)− K̄(x1) ds de-

fines a map inL2(ω,H1(Y, Skew(3))) withK(x1, y) = K̄(x1)+∂yΨ(x1, y). This completes the
argument forγ ∈ [0,∞). Forγ = ∞ we argue as follows: by construction (see Proposition3.6)
the functionKh is piecewise constant and its jumpset is contained inhZ. Hence, Lemma4.6
(applied withfh = Kh) yieldsK =

´

Y K dy and we conclude∂yΨ = 0.

Step 3.

LetΨ ∈ H1(Y, Skew(3)) andγ ∈ (0,∞). We assert that there exists a functionψ ∈ H1(S×Y,R3)
with

(40) sym[∂yΨ(dS ⊗ e1)] = sym
(
∂yψ | 1

γ ∇̄ψ
)
.

The proof consists in an explicit construction. Fori, j ∈ {1, 2, 3} setΨij := ei · (Ψej) and
cij :=

´

Y Ψij(y) dy. We defineψ as follows

ψ(x̄, y) :=




Ψ12(y)dS(x̄) · e2 +Ψ13(y)dS(x̄) · e3 − c12x2 − c13x3
Ψ23(y)dS(x̄) · e3 − 1

γ

´ y
0 Ψ12(s)− c12 ds

−Ψ23(y)dS(x̄) · e2 − 1
γ

´ y
0 Ψ13(s)− c13 ds


 .

By construction we haveψ ∈ H1(S×Y,R3) and (40) follows by a tedious but straightforward
calculation that we leave to the reader.

Step 4.Conclusion.

We only have to identify the limit ofEh(u
h). Differentiation of (33) yields

∇hu
h = Rh

(
I + hGh

)
where Gh := Kh(dS ⊗ e1) + (Rh)t∇hφ

h.

By (35), (37), (39) and Step 2, we have

(41) Gh 2,γ−−⇀ RtR,1(dS ⊗ e1) +G weakly two-scale inL2

whereG := ∂yΨ(dS ⊗ e1) +Rt(∂1φ⊗ e1 + F ). Hence, Lemma4.5yields

(42) Eh(∇hu
h)

2,γ−−⇀ sym
[
RtR,1(dS ⊗ e1)

]
+ symG.
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What is left is to show thatsymG ∈ G := L2(ω,Gγ(S×Y)). By linearity it suffices to argue that
the three matrix fields

G1 := sym[∂yΨ(dS ⊗ e1)], G2 := sym[Rt(∂1φ⊗ e1)] and G3 := sym[RtF ]

belong toG. Let us argue thatG1 ∈ G. Forγ = 0 this directly follows from the definition ofG.
For γ = ∞ we haveG1 = 0 by Step 2 and the statement is trivial. Forγ ∈ (0,∞) the statement
follows from (40). We argue thatG2 ∈ G. To this end setai := (Rt∂1φ) · ei for i ∈ {1, 2, 3}
andϕ(x1, x̄) := (a2(x1)x2 + a3(x1)x3)e1. We note thatG2 = a1(e1 ⊗ e1) + sym

(
0 | ∇̄ϕ

)
.

Since
(
0 | ∇̄ϕ

)
∈ L2(ω,Fγ(S×Y)), the assertion follows. Eventually we note thatG3 ∈ G,

sinceRtF ∈ L2(ω,Fγ(S×Y)). �

Proof of part (b) of Theorem3.5. We have to prove the following statement:

Fix v0 ∈ R3, R0 ∈ SO(3), K ∈ L2(ω, Skew(3)), Ψ ∈ L2(ω,H1(Y, Skew(3))), a ∈ L2(ω)
andF ∈ L2(ω,Fγ(S×Y)). Let (v,R) ∈ Arod

(v0,R0)
denote the unique rod configuration satisfying

RtR,1 = K. We assert that there there exist sequences of smooth mappingsvh, Rh, ah andφh

with
(vh, Rh) ∈ Arod

(v0,R0), ah ∈ C∞
c (ω), φh ∈ C∞

c (ω,C∞(Y,R3))

such that the three-dimensional deformationuh defined by

(43) uh(x) := vh(x1) + hRh(x1)dS(x̄) + hφh(x) + h

ˆ x1

0
(Rh(s)e1)a

h(s) ds

satisfies the following convergence properties:

uh → v strongly inL2(Ω,R3),(44a)

∇hu
h → R strongly inL2(Ω,M3),(44b)

Eh(uh)
2,γ−−→ (K + ∂yΨ)dS ⊗ e1 + a(e1 ⊗ e1) + symF(44c)

strongly two-scale inL2,

lim sup
h→0

ess sup
Ω

(
h−1 dist2(∇hu

h, SO(3)) + h|Eh(uh))|
)
= 0.(44d)

The proof of this assertion is divided into three steps.

Step 2.Approximation ofa, F andK + ∂yΨ.

We claim that there exist sequencesKh ∈ C∞
c (ω, Skew(3)), φh ∈ C∞

c (ω,C∞(S̄,R3)) and
ah ∈ C∞

c (ω) such that



Kh 2,γ−−→ K + ∂yΨ strongly two-scale inL2

and lim sup
h→0

√
h||Kh||L∞(ω) = 0,

(45a)





∇hφ
h 2,γ−−→ RF strongly two-scale inL2, φh ⇀ 0 weakly two-scale inH1

and lim sup
h→0

√
h
(
||φh||L∞ + ||∇hφ

h||L∞

)
= 0,

(45b)

lim sup
h→0

(
ˆ

ω
|ah − a|2 dx1 +

√
h||ah||L∞(ω)

)
= 0.(45c)

The sequenceKh can be constructed as follows. Forδ > 0 let K̃δ ∈ C∞
c (ω,C∞(Y, Skew(3)))

satisfy ||K̃δ − (K + ∂yΨ)||L2(ω×Y ) ≤ δ. SetKh,δ(x1) := K̃δ(x1, x1/ε(h)). We prove that a

suitable diagonal sequence ofK̃h,δ satisfies (45a). To this end we introduce the quantityρh,δ :=

||Tε(h)Kh,δ−(K+∂yΨ)||L2(R×Y )+
√
h||Kh,δ||L∞(ω) whereTε(h) denotes the periodic unfolding
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operator introduced in Definition6.1 and(K + ∂yΨ) is extended by zero to the domainR × Y .

By construction we haveKh,δ 2,γ−−→ K̃δ strongly two-scale inL2 for everyδ > 0 fixed. Therefore,
it is easy to check thatlimδ→0 limh→0 ρh,δ = 0. Hence, by Lemma4.7 (see below) there exists
a mappingh 7→ δ(h) such thatlimh→0 δ(h) = 0 andlimh→0 ρh,δ(h) = 0. But this implies that
Kh := Kh,δ(h) satisfies (45a).

(45c) follows by a similar construction. SinceRF ∈ L2(ω,Fγ(S × Y)), (45b) follows from
Theorem6.11(b).

Step 2.Construction of(vh, Rh); proof of (44a) and (44b).

The construction of the rod configuration(vh, Rh) relies on Lemma2.3: there exists a unique
and analytic configuration(vh, Rh) ∈ Arod

(v0,R0)
with (Rh)tRh

,1 = Kh whereKh is the sequence

constructed in Step 1. Due to convergence (45a), Lemma6.8and the identity
´

Y K+∂yΨdy = K,
we haveKh ⇀ K weakly inL2. Hence,Rh ⇀ R weakly inH1 andvh ⇀ v weakly inH2, as
it is made precise in Corollary2.4. In combination with (45a) – (45c) this implies (44a) and (44b)
as can be checked by a direct calculation.

Step 3.Conclusion; proof of (44c) and (44d).

Defineuh by (43) and note that

(46)
∇hu

h = Rh( I + hGh )

where Gh := Kh(dS ⊗ e1) + (Rh)t∇hφ
h + ah(e1 ⊗ e1).

We assert that

(47) Gh 2,γ−−→ (K + ∂yΨ)(dS ⊗ e1) + F + a(e1 ⊗ e1).

Indeed, the convergence of the first term in the definition ofGh follows from (45a). By (45a), we

haveRh → R strongly inL2. Hence, with (45b) we get(Rh)t∇hφ
h 2,γ−−→ RtRF = F strongly

two-scale inL2. The convergence of the remaining term follows from (45c). With (47) at hand
we can easily prove (44c): sincelim suph→0

√
h||Gh||L∞(Ω) = 0 by construction, we can apply

Lemma4.5and (44c) follows from (47). Condition (44d) holds by construction. �

In the proof of the previous theorem we used the following lemma:

Lemma 4.7. (diagonalization lemma, see[Att84, Corollary 1.16]and [Mül87, Lemma 2.2]).
Assumeε, δ > 0 and letf : [0,∞)× [0,∞) → R∪{∞}. Then there is a mappingε 7→ δ(ε) such
thatε→ 0 impliesδ(ε) → 0 and

lim sup
ε→0

f(δ(ε), ε) ≤ lim sup
δ→0

lim sup
ε→0

f(δ, ε).

4.4. Proof of Theorem3.3. We need the following auxiliary lemma:

Lemma 4.8 (convex homogenization). LetQε andQ be as in Assumption2.9, and letẼh be a
sequence inL2(Ω,M3).

(a) If Ẽh 2,γ−−⇀ Ẽ weakly two-scale inL2, then

lim inf
h→0

ˆ

Ω
Qε(h)(x, Ẽ

h(x)) dx ≥
ˆ

Ω×Y
Q(x, y, Ẽ(x, y)) dy dx.

(b) If Ẽh 2,γ−−→ Ẽ strongly two-scale inL2, then

lim
h→0

ˆ

Ω
Qε(h)(x, Ẽ

h(x)) dx =

ˆ

Ω×Y
Q(x, y, Ẽ(x, y)) dy dx.
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Proof. Since the sequencẽEh is bounded inL2(Ω), Assumption2.9(A2) implies that

lim sup
h→0

∣∣∣∣
ˆ

Ω
Qε(h)(x, Ẽ

h(x)) dx−Qh(Ẽh)

∣∣∣∣ = 0.

where the functionalQh : L2(Ω,M3) → R+ is given byQh(E) :=
´

ΩQ(x, x1/ε(h), E(x)) dx.

As a consequence, it suffices to prove the following (lower semi-)continuity properties ofQh(Ẽh):

(48)

Ẽh 2,γ−−⇀ Ẽ weakly two-scale inL2

⇒ lim inf
h→0

Qh(Ẽh) ≥
¨

Ω×Y
Q(x, y, Ẽ(x, y)) dy dx.

Ẽh 2,γ−−→ Ẽ strongly two-scale inL2

⇒ lim
h→0

Qh(Ẽh) =

¨

Ω×Y
Q(x, y, Ẽ(x, y)) dy dx.

By Assumption2.9 the quadratic energy densityQ(x, y, F ) is continuous inx, measurable and
periodic iny, convex and continuous inF and satisfies quadratic growth conditions (uniformly in
x, y). Therefore, (48) follows by [Vis07, Proposition 1.3]. For the reader’s convenient we briefly
sketch the argument: by the integral identity of periodic unfolding, see Lemma6.2, we have

(49) Qh(Ẽh) =

¨

R×S×Y
Q(Sε(h)(x, y), y, Tε(h)Ẽh(x)) dy dx

whereSε(h)(x, y) := (ε(h)⌊x1/ε(h)⌋ + ε(h)y, x̄). We note thatSε(h)(x, y) → x uniformly and

Tε(h)Ẽh ⇀ Ẽ weakly inL2 by Proposition6.3. Hence, (48) basically follows from the continuity
(resp. lower-semi-continuity) of the integral functionals on the right-handside of (49) w. r. t.
strong convergence (resp. weak convergence) inL2(R × S × Y,M3), and the property that the
support of the limitẼ is contained inΩ × Y . Let us remark that for the precise argument the
continuity ofx1 7→ Q(x1, x̄, y, F ) is needed. �

Proof of Theorem3.3(Lower bound).Without loss of generality we assume that

lim inf
h→0

Iε(h),h(uh) = lim sup
h→0

Iε(h),h(uh) <∞.

Hence, assumption (W2) implies that the sequenceuh satisfies

(50) lim sup
h→0

1

h2

ˆ

Ω
dist2(∇hu

h(x), SO(3)) dx . 1.

To shorten the notation we setEh := Eh(uh). In a first step we prove the abstract lower bound

(51) lim inf
h→0

Iε(h),h(uh) ≥ inf
E∈E

¨

Ω×Y
Q(x, y, E(x, y)) dy dx

whereE ⊂ L2(Ω×Y,M3) denotes the set of weak two-scale cluster points associated to the
sequence of nonlinear strainsEh :

E :=
{
E ∈ L2(Ω×Y,M3) : Eh 2,γ−−⇀ E weakly two-scale inL2 for a subsequence

}
.

In the second step we identifyE by appealing to Theorem3.5.

Step 1.Abstract lower bound.
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We prove (51) by combining a truncation argument used in [FJM02] with convex homogenization
techniques. It suffices to show the following: Letuh ∈ H1(Ω,R3) be an arbitrary sequence that

satisfies (50) and suppose thatEh 2,γ−−⇀ E weakly two-scale inL2. Then

(52) lim inf
h→0

Iε(h),h(uh) ≥
¨

Ω×Y
Q(x, y, E(x, y)) dy dx.

In a nutshell the argument relies on the following three ingredients:

– by polar factorization there existsRh : Ω → SO(3) measurable such that

(53) ∇hu
h(x) = Rh(x)(I + hEh(x))

holds almost everywhere – except for an exceptional set with small measure;
– by assumption (W4) and Lemma2.7the estimate

(54) Wε(x, I +G) ≥ Qε(x;G)− |G|2 r(|G|)
holds, wherer : R+ → [0,∞] is increasing, satisfieslimδ→0 r(δ) = 0 and only depends
on the constants of ellipticityα, β;

– the lower semi-continuity of convex, oscillating integral functionals as statedin Lemma4.8.

We want to apply estimate (54) with G = hEh. However, sinceEh is only bounded inL2 and not
pointwise, the direct application is not possible. Furthermore, identity (53) only holds forx ∈ Ω
with det∇hu

h(x) > 0. For both reasons, we introduce the truncation

χh(x) :=

{
1 if dist2(∇hu

h(x), SO(3)) ≤ h and|Eh(x)| ≤ h−1/2

0 else.

By construction we haveχh|hEh|2 ≤ h. Furthermore, forh ≪ 1 andx ∈ {χh = 1 } the
matrix ∇hu

h(x) is close toSO(3) and therefore its determinant is positive. Thus, by the polar
factorization, identity (53) holds forx ∈ {χh = 1}. By the non-negativity ofWε(h), its minimality
at I, see (W3), and frame-indifference, see (W1), we have

1

h2
Wε(h)(x,∇hu

h(x)) ≥ χh(x)

h2
Wε(h)(x,∇hu

h(x))

(53),(W1),(W3)
=

1

h2
Wε(h)(x, I + hχh(x)Eh(x))

(54)
≥ Qε(h)(x, χ

h(x)Eh(x))− |Eh(x)|2r(
√
h).

In the last line we used thath|χhEh| ≤
√
h by definition of the truncation. SinceEh is bounded

in L2 andr(
√
h) → 0, we arrive at

(55) lim inf
h→0

Iε(h),h(uh) ≥ lim inf
h→0

ˆ

Ω
Qε(h)(x, χ

h(x)Eh(x)) dx.

Next, we argue that

(56) χhEh 2,γ−−⇀ E weakly two-scale inL2.

Provided thatχh → 1 strongly inL1, this follows from Lemma4.4 andEh 2,γ−−⇀ E in L2

(which holds by assumption). Indeed, since for allx ∈ Ω with χh(x) = 0 we have1 ≤
h−1 dist2(∇hu

h(x), SO(3)) + h|Eh(x)|2, we get
ˆ

Ω
|1− χh| dx ≤ h

(
1

h2

ˆ

Ω
dist2(∇hu

h(x), SO(3)) dx+

ˆ

Ω
|Eh|2 dx

)
→ 0

by appealing to (50) and the boundedness ofEh in L2. Eventually, the desired lower bound (52)
follows from (55), Lemma4.8applied withẼh = χhEh and (56).
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Step 2.Identification ofE and conclusion.

By assumption we have(uh,∇hu
h) → (v,R) in L2. Because of (50), Proposition3.2 applies

and we deduce that(u,R) is a rod configuration. Moreover, by Theorem3.5 (a) we haveE ⊂
{symE : E ∈ E0 } where

E0 :=

{
E(x1, x̄, y) = (Rt(x1)R,1(x1))(dS(x̄)⊗e1)+G(x1, y, x̄) : G ∈ L2(ω,Gγ(S×Y))

}
.

Hence, with (52) we get

lim inf
h→0

Iε(h),h(uh)

≥ inf
E∈E0

¨

Ω×Y
Q(x, y, symE(x, y)) dy dx

≥
ˆ

ω
inf

G∈Gγ(S×Y)

¨

S×Y
Q
(
x1, x̄, y, (R

t(x1)R,1(x1))(dS(x̄)⊗ e1) +G(x̄, y)
)
dy dx̄ dx1

Def. 2.12
≥

ˆ

ω
Qγ

(
x1, R

t(x1)R,1(x1)
)
dx1.

The second estimates follows from the definition ofE0 and the fact thatQ vanishes for skew-
symmetric matrices. �

Proof of Theorem3.3(Recovery sequence).For the argument setK := RtR,1. SinceR ∈ Arod

by assumption, we haveK ∈ L2(ω, Skew(3)). By Proposition2.13there exists a relaxation field
G ∈ L2(ω,Gγ(S×Y)) such that

Iγ(u,R) =
¨

Ω×Y
Q(x, y,K(x1)(dS(x̄)⊗ e1) +G(x, y)) dy dx.

By Theorem3.5 there exists a sequenceuh ∈ H1(Ω,R3) satisfying the one-sided boundary con-
dition associated to(v(0), R(0)) and

(uh,∇hu
h) → (v,R) strongly inL2(57)

Eh(uh)
2,γ−−→ sym

[
(RtR,1)(dS ⊗ e1)

]
+G strongly two-scale inL2,(58)

lim sup
h→0

ess sup
x∈Ω

(
h−1 dist2(∇hu

h(x), SO(3)) + h|Eh(uh)|2
)
= 0.(59)

To complete the proof it suffices to show that

(60) lim
h→0

1

h2
Iε(h),h(uh) =

¨

Ω×Y
Q(x, y,K(x1)(dS(x̄)⊗ e1) +G(x, y)) dy dx.

For convenience we setEh := Eh(∇hu
h). By (59) we havedet∇hu

h > 0 for h ≪ 1. Hence,
by polar factorization, the frame-indifference ofWε(h) and the expansion ofWε(h) at identity (see
assumption (W4)), we get for almost everyx ∈ Ω

1

h2
Wε(h)(x,∇hu

h(x)) =
1

h2
Wε(h)(x, I + hEh(x)) = Qε(h)(x,E

h(x)) + qh(x),

where|qh(x)|
(10)
≤ r(h|Eh(x)|2)|Eh(x)|2

By virtue of (59) the remainder termqh vanishes uniformly ash → 0. Hence, (60) follows from
(58) and Lemma4.8(b).

�
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4.5. Proof of Theorem3.1. The proof will be divided into 5 steps. In Step 1 we rewriteEε(h),h[vh; fh]
in terms of the scaled deformation

(61) uh : Ω → R3, uh(x) := vh(x1, hx̄)

and the scaled functionalIε(h),h(uh). In Steps 2 and 3 we prove thatuh has equi-bounded energy,
that is

(62) lim sup
h→0

Iε(h),h(uh) <∞.

Finally, in Steps 4 and 5 we prove the theorem by appealing to Proposition3.2, Theorem3.3and
standard arguments from the theory ofΓ-convergence.

Step 1.Scaled formulation.

Let uh be defined by (61). Introduce scaled loadsgh, gh1 ∈ L2(ω,R3) andgh2 ∈ L2(Ω,R3) by

gh(x) := fh(x1, hx̄), gh1 :=
1

h2

〈
gh
〉
S

and gh2 :=
gh −

〈
gh
〉
S

h
.

We assert that

Iε(h),h(uh)− |Ω|
h2

Eε(h),h[vh; fh] =
1

h2

ˆ

Ω
uh · gh dx(63)

=

ˆ

ω

〈
uh
〉
S
· gh1 dx1 −

ˆ

Ω

uh −
〈
uh
〉
S

h
· gh2 .

Indeed, by the identity∇hu
h(x1, x̄) = ∇vh(x1, hx̄) and a change of coordinates we get

[l. h. s. of (63)] =
|Ω|
h2

 

Ωh

vh · fh dx =
1

h2

ˆ

Ω
uh · gh dx.

The second identity in (63) follows by the definition ofgh1 , gh2 and orthogonality inL2(Ω,R3).

Step 2.Estimate of the loading term.

We assert that

| 1
h2

ˆ

Ω
uh · gh dx| . max{||gh1 ||L2 , ||gh2 ||L2}

(
1 + h

√
Iε(h),h(uh) + |v0|

)
.

Here comes the argument: By the second identity in (63) and Cauchy-Schwarz inequality we have

| 1
h2

ˆ

Ω
uh · gh dx| ≤ ||

〈
uh
〉
S
||L2(ω)||gh1 ||L2(ω) + ||h−1(uh −

〈
uh
〉
S
)||L2(Ω)||gh2 ||L2(Ω)

. ch
(
||
〈
uh
〉
S
||L2(ω) + ||h−1(uh −

〈
uh
〉
S
)||L2(Ω)

)

wherech := max{||gh1 ||L2 , ||gh2 ||L2}. Recall that
〈
uh(0, ·)

〉
S
=
〈
vh(0, ·)

〉
hS

= v0 by assumption.
Hence, by Poincaré’s inequality for functions with prescribed boundary data applied to

〈
uh
〉
S

, and
by Poincaŕe’s inequality for functions with zero integral mean applied toh−1(uh −

〈
uh
〉
S
), we

get

||
〈
uh
〉
S
||L2(ω) + ||h−1(uh −

〈
uh
〉
S
)||L2(Ω) . |v0|+ ||∇hu

h||L2(Ω).

Hence, it remains to prove that

(64) ||∇hu
h||L2(Ω) . 1 + h

√
Iε(h),h(uh).

But this follows from assumption (W2) and the elementary estimate|F |2 . 1 + dist2(F, SO(3)).

Step 3.Proof of (62).
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From identity (63) and the estimate in Step 2 we get

Iε(h),h(uh) . (1+max{||gh1 ||L2 , ||gh2 ||L2})
(
1 + h

√
Iε(h),h(uh) + |v0|+ |Ω|

h2
Eε(h),h[vh; fh]

)
.

By assumption (11) we havelim suph→0max{||gh1 ||L2 , ||gh2 ||L2} < ∞. Hence, for (62) we only

need to show thatlim suph→0
|Ω|
h2 Eε(h),h[vh; fh] <∞. Sincevh is a sequence of almost minimiz-

ers, see (13), it suffices to prove that

(65) lim sup
h→0

1

h2
Eε(h),h
inf [fh] <∞.

In order to get this we consider the deformationṽh : Ωh → R3, ṽh(x) := v0 + R0x. By
constructioñvh satisfies the one-sided boundary condition, i.e.ṽh ∈ A(v0,R0)(Ωh). Consequently,

1

h2
Eε(h),h
inf [fh] ≤ 1

h2
Eε(h),h[ṽh; fh].

Sinceṽh is a rigid body motion, the right-hand side reduces to− 1
h2

ffl

Ωh
ṽh · fh dx, the absolute

value of which is bounded by a constant independent ofh, as can be easily checked by appealing
to assumption (11). Hence, the assertion is proved.

Step 4.Proof Theorem3.1(c).

Let (v∗, R∗) ∈ Arod
(v0,R0)

be a minimizer of the functionalArod
(v0,R0)

∋ (v,R) 7→ Eγ [v,R; f ]. The
existence of such a minimizer follows by the direct method of the calculus of variations. Let
uh∗ ∈ Ah

(v0,R0)(Ω) denote a recovery sequence satisfying(uh∗ ,∇hu
h
∗) → (v∗, R∗) in L2 and

(66) Iε(h),h(uh∗) → Iγ(v∗, R∗).

The existence of such a sequence is guaranteed by Theorem3.3 (b). By appealing to assumption
(11) it is easy to check that

(67) lim
h→0

1

h2

ˆ

Ω
uh · gh dx =

ˆ

ω
v∗ · f dx1.

Now, consider the rescaled deformationvh∗ ∈ H1(Ωh,R
3), vh∗ (x) := uh∗(x1,

1
h x̄). By construction

vh∗ satisfies the desired one-sided boundary conditions and converges to(v∗, R∗) as asserted in the
theorem. Furthermore, by (66), (67) and identity (63) we find that

lim
h→0

1

h2
Eε(h),h[vh∗ ; f ] =

1

|Ω|

(
Iγ(v∗, R∗)−

ˆ

ω
v∗ · f dx1

)
= Eγ [v∗, R∗; f ].

Step 5.Proof of Theorem3.1(a) and (b).

We first argue that the sequences
〈
vh
〉
hS

and
〈
∇vh

〉
hS

are bounded inH1 andL2, respectively.
Since

〈
vh(0, ·)

〉
hS

= v0, Poincaŕe’s inequality applies. Therefore, we only need to show that the
sequence

〈
∇vh

〉
hS

is bounded inL2. But this follows from the identity
〈
∇vh

〉
hS

=
〈
∇hu

h
〉
S

,
(62) and (64).

For the proof of the remaining assertions we have to pass to a suitable subsequence. To this
end sete∗ := lim infh→0

1
h2Eε(h),h

inf [fh]. By virtue of identity (63) and the estimate in Step 2
e∗ is a finite number. Hence, we can pass to a subsequence (that we do not relabel) such that
Eε(h),h
inf [fh] → e∗. Sincevh is a sequence of almost minimizers, we getEε(h),h[vh; fh] → e∗.

After these preparations we appeal to Proposition3.2: since (62) is satisfied, there exists a rod
configuration(v∗, R∗) ∈ Arod

(v0,R0)
such that, up to a further subsequence,

(68) (uh,∇hu
h) → (v∗, R∗) strongly inL2.

Obviously, this already implies thatvh converges to(v∗, R∗) as asserted in the theorem.
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Hence, we only need to show the convergence of the energy and to prove that(v∗, R∗) is a mini-
mizer. To this end, we first claim that (68) implies

lim
h→0

1

h2

ˆ

Ω
uh · gh dx =

ˆ

ω
v∗ · f dx1,(69)

lim inf
h→0

Iε(h),h(uh) ≥ Iγ(v∗, R∗).(70)

The lower bound (70) is a direct consequence of Theorem3.3(a). Convergence (69) follows from
the second identity in (63), convergence (68) and the assumptions on the loading, see (11).

The combination of (69), (70) and identity (63) yields

e∗ = lim
h→0

Eε(h),h[vh; fh] ≥ Eγ [v∗, R∗; f ]

The right-hand side can be bounded from below by passing to its minimum; we get

e∗ ≥ min{ Eγ [v,R; f ] : (v,R) ∈ Arod
(v0,R0) }.

The proof is completed by showing the opposite inequality. To this end letvh∗ denote the sequence
constructed in Step 4. We have

e∗ ≤ lim sup
h→0

Eε(h),h
inf [fh] ≤ lim sup

h→0
Eε(h),h[vh∗ ; f

h] = min{ Eγ [v,R; f ] : (v,R) ∈ Arod
(v0,R0) }

which completes the proof of statement (a). In particular, the previous inequality shows that
Eε(h),h
inf [fh] converges toe∗ for the entire sequence and statement (b) is proved. �

4.6. Proof of Proposition 2.13. The proof of the statements (a) - (c) is easy. Therefore, we only
give the main idea. Letx1 ∈ ω andK ∈ K := { skw(e1 ⊗ e2), skw(e1 ⊗ e3), skw(e2 ⊗ e3) }
be fixed. By the direct method of the calculus of variations one shows that there existsGK,x1 ∈
Gγ(S × Y) that minimizes the functional

(71) Gγ(S × Y) ∋ G 7→
¨

S×Y
Q
(
x1, x̄, y,K(dS ⊗ e1) +G

)
dy dx̄.

We note that the minimum is preciselyQγ(x1,K). SinceQ satisfies (Q1) and is continuous inx1,
we can find solutionsGK,x1 that continuously depend onx1 and that satisfy||GK,x1 ||L2(S×Y ) . 1.
We note thatK is a basis ofSkew(3). Hence, we can construct a linear operatorL that associates
to each matrix fieldK ∈ C(ω, Skew(3)) a continuous mappingGK : ω → Gγ(S × Y) with
||GK ||L2(Ω×Y ) . ||K||L2(ω) such thatGK(x1) minimizes (71) with K replaced byK(x1) for
all x1 ∈ ω. SinceL is linear, statement (a) follows. SinceL applied to constantK yields a
mapping that continuously depends onx1, statement (b) follows. Obviously,L can be extended to
a continuous operator with domainL2(ω, Skew(3)). This proves (c).

Next, we prove (d). The upper bound directly follows from the definition of Qγ , (Q1) and state-
ment (c). We prove the lower estimate in detail. By Proposition2.13 (c), it suffices to show
that

(72)
¨

S×Y
Q(x1, x̄, y, sym[K(dS ⊗ e1)] +G) dy dx̄ & |K|2.

Since the following argument and the estimates below hold uniformly inx1, we omit the latter in
our notation. For our purpose it is convenient to introduce the vector field

d
⊥
S (x2, x3) :=




0
x3
−x2


− cS

wherecS ∈ R3 is chosen such that
〈
d
⊥
S

〉
S
= 0.
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Step 1.A basic coercivity estimate.

We assert that

(73) inf
F∈Xγ

¨

S×Y
| sym

(
d
⊥
S | 0 | 0

)
+ F |2 dy dx̄ & 1

where

(74)

X0 :=
{
sym

(
∂yαd

⊥
S | ∂2ϕ e1 | ∂3ϕ e1

)
: α ∈ H1(Y), ϕ ∈ L2(Y, H1(S))

}
,

X∞ :=
{
sym

(
0 | ∂2ϕ e1 | ∂3ϕ e1

)
: ϕ ∈ H1(S)

}
,

Xγ :=
{
sym

(
∂yφ | 1γ ∇̄φ

)
: φ ∈ H1(S×Y,R3)

}
for γ ∈ (0,∞).

The proof forγ ∈ {0,∞} is easy: since the vector fieldS ∋ x̄ 7→ (x3,−x2)t ∈ R2 is not a
gradient-field, we have

(75) inf
ϕ∈H1(S)

ˆ

S
| sym

(
d
⊥
S | ∂2ϕ e1 | ∂3ϕ e1

)
|2 dx̄ & 1.

This already proves the assertion forγ = ∞. For γ = 0, we note that for allα ∈ H1(Y) and
ϕ ∈ L2(Y, H1(S)) we have by orthogonality

¨

S×Y
| sym

(
(1 + ∂yα)d

⊥
S | ∂2ϕ e1 | ∂3ϕ e1

)
|2 dy dx̄

&

(
ˆ

Y
(1 + ∂yα)

2 dy

)
inf

ϕ̂∈H1(S)

ˆ

S
| sym

(
d
⊥
S | ∂2ϕ̂ e1 | ∂3ϕ̂ e1

)
|2 dx̄

(75)
& 1.

It remains to treat the caseγ ∈ (0,∞). For convenience, we shall write∇γ for the scaled gradient(
∂y | 1γ ∇̄

)
in the sequel. Moreover, letR be defined as in Proposition6.12and letH denote the

orthogonal complement ofR in H1(S×Y,R3). We note thatH is a Hilbert space. By the Korn
inequality (see Proposition6.12) we have forφ ∈ H

(76) ‖φ‖H1(S×Y,R3) . ‖sym∇γφ‖L2(S×Y,R3)

up to a constant that depends onS andγ. Thus, the right-hand side of (76) defines an equivalent
norm onH. BecauseH1(S×Y,R3) is the direct sum ofR andH, and since for allζ ∈ R the
matrix field∇γζ is skew-symmetric, it suffices to show that

inf
φ∈H

¨

S×Y
| sym

(
d
⊥
S | 0 | 0

)
+ sym∇γφ|2 dy dx̄ & 1.

For the argument, we note that the minimium on the left-hand side is attained for a unique function
φ ∈ H, which is independent of they-variable; indeed, by convexity and due to estimate (76), the
associated integral functional is lower semi-continuous and coercive. Hence, by the direct method
of the calculus of variations there exists a unique minimizer. Moreover, ifφ is a minimizer, then
for all translationst ∈ R the function(x̄, y) 7→ φ(x̄, y + t) is a minimizer as well. Thus, by
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uniqueness we infer thatφ does not depend ony. In conclusion, we have

inf
φ∈H

¨

S×Y
| sym

(
d
⊥
S | 0 | 0

)
+ sym∇γφ|2 dy dx̄

= inf
φ∈H

φ indep ofy

¨

S×Y
| sym

(
d
⊥
S | ∇̄φ

)
|2 dy dx̄

= inf
ϕ̂∈H1(S)

ˆ

S
| sym

(
d
⊥
S | ∂2ϕ̂ e1 | ∂3ϕ̂ e1

)
|2 dx̄

(75)
& 1.

Above, the second identity holds by orthogonality: the lower right2×2-submatrix ofsym
(
0 | ∇̄φ

)

is orthogonal to3× 3-matrices that are nonzero only in the first column and row.

Step 2.Decomposition ofG

For this and the following step it is convenient to decomposeSkew(3) into the space spanned by
the matrixE23 := (e2⊗ e3− e3⊗ e2) and its orthogonal complement. Setτ := 1

2 trace(K
tE23).

ThenK1 := τE23 andK2 := K −K1 is an orthogonal decomposition ofK and

K(dS ⊗ e1) = τ(d⊥
S ⊗ e1) +K2(dS ⊗ e1).

We claim thatG can be written as a sumG1 + G2 with G1 ∈ Xγ such that the matrix fieldsG2,
G1 + τ sym(d⊥

S ⊗ e1) andK2(dS ⊗ e1) are pairwise orthogonal w. r. t. the inner product in
L2(S×Y,M3).

Construction forγ = 0: By definition there exista ∈ R, Ψ ∈ H1(Y, Skew(3)), φ̂ ∈ H1(Y,R3)

andφ̄ ∈ L2(Y, H1(S,R3)) such thatG = sym[a(e1 × e1) + ∂yΨ(dS ⊗ e1) +
(
∂yφ̂ | ∇̄φ̄

)
]. Set

α := 1
2 trace(Ψ

tE23), ϕ := φ̄ · e1 + ∂yφ̂ · dS

G1 := sym
(
∂yαd

⊥
S | ∂2ϕ e1 | ∂3ϕ e1

)
, G2 := G−G1.

Thenα ∈ H1(Y), ϕ ∈ L2(Y, H1(S)) and a simple calculation shows that the decomposition
G = G1 +G2 satisfies the claimed properties.

Construction forγ = ∞: by definition there exista ∈ R and φ̂ ∈ L2(S,H1(Y,R3)) and φ̄ ∈
H1(S,R3) such thatG = sym[a(e1 ⊗ e1) +

(
∂yφ̂ | ∇̄φ̄

)
]. Set

ϕ := φ̄ · e1 G1 := sym
(
0 | ∂2ϕ e1 | ∂2ϕ e1

)
, G2 := G−G1.

Thenϕ ∈ H1(S) and a simple calculation shows that the decompositionG = G1 + G2 satisfies
the claimed properties.

Construction forγ ∈ (0,∞): by definition there exista ∈ R andφ ∈ H1(S×Y) such that
G = sym[a(e1 × e1) +

(
∂yφ | 1γ ∇̄φ

)
]. The claim follows withG1 := sym

(
∂yφ | 1γ ∇̄φ

)
and

G2 := a(e1 ⊗ e1).

Step 3.Conclusion.

We decomposeG as detailed in Step 2. BecauseQ is positive definite for symmetric matrices, see
property (Q1), we get

[l. h. s. of (72)] &
¨

S×Y
| sym[K2(dS ⊗ e1) + τ(d⊥

S ⊗ e1)] +G1 +G2|2 dy dx̄.
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By construction the matrix fieldssym[K2(dS ⊗ e1)],G2 andG1 + τ sym(d⊥
S ⊗ e1) are pairwise

orthogonal. Thus, by Pythagoras’ theorem and Step 1 we get

[l. h. s. of (72)] & |K2|2 +
¨

S×Y
|τ sym(d⊥

S ⊗ e1) +G1|2 dy dx̄

G1∈Xγ

& |K2|2 + inf
F∈Xγ

¨

S×Y
|τ sym(d⊥

S ⊗ e1) + F |2 dy dx̄

= |K2|2 + τ2 inf
F∈Xγ

¨

S×Y
| sym(d⊥

S ⊗ e1) + F |2 dy dx̄

(73)
& |K2|2 + τ2 & |K|2.

�

5. THE EFFECTIVE BEHAVIOR FORγ = 0 AND γ = ∞

In this section we study the limiting behavior for laterally layered composites in the three-scale
regimesγ = 0 andγ = ∞. As we are going to see, these cases correspond to an iteration of the
relaxation steps associated to dimension reduction and homogenization, respectively. As a side
result, we prove that the limits associated to dimension reduction and homogenization in general
do not commute.

Throughout this section we suppose that the composite is constant in the cross-sectional direction
and periodic in the lateral direction; that is, we assume thatWε(x1, F ) :=W (x1/ε, F ) where

(B1) W : R × M3 → [0,∞] is a Carath́eodory function, periodic and measurable in its first
variable and continuous in its second variable;

(B2) W (y, ·) is of classW(α, β, ρ) for almost everyy.

Evidently, in this case Assumption2.9 is fulfilled. The associated quadratic energy density takes
the formQ(y,G) and isY -periodic iny. We associate toQ(y,G) four relaxed energy densities
that correspond to dimension reduction and homogenization. Fory ∈ Y , K ∈ Skew(3) and
G ∈ M3 define

(77)

Qrod(y,K) := inf
φ̄∈H1(S,R3)

ˆ

S
Q
(
y,K(dS ⊗ e1) +

(
0 | ∇̄φ̄

) )
dx̄,

Qhom(G) := inf
φ̂∈H1(Y,R3)

ˆ

Y
Q
(
y,G+ ∂yφ̂⊗ e1

)
dy,

Qrod◦ hom(K) := inf
φ̄∈H1(S,R3)

ˆ

S
Qhom

(
KdS ⊗ e1 +

(
0 | ∇̄φ̄

))
dx̄,

Qhom◦ rod(K) := inf
Ψ∈H1(Y,Skew(3))

ˆ

Y
Q (y,K + ∂yΨ) dy.

The following result shows thatQγ for γ ∈ {0,∞} can be computed by two consecutive relaxation
steps.

Lemma 5.1. Let (B1) and (B2) be satisfied. Then forγ ∈ {0,∞} we have

(78) Qγ =

{
Qhom◦ rod for γ = 0,

Qrod◦ hom for γ = ∞.
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Proof. We only give the proof forγ = 0; the caseγ = ∞ is similar and left to the reader. Fix
K ∈ Skew(3). We first prove the inequality

(79) Q0(K) ≥ Qhom◦ rod(K).

Motivated by the relaxation formula forQ0, see Definition2.12, and the definition ofG0(S × Y),
see Definition2.11, we call functionsa,Ψ, φ̂ and φ̄ admissibleif Ψ ∈ H1(Y, Skew(3)), φ̂ ∈
H1(Y,R3), φ̄ ∈ L2(Y, H1(S,R3)) anda ∈ R. We show that for almost everyy ∈ Y and all
admissible functionsΨ, φ̂, φ̄, a we have

ˆ

S
Q
(
y, (K + ∂yΨ(y))(dS(x̄)⊗ e1) + a(e1 ⊗ e1) +

(
∂yφ̂(y) | ∇̄φ̄(x̄, y)

) )
dx̄

≥ Qrod(y,K + ∂yΨ(y))

(80)

Clearly, integration of this inequality iny and passing to the infimum overΨ ∈ H1(Y, Skew(3))
yields (79). For the proof of (80) fix y ∈ Y . Set

ã := a+ ∂yφ̂(y) · e1, φ̃(x̄) := φ̄(x̄, y) +




∂yφ̂(y) · dS(x̄)
0
0


− c2x2 − c3x3

wherec2, c3 ∈ R3 are chosen such that
´

S ∇̄φ̃ dx̄ = 0. By construction we have

a(e1 ⊗ e1) + sym
(
∂yφ̂ | ∇̄φ̄

)
= ã(e1 ⊗ e1) + sym

(
0 | c2 | c3

)
+ sym

(
0 | ∇̄φ̃

)
.

SinceQ(y, F ) only depends on the symmetric part ofF , the previous identity shows that the
left-hand side in (80) is equal to

ˆ

S
Q
(
y, (K + ∂yΨ)(dS ⊗ e1) + ã(e1 ⊗ e1) +

(
0 | c1 | c2

)
+
(
0 | ∇̄φ̃

) )
dx̄.

Since
´

S dS dx̄ = 0 and
´

S ∇̄φ̃ dx̄ = 0, by orthogonality the previous line turns into
ˆ

S
Q
(
y, (K + ∂yΨ)(dS ⊗ e1) +

(
0 | ∇̄φ̃

) )
dx̄+ |S|Q

(
y, ã(e1 ⊗ e1) +

(
0 | c1 | c2

) )
.

The first term is bounded from below byQrod(y,K+∂yΨ). Since the second term is non-negative,
(80) follows.

It remains to prove the opposite inequality. We only sketch the argument; the details are left to the
reader. FixK ∈ Skew(3) and letΨK ∈ H1(Y, Skew(3)) denote a function withQhom ◦ rod(K) =
´

Y Qrod(y,K + ∂yΨK(y)) dy. Now, choosēφK ∈ L2(Y,H1(S,R3)) such that for almost every
y we have

Qrod(y,K + ∂yΨK(y)) =

ˆ

S
Q
(
y, (K + ∂yΨK(y))(dS(x̄)⊗ e1) +

(
0 | ∇̄φ̄K(x̄, y)

))
dx̄.

By integration iny, the left-hand side turns intoQhom ◦ rod(K) while the right-hand side is clearly
bounded from below byQ0(K), sinceΨK , φ̄K are admissible functions. This proves the inequal-
ity opposite to (79). �

The energy densities defined above naturally appear when passing to thehomogenization and zero-
thickness limit in the scaled elastic energy functional consecutively. In the following we make this



34 STEFAN NEUKAMM

precise. For this purpose we introduce the functionals

Iε,h : H1(Ω,R3) → [0,∞], Iε,h(u) :=
1

h2

ˆ

Ω
W (x1/ε,∇hu) dx,

Ih
hom : H1(Ω,R3) → [0,∞], Ih

hom(u) :=
1

h2

ˆ

Ω
Whom(∇hu) dx,

Iε
rod : Arod → [0,∞], Iε

rod(u,R) :=

ˆ

ω
Qrod(x1/ε,R

tR,1) dx1,

Iγ : Arod → [0,∞], Iγ(u,R) :=
ˆ

ω
Qγ(R

tR,1) dx1, for γ ∈ {0,∞}.

We extend these functionals by∞ from their domainsH1(Ω,R3) andArod to L2(Ω,R3) and
L2(Ω,R3) × L2(Ω,M3), respectively. Above, the homogenized energy densityWhom is defined
by the well-known multi-cell homogenization formula that we recall below. By Lemma5.1 we
have for(v,R) ∈ Arod

(81) Iγ(v,R) =
{
´

ω Qrod◦ hom(R
tR,1) dx1 for γ = 0,

´

ω Qhom◦ rod(R
tR,1) dx1 for γ = ∞.

To avoid technicalities in the non-convex homogenization step, we suppose that besides (B1) and
(B2) the energy density additionally satisfies a quadratic growth condition atinfinity:

(B3) there exists a constantβ̂ > 0 such that

W (y, F ) ≤ β̂(1 + |F |2)
for all F ∈ M3 and almost everyy.

The passage to the zero-thickness limit in the functionalsIε,h andIh
hom can be treated by ap-

pealing to Theorem3.3. In contrast, for the homogenization limits we need some additional con-
siderations. Let us discuss the homogenization step associated toγ = ∞, which corresponds
to “dimension reduction after homogenization”. It is well-known (see [Mül87, Bra85]) that the
homogenization of the non-convex integrandW leads to the multi-cell homogenization formula

Whom(F ) := inf
k∈N

inf
φ̂∈H1

#((0,k)3,R3)

 

(0,k)3
W (z1, F +∇φ̂(z)) dz

whereH1
#((0, k)

3,R3) denotes the space of(0, k)3-periodic functions inH1
loc(R

3,R3) and z1
stands for the first component ofz ∈ R3. A priori, it is not clear at all thatWhom satisfies the
properties needed for a subsequent dimension reduction step. We haveto check whether the class
W(α, β, ρ) is stable under homogenization. In [MN11, GN11] we prove that homogenization and
linearization do commute for materials of typeW(α, β, ρ). The following observation is a direct
consequence of this commutativity result.

Lemma 5.2. LetW satisfy assumptions (B1) – (B3) and letQ(y,G) denote the quadratic term
in the expansion ofW at identity. ThenWhom : M3 → R+ is a continuous, quasiconvex energy
density of classW(α′, β′, ρ′) (for some admissible parametersα′, β′ andρ′). Moreover, for all
G ∈ M3 the expansionWhom(I +G) = Qhom(G) + o(|G|2) holds whereQhom is given by(77).

Proof. The property ofWhom to be quasiconvex, continuous and of classW(α′, β′, ρ′) directly
follows from [MN11, Lemma 1]. Furthermore, [MN11, Theorem 1] states thatWhom admits a
quadratic expansion at identity with quadratic term given by

Q̂(F ) := inf
φ̂∈H1(Z,R3)

ˆ

(0,1)3
Q(z1, F +∇φ̂(z)) dz.
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It remains to check that̂Q = Qhom. But this easily follows from the observation that for all
F ∈ M3 the minimum problem above admits a minimizerφ ∈ H1

#((0, 1)
3,R3) that is independent

of the second and third component ofz ∈ R3. �

We are now ready to prove the following result:

Proposition 5.3. Let (B1) – (B3) be satisfied. Then

Iε,h h−→ Iε
rod

ε−→ I0 and Iε,h ε−→ Ih
hom

h−→ I∞

where
h→ and

ε→ denoteΓ(L2)-convergence asε→ 0 andh→ 0, respectively.

Proof. Step 1.The caseε≪ h.

The convergenceIε,h → Ih
hom for h > 0 fixed andε→ 0, is proved in [Mül87] and [Bra85]. The

convergenceIh
hom → I∞ ash→ 0 directly follows from Theorem3.3, Lemma5.2and (81).

Step 2.The caseh≪ ε.

The convergenceIε,h → Iε
rod for ε > 0 fixed andh → 0 directly follows from Theorem3.3.

It remains to show thatIε
rod Γ(L2)-converges toI0. For the argument, we first note that for all

x1 ∈ ω, ε > 0 andK ∈ Skew(3) we have

(82) Qrod(x1/ε,K) & |K|2.
Indeed, this directly follows from Proposition2.13(c). For theΓ-convergence statement, we have
to show the following two properties from the sequential characterization ofΓ-convergence inL2:

– (Lower bound). For all sequences(uε, Rε) ∈ L2(Ω,R3) × L2(Ω,M3) converging inL2

to some(v,R) it is

lim inf
ε→0

Iε
rod(u

ε, Rε) ≥ I0(v,R).

– (Recovery sequence). For all(v,R) ∈ Arod there exists a sequence of rod configurations
(uε, Rε) ⊂ Arod such that(uε, Rε) → (v,R) in L2 and

lim
ε→0

Iε
rod(u

ε, Rε) = I0(v,R).

We only prove the lower bound statement. The construction of recovery sequences is easy and
left to the reader. It suffices to consider the case where(uε, Rε) is a sequence of rod con-
figurations andIε

rod(u
ε, Rε) converges to a finite number. By (82) we can pass to a subse-

quence (not relabeled) such thatKε := (Rε)tRε
,1 weakly two-scale converges inL2 to a field

K̂ ∈ L2(ω×Y, Skew(3)). SetK(x1) :=
´

Y K̂(x1, y) dy. By construction there exists a mapping

Ψ ∈ L2(ω,H1(Y, Skew(3))) with K̂ = K + ∂yΨ. Thus, by the lower semi-continuity of convex
integral functionals w. r. t. weak two-scale convergence we get

lim inf
ε→0

Iε
rod(u

ε, Rε) = lim inf
ε→0

ˆ

ω
Qrod(x1/ε,K

ε) dx1 ≥
¨

ω×Y
Qrod(y,K + ∂yΨ)dy dx1

≥
ˆ

ω
Qhom◦ rod(K) dy =

ˆ

ω
Q0(K) dy.

Since(v,R) is a rod configuration andK = RtR,1, the right-hand side is equal toI0(v,R) which
completes the argument. �
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5.1. An explicit formula for isotropic materials. Assume that (B1) and (B2) are satisfied. For
isotropic materials the energy densityQ takes the form

(83) Q(y,G) = 2µ(y)| symG|2 + λ(y)(traceG)2

whereµ andλ are non-negative, measurable,Y -periodic functions withess infR(2µ+ λ) > 0. In
the following we prove an explicit formula forQγ in the regimesγ ∈ {0,∞}. For convenience
we introduce some notation. We setm := 2µ + λ and for scalar fieldsρ : Y → R+ we write
〈ρ〉 :=

´

Y ρ dy and〈ρ〉hom :=
〈
ρ−1
〉−1

to denote the average and the harmonic mean, respectively.
Moreover, we introduce two quadratic functionals that only depend on thegeometry ofS: for
κ2, κ3 ∈ R andτ ∈ R define

qS,1(τ) :=

(
inf

ϕ∈H1(S)
|
(
∂2ϕ | ∂3ϕ

)
+
(
dS · e3 | − dS · e2

)
|2 dx̄

)
τ2

qS,2(κ2, κ3) :=

ˆ

S
| (κ2e2 + κ3e3) · dS(x̄) |2 dx̄

Lemma 5.4. LetQ be given by(83). Then forγ ∈ {0,∞} we have

Qγ(K) = 〈µ〉homqS,1(τ) + cγ(µ, λ)qS,2(k2, k3), K =




0 κ2 κ3
−κ2 0 τ
−κ3 −τ 0




where

cγ(µ, λ) :=





〈
µ(2µ+ 3λ)

µ+ λ

〉

hom
for γ = 0,

〈m〉hom

〈µ〉+ 〈λ〉 −
〈
λ2/m

〉

〈µ〉+ 〈λ〉+ 〈m〉hom〈λ/m〉2 − 〈λ2/m〉
for γ = ∞.

As a direct consequence of Proposition5.3and Lemma5.4we get the following:

Corollary 5.5. There exists an isotropic composite material for which dimension reduction and
homogenization do not commute in the sense thatIhom◦ rod 6= Irod◦ hom.

Proof of Lemma5.4. We introduce the following notation for matricesG ∈ M3:

G =




G11 G12 G13

G21

G31
Ĝ


 , Ĝ ∈ M2.

Let a1, . . . , a5 be inL2(Y). Fory ∈ Y andG ∈ M3 define

Q̂(y,G) = a1(y)G
2
11 + a2(y)

(
(G12 +G21)

2 + (G13 +G31)
2
)

(84)

+a3(y)| sym Ĝ|2 + a4(y)(trace Ĝ)
2 + a5(y)G11(trace Ĝ).

Step 1.A one-dimensional homogenization formula.

Let ν1, ν2 ∈ L2(Y), c1, c2 ∈ R and suppose thatν1 > 0. Then

inf
ϕ∈H1(Y)

ˆ

Y
ν1(c2 + ∂yϕ)

2 + ν2c1(c2 + ∂yϕ) dy

= 〈ν1〉homc
2
2 + 〈ν1〉hom〈ν2/ν1〉 c1c2 +

1

4

(
〈ν1〉hom〈ν2/ν1〉2 −

〈
(ν2)

2/ν1
〉)
c21.
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The argument is standard. First, we note that the associated Euler-Lagrange equation reads
´

Y (2ν1(c2 + ∂yϕ) + ν2c1 ) ∂yη dy = 0 for all η ∈ H1(Y). We deduce that

2ν1(c2 + ∂yϕ) + ν2c1 = C

for a constantC ∈ R. In order to identifyC, we divide both sides byν1, integrate overY , use the
identity

´

Y ∂yϕ dy = 0 and get〈ν1〉−1
homC = 2c2 + 〈ν2/ν1〉 c1. Now, a short computation yields

the asserted identity.

Step 2.Homogenization.

Let Q̂ be defined as in (84) and suppose thata1 > 0 anda2 > 0. Then

Q̂hom(G) = inf
φ̂∈H1(Y,R3)

Q̂(y,G+ ∂yφ̂⊗ e1) dy

= b1G
2
11 + b2

(
(G12 +G21)

2 + (G13 +G31)
2
)

+b3| sym Ĝ|2 + b4(trace Ĝ)
2 + b5G11(trace Ĝ)

where

b1 = 〈a1〉hom , b2 = 〈a2〉hom , b3 = 〈a3〉 ,

b4 = 〈a4〉+
1

4

(
〈a1〉hom〈a5/a1〉2 −

〈
a25/a1

〉)
, b5 = 〈a1〉hom〈a5/a1〉 .

For the argument we use the notationφ̂ = (φ̂1, φ̂2, φ̂3) to denote the components ofφ̂ ∈ H1(Y,R3).
By definition we have

ˆ

Y
Q̂(y,G+ ∂yφ̂⊗ e1) dy

=

ˆ

Y
a2(G12 +G21 + ∂yφ̂2)

2 dy +

ˆ

Y
a2(G13 +G31 + ∂yφ̂3)

2 dy

+ 〈a3〉 | sym Ĝ|2 + 〈a4〉 (trace Ĝ)2

+

ˆ

Y
a1(G11 + ∂yφ̂1)

2 + a5(G11 + ∂yφ̂1)(trace Ĝ) dy.

The infimum overφ̂ ∈ H1(Y,R3) can be computed by appealing to Step 1: indeed, for the first
two integrals on the right-hand side we apply Step 1 withν1 = a2, ν2 = 0, c1 = 0, c2 = G12+G21

andc2 = G13 + G31, respectively. For the third integral on the right-hand side we apply Step 1
with ν1 = a1, ν2 = a5, c1 = trace Ĝ andc2 = G11.

Step 3.Relaxation associated to reduction of the dimension.

Let Q̂ be defined as in (84). Suppose thata2 > 0 anda3 + 2a4 > 0. Then for almost everyy

Q̂rod(y,K) = inf
φ̄∈H1(S,R3)

ˆ

S
Q
(
y,K(dS ⊗ e1) +

(
0 | ∇̄φ̄

))
dx̄

=

(
a1 −

a25
2(a3 + 2a4)

)
qS,2(κ2, κ3) + a2qS,1(τ).

For the proof we follow the computation presented in [MM03]. Since the argument holds uni-
formly in y, we drop the dependency ony in our notation. To denote the components ofφ̄ ∈
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H1(S,R3) we use the notation̄φ = (φ̄1, φ̄23) with φ̄1 ∈ H1(S) and φ̄23 ∈ H1(S,R2) . Set
G = sym[K(dS ⊗ e1) +

(
0 | ∇̄φ̄

)
]. Then

G11 = (κ2e2 + κ3e3) · dS , G12 = G21 =
1

2
(∂2φ̄1 + τ(dS · e3)),

G13 = G31 =
1

2
(∂3φ̄1 − τ(dS · e2)), Ĝ = sym ∇̄φ̄23.

By definition ofQ̂ we have
ˆ

S
Q
(
K(dS ⊗ e1) +

(
0 | ∇̄φ̄

))
dx̄ =

ˆ

S
Q(G) dx̄

= a1qS,2(κ2, κ3) + a2

ˆ

S
|
(
∂2φ̄1 | ∂3φ̄1

)
+ τ
(
dS · e3 | − dS · e2

)
|2 dx̄

+

ˆ

S
a3| sym ∇̄φ̄23|2 + a4(trace ∇̄φ̄23)2 − a5(y)(κ2(dS · e2) + κ3(dS · e3))(trace ∇̄φ̄23) dx̄

≥ a1qS,2(κ2, κ3) + a2qS,1(τ) + qS,3(φ̄23, κ2, κ3)

where

qS,3(φ̄23, κ2, κ3) :=

ˆ

S
a3| sym ∇̄φ̄23|2 + a4(trace ∇̄φ̄23)2

− a5(y)(κ2(dS · e2) + κ3(dS · e3))(trace ∇̄φ̄23) dx̄.

It remains to prove that inf
φ∈H1(S,R2)

qS,3(φ, κ2, κ3) = − a25
2(a3+2a4)

qS,2(κ2, κ3). Indeed, this is true

since the minimizer is explicitly given by the function

φ =
a5

2a3 + 4a4

(
1
2κ2((dS · e2)2 − (dS · e3)2) + κ3(dS · e2)(dS · e3)
1
2κ3((dS · e3)2 − (dS · e2)2) + κ2(dS · e2)(dS · e3)

)

as can be easily checked by appealing to the associated Euler-Lagrangeequation.

Step 4.Conclusion.

We note thatQ(y,G) = Q̂(y,G) with

a1 = (2µ+ λ), a2 = µ, a3 = 2µ, a4 = λ, a5 = 2λ.

Hence, application of Step 3 yields

Qrod(y,K) = µqS,1(τ) +
µ(2µ+ 3λ)

µ+ λ
qS,2(κ2, κ3).

and the identity forγ = 0 easily follows from the one-dimensional homogenization formula in
Step 1.

Forγ = ∞, we apply Step 2 and get

Qhom(G) = 〈m〉homG
2
11 + 〈µ〉hom

(
(G12 +G21)

2 + (G13 +G31)
2
)

+2 〈µ〉 | sym Ĝ|2 + b4(trace Ĝ)
2 + b5G11(trace Ĝ)

with b4 = 〈λ〉 + 〈m〉hom〈λ/m〉2 −
〈
λ2/m

〉
andb5 = 〈m〉hom〈2λ/m〉. The asserted identity for

γ = ∞ follows by Step 3 applied toQhom. �
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6. TWO-SCALE CONVERGENCE METHODS FOR THIN DOMAINS

In this section we introduce a modified version of two-scale convergence that is tailor made for
the analysis of homogenization problems on thin domains. As a main result, we precisely identify
the structure of two-scale limits that arise along sequences of scaled gradients. As we are going to
see, the structure of the two-scale limits depends on the ratio between the fine-scalesε andh. The
methodology that we develop in this section can be applied to various problems which combine
homogenization and dimension reduction.

6.1. Definition and basic properties. Two-scale convergence was developed in [Ngu89], [All92],
and can be viewed as an intermediate convergence between strong and weak convergence inLp

with the capability to capture oscillations on a prescribed microscale. In [ADH90, BLM96] it is
noticed that two-scale convergence can be equivalently defined by appealing to a dilation operator
which associates to each function a two-scale function that explicitly depends on an additional
“fast” variable. In [CDG02] (see also [Vis06, MT07]) this approach has been investigated in a
systematic way and led to theperiodic unfolding method. For our purpose it is convenient to
introduce a periodic unfolding operator that resolves only oscillations inx1-direction.

Definition 6.1 (periodic unfolding). Let ω ⊂ R be (a possibly unbounded) open interval,S ⊂ R2

a Lipschitz domain andΩ := ω× S. The periodic unfolding of a measurable functionf : Ω → R

is given by the functionTεf : R×S×R → R,

(Tεf)(x, y) :=
{
f(ε⌊x1/ε⌋+ ε{y}, x̄) if ε⌊x1/ε⌋+ ε{y} ∈ ω,

0 else.

Above,⌊t⌋ := min{ k ≥ t : k ∈ Zd } and{t} := t− ⌊t⌋ denote the integer and fractional part of
t ∈ R, respectively. The periodic unfolding of a vector valued map is defined componentwise.

Throughout this chapter we assume thatω, S andΩ are as in the definition above. The proofs of
the following statements are similar up to minor modifications to those in the standard setting of
periodic unfolding. Therefore, we omit the proofs and refer the reader to [Vis06, MT07, CDG02].
The central property ofTε is the following integral identity.

Lemma 6.2(integral identity). For every measurable functionf : Ω → R the periodic unfolding
Tεf is measurable, and for allf ∈ L1(Ω) and positiveε it is

(85)
ˆ

Ω
f(x) dx =

¨

R×S×Y
(Tεf)(x, y) dy dx.

In particular, for all p ∈ [1,∞] the operator

Lp(Ω) ∋ f 7→ Tεf ∈ Lp(R, Lp(S×Y))

is a (non-surjective) linear isometry.

With the operatorTε at hand we can give an alternative characterization of two-scale convergence
as introduced in Definition3.4.

Proposition 6.3(definition of two-scale convergence by periodic unfolding). Let p ∈ [1,∞) and

ε
γ∼ h. Letf ∈ Lp(ω,Lp(S×Y)) and letfex denote the extension off to R× S×R by zero. For

a sequencefh ∈ Lp(Ω) the following equivalences hold:

fh
2,γ−−⇀ f in Lp ⇔ Tε(h)fh ⇀ fex weakly inLp(R, Lp(S×Y)),

fh
2,γ−−→ f in Lp ⇔ Tε(h)fh → fex strongly inLp(R, Lp(S×Y)).
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In the following we gather basic properties ofTε.

Lemma 6.4. Let p ∈ [1,∞), φ ∈ Lp(Ω, C(Y)) and setφh(x) := φ(x, x1/ε(h)). Thenφh
2,γ−−→ φ

strongly two-scale inLp.

Lemma 6.5(two-scale compactness). Every bounded sequencefh ∈ Lp(Ω), p ∈ (1,∞), admits
a weakly two-scale convergent subsequence inLp.

Lemma 6.6(two-scale convergence of products). Letp, q ∈ (1,∞) be dual exponents. Consider

sequencesfh ∈ Lp(Ω) and gh ∈ Lq(Ω). If fh
2,γ−−⇀ f weakly two-scale inLp and gh

2,γ−−→ g

strongly two-scale inLq, thenfhgh
2,γ−−⇀ fg weakly two-scale inL1.

Lemma 6.7 (two-scale compactness for functions inH1(ω)). Every bounded sequencefh ∈
H1(ω) admits a subsequence, such that

fh ⇀ f weakly inH1(ω),

∂1f
h 2,γ−−⇀ ∂1f + ∂yϕ weakly two-scale inL2,

wheref ∈ H1(ω) andϕ ∈ L2(ω,H1(Y)).

Lemma 6.8. Let p ∈ [1,∞), f ∈ Lp(Ω × Y), f̄ ∈ Lp(Ω) and letfh be a sequence inLp(Ω).
Then:

(a) If fh → f̄ strongly inLp(Ω), thenfh
2,γ−−→ f̄ strongly two-scale inLp.

(b) If fh
2,γ−−→ f strongly two-scale inLp, thenfh

2,γ−−⇀ f weakly two-scale inLp.

(c) If fh
2,γ−−⇀ f weakly two-scale inLp, thenfh ⇀ f̄ :=

´

Y f dy weakly inLp(Ω).

(d) If fh
2,γ−−⇀ f and ||fh||Lp(Ω) → ||f ||Lp(Ω×Y ), thenfh

2,γ−−→ f strongly two-scale inLp,
providedp ∈ (1,∞).

Lemma 6.9 (commutativity with superposition). Let p ∈ [1,∞], m,n ≥ 1, f : Ω → Rm and
g : Rm → Rn be measurable functions. ThenTε(g ◦ f) = g ◦ (Tεf).

6.2. Compactness for two-scale limits of scaled gradients.We are interested in the structure
of two-scale limits that arise from sequences of matrix fields of the form∇hu

h whereuh ∈
H1(Ω,R3). On a formal level the structure can be easily understood by means of the following
calculation. Consider the sequence

uε,h(x) := u(x, x1/ε) + εφ̂(x, x1/ε) + hφ̄(x, x1/ε).

whereu(x, y), φ̂(x, y), φ̄(x, y) ∈ C∞
c (Ω, C∞(Y,R3)) are smooth functions periodic iny. Sup-

pose thatlim suph→0 supx∈Ω |∇hu
ε(h),h(x)| <∞, then necessarily we haveu = u(x1) and

φ̂ = φ̂(x1, y), φ̄ = φ̄(x, y) for γ = 0,

φ̂ = φ̂(x, y), φ̄ = φ̄(x, y) for γ ∈ (0,∞),

φ̂ = φ̂(x, y), φ̄ = φ̄(x) for γ = ∞.

Moreover, we find that (withφ := φ̄+ γφ̂)

∇hf
ε(h),h 2,γ−−→ ∂1u(x1)⊗ e1 +





(
∂yφ̂(x1, y) | ∇̄φ̄(x, y)

)
for γ = 0,

(
∂yφ(x, y) | 1

γ ∇̄φ(x, y)
)

for γ ∈ (0,∞),
(
∂yφ̂(x, y) | ∇̄φ̄(x)

)
for γ = ∞,

strongly two-scale inL2. This formal observation can be made rigorous.
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Definition 6.10. We denote byFγ(S×Y) the subspace ofL2(S×Y,M3) defined by
{
F (x̄, y) =

(
∂yφ̂(y) | ∇̄φ̄(x̄, y)

)
: φ̂ ∈ H1(Y,R3), φ̄ ∈ L2(Y, H1(S,R3))

}
for γ = 0,

{
F (x̄, y) =

(
∂yφ(x̄, y) | 1γ ∇̄φ(x̄, y)

)
: φ ∈ H1(S×Y,R3)

}
for γ ∈ (0, 1),

{
F (x̄, y) =

(
∂yφ̂(x̄, y) | ∇̄φ̄(x̄)

)
: φ̂ ∈ L2(S,H1(Y,R3)), φ̄ ∈ H1(S,R3)

}
for γ = ∞.

Theorem 6.11(two-scale compactness for scaled gradients). Let γ ∈ [0,∞] andε
γ∼ h. Letuh

be a sequence inH1(Ω,R3) such that

(86) lim sup
h→0

ˆ

Ω
|uh|2 + |∇hu

h|2 dx <∞.

Then:

(a) (compactness and identification). There existu ∈ H1(ω,R3) andF ∈ L2(ω,Fγ(S×Y))

such that, up to a subsequence,uh → u strongly inL2 and

∇hu
h 2,γ−−⇀ ∂1u⊗ e1 + F weakly two-scale inL2.

(b) (approximation). For allF ∈ L2(ω,Fγ(S×Y)) there exists a sequenceφh ∈ C∞
c (ω,C∞(S̄,R3))

such that

φh ⇀ 0 weakly inH1, ∇hφ
h 2,γ−−→ F strongly two-scale inL2

and
lim sup
h→0

sup
x∈Ω

√
h
(
|φh(x)|+ |∇hφ

h(x)|
)
= 0.

For γ ∈ (0,∞) the spaceFγ(S×Y,R3) consists of scaled gradients of functions inH1(S ×
Y,R3). In the latter space an inequality of Korn-type holds:

Proposition 6.12. Letγ ∈ (0,∞) andφ ∈ H1(S×Y,R3). Set

R :=

{
ζ(x̄, y) := τ

(
0
x3

−x2

)
+ b : τ ∈ R, b ∈ R3

}
.

Then
inf
ζ∈R

‖φ+ ζ‖H1(S×Y ) .
∥∥∥sym

(
∂yφ | 1γ ∇̄φ

)∥∥∥
L2(S×Y )

where the constant only depends onS andγ.

Remark4. Theorem6.11and Proposition6.12remain valid for general cylindrical domainsΩ =
ω × S with ω ⊂ Rm andS ⊂ Rn, see [Neu10].

Proof of Theorem6.11(a). The proof is divided into three steps. In Step 1 we reduce the problem
to the caseω = R. In Step 2 we treat the contribution ofuh that is constant in cross-sectional
directions. In Step 3 we treat the reminder.

Step 1.Reduction to the caseω = R.

If (a) holds forω = R, then the statement also holds for every proper intervalω ( R. Indeed,
this follows by an extension argument: without loss of generality letω := (0, 1). We extend
uh ∈ H1(Ω,R3) by reflection to(−1, 2)× S:

ũh(x) :=





uh(x) for x ∈ Ω

uh(−x1, x̄) for x ∈ (−1, 0)× S

uh(2− x1, x̄) for x ∈ (1, 2)× S.
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Let ζ denote a[0, 1]-valued cut-off function withζ = 1 in ω and support compactly contained
in [−1, 2]. Define ûh(x) := ζ(x1)ũ

h(x) for x ∈ (−1, 2) × S and 0 otherwise. Then̂uh ∈
H1(R×S,R3) and

lim sup
h→0

ˆ

R×S
|ûh|2 + |∇hû

h|2 dx . lim sup
h→0

ˆ

Ω
|uh|2 + |∇hu

h|2 dx <∞.

By assumption we can apply (a) to the extensionûh. Hence, there existŝu and F̂ such that

∇hû
2,γ−−⇀ ∂1û ⊗ e1 + F̂ up to a subsequence. However, this directly implies weak two-scale

convergence of the sequence∇hu to the limit∂1u⊗ e1 + F with u = û|ω andF = F̂ |ω.

Step 2.Treatment of the cross-sectional average.

Let ω := R. Consider the splitting

uh =
〈
uh
〉
S
+ hůh where ůh :=

uh −
〈
uh
〉
S

h
.(87)

We claim that statement (a) holds, provided that

(88) h∇hů
h 2,γ−−⇀ F weakly two-scale inL2

for a subsequence and someF ∈ L2(ω,Fγ(S × Y)).

Indeed, by assumption (86) the sequence
〈
uh
〉
S

is bounded inH1(ω,R3). Hence, by Lemma6.7
there existsu ∈ H1(ω,R3) andϕ ∈ L2(ω,H1(Y,R3)) such that (for a further subsequence)〈
uh
〉
S
⇀ u weakly inH1 and∂1

〈
uh
〉
S

2,γ−−⇀ ∂1u+ ∂yϕ weakly two-scale inL2. Combined with

(87) and (88) we find that∇hu
h 2,γ−−⇀ ∂1u⊗e1+∂yϕ⊗e1+F . Since∂yϕ⊗e1 ∈ L2(ω,Fγ(S×Y)),

statement (a) follows.

Step 3.Conclusion.

It remains to prove (88) in the caseω = R. For the argument we introduce the mappings

Uh := Tε(h)ůh, V h :=
h

ε(h)

(
Uh −

ˆ

Y
Uh dy

)
.

Sinceω = R, we haveUh, V h ∈ L2(R, H1(S×Y,R3)). An elementary calculation shows that
almost everywhere inΩ× Y we have

(89) Tε(h)(h∂1ůh) =
h

ε(h)
∂y
(
Tε(h)ůh

)
= ∂yV

h and Tε(h)(∇̄ůh) = ∇̄Uh.

Hence, it suffices to identify the limit of the sequencesUh andV h. We proceed in three steps.

Step 3a.We claim that

lim sup
h→0

¨

Ω×Y
|Uh|2 + |∇̄Uh|2 dy dx <∞,(90a)

lim sup
h→0

¨

Ω×Y
|V h|2 + |∂yV h|2 dy dx <∞.(90b)

This can be seen as follows: Since
´

S ů
h(x1, x̄) dx̄ = 0, Poincaŕe’s inequality yields||̊uh||L2(Ω) .

||∇̄ůh||L2(Ω). Thus, by appealing to the integral identity (85) and (89) we get
¨

Ω×Y
|Uh|2 + |∇̄Uh|2 dy dx =

ˆ

Ω
|̊uh|2 + |∇̄ůh|2 dx .

ˆ

Ω
|∇̄ůh|2 dx ≤

ˆ

Ω
|∇hu

h|2 dx.
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Similarly, we have
¨

Ω×Y
|V h|2 + |∂yV h|2 dy dx

Poincaŕe
.

¨

Ω×Y
|∂yV h|2 dy dx (89)

=

ˆ

Ω
|h∂1ůh|2 dx

(87)
≤ 2

ˆ

Ω
|∂1uh|2 dx.

Thus, (90a) and (90b) follow from the previous two estimates and assumption (86).

Step 3b.We argue that

(91)
Uh ⇀ U weakly inL2(ω × Y,H1(S,R3)),

V h ⇀ V weakly inL2(Ω, H1(Y,R3)).

for a subsequence and

(92)

U ∈





L2(ω × Y,H1(S,R3)) for γ = 0,

L2(ω,H1(S×Y,R3)) for γ ∈ (0,∞),

L2(ω,H1(S,R3)) for γ = ∞,

V ∈





L2(ω,H1(Y,R3)) for γ = 0,

L2(ω,H1(S×Y,R3)) for γ ∈ (0,∞),

L2(ω,H1(S×Y,R3)) for γ = ∞.

Indeed, as a direct consequence of (90a), (90b) and the property that bounded sequences inL2(ω×
Y,H1(S,R3)) (resp.L2(ω,H1(Y,R3)) ) are precompact with respect to weak convergence, (91)
holds forU ∈ L2(ω×Y,H1(S,R3)) andV ∈ L2(Ω, H1(S×Y )).

Proof of (92) for γ = 0: We haveh/ε(h) → 0 for γ = 0. Therefore the definition ofV h and
the boundedness ofUh as a sequence inL2 immediately imply thatV = 0. This completes the
argument forγ = 0.

Let us consider the caseγ > 0. We argue thatV ∈ L2(ω,H1(S×Y,R3)), that isV (x, y) is
periodic iny. It suffices to show that

(93)
ˆ

Ω
(V (x, 1)− V (x, 0)) · ψ(x) dx = 0 for all ψ ∈ C∞

c (Ω,R3).

Indeed, we have
ˆ

Ω
(V (x, 1)− V (x, 0)) · ψ(x) dx =

ˆ

Ω

ˆ 1

0
∂yV (x, y) · ψ(x) dy dx

= lim
h→0

¨

Ω×Y
∂yV

h · (Tε(h)ψ) dy dx.

The last line follows from (91) andTε(h)ψ → ψ strongly inL2(Ω×Y,R3). On the other hand, by
(89), Lemma6.2and integration by parts we get

¨

Ω×Y
∂yV

h · (Tε(h)ψ) dy dx = h

ˆ

Ω
∂1ů

h · ψ dx = −h
ˆ

Ω
ůh · ∂1ψ dx.

BecauseUh is the periodic unfolding of̊uh, the sequence̊uh is bounded inL2(Ω,R3) by (90a)
and we deduce that the right-hand side of the previous identity vanishes for h → 0. This proves
(93).

Proof of (92) for γ ∈ (0,∞): by appealing to the definition ofV h we deduce thatU = 1
γV +

´

Y U dy. As a consequence we getU, V ∈ L2(ω,H1(S×Y,R3)), which completes the proof for
γ ∈ (0,∞).
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Proof of (92) for γ = ∞: it remains to show thatU(x, y) is independent ofy. Here comes the
argument: Set̄Uh :=

´

Y U
h dy. By Poincaŕe’s inequality we have

¨

Ω×Y
|Uh(x, y)− Ūh(x)|2 dy dx .

¨

Ω×Y
|∂yUh(x, y)|2 dy dx

=
ε(h)2

h2

¨

Ω×Y
| h
ε(h)∂yU

h|2 dy dx =
ε(h)2

h2

¨

Ω×Y
|∂yV h|2 dy dx.

The right-hand side vanishes ash→ 0 due to (90b) and ε(h)
h → 0. ThusU(x, ·) =

´

Y U(x, y) dy
and we deduce thatU(x, y) is independent ofy.

Step 3c.We prove (88). By (89), (91) and Proposition6.3we find that, up to a subsequence,

h∇hů
h 2,γ−−⇀

(
∂yV | ∇̄U

)

whereU, V are chosen according to (92). It suffices to argue that the matrix field on the right-hand
side belongs toL2(ω,Fγ(S × Y)). Indeed, forγ ∈ {0,∞} this directly follows from (92), while
for γ ∈ (0,∞) this is implied by (92) and the identityU = 1

γV +
´

Y U dy. �

Proof of Theorem6.11(b). The proof is divided into two steps. In Step 1 we present a construction
for smooth functions. In Step 2 we prove the statement by appealing to a diagonal-sequence
construction.

Step 1.Smooth approximation.

Let

(94)

φ̂ ∈
{
C∞
c (ω,C∞(Y,R3)) for γ = 0,

C∞
c (ω,C∞(S̄×Y,R3)) for γ = ∞,

φ̄ ∈
{
C∞
c (ω,C∞(S̄×Y,R3)) for γ = 0,

C∞
c (ω,C∞(S̄,R3)) for γ = ∞,

φ ∈ C∞
c (ω,C∞(S̄×Y,R3)) for γ ∈ (0,∞).

Set

(95) φh(x) :=





ε(h)φ̂(x1, x1/ε(h)) + hφ̄(x, x1/ε(h)) for γ = 0,

ε(h)φ(x, x1/ε(h)) for γ ∈ (0, 1),

ε(h)φ̂(x, x1/ε(h)) + hφ̄(x) for γ = ∞.

It is straightforward to check that

φh ⇀ 0 weakly inH1(Ω,R3),

∇hφ
h 2,γ−−→





(
∂yφ̂(x1, y) | ∇̄φ̄(x, y)

)
for γ = 0

(
∂yφ(x, y) | 1

γ ∇̄φ(x, y)
)

for γ ∈ (0,∞)
(
∂yφ̂(x, y) | ∇̄φ̄(x)

)
for γ = ∞





strongly two-scale inL2,

and
lim sup
h→0

sup
x∈Ω

√
h
(
|φh(x)|+ |∇hφ

h(x)|
)
= 0.

Step 2.Conclusion.

LetF ∈ L2(ω,Fγ(S×Y)) and choosêφ, φ̄ andφ according to Definition6.10. If φ̂, φ̄ andφ were
smooth, we could directly conclude by appealing to Step 1. In the general case we proceed by



RIGOROUS DERIVATION OF A HOMOGENIZED THEORY FOR RODS 45

approximation and extraction of a diagonal sequence. To this end letδ > 0. By density we can
find functionsφ̂δ, φ̄δ (resp.φδ) according to (94), such that

δ ≥





‖φ̂δ − φ̂‖L2(ω,H1(Y )) + ‖φ̄δ − φ̄‖L2(ω×Y,H1(S)) for γ = 0,

‖φδ − φ‖L2(ω,H1(S×Y )) for γ ∈ (0,∞),

‖φ̂δ − φ̂‖L2(ω,H1(Y )) + ‖φ̄δ − φ̄‖L2(ω,H1(S)) for γ = ∞.

Set

F δ :=

{(
∂yφ̂

δ | ∇̄φ̄δ
)

for γ ∈ {0,∞},
(
∂yφ

δ | 1γ ∇̄φδ
)

for γ ∈ (0,∞),

and letφδ,h be defined as in (95) with φ̂, φ̄, φ replaced bŷφδ, φ̄δ, φδ. Set

ρδ,h := ||φδ,h||L2(Ω) + ||Tε(h)∇hφ
δ,h − F ||L2(R×S×Y ) +

√
h
(
||φh||L∞(Ω) + ||∇hφ

δ,h||L∞(Ω)

)
.

Then Step 1 implies thatlim suph→0 ρδ,h = ||F δ −F ||L2(R×S×Y ). Since||F δ −F ||L2(R×S×Y ) ≤
δ by construction, we deduce thatlim supδ→0 lim suph→0 ρδ,h = 0. Thus, by appealing to
Lemma4.7 we can extract a diagonal sequenceδ(h) such thatρδ(h),h → 0 ash → 0. The
latter directly implies that the sequenceφh := φδ(h),h fulfills the claimed properties. �

Proof of Proposition6.12. Let us first remark that it suffices to prove the statement forγ = 1.
Indeed, forγ 6= 1 consider the scaled functionφγ ∈ H1(γS×Y,R3) defined byφγ(x̄, y) :=
φ( 1γ x̄, y). Since∂yφγ(γx̄, y) = ∂yφ(x̄, y) and∇̄φγ(γx̄, y) = 1

γ ∇̄φ(x̄, y), the desired estimate for
φ follows from the statement applied withγ = 1 and a change of coordinates.

From now on letγ = 1. For convenience we use the notation∇̃ :=
(
∂y | ∇̄

)
and introduce the

mapping

d(x̄, y) :=




y
x2
x3


− c wherec ∈ R3 is chosen such that

¨

S×Y
d dy dx̄ = 0.

Our proof starts with the classical Korn inequality: up to a constant that onlydepends on the
geometry ofS we have

(96) min
ζ∈R0

||φ− ζ||H1(S×Y ) . || sym ∇̃φ||L2(S×Y )

whereR0 :=
{
ζ0(x̄, y) = Kd(x̄, y) + b with K ∈ Skew(3), b ∈ R3

}
. Obviously,R0 endowed

with the inner product ofH1(S×Y,R3) is a Hilbert space. SinceR is a closed subspace ofR0 we
can representR0 by the orthogonal decomposition

R0 = R⊕R1

whereR1 denotes the orthogonal complement ofR in R0. Let PR, PR0 andPR1 denote the
orthogonal projections ontoR,R0 andR1, respectively. Our argument relies on the orthogonal
decomposition

(97) φ = ψ + PR0φ = ψ + PRφ+ PR1φ.

By orthogonality of the terms in (97) and Pythagoras’ Theorem we have

min
ζ∈R

||φ− ζ||2H1(S×Y ) ≤ ||φ− PRφ||2H1(S×Y ) = ||ψ + PR1φ||2H1(S×Y )(98)

= ||ψ||2H1(S×Y ) + ||PR1φ||2H1(S×Y ).
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Hence, we only need to show that the right-hand side is controlled by|| sym ∇̃φ||2L2(S×Y ). The
estimate ofψ is easy: by orthogonality the left-hand side in (96) is minimized precisely by the
orthogonal projection ofφ ontoR0. Hence,

(99) ||ψ||2H1(S×Y )

(97)
= ||φ−PR0φ||2H1(S×Y )

orth.
= min

ζ∈R0

||φ+ ζ||2H1(S×Y )

(96)
. || sym ∇̃φ||2L2(S×Y ).

It remains to estimateζ1 := PR1φ. In view of (99), it suffices to show that

(100) ||ζ1||2H1(S×Y ) . ||ψ||2H1(S×Y ).

We prove this estimate in two steps: First, we show that

(101) ||ζ1||2H1(S×Y ) .

ˆ

S
|ζ1(x̄, 1)− ζ1(x̄, 0)|2 dx̄

and secondly we argue that

(102)
ˆ

S
|ζ1(x̄, 1)− ζ1(x̄, 0)|2 dx̄ =

ˆ

S
|ψ(x̄, 1)− ψ(x̄, 0)|2 dx̄.

Clearly, by combining both steps we find that||ζ1||2H1(S×Y ) .
´

S |ψ(x̄, 1) − ψ(x̄, 0)|2 dx̄ .

||ψ||2H1(S×Y ) and (100) follows.

We prove (101). It is easy to check thatζ1 takes the form

ζ1(x̄, y) =
(
skw(κ1e1 ⊗ e2 + κ2e1 ⊗ e3)

)
d(x̄, y)

for some constantsκ1, κ2 ∈ R. In particular the integral mean ofζ1 vanishes. Hence,

(103) ||ζ1||2H1(S×Y ) .

¨

S×Y
|∇̃ζ1|2 dy dx̄ . |S × Y |(κ21 + κ22).

On the other hand, a direct calculation shows thatζ1(x̄, 1)− ζ1(x̄, 0) = −1
2(κ1e2 + κ2e3). Thus,

´

S |ζ1(x̄, 1)−ζ1(x̄, 0)|2 dx̄ = |S|
4 (κ21+κ

2
2). Together with (103) the desired estimate (101) follows.

It remains to prove (102). Recalling the definition ofR we find thatζ(x̄, y) does not depend ony.
Sinceφ, as a function inH1(S×Y,R3), is periodic iny, we deduce that the differencef = φ− ζ
is periodic iny as well. By (97) we haveψ + ζ1 = φ− ζ = f . Thus,

(
ψ(x̄, 1) + ζ1(x̄, 1)

)
−
(
ψ(x̄, 0) + ζ1(x̄, 0)

)
= f(x̄, 1)− f(x̄, 0) = 0

almost everywhere inS. Obviously, this impliesψ(·, 1)− ψ(·, 0) = −
(
ζ1(·, 1)− ζ1(·, 0)

)
almost

everywhere in̄x and (102) follows.

�

APPENDIX A. PROOF OFLEMMAS 4.2 AND 4.3

Proof of Lemma4.2. The proof will be divided into six steps. The construction in Step 2 - Step 4
is adapted from [FJM02, MM03].

Step 1.Extension ofuh.

Setω∗ := (−2h, 1 + 2h) andΩ∗ := ω∗ × S. We assert that there exists an extensionuh∗ ∈
H1(Ω∗,R

3) of uh such that

(104)
ˆ

Ω∗

dist2(∇hu
h
∗ , SO(3)) dx .

ˆ

Ω
dist2(∇hu

h, SO(3)) dx.

We postpone the argument to the end of the proof.

Step 2.Construction of the piecewise affine rotation field.
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For ξ ∈ hZ defineQ(ξ) := [ξ, ξ + h)×S andQ̂(ξ) := [ξ − h, ξ + h) × S. Let Z denote the
smallest subset ofhZ such thatΩ ⊂ ⋃ξ∈Z Q(ξ). We note that by construction we have

(105) Q(ξ) ⊂ Q̂(ξ) ⊂ Ω∗ for all ξ ∈ Z.

For ξ ∈ Z let r(ξ) andr̂(ξ) denote rotations with

(106) r(ξ) ∈ argmin
R∈SO(3)

ˆ

Q(ξ)

|∇hu
h
∗(x)−R|2 dx, r̂(ξ) ∈ argmin

R∈SO(3)

ˆ

Q̂(ξ)

|∇hu
h
∗(x)−R|2 dx.

We defineRh
pc : R → SO(3) as follows. For everys ∈ [ξ, ξ + h) with ξ ∈ Z, setRh

pc(s) := r(ξ).
Then extendRh

pc to R by constancy. By constructionRh
pc is piecewise constant and its jumpset is

a subset ofhZd.

Step 3.Estimate of the approximation error.

We assert that

(107)
ˆ

Ω
|Rh

pc −∇hu
h|2 dx .

ˆ

Ω
dist2(∇hu

h, SO(3)) dx.

For the proof introduce the rescaled mapvh : ω∗ × (hS) → R3, vh(x1, x̄) := uh∗(x1,
1
h x̄). For all

ξ ∈ Z we have
ˆ

U(ξ)
|r(ξ)−∇hu

h
∗ |2 dx =

1

h

ˆ

(ξ,ξ+h)×(hS)
|r(ξ)−∇vh|2 dx(108)

Theorem4.1& (106)
.

1

h

ˆ

(ξ,ξ+h)×(hS)
dist2(∇vh, SO(3)) dx

=

ˆ

Q(ξ)
dist2(∇hu

h
∗ , SO(3)) dx.

Because(ξ, ξ+h)× (hS) can be written as a translation and uniform dilation of the set(0, 1)×S,
the constant in the inequality above indeed only depends onS and is independent ofh. Similarly,

(109)
ˆ

Q̂(ξ)
|̂r(ξ)−∇hu

h
∗ |2 dx .

ˆ

Q̂(ξ)
dist2(∇hu

h
∗ , SO(3)) dx.

Now, estimate (107) follows by summing (108) overξ ∈ Z, the definition ofRh
pc and (104).

Step 4.Estimate of the variation ofRh
pc.

We prove that

(110) h
∑

ξ∈hZ

|[[Rh
pc(ξ)]]|2 .

ˆ

Ω∗

dist2(∇hu
h
∗ , SO(3)) dx.

First, we note that
∑

ξ∈hZ |[[Rh
pc(ξ)]]|2 =

∑
ξ∈Z− |r(ξ) − r(ξ−h)|2 whereZ− = Z \ {minZ}.

Hence, by (104), it suffices to show that

(111) h |r(ξ)− r(ξ−h)|2 .
ˆ

Q̂(ξ)
dist2(∇hu

h
∗ , SO(3)) dx for all ξ ∈ Z−.
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This can be seen as follows: by construction, the setQ(ξ) ∪Q(ξ − h) is contained inQ̂(ξ) for all
ξ ∈ Z−. Thus,

h|r(ξ)− r(ξ−h)|2 . h|r(ξ)− r̂(ξ)|2 + h|̂r(ξ)− r(ξ − h)|2

.

ˆ

Q(ξ)
|r(ξ)− r̂(ξ)|2 dx+

ˆ

Q(ξ−h)
|̂r(ξ)− r(ξ − h)|2 dx

≤
ˆ

Q(ξ)
|r(ξ)−∇hu

h
∗(x)|2 dx+

ˆ

Q̂(ξ)
|̂r(ξ)−∇hu

h
∗(x)|2 dx

+

ˆ

Q̂(ξ)
|̂r(ξ)−∇hu

h
∗(x)|2 dx+

ˆ

Q(ξ−h)
|r(ξ − h)−∇hu

h
∗(x)|2 dx

.

ˆ

Q̂(ξ)
dist2(∇hu

h
∗ , SO(3)) dx.

In the last line we appealed to estimates (108) & (109) and used again thatQ(ξ)∪Q(ξ−h) ⊂ Q̂(ξ).
This completes the argument.

Step 5.Boundary condition.

Suppose thatuh ∈ Ah
(v0,R0)(Ω), that is

(112) uh(0, x̄) = v0 + hR0
dS(x̄) almost everywhere inS.

We assert that in this caseRh
pc can be chosen such thatRh

pc = R0 in [0, h). A close look to the
estimates in Step 3 and 4 shows that it suffices to argue that

|Rh
pc(0)−R0|2 . 1

h

ˆ

Q(0)
|∇hu

h −Rh
pc(0)|2 dx.

This can be seen as follows: set

Vh : (0, 1)× S → R3, Vh(x) :=
1

h
uh(hx1, x̄)−Rh

pc(0)
(
dS(x̄) + x1e1

)
+ V̄ h

whereV̄ h ∈ R3 is chosen such that
´

(0,1)×S Vh dx = 0. By (112) we have
ˆ

{0}×S
|V h|2 dx̄ =

ˆ

{0}×S
|(R0 −Rh

pc(0))dS(x̄) + h−1u0 + V̄ h|2 dx̄

≥
ˆ

{0}×S
|(R0 −Rh

pc(0))dS(x̄)|2 dx̄.

The last estimate is valid by orthogonality (indeed, we have
´

S dS dx̄ = 0 andh−1u0 + V̄ h is
constant). BecauseR0 − Rh

pc(0) is a difference of two rotations, we have|R0 − Rh
pc(0)|2 .

|(R0 −Rh
pc(0))(e2 + e3)|2 and consequently

|R0 −Rh
pc(0)|2 .

ˆ

{0}×S
|V h|2 dx̄.

On the other hand, forV h ∈ H1((0, 1)× S) the trace operator is continuous and we get
ˆ

{0}×S
|V h|2 dx̄ . ||V h||2H1

Poincaŕe
.

ˆ

(0,1)×S
|∇V h|2 dx

=
1

h

ˆ

(0,h)×S
|∇hu

h(x)−Rh
pc(0)|2 dx.

Step 6.Proof of Step 1.
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Assume thath < 1. We only discuss the extension ofuh to the domain(−2h, 1) × S, since the
extension to(0, 1 + 2h)× S can be constructed similarly. Letvh denote the rescaled deformation

vh : ω × (hS) → R3, vh(x1, x̄) := uh(x1,
1
h x̄)

For x ∈ (0, h)×hS, setw(x) := vh(x) − R0x whereR0 ∈ SO(3) minimizes the function
SO(3) ∋ R 7→

´

(0,h)×(hS) |∇vh − R|2 dx. We extendw to the domainR×hS by reflection and
periodicity:

w(x1, x̄) :=

{
w(x1 + 2ξ, x̄) for x1 ∈ (−2ξ,−2ξ + h) for someξ ∈ hZ,

w(2ξ − x1, x̄) for − x1 ∈ (−2ξ,−2ξ + h) for someξ ∈ hZ.

Note that the mapw is 2h-periodic inx1 and satisfies
ˆ

(−2h,0)×hS
|∇w|2 dx = 2

ˆ

(0,h)×hS
|∇w|2 dx = 2

ˆ

(0,h)×hS
|∇v −R0|2 dx

.

ˆ

(0,h)×(hS)

dist2(∇vh(x), SO(3))2 dx.

The last estimate is a consequence of the geometric rigidity estimate and the constant only depends
on the geometry ofS, because the domain(0, h)×(hS) is obviously a uniform dilation of(0, 1)×
S. Now, forx ∈ (−2h, 1)× S define

uh∗(x) :=

{
uh(x) for x ∈ Ω

w(x1, hx̄) +R0(x1e1 + x2e2 + hx3e3) for x ∈ (−2h, 0]× S.

By construction we have
ˆ

(−2h,1)×S
dist2(∇hu

h
∗ , SO(3)) dx .

ˆ

Ω
dist2(∇hu

h, SO(3)) dx.

�

Proof of Lemma4.3. It suffices to prove the following statement. For allR̃ ∈ SO(3) \ {I} there
exists a smooth functionR : [0, 1] → SO(3) with R(0) = I,R(1) = R̃,R(s)tR,1(s) = K̃ and

(113) sup
s∈[0,1]

|R,1(s)|2 . |R̃− I|2.

Here comes the argument: Fore ∈ R3, |e| = 1, andα ∈ R, let Rot(e, α) denote the rotation in
SO(3) about axise ∈ R3 and angleα, that is

Rot(e, α) := I + sinαNe + (1− cosα)N2
e

whereNe ∈ Skew(3) is defined byNea := e × a for all a ∈ R3. (The formula above is called
Rodrigues’ rotation formula). Letα ∈ [0, π] ande ∈ R3, |e| = 1, denote the unique angle and
axis such that̃R = Rot(e, α) and set

R(s) := Rot(e, sα) for s ∈ [0, 1].

Obviously,R : [0, 1] → SO(3) is smooth andR(0) = I, R(1) = R̃. A direct computation shows
that

R,1(s) = ∂sRot(e, sα) = α(cos(sα)Ne + sin(sα)N2
e
).

Using thatN t
e
= N3

e
= −Ne, we easily get(RtR,1)(s) = αNe =: K, which is a constant

skew-symmetric matrix. It remains to prove (113). SinceR(s) ∈ SO(3) we have

|R,1(s)|2 = |Rt(s)R,1(s)|2 = |K|2 = |αNe|2 = α2.
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Sinceα2 ∼ 1− cosα for α ∈ [0, π], it suffices to prove that|R− I|2 ∼ 2(1− cosα). Here comes
the argument:

|R− I|2 = sup
|b|=1

|(R− I)b|2 = sup
|b|=1

| sinαNeb+ (1− cosα)N2
e
b|2

≤ sin2 α+ (1− cosα)2 ≤ 2(1− cosα)

where the second line follows by orthogonality ofNeb andN2
e
b for b ∈ R3. For the opposite

estimate letb ∈ R3, |b| = 1, be orthogonal toe. Then|Neb| = |N2
e
b| = 1 and

|R− I|2 ≥ |(R− I)b|2 = | sinαNeb+ (1− cosα)N2
e
b|2

= sin2 α+ (1− cosα)2 = 2(1− cosα).

�
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