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DERIVATION OF A HOMOGENIZED VON-KARMAN PLATE THEORY FROM 3D

1.
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NONLINEAR ELASTICITY

STEFAN NEUKAMM AND IGOR VELCIC

Abstract. We rigorously derive a homogenized von-Kérman plate theory as a I'-limit from non-
linear three-dimensional elasticity by combining homogenization and dimension reduction. Our
starting point is an energy functional that describes a nonlinear elastic, three-dimensional plate
with spatially periodic material properties. The functional features two small length scales: the
period ¢ of the elastic composite material, and the thickness h of the slender plate. We study
the behavior as ¢ and h simultaneously converge to zero in the von-Karmén scaling regime. The
obtained limit is a homogenized von-Karmdan plate model. Its effective material properties are
determined by a relaxation formula that exposes a non-trivial coupling of the behavior of the out-
of-plane displacement with the oscillatory behavior in the in-plane directions. In particular, the
homogenized coefficients depend on the relative scaling between h and ¢, and different values
arise for h < ¢, e ~ hand € < h.

Keywords: elasticity, dimension reduction, homogenization, von-Kdrman plate theory, two-scale
convergence.

2010 Mathematics Subject Classification: 35B27, 49]J45, 74E30, 74Q05.

Contents

Introduction

Notation

2. General framework and main results

3. Two-scale identification of the nonlinear strain

4. Proofs

4.1. Proof of Proposition 3.1

4.2. Proof of Proposition 3.3 and Lemma 3.5
4.3. Proof of Theorem 2.3

4.4. Proofs of Lemmas 2.2, 2.10, 2.11 and 3.4

5. Continuity of @, in v

Appendix A. Two-scale convergence methods for thin domains

A.1. Basic properties
A.2. Proof of Lemma 4.3
References

Date: August 28, 2012.

o B~ W N

11
11
15
21
24
27
31
31
34
35



2 S. NEUKAMM AND I. VELCIC
1. Introduction

We are concerned with the ansatz-free derivation of a homogenized von-Karmaén plate theory
by simultaneous homogenization and dimension reduction. Our starting point is the energy
functional from three-dimensional nonlinear elasticity:

1
1 - g HY(Qn, R?).
(1) h4|Qh|/QhW(x,Vz)d:c, 2 e H'(Q), RY)

Here ), = w x (=%, %) c R? is a cylindrical domain with thickness h < 1, z : €, — R a
deformation, and W, a non-degenerate stored energy function that periodically oscillates in
in-plane directions with period ¢ < 1. We are interested in the effective behavior when both
the thickness h and the period ¢ are small. The separate limits 4 — 0 and € — 0 are reasonably
well understood: In the seminal work by Friesecke, James and Miller [FJMO06] it is shown
that (1) I'-converges for h — 0 (and ¢ fixed) to a two-dimensional von-Karman plate theory.
Regarding the limit ¢ — 0, which is related to homogenization, the first rigorous results
relevant in nonlinear elasticity have been obtained by Braides [Bra85] and independently by
Miiller [Mul87]. They proved that under suitable growth assumptions on W, the energy (1)
I'-converges as ¢ — 0 (and h fixed) to the functional obtained by replacing W, in (1) with the

homogenized energy density given by the infinite-cell homogenization formula.

In this paper we study the asymptotic behavior when both the thickness & and the period
¢ simultaneously tend to zero. As a I'-limit we obtain a two-dimensional von-Karman plate
model with homogenized material properties. It basically takes the form

(2) / Q+(sym Vu + Vo ® Vv, V) di

where the functions u € H'(w,R?) and v € H?(w) are the scaled in-plane and out-of-plane
displacements and monitor the deviation of the deformed plate from a rigid deformation. The
expression sym Vu + %Vv ® Vu is the membrane strain, while V2v corresponds to “infinitesi-
mal” bending. The material properties are encoded in the quadratic energy density ()., which
is obtained by a relaxation and homogenization procedure from the quadratic term in the ex-
pansion of W, at identity. That relaxation exposes a non-trivial coupling of the behavior in
the out-of-plane directions with the oscillatory behavior in the in-plane directions. As a conse-
quence, (), depends on the relative scaling of h and ¢, and in particular, different expressions
arise for h < ¢, h ~ € and h > ¢. The derived relaxation formulas for ()., involve only convex
minimization over a single periodicity cell, and thus are easily computable.

The simplicity of the obtained relaxation formulas is surprising at first sight: Since the original
three-dimensional, and the obtained two-dimensional models are nonlinear, one would naively
expect that an infinite-cell relaxation formula is required. However, since we consider non-
degenerate materials, for deformations with low energy (1) is effectively a quadratic function
w. I. t. the nonlinear strain E = /(Vz)'Vz — I. As we are going to see, this “hidden con-
vexity” allows to analyze the problem with convex homogenization methods and explains the
emergence of a single-cell relaxation formula.

Our analysis follows a scheme developed by the first author in [NeulO, Neul2], and is in-
spired by [Vel]. Let us briefly describe the basic idea in the following simplified setting:
Assume that W, (z, F) = Wo(f,F), x = (Z,x3), where Wy, denotes a smooth energy density
that is [0, 1)2-periodic in #, non-degenerate, i. e. Wy(z, F) > dist>(F,SO(3)) for all F € M?,
frame-indifferent, i. e. Wy(x, RF) = Wy(z, F) for all F € M3 and R € SO(3), and mini-
mal for F = I. We are interested in the asymptotic behavior of sequences z" € H' (€, R?)
with (1) uniformly bounded in h <« 1. Since W, is non-degenerate, the associated nonlinear
strain E" = ¥¥2¥2=I is equibounded, in the sense that limsup;,_,, [, |E"|*dz < . By ap-
pealing to the polar factorization for matrices (with positive determinant), frame-indifference
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and the quadratic expansion Wy(z1, 22, I + G) = Qo(x1, 72, G) + o(|G|?) with Qo(z1,22,G) =

W(G’7 G), we get the following formal expansion of (1):

1

- h ~ - T -
h4‘Qh| a W5($,vy )de h4‘Qh| a Wg(x, (v'y ) (VZ ))dl‘
1
= — Wo(ZL 22 T+ h2E" d
A Q| a, 0(578, + ) dx
1
ST (%, 22 E") dx + higher order terms.
1| Ja,

We learn that for h < 1 the essential behavior of the non-convex energy (1) is captured by the
functional

h 1 Z2 h
(3) z H|Qh| QhQ(E,E,E)dJC.
Notice that (3) is non-convex, since z" — E" is nonlinear. However, seen as a function of the
the nonlinear strain Eh, (3) is convex and quadratic. Our treatment of the homogenization
effects crucially relies on the convexity, which, in particular, makes it convenient to apply two-
scale convergence (as introduced by [Ngu89, All92]). As a main ingredient, in Proposition 3.3
we prove a two-scale compactness result for the sequence {Eh}h>o and precisely identify the
structure of its two-scale limits. Since z" — E" is geometrically nonlinear, this task is non-
trivial. To overcome this difficulty, we establish in Proposition 3.1, based on the geometric
rigidity estimate in [FJM02], a decomposition that shows that any deformation z € H*(£,, R?)
can be written as the sum of a von-Karman ansatz and a correction that is controlled by the
energy. The identification of the two-scale limit of {Eh} n>o0 is then obtained by analyzing the
oscillatory behavior of both contributions separately.

Our analysis requires both: techniques from dimension reduction, in particular, the quantita-
tive rigidity estimate and approximation schemes developed by Friesecke, James and Miiller in
their famous work on the derivation of nonlinear plate theories [FJM02, FJMO06]; and homoge-
nization methods, in particular, two-scale convergence [Ngu89, All92] and periodic unfolding
[CDGO02, Vis06, MTO7].

To our knowledge our result is the first rigorous result combining homogenization and di-
mension reduction for plates in the von-Kérmén regime. Analogue results for the derivation
of a homogenized nonlinear bending-torsion rod theory from three-dimensional elasticity and
partial results for the more delicate case of nonlinear bending models for plates have been
obtained by the first author in [NeulO, Neul2]. A complete analysis regarding nonlinear
bending models for plate theory is work in progress. Moreover, wrinkled plates of Foppl-von-
Karman type and nonlinear weakly curved rods have been studied by the second author in
[Vell2, Vel]. Results in the membrane regime (where no linearization of the material nonlin-
earity takes place) are obtained by Braides et al. [BFF00] and Babadijan & Baia [BB06].

1.1. Notation.

- Rt := [0, +00) denotes the set of non-negative real numbers;

- e1, ey, e3 denotes the standard basis in R3;

- The components of z € R? and vector fields c are denoted by z, := x - e, and ¢, := ¢ - e,
respectively. We use the shorthand z := (1, 22).

- M, M, and M, denote the space of d x d real matrices, symmetric and skew-symmetric
d x d real matrices, respectively;

- symA = 1/2(A+ A"), skw A = (A —sym A) denote the symmetric and skew-symmetric part,
respectively:

-80(d):={RecM?: R'R =1, det R =1} is the set of rotations of R%;

- Y :=[0,1)? is the unit cell of periodicity; ) is the associated torus;
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- 9,y denotes the partial derivative of y in direction e,. We set Vy := (01y, O2y) and define
the scaled deformation gradient as V,y := (Vy, +03y).

- ¢ and h denote generic elements of vanishing sequences of positive numbers {¢} and {h},
respectively;

LP(D,R%), HY(D,RY), Wb'r(D,R%), H} (D,R%), and W, *(D, R%) denote the standard Lebesgue,
Hilbert and Sobolev spaces of maps from D to R?, and the associated subspaces of functions
vanishing on the boundary 9D (in the sense of traces); if no confusion occurs, we tacitly write
LP(D),HY(D),... or even simply L”, H', . ...

In this paper we frequently encounter function spaces of periodic functions. We denote by
Y the Euclidean space R? equipped with the torus topology, that is for all z € Z? the points
y+2z and y are identified in ). We write C()) to denote the space of continuous functions
f: R? — R satisfying f(y + 2) = f(y) for all z € Z? and set C*(Y) := C*(R?) N C(Y). Clearly,
C(Y) endowed with the norm || f|[o := sup,cy |f(y)| is a Banach space. We denote by L*()),
H'(Y) and H!(Sx)) the Banach spaces obtained as the closure of C*°()) and C*(S,C>()))
w. r. t. the norm in L2(Y), H'(Y) and H*(SxY'), respectively. For A C R? measurable and X a
Banach space, L?(A, X) is understood in the sense of Bochner. We tacitly identify the spaces
L?(A,L*(B)) and L?*(A x B) in the sense that whenever f € L?(A x B), then there exists a
function f € L2(A, L?(B)) with f = f almost everywhere in A x B.

2. General framework and main results

The three-dimensional model. Throughout the paper €2, := w x (hS) denotes the reference
configuration of a thin plate with mid-surface w C R? and (rescaled) cross-section S := (—%, %)
We suppose that w is a connected Lipschitz domain. For simplicity we assume that w is cen-

tered, that is

(4) / ( 2 )dxl drg = 0.

Deformations of the plate are described by vector fields z" : €;, — R3. Since we are interested
in the behavior h — 0, it is convenient to work on the canonical reference domain 2 := w x S.
Clearly, if z" ¢ H'(Q,,R?), then y"(2,x3) := 2z"(&, has) belongs to H'(Q,R?) and we have
Vz' (i, hx) = Vyy"(z) where V), := (V, 105) := (01,05, +03) denotes the scaled deformation
gradient.

In finite elasticity the stored energy (per unit volume) of a homogeneous plate with thickness
h deformed by 2" € H'(;,,R?), resp. by y" € H'(Q,R?), is given by an integral of the form

(5) W(Vz"(z))de = ][ W(Viy"(x)) dx.
Qp Q

Here and below f, fdxz stands for ([, d:c)_1 [ f(x)dx. We consider (composite) materials
that are non-degenerate in the sense that W (F) > Cdist*(F,SO(3)). As it was shown in
the seminal papers [FJM02] and [FJMO06] for non-degenerate materials different higher order
plate theories emerge in the zero-thickness-limit from the energy (5) scaled by certain powers
of the thickness. In this contribution we are interested in the von-Kdrman regime, which
corresponds to the scaling of (5) by h~*. For future reference let us define for y € H'(Q, R?)
and h > 0 the quantity

(6) en(y) == %/ﬂdistZ(V;Ly(x),SO(?))) dx.
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The von-Karman plate model. In [FJMO06] it is shown that a (scaled) deformation y of a
plate with small thickness and low energy, i. e. h < 1 and e, (y) < 1, approximately behaves
as

B . i hu 2 Vo
=gl )< () e ()

The deformation on the right-hand side is what is usually called a von-Karman ansatz associ-
ated with the triple

(R, u,v) € SO(3) x A(w), Aw) == {(u,v) : u € H' (w,R?), v € H*(w) }.

The expansion (7) can be interpreted as follows: On a large length scale (of the magnitude
of the plates diameter) the plate is rigidly deformed, namely translated by fQ y and rotated
by R. The deformation on scale h is described by the scaled in-plane displacement u and the
scaled out-of-plane displacement v. In [FJMO06] it is shown that for h < 1 the energy (5) scaled
by h~* essentially behaves as the von-Karman plate energy

(8) Aw) 3 (u,v) — / Qa(sym Vu + %@v ® Vv) di: + %/ Q2(V?v) d,

where y and (u, v) are related as in (7), and Q- is obtained from W by linearization at identity
and a relaxation procedure. The quantity V2v monitors the curvature of the graph (%, v(%)). In
[FJMO06] the connection between (5) and (8) is made rigorous in the sense of I'-convergence.

Precise setup and results. In this contribution we consider plates made of elastic composite
materials. Therefore, we define for ¢, h € (0, 1] the energy I=" : H*(Q,R3) — Rt U {+00},

1 .

My) =7 | Wi, £, Viy(@)) da.
Q
It models the elastic energy of a plate with mid-plane w, thickness h and a composite material
that oscillates in in-plane directions on scale e. We assume that ¢ and the thickness h are
coupled with ratio v € [0, oc], that is € := £(r) where
h
(9) en) € (0,1] forall h € [0,1], lim e(h) — 0 and lim — = 7.
h—0 h—0 g(h)

The elastic properties of the composite are described by the stored energy function Wz, y, F)
which is assumed to be [0, 1)2-periodic in “y = Z”. The precise assumptions on W are stated
in Definition 2.5 below.

In our main result we show that the effective behavior for 1™ is captured by the limiting
functional

I Aw) — RY,
IN(u,v) := / Q- (&, Vu + %@v@ Vo, V20) di.

Here the energy density (), (see Definition 2.7 below) is obtained from the stored energy
density W by a linearization at identity and a relaxation procedure that depends on the ratio
7 (the relative scaling of h and £(r)). More precisely, we prove that /") I'-converges to I
w. I. t. the following notion of convergence:

Definition 2.1. We say a sequence y" € H'(2,R?) converges to a triple (R, u,v) € SO(3) x
H'(w,R?) x H'(w), and write y" — (R, u,v), if there exist rotations {R"},~o and functions
{u}>0 € HY(w,R?), {v"} >0 C H(w) such that

a0 (B (]i oz e~ f 4 dx) _ < 7 2’;253@’ ) ,

(11)  u" = uweaklyin H'(w,R?), " ~vweaklyin H'(w) and R"'— R.
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A limit in the sense of Definition 2.1 is not unique as it stands. However, uniqueness is
obtained modulo the following equivalence relation on H'(w, R?) x H'(w):

(u1,v1) ~ (u2,v2) =
uo (1) = u A—&—A—la@aA_ t)a
2(;1:) 1(2) + ( 2 )& —v1(2) for some a € R?, A € Skew(2).
va() = vi(2) + a- &

Lemma 2.2 (uniqueness). Let (R,u,v), (R,@,7) € SO(3) x H'(w, R?) x H'(w) and consider a
sequence y" that converges to (R, u,v). Then

y" = (R,a,9) <  R=Rand(u,v)~ (@£07).
Now we are ready to state the main result:
Theorem 2.3. Let Assumption 2.8 (stated below) be satisfied.

(i) (Compactness). Let yh S Hl(Q,R3) be a sequence with equibounded energy, that is

limsup I°("-"(y") < oco. Then there exists (R,u,v) € SO(3) x A(w) such that y" —
h—0
(R,u,v) up to a subsequence.

(ii) (Invariance). For (uy,v1),(uz2,v2) € A(w) with (u1,v1) ~ (ug,v2) we have I7(uq,v1) =
I (’LLQ, 1}2).
(iii) (Lower bound). Let y" € H'(Q,R®) be a sequence satisfying limsup I*")"(y") < ooc.
h—0
Assume that y" — (R, u,v). Then
lim inf IFM P (y") > 17 (u, v).
h—0
(iv) (Recovery sequence). For all (R,u,v) € SO(3) x A(w) there exists a sequence y" €
HY(Q,R3) with

y" = (R,u,v) and  lim IFMR(yh) = 17 (u,v).
h—0

The proof of this and the following results are postponed to Section 4.

Theorem 2.3 is a convergence result in the spirit of I'-convergence. Based on Theorem 2.3, the
convergence of various minimization problems extending Z(")-* (e. g. by additional loading
terms and boundary conditions) can be analyzed by appealing to general methods from the
theory of I'-convergence. We refer to [DM93] for further details in that direction.

In the following we introduce the required assumptions and the relaxation formula defining
@ properly. We need a couple of definitions.

Definition 2.4 (nonlinear material law). Let 0 < a < § and p > 0. The class W(«, 5, p)
consists of all measurable functions W : M3 — [0, +-oc] that satisfy the following properties:

(W1) W is frame indifferent, i.e.
W(RF)=W(F) forall FcM? RcSO(3);
(W2) W is non degenerate, i.e.
W(F) > adist?(F,S0(3)) forall F € M?;
W (F) < Bdist?(F,S0(3)) for all F € M® with dist*(F,SO(3)) < p;
(W3) W is minimal at I, i.e.
W(I) = 0;
(W4) W admits a quadratic expansion at I, i.e.
W(I+G)=Q(G)+0o(G]*) forall GcM?

where Q : M® — R is a quadratic form.
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Definition 2.5 (admissible composite material). Let 0 < o < g and p > 0. We say
W:QxR2x M3 - R U {+00}
describes an admissible composite material of class W(«, 3, p) if

(i) W is almost surely equal to a Borel function on Q x R? x M3,
(i) W(-,y, F) is continuous for almost every y € R? and F € M?,
(iii) W (x,-, F) is Y-periodic for all z € Q and almost every F € M?,
(iv) W(z,y,) € W(a, B, p) for all z € 2 and almost every y € R2.

The energy density (), is obtained by relaxing @) w. r. t. certain tensor fields that capture
the oscillatory behavior of the nonlinear strain. For the precise definition of (), we need the
following:

Definition 2.6. For « € [0, co] we define the following function spaces of relaxation fields

sym V, ¢ + 23V2p 91

Lo(S x Y, M2,,) = { . (e H' (DR,

(917 gz) gs

€ H*(Y), ge L*(S xY,R?) }

v ayﬂb +c
Loo(Sx Y, M2,,) = { ) sym V6 Oyh+eo |+ ¢ e LS, HY (Y, R?)),
Vi + (€1, ¢2) c3
Y e L2(S,H'(Y)), c € L*(S, R3)}
Ly(Sx Y, M2,,) = { sym(Vy¢, 13¢) ¢ € H'(S x Y, R?) } for + € (0, 00).

Now we are in position to present the relaxation formula for @,:

Definition 2.7 (relaxation formula). Let v € [0,00] and let @ be as in Definition 2.5. Define
Q4w x M? x M? — RT by

12 ? A B) = inf 3.y, MA,B)+U) dyd
(12) Q+(%,A, B) UELW(ér;y’Mgm)/SxyQ(:v,xs,% (A,B)+U) dydxs

where A : M2 x M2 — O(S, M3),
2

(13) AMA,B) = | > (Aap—23Bagp)(ea ®ep)
a,B=1

Assumption 2.8. We suppose that
- W is an admissible composite material of class W(a, 3, p) in the sense of Definition 2.5.
- @ is the quadratic energy density associated to W through expansion (W4) in Defini-
tion 2.4.

- the fine-scales h and ¢ are coupled with ratio v € [0, o] in the sense of (9).
- @ is defined by the relaxation formula in Definition 2.7.

Eventually, we gather some basic properties of admissible W and the associated quadratic
forms Q.

Lemma 2.9. Let W be as in Definition 2.5 and let () be the quadratic form associated to W
through the expansion (W4). Then

(Q1) Q(-,vy,) is continuous for almost every y € R?,
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(Q2) Q(x,-,G) is Y -periodic and measurable for all z € Q and all F € M?,
(Q3) for all x € ) and almost every y € R? the map Q(z,y, ) is quadratic and satisfies

alsym GI* < Q(z,y,G) = Q(z,y,sym G) < B|sym G|? for all G € M.
Furthermore, there exists a monotone function r : Rt — R* U {+o0}, only depending on the
parameters «, § and p, such that r(6) — 0 as § — 0 and
(14) VG e M ¢ [W(z,y,1+G) - Q(z,y,G)| < |GI*r(|G])

for all z € Q and almost every y € R2.

(For a proof see [Neul2, Lemma 2.7].)

In the next lemma we gather some properties of the solution operator associated with the
minimization problem in Definition 2.7.

Lemma 2.10. There exists a bounded linear operator

I, : L?(w,M?) x L*(w,M?) — L*(w, L, (S x Y,MZ,))

sym

such that

(a) for all A, B € C(w,M?), the field (x,y) — IL,[A, B](z,vy) is equivalent (up to a null-set)
to a field in C(w, L, (S x Y, M2,,.)),
(b) for almost every & € w we have

Q.(3, A, B) = / Q.m0 AAB) +TL[A.B]) dry .

With the help of the previous lemma we obtain the following properties for Q):
Lemma 2.11. The mapping Q- : w x M? x M? — R satisfies

Q1) Q. is continuous
(Q+2) Q4(&,-,-) is quadratic and
@

12(| sym A|? 4 |sym B|?) < Q+(%,A,B) = Q,(Z,sym A,sym B)

A

B(|sym A* + |sym BJ?)
forall A,B ¢ M? and & € w.

3. Two-scale identification of the nonlinear strain

One of the main analytic ingredients in the proof of Theorem 2.3 is a representation of an
arbitrary 3d deformation y” as the sum of a von-Kadrmén ansatz and a higher order correction
term which is estimated by eh(yh), see (6). The representation is based on the quantitative
analysis developed in [FJMO02] and [FJMO06], and provides a refined understanding of defor-
mations with equibounded energy in the von-Karméan regime. In the following proposition we
establish this representation and provide detailed estimates that build the basis of Proposi-
tion 3.3, where the precise structure of the oscillations in the strain are identified.

Proposition 3.1. Lety € H'(,R?) and h > 0. There exist (R, u,v) € SO(3) x H'(w,R?) x
H? (w) and correctors w € H'(w), ¢ € H'(Q,R?) with

/ w =0, / ¢(Z,23)ders =0 for almost every & € w
w S

such that

—t T h%u Vo
a9 B(v=fvir)= (40, )+ (i ) (7)) +00



DERIVATION OF A HOMOGENIZED VON-KARMAN PLATE THEORY FROM 3D NONLINEAR ELASTICITY 9

and
1
(16) el oy + 10l 0y + w0l ey + ﬁ\kﬁlliz(m Sen(y) +en(y)’.

Here < means < up to a multiplicative constant that only depends on w. In addition, for all
M C w compactly contained in w we have

(17) IV20l[22(0r) + IVR@I T2 (rrxs) Sar en(y) + en(y)?
where <), means < up to a multiplicative constant that only depends on M next to w.

If the boundary of w is of class C'!, then (u,v) € A(w) and (17) holds for M replaced by w.

Remark 1. In the proof of the proposition, the out-of-plane displacement v is defined as the
solution to the minimization problem
min / Vo — p|? di:

w

veH (w)
J, v=0

where p € H'(w,R?) is given by certain entries of a scaled rotation field that approximates
Vny. The associated Euler-Lagrange equation reads

{—Av:—v-p in w

duv=p-v on Jw,

subject to fw vdr = 0. Above, v denotes the normal on dw. Since V -p € L?, we obtain by
standard local regularity estimates that v € HZ2_ (w). (17) holds for M = w, whenever the
regularity of Ow allows for an estimate of the form |[v||g2() S IV - Pll2w) + ||Pll22@w)- In
particular, this is the case when dw is C'. However, for general Lipschitz domains, we only
get v € H3/2(w) up to the boundary.

The effective behavior of composite plates that oscillate on scale ¢ crucially relies on the
oscillatory behavior of the scaled nonlinear strain which is defined for y"* € H'(Q,R3) by

(Voy")tVpyh — 1

h? '
Consider a sequences of deformations y" with low energy in the sense that ¢"(y") < C and
suppose that y" — (R, u,v). In [FJM06] it is shown that (up to a subsequence) the associated
nonlinear strain Eh(yh) weakly converges in L? to a limiting strain whose “effective” part
takes the form

E"(y") =

e
(18) E(uv) = | mVu—asVitzVoave)

0 0 0

Let us remark that the tensor field E(u,v) defined above is compatible with the equivalence
relation on A(w), indeed for (u,v), (&, 7) € A(w) we have
)

(19) (u,v) ~ (@, = E(u,v) = E(a,?).

For homogenization a finer understanding of the limiting strain is required - in particular,
a precise understanding of the strain’s oscillatory behavior is needed. As we are going to
see, the splitting in Proposition 3.1 leads to kinematic constraints for these oscillations. The
constraints are non-trivial: they depend on the ratio v and reflect the coupling between the
in-plane and out-of-plane behavior of the plate. Since the limiting energy turns out to be a
quadratic function of the strain, it suffices to understand oscillations that emerge precisely on
scale . For this reason we appeal to two-scale convergence (see [Ngu89, All92] for seminal
works on two-scale convergence). More precisely, we are going to identify the two-scale limit
of Eh(yh) along sequences of deformations with equibounded energy. For the statement we
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need a version of two-scale convergence adapted to thin domains which monitors in-plane
oscillations (i. e. w. . t. £ = (21, 2z2)) on scale ¢.

Definition 3.2 (two-scale convergence). We say a sequence g" € L%(Q) weakly two-scale
converges in L? to the function g € L?(w, L?(SxY)) as h — 0, if the sequence g" is bounded in
L?(Q2) and

li h T
h% o g (J}) ?ﬁ(l“, e(h)’

Hpde= [ g vy dydo
axy
for all ¢ € C°(Q,C(Y)). We say g, strongly two-scale converges to g if additionally

li h = ,
Lim llg"llz20) = llgllz2xv)

If no confusion occurs, we simply write ¢" 2% g in L? (resp. ¢" ~ ¢ in L?) for weak

(resp. strong) two-scale convergence in L2. For vector fields we define two-scale conver-
gence componentwise. For the reader’s convenience we gather basic properties of two-scale
convergence in the appendix and refer to [Ngu89, All92, MTO07, Vis06] for an introduction to
classical two-scale convergence, and to [NeulO], [Neul2] for two-scale convergence adapted
to thin domains.

The next proposition states that a two-scale limit of the nonlinear strain Eh(yh) has a specific
form: It can be written as a sum of an effective part in the form of E(u,v), see (18), and a
relaxation field of class L?(w, L (S x Y, M2 ), see Definition 2.6.

sym

Proposition 3.3 (Two-scale identification of limiting strain).
(i) (Identification). Let y" be a sequence in H'(f), R®) that satisfies

lim sup e" (y") < oc.
h—0

Suppose that y" — (R,u,v) for some triple (R, u,v) € SO(3) x H'(w,R?) x H!(w). Then
v € H?(w) and there exists U € L*(w, L, (S x Y,M32,,,)) such that, up to a subsequence,
E"(y") 22 E(u,v) + U  weakly two-scale in L*.
(ii) (Approximation). Let R € SO(3), (u,v) € A(w) and U € L?(w, L, (S x Y,M2)). There
exists a sequence y" that converges to (R, u,v) such that

E"(y") 22 E(u,v) + U  strongly two-scale in L2(Q x Y, M3, ),

sym
and
timsup 12| [B* (4" + | dist (V" SO(3)) 1.~ = 0.
—

In the proof of Proposition 3.3 we need the following auxiliary lemma concerning the lineariza-
tion of the matrix square root.

Lemma 3.4. Let G", K" ¢ [?(Q,M?) be such that

(20) K" is skew-symmetric and

(21) limsup ||G"|| > + || K"||p+ < oc.
h—0

Consider

VI + K" + RGN + K" + WGP~ T
2 '
(i) If limsupy,_,o(h||K" ||z + h?[|G"||1~) = 0, then

E" =

1
lim |[|[E" — (sym G" — =(K")?)||> = 0.
h—0 2
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(if) If limsup;,_ || E"|| 2 < oo, then

1
(E" — (symG" — §(Kh)2)) 0= gzl = 0.

lim
h—0

S

for all W™ (z) := W(x, J5) with ¥ € C(Q,C>(¥,M)),

For part (ii) of the proposition we have to approximate relaxation fields U € L2(w,L7(S X
Y, M2 )) by sequences of higher order terms:

sym

Lemma 3.5.
(a) Letvy € (0,00] and U € L?(w, L, (S x Y, M3, ). There exists a sequence ¢" € H'(Q,R?)

sym

such that
(al) limsup ||V, "2 < oo,
h—0
(a2) timsup { 116" |~ + |12 V5" } =0
h—0
(a3) sym V5, o" 2 U strongly two-scale in L?(Q2 x Y, ngm).

(b) Lety=0andU € L?(w, Lo(SxY,M2 )). Then there exists a function ¢ € L?(w, H*()))

sym

and a sequence ¢" € H'(Q,R3) such that (al), (a2) hold and

- 0
L2
(a3’) symV,¢" 2 U - 23VyP 0 strongly two-scale in L?(Q x Y, ngm).
0 0 O
4. Proofs

In this section we present the proofs of the previous results in the following ordering: Propo-
sition 3.1, Proposition 3.3, Lemma 3.5, Theorem 2.3 and Lemmas 2.2, 2.10, 2.11 and 3.4.

4.1. Proof of Proposition 3.1. The proof crucially relies on the following theorem by Friesecke,
James and Miiller:

Theorem 4.1. (see [F]M06, Theorem 6]) Let w C R? be a domain, = w x S. Lety €
H'(;R3). Then there exist maps R : w — SO(3), P € H'(w,M?) and a matrix R € SO(3) such
that

(22) IVay = Plizy S h'en(y),

(23) |P —RH%?(w) S hlen(y),

(24) IVP|i2y S hen(y),

(25) 1P —Rlj~, < henly)

(26) [Plrew < 1

(27) IVay = Rl:0p S hPen(y),

(28) 1P — RH%p(w) . h2en(y), Vp < oo.

Here < means < up to a multiplicative constant that only depends on w, and <, means < up
to a multiplicative constant that might depend on p in addition.

The theorem is based on the celebrated quantitative geometric rigidity estimate in [FJMO02]
and yields an approximation of V,y" by a rotation field accompanied with quantitative esti-
mates. Based on Theorem 4.1 we prove Proposition 3.1.
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Proof of Proposition 3.1. The proof is divided in five steps. In the first four steps we construct
the fields u, v, w and ¢, establish identity (15) and prove estimate (16) which basically relies
on Theorem 4.1. In Step 5 we prove estimate (17) by appealing to elliptic regularity.

Step 1. Construction of the matrix field P.

Application of Theorem 4.1 yields a rotation R € SO(3), a matrix field P € H'(w,M?) and
a rotation field R : w — SO(3) that basically approximate V,y such that V,y ~ P + O(h*)
and P ~ R+ O(h?) (see (22) - (28) for the precise estimates). By replacing y, P and R by
R'(y- foy) R'P and R'R, we can assume without loss of generality that R = I and foy=0.

We claim that
2

S en(y) +enly)”.
L2

sym (P —1I)

(29) -

Indeed, the elementary identity 2sym (P — I) = —(P' — I)(P — I) + P'P — I yields
[sym (P = I)||7> < [(P* = I)(P = )| + | P'P — I||7..

By the Cauchy-Schwarz inequality, the first term on the right-hand side can be estimated as

(28)
|(P' = D)(P ~ D)3 < [P~ T[4 < h'en(w)”.

while the second term is treated by appealing to (23) and (26)
|(P'P —I)|7: I(P—R)'P|?: + |R (P — R)| 7
2| P[P — Rl[72 +2|1P — R|72 S h'en(y).

ININA

Step 2. Construction of v and 2.

We define the scaled in-plane and out-of plane displacement u € H'(w,R?) and ¥ € H'(w) by
the identity

(30) §(3) = ]iy(fc,wg)dwg _ ( & J;M]j?;‘)(m) )

We claim that
(31) [ullFn + 1181170 S en(y) + en(y)?.

The estimate on w can be derived as follows. By appealing to fQ ydxr = 0 and assumption
(4) we find that u has zero integral mean. Hence, Poincaré’s and Korn’s inequality yield the
estimate

~

allZn < /Wuﬁdﬁg/WU—K|2d@+|K|25/|sym©u|2da:~+u<|2

where K := ch skw Vu dz. Let I denote the identity matrix in M?. We have

R 2 Jensen (27)
(32) R K|* = fskw(Vﬂf I)dz| < f \Viy — I*dz < h2epn(y).
w Q
Moreover,
N ?y — I,
[| sym VuH%z(w) = || sym <hg> ||%2(w)
A-ineq.,Jensen Vhy - P P—-1
L sy (P By +llvm (T ) o
(22),(29)

< en(y) +en(y)?,
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which completes the estimate on Vu. It remains to estimate ¥. Since ¢ has zero integral
mean, Poincaré’s inequality and (27) yield
27)

ol < [ 1992 de < o [ [y S entw)
Step 3. Construction of v and w.

In this step we decompose the out-of-plane displacement v into a contribution v (that turns
out to be of class HZ_ as we are going to see in Step 5) and a higher order correction w. To
this end set p := + (P31, P32) and let v € H'(w), [ vdZ = 0, denote the unique minimizer of

(33) / |Vo — p|? di:

amongst all functions in H!(w) with zero integral mean. We define w € H'(w) via the identity
¥ = v + hw and claim that

(34) /

Indeed, by the minimality of v we get with the trial function & — h~ 1%y,

.
(35) / V(h~'y;) —p

2
Vv—p

. dit + ||vl[ 1 + [|wl[Fn < enly).

2

G < /
w

Jensen
=
Q

9 Poincaré . 9 . 9 9
Wl = IVollze S 1Ve = pllze + [pllz-

2

Vu-p i

h

(22)

. 2
Vys — (P31, P32) dz < enly).

h2

Furthermore, we have

(35) P_1I]? @9
S eyt / di < en(y).
w
It remains to estimate w = %2
9 Poincaré N 5 1~ . )
w7 N Vw2 = 551IVo = Vo[

| 1 -
S lIVE- Bl + 51V - pliEs

(30),(35) 1 a 2
N ﬁ/ ‘Vy;s*(PShPSQ) dz + ep(y)
Jensen,(22)
< en(y).

Step 4. Definition of ¢ and proof of (15) and (16).

Let us define the corrector field ¢ € L?(2,R?) via the identity

(@ h2u 9 Vo 5
(36) y—(hm3>+<hv+h2w>—hx3< 0 )+h¢>.

Note that this is precisely (15), since we have assumed that f ydxr = 0 and R=1 In
view of (31) and (34), for (16) we only need to prove that h~ 2|\¢>|IL2(Q < en(y) + en(y)?.
By construction we have f¢ ¢(&,23)dzs = 0 and ¢(&,-) € H'(S,R?) for almost every & € w.
Hence, by Poincaré’s inequality, the desired estimate on ¢ follows from

(37) 150301720 S en(y) + en(y)?,
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which we prove in the following for each component ¢, separately. For o = 1,2 we have,
using (22), (29) and (34):

%533/& + hdyv 2

(36)
lhosgalle 2 = |
L2
2
3 %a3ya_POé3 3 Pa3+P3a ? 3 haav_PSQ 2
< 3t LT T e LT e
L2 L2 L2

< en(y) +en(y)’

For o« = 3 we have

150s¢5l7: = RT3 055 — 1I7e
2
4|1 _
< h~* Easyg—Pss +h 4HP33—1\|%2
2
(22),(23)
S en(y).

Step 5. HZ -regularity of v and proof of (17).

As a minimizer of the functional (33) the function v € H 1(w) satisfies the Euler-Lagrange
equation

/VU~V77:/p~V77 forall n € H'(w).

Since V - p € L%(w) and because w is a Lipschitz domain, elliptic regularity theory implies
that v € Hp (w), i. e. for every set M C w with dist(M,dw) > 0 we have ||V?0||r2(ar) Sur
([IV - pllz2w) + [Pl 2(w)) - By (24) and (28) that estimate turns into

(38) V20l L2ar) Sar (1Y - Pllz2 ) + 1Pl 22 () Sar en ().

If w is a domain of class C'!, then H?-regularity holds up to the boundary, and (38) is fulfilled
even for M = w. After these preliminary remarks we claim that (17) holds for every set M C w
that satisfies (38). In view of (38) and (37) we only have to show

IVl 72 (nrxs) Sar en(y)-
For the argument notice that by (30) and (36)
Oays = 0aYs — W x30250 + h*0apy  fora,B =1,2.

Hence,
Oy — 0uTs ||
L e e DR
L2
804?/[3 7P[5a 2 aayﬁ 7P,Bo¢ 2 o
S ‘ h2 ‘ hz + HVQUH%?
L2 L2
Suoen(y)

where we used (22), (31),(28) and (38). Similarly, we have by (22) and (34)

N N ~ 2
Vys — (hVv + h2Vw)

Vel = "
L2
1 le 2 11 P e e
,S ﬁ"V?J3*(P31,P32)HL2+ﬁ E(Pgl,ng)va L2+va”L2
S enl(y)
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4.2. Proof of Proposition 3.3 and Lemma 3.5. We present the proof of the two-scale identi-
fication result for the nonlinear strain. The argument relies on the representation established
in Proposition 3.1 and a two-scale identification result for scaled gradients from [NeulO] (see
Proposition A.4 in the appendix).

Proof of Proposition 3.3, part (i).
Step 1. Passage to the limit.

The boundedness lim sup I¢()-"(y") < 0o combined with the elementary inequality |V F'F —
h—0

I| < dist?(F,SO(3)) shows that the sequence E" := E"(y") is bounded in L?. Hence, by
Lemma A.3 we can pass to a weakly two-scale convergent subsequence (not relabeled). Let
E € L?(Q x yngm) denote its limit. In order to identify E we apply Proposition 3.1 and

obtain a representation of " in terms of functions R" uh, o, ¢" and w" which, in particular,
satisfy the estimate

(39) 11%1831){ "1 ) + 11" ) + 0" | @) + B[S 220
—

920" 3y + [IVh " |2 qars vy | < o0

for all M that are compactly contained in w. As a consequence, there exist a rotation R €
SO(3), functions o, ¢ € H'(w) and a vector field & € H*(w, R?) such that, up to a subsequence,

R'S>R M w'—a weaklyin H'(w,R?)

h h

(40)
v" =%  and w" —~w  weaklyin H'(w).

Averaging of (15) in z3 yields the identity

h o h _ ph i‘—|—h2uh
]iy dzs ]iy dr =R (h(vh—&—hwh) .

Combined with (40) the identity shows that y* — (R,w,?). By appealing to Lemma 2.2 we
eventually find that R = R and (u,7) ~ (u,v).

Step 2. Identification of E. Localization.

Let us split F into the averaged upper left 2 x 2 minor and the remainder:

2
B = [ Y Baslwu)eawends,  Ulay) = Blay) - Eo).
Y
a,B=1
We claim that statement (i) of the proposition follows, if for all Lipschitz domains M that are
compactly contained in w the following two statements hold:

(@) 9|y € H*(M) and E' = E(w,?) almost everywhere in M x S,
(b) for almost every & € M we have

($37y)‘—>U(i',$3,y)ELW(SXy,Mg )

Sym

Indeed, since w can be exhausted by subsets of the form M, (b) implies that (x3,y) +—
U(z,x3,y) € Ly(S x Y,M2,,) for almost every i € w. Moreover, by orthogonality, (a) and
(b) imply
NE 1220 xs) + U2 xsxv) < BTz (0

Since the right-hand side does not depend on the set M, we deduce that U € L*(w, L, (S x
Y,M2,,.)) and E’ € L*(Q). Notice that the latter implies ¢ € H*(w). Since (u,?) ~ (u,v), we
have v € H?(w) and E' = E(u,v) (see (19)). In conclusion statement (i) of the proposition
follows.

Step 3. Proof of (a) and (b) in Step 2.
Fix an arbitrary Lipschitz domain M that is compactly contained in w. In the following all
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functions (and domains of integration) are restricted to M (resp. M x S and M x S xY). By
virtue of identity (15) it is easy to check that

(R")!Vy" = I+ hK" + h2(G" + V,o")

where
—_o.oh ~ ~
o P (A
611~)h 321~)h 0 alwh 82wh 0

By estimate (39) we get v" — ¥ in H?(M) and ¢" = 0in L?(M x S x ), up to a subsequence.
Combined with the embedding H' (M) C L*(M) we deduce that

limsup(||G’h||Lz + ||Kh\|L4) < .
h—0

Hence, Lemma A.3 and Proposition A.4 yield, up to a subsequence,

Viove .
(K")? 5 K? = 0 strongly in L?(M),
00 Vi
41 Cug co. 0 2 =
(41) Gh 20 Vi — x5V 0 N V¢ — 23V
0 0 0 Vw + Vo 0

\v4 ¢h 27’)’

where ¢ € L?*(M, H*(Y,R?)), v € L2 (M, H'())), ¢ € L>(M,H*(Y)) and H € L*(M x S xY) as
in Proposition A.4 (98). Application of Lemma 3.4 (ii) yields

1
S(KM2 2N E  weakly two-scale in L2(M x S x V).

sym(Gh + sym Vh¢h) ~3

Combined with (41) we get

o - 0
_ 2
E=E(@d)+U, U :=sym VyG = osVye 0 4 sym H.
Vw+Vyp  —1|Vo|?
Since [, U, zdy = 0 for a, 3 € {1,2}, we deduce that E' = E(a,7) and statement (a) follows.

It remains to argue that U’ satisfies property (b). We treat the regimes v = 0, v € (0,00) and
v = oo separately.
Case v = 0: By (98) we have H = (@yqb(l),&),d)@)) for some " € L?(M,H'(Y)) and
¢ e L2(M x Y, H*(S)). For a = 1,2 set

Coi=Cot OV, 29, := 00w+ 0,0 +0, ¢ + 00D, g5 =LVl + 00

Then ¢ € L2(M, H' (Y,R?)), g € L*>(M x S x Y,R3) and
symV, ¢ —23V2p 91
U' = Y Y g2
(91: 92) g3

Hence, U’ € L?(M, Lo (S x Y, M3, ..)).

Case v = oco: By (98) we have H = (@y(]&(l),@gqb@)) for some ¢V € L2(M x S, H*(Y)) and
¢ e L2(M,H'(S)). For a = 1,2 set

Coi=Camadap + @), 20=0+f),  2ea=0aw+ 000, e3= 4V +Day”
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Then ¢ € L2(M x S, H (Y,R?)), ¢ € L*(M x S, H(Y)), ¢ € L*(M x S,R?®) and

- Oy, ¥ + 1
U' = ) S~ym Vil ay%/; t e
Vyw + (Cl7 62) c3
Hence, U’ € L?(M, Loo(S x Y, M2, ).

Case v € (0,00): By (98) we have H = (@ygb, %83qb) for some ¢ € L*(M, H'(S x Y,R3)). Set

~ C Igayl(,é? 81w
¢ = ¢ + ( " ) - m3811290 + 37y Oaw
1 Ly
e —3IVl
Then ¢ € L*(M, H'(S x ¥, R?)) and U’ = sym(V, ¢, L0s¢) € L*(M, L(S x ¥, R?)). O

Next, we prove the approximation result for the two-scale limit of the nonlinear strain.

Proof of Proposition 3.3, part (ii). Without loss of generality we assume that R = I.

Step 1. Construction for smooth functions and v > 0.

Let v € (0,0] and consider smooth functions v’ € C!(w,R?) and v° € C?(@). Since v > 0
the relaxation field U can be approximated by a sequence ¢)h € HY(Q,R?) in the sense of
Lemma 3.5 (a). Define

A 2,,0 é
42)  yh(z) = < v ) + < hh;f; > — h2zs < v(;’ ) — h3z4 0 + h2p".
e

hﬂ?3

We claim that

(@) " = {4 y*" dus converges to (I,u’,+°) in the sense of

limsup/ Z
Y a=1,2

2
+

— N —4,h
g —da 5 g 6
o v

Tt — Uy, dz

|
e

‘ 2

h—0
(b) We have
lim sup (h2||E5’h||Loc + || dist(Vy®h, 30(3))||Lx) ~0.
h—0
(c) E>" .= E"(y®") converges strongly two-scale in L? to
E° .= E(u’,v%) +U.

&+ h2ud

Argument for (a): We have g‘s’h = ( ot

Lemma 3.5 (a2).

) + h? £ ¢" dzs. Hence, (a) follows from

Argument for (b): By construction we have
0 0 -0
Viy" =I+hK°+1*G>"  with K°:= 0 0 =0y
311)5 321)5 0

(43)

0

0 + V5,o".
—MsV(|Veo?)  —3[Vl)?

@’Ufs — 1‘3?2’1}6
Goh =

Since u® and v% are smooth, and because of Lemma 3.5 (a2) we find that

|L<>°}:0

lim sup { B KON | + 2||GO"
h—0




18 S. NEUKAMM AND I. VELCIC

and consequently
(44) lim || dist(V,y™, SO(3))|| 1 = 0.
h—0

Recall that dist(F,SO(3)) = |V F'F — I| holds for matrices F with det F > 0. Hence, (44)
yields

h?|E%"| = |\/ (Vry®h)tV,ysh — I| = dist(V,y®", S0(3))  for h < 1,
and thus (b) follows.

Argument for (c): The combination of identity (43) with Lemma 3.5 (al), and the smoothness
of u? and v? implies

(45) limsup |G| 22 + || K*"|| 11 < oc.
h—0
By appealing to Lemma 3.5 (a3) we get
1
(46) sym GO — §(K5)2 27, go strongly two-scale in L? as h | 0.
Due to (b) and (45) we can apply Lemma 3.4 (i) and deduce that the difference between E%h

and the right-hand side in (46) strongly converges to 0 in L2. Hence, (c) follows from (46).
Step 2. Conclusion for v > 0.

The general approximation scheme is based on Step 1, a density argument and the selection
of a diagonal sequence. Let u’,v%, y>" and E° be as in Step 1. By a density argument we may
assume that

47) HU(S—UHHl(w) +||’U6—7)||H2(w) <.
Consider the quantity

9(8,h) == d(cn), E"(y°"), E) + h?||[E*"|| 1= (o)

2
+

y(s’h'fi’ yé,h, 2 R
Gt — Uq 3——1}‘ dz,

h

+/ >
wa=1,2

where 0 is defined in Lemma A.2 and characterizes strong two-scale convergence. By Step 1,
the properties of 0 (see Lemma A.2) and (47) we have

limsup limsup g(§,h) < limsup{ ||E° — E||r2(axy)
6—0

6—0 h—0
[ w0 = of i} —o

W a=1,2
Hence, by virtue of Lemma A.7 there exists a diagonal sequence, i. e. a monotone function
h +— 6(h) with 6(h) — 0 as h — 0 such that

(48) lim g(6(h), h) = 0.

h—0

Set g := y°("):h Then (48) in particular implies that d(e(n), E" (y"), E) — 0 and thus E"(y") 22
E. Moreover, (48) implies that lim sup h2||E"(y")||z~ = 0. It remains to argue that y” con-
h—0

verges to (I,u,v). To this end define @" and 4" by the identity
hoa [ @+ k(@)
]iy (&, x3) dxs = < Wt (3) .

limsupd |[@" || + |5 [a11 } < oo,
h—0

By construction we have

lim sup{ ||’ ™" — @|| 2 + [0 — 5|2 } = 0.
h—0
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Hence, (48) implies that @" — w and #" — v weakly in H', and therefore y" — (I, u,v).

Step 3. Construction for v = 0.

The general strategy of the construction is similar to the construction for v > 0 presented in
Step 1 and Step 2. Therefore, we only indicate the required modifications. In contrast to the
regimes v > 0, for v = 0 application of Lemma 3.5 (b) yields a sequence ¢>h € H'(Q,R?) with

sym Vo 22 U — 0

0 0 O

for some ¢ € L?(w, H?())). In order to capture the oscillations associated with ¢ we modify
the construction of y%” in Step 1. We only consider the smooth case where u’ ¢ C'(@,R?),
v? € C?(S) and ¢° € O (w,C>®())). The approximation in the general case can be obtained
as in Step 2 by appealing to a density argument, and the selection of a diagonal sequence as
demonstrated in Step 2. Our goal is to construct a sequence of deformations satisfying (a), (b)
and (c) of Step 1. To shorten the notation set 7. () := (&, %h)). Let y>" be given by identity
(42) and define

Dy 0 Ty + eMD1° 0 o)

gé,h(m) = yé’h(x) + $3h2€(h) a3,/2505 O Te(h) + €(h)32<P5 O Te(h)
0
0
—hen)? 0
906 O Te(h)

A direct calculation shows that

S 0
26 s
(49) Vg — Uyt = b2 x3Vyp° 0 Te(n) 0 4 hE" 4+ 2Tt
0 0 0
where
0 0 A N
K" = em 0 0 (Vig® o men)’ +em (Vo' omem)" |
—VyS05 O Me(h) — E(h)(V@‘S o 7rs(h)) 0
0
s s
T = em m?’((aﬂa"’“(p +0ays 0 )oﬂs(h))aﬁ:m 0
0 0 0

The first term on the right-hand side in (49) strongly two-scale converges to

. 0
2,0

xdvygp 0 7

0 0 O

so that it remains to argue that the second and third term of the right-hand side in (49) can
be viewed as higher order perturbations of K %h and G>" in the expansion (43). Indeed, this
the case, since by construction

~5,h L ~—5,h
K  is skew-symmetric, limsup||K ||~ = 0 and
h—0

lim sup ||[T%"|| - = 0.
h—0

Now, it is easy to check that (a), (b) and (c) of Step 2 hold for y‘”‘ replaced by ﬂé’h. O
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Proof of Lemma 3.5. In order to treat (a) and (b) in parallel, we suppose that for v = 0 the
relaxation field U € L?(w, L, (S x Y, M2 ) has the form

sym

= g1
(50) U= YmVee
(91, 92) 93

for some ¢ € L?(w, H'(Y,R?)) and g € L?(Q2 x Y,R?). Notice that this is not a restriction, since
for v = 0 we prescribe the limit only up to a term of the form

- 0
0 0 0

where ¢ € L?(w, H%())).

We claim that it suffices to prove the following: for all § > 0 there is U° € L?(Q x Y,M?) and
a sequence ¢>" € H' (2, R?) such that

(51) |U? = U2 < 6,
(52) sym Vh¢6’h 20 yd strongly two-scale in L2,
(53) limsup [|V4™"|| 22 < (|U°]|Lz,
h—0
(54) timsup { 1|6 = + [12Vag™" |1 } = 0.
h—0

Indeed, with the doubly indexed family ¢5’h and U? at hand, the conclusion follows by choos-
ing a suitable diagonal sequence. To make this precise, consider the quantity

g(6,h) := |[U° = U||2 + 0(e(n), sym V@™ U) + [|¢*"|| o + ||h2V 4" || oo,

where 0 is defined in Lemma A.2 and characterizes strong two-scale convergence. By (51),
(52) combined with Lemma A.2 and (54), we deduce that

lim sup lim sup g(é, h) = 0.
6—0 h—0

Hence, by virtue of Attouch’s diagonalization lemma (see Lemma A.7), there exists a function
h + 6(h) such that g(6(h),h) — 0. We conclude that the diagonal sequence ¢" := ¢°")"
satisfies (a2) and (a3) (resp. (a3’)). Furthermore, by construction thb‘s(h)’h’ is bounded in L2
and thus (al) follows as well.

It remains to construct U° and ¢5*h with the claimed properties. We treat the different regimes
for ~ separately.

Construction for v = (0. Consider the representation (50). Without loss of generality assume
that |, sxy ¢(Z,) = 0 for almost every & € w. Hence, Korn’s inequality yields

€l 22,12 (v)) S IUTIz2
Now choose ¢’ € C2°(w, C>®(Y,R?)) and g° € C=°(Q, C°°(Y,R?)) such that
1€° = Clle2 .oy +119° — gl < 6.

Define U? by identity (50) with ¢ and g replaced by C5 and g°, respectively. Notice that (51)
is trivially satisfied. Now, define

T3
em¢ (2, ) +2h/ ) gi(i,s,%)ds fora =1,2

o) =1, o
h/ ) g5(z, s, 6("";1))0!3 fora =3
T2
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We compute

- 291 («, {75)
v, ¢ (2, L e(ﬁ)
Vgt = | VT aghe ) |+ 0tew) + o) + 0y
0 93(z, (I))

Here O(s(;)) stands for a generic field in T" € L>*(Q,M?) with limsupy, 5, ||T [|pe <

C where C is independent of h. Since 7 = 0 corresponds to h < &(h), and because C ,
g‘S are smooth, (53) and (54) follow. The strong two-scale convergence statement (52) is a
consequence of Lemma A.1.

Construction for vy € (0,00). The argument is basically the same as the one for v = 0. There-
fore, let us only remark that U can be approximated by a relaxation field of the form

U’ = sym(V,¢°, L050"),
where ¢° € C®(w,C(S,C(Y,R?))) with fSXY¢5(£,-) = 0 for almost every & € w. The

corresponding sequence of correctors takes the form ¢°" () = e(n¢®" (z, - (”Eh) ).

Construction for v = co. The argument is similar to the previous cases. We only remark that
U can be approximated by a relaxation field of the form

S 0y, V0 + 8

S mv ) Y1 1

U° = ymvy6 Dy ® + €3
Zﬂz[}& (clv Cg) Cg

with ¢° € C2(Q,0%(V,R?)), ¢¥° € C®(Q,C®(Y)), ¢’ € CX(Q,R?). The corresponding se-
quence of correctors takes the form
+h /
1/2

#(x) 1= <00 ( 23/}5((

4.3. Proof of Theorem 2.3.

Proof of Theorem 2.3 part (i) and (ii). Statement (i) follows directly from Proposition 3.3 part
(i); indeed, by the non-degeneracy of W (see assumption (W2)), the equi-boundedness of the
energy I¢("):"(y") yields lim supy, o ¢"(y") < co. The invariance statement (ii) follows from the
elementary identities V2v; = V2uv; and A(uy,v1) = A(ug,v,) where A is defined in (13). O

For the lower bound estimate (part (iii)) and the construction of recovery sequences (part (iv))
we need the two following lemmas.

~h
Lemma 4.2 (linearization). Let {E },~o C L*(Q, M3) satisfy

~h ~h
(55) limsup [[E" ||z> < o0 and limsup 7?||E ||z~ = 0.
h—0 h—0
Then
. 1 . . L
hr}x}jgp ﬁ‘/QW(l‘, E(h),I—l—hQE(J:)) dm—/@@(x, E(h),E(Z‘))dx =0.
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Proof. We have

1 i - i
‘MAW(x,Egﬂm7I+h2E(m))dx/QQ(x,;;),E(x))dx

A-ineq. 1 & 9= 4 2
< F/Q‘W(az,m,uth E(z)) — h*Q(a, E(h),E(ac))’ dz

14 1 ~ ~
< | RE@P (R E@) da
Q

< BB~ /Q B() de,

where in the last line we used that r(-) is monotonically increasing. By appealing to (55) and
lims_,o r(6) = 0, we get limsup,,_,o r(h?(|E||p~) [, [E(z)|? dz = 0 and the proof is complete. [

~h ~
Lemma 4.3 (convex homogenization). Let {E },~o C L%(,M?) and E € L*(Q x Y,M3).
~h ~
() IfFE" 22 E weakly two-scale in L?, then

iimint [ Qo iy B (@) do > [|  Qlavy Blay) dy .
Q QXY

h—0
~h ~
(ii) IfE 20 B strongly two-scale in L?, then

. ~h ~
i [ Q. B @) o= | QGoy Bl dyd
h—=0 Jq Qxy

The proof of Lemma 4.3 is standard. Results of this type go back to [Al192]. Since our notion of
two-scale convergence is slightly different, we present a short argument (essentially following
[Vis06]) in the appendix.

Proof of Theorem 2.3 part (iii) - lower bound. Without loss of generality we assume that

(56) lim inf ]a(h),h<yh) = lim sup I‘s(h’)’h(yh) < 00,
h—0 h—0

Due to the non-degeneracy of W (see (W2)) we have limsup,, ., e"(y") < oco. Hence, Propo-
sition 3.3 part (i) is applicable, and we deduce that there exists a relaxation field U €
L*(w, L, (S x Y,M2_)) such that

sym

(57) E" .= E"y") 2R = E(u,v) +U  weakly two-scale in L.
In order to apply the linearization Lemma 4.2, we have to truncate the peaks of E" and the
set of points where det V,y" is negative. Therefore, consider the good set C" := {z € Q :

|E"(x)| < h~', det Viy"(z) > 0} and let x” denote the indicator function associated with C”.
We claim that restricting E" to C" does not affect the two-scale limit, i. e.

(58) XhEh —~ EY weakly two-scale in L2

Indeed, since x"E" is bounded in L2, it suffices to argue that E" — x\"E" — 0 in L'. By

appealing to the boundedness of E" in L? and the fact that V,y" strongly converges to a
rotation, we deduce that x* — 1in LP(Q) for all 1 < p < co. Hence, Holder’s inequality yields
I|E" — x"E" |12 = |1 — x"||2||E"|| > — 0 and (58) follows.

Now we are ready to prove the lower bound. By appealing to the polar factorization for
matrices with non-negative determinant, there exists a matrix field R" : C* — SO(3) such
that

Ve € " : Vig(2) = R (0)y/(Vay" (2) 'Vt ().
Hence, by frame-indifference (see (W1)), non-negativity (see (W2)) and assumption (W3) we
have

W, s, Vg (@) = X" (@)W (. o, Vi (2)) = W(a, 5, T+ B2\ (@) B" ().
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Thus,
1 N
Oty = o /Q W@, iy V" () da
1 .
= ht Jq W (z, 8(‘72),Xh(a;)Eh(x))dx.

Due to the truncation we have limsup,,_,, h?||x"E"||;~ = 0. Hence, with Lemma 4.2 and
Lemma 4.3 we get

«vere(h),h,h > PR & . h h
Lminf 9% (y") > liminf QQ(:L oy X (@) EY () dx

(58) 0
> / Qz,y, E"(z,y)) dy dx
QxY

) / Q. y, B(u,v) + U ) dyds
aOxY

Def2.7 . - 1 s ag N
> / Q+ (2, sym Vu + 5Vv ® Vo, Vv ) di

= I"(u,v).

O

Proof of Theorem 2.3, part (iv) — recovery sequence. Without loss of generality we assume that
R = I. Application of Lemma 2.10 yields the representation

(59) IM(u,v) = / Qz,y, A(Vu + %@v ® Vv, V20) + U ) dy dz
QxYy

for some relaxation field U € L*(w, L, (S x Y,MZ, ). Set E := E(u,v) + U and notice that
E=A(Vu+ %@v ® Vv, V) + U.

Now apply Proposition 3.3 (ii) to (R = I,u,v) and U, and let y" denote the associated se-
quence, that is y" — (I,u,v) and

(60) E"(y") 27, E(u,v) + U strongly two-scale in L?,

and

(61) lim sup h2||E"(y")||p~ + || dist(V,y", SO(3))||z~ = 0.
h—0

We only need to show that

(62) im 15"k (yh) = / Q(z,y, A(Vu + %@v ® Vo, V20) + U ) dy dz.
QxY

1
h—0

From (61) we learn that det V, 4" > 0 for h sufficiently small. Hence, by appealing to the polar
factorization, we deduce that there exists a rotation field R" : Q@ — SO(3) such that

R'"V,y" = \/(Vay")!Vyyh = T+ h*E"(y")  almost everywhere in €.

By appealing to frame-indifference (see (W1)), we get

1 2 )
retagy = L / W(r, &5, I+ h2E"(y")) da.

Now, (62) follows from Lemma 4.2 and 4.3 (ii). O
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4.4. Proofs of Lemmas 2.2, 2.10, 2.11 and 3.4.

Proof of Lemma 2.2. Without loss of generality assume that R = I and f, y" dz = 0.
Step 1. Argument for “=".

Assume that y" — (I,u,v) and y" — (R, %, 7). Then, by definition, there exist two sequences
_ ~h

(R",u",v") and (R, &", ") with

(63) u = u, @ — wweaklyin H', " =0, ¥

=h ~h =
R —I, R - R,
as h — 0, and

. _n( &+ hPul ~h (" &+ h2u"
]iyh(x,xg)dxng ( hoh )zR ( Bt .

~ h ~h _
Rearranging terms and introducing R := (R )TRh yields

(64) (R" -1 ( ’ ) +hR" 0@) ) +h2R" ( “héi) )

h % weakly in H!,

) = 0. Combined with

o =

for almost every & € w and all h. In the limit h — 0 we get (R — I (

~ N ~T _ ~T -
R €S0(3),and R=R R =R , this implies R = I.

skw

~h ~ h ~
Set A" := =L We claim that there exists A € M3, such that

~h N

(65) A — A with symA =0,
A 1-
sym R 2

(66)

Here comes the argument. Dividing (64) by h, and rearranging terms, yields

2 (1)) () or () o ()

(ot )= (*57)

By applying 0,, a € {1,2}, we get

68) A'e, + < aaﬁ(i) > +hA" ( a@y‘,{@) ) +h( aa“g(i’) ) +h24" ( a““;(i) )

(b )= (*57)

~h . h . h . h
and find that A e, converges as h — 0. From the identity R e3 = R e; A R e,, we deduce

that

~h ~h ~ h ~h
A 63:(A et NR ey +e NA 62),

“h N who g h com A"
and thus A converges to some limit A € M?®. Eventually, the relation (A )TA" = —2%
yields (65) and (66).
To complete the argument, it remains to prove that
(69) () = wv(@)+a-& wherea:=(As, As)
(70) w(@) = u@)+(A-ia®a)i—v(i)a
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for some skew symmetric matrix A € M?__ . The first identity appears in the limit ~ — 0 in
the third component of identity (67). For the proof of (70) we introduce the skew-symmetric
matrix A" € M2

skw

~ ~h
A (symA")

h afl Y af

(71) Aaﬁ = W W , fora,8=1,2.

Going back to (68) we find that h‘lfiag, a,f € {1,2}, converges as h — 0. Combined with
(66) we deduce that Al converges to some A € I\\/Jlf,kw. Now, a calculation yields (70).

Step 2. Argument for “«<”.

Suppose that y" € H!(w;R?) converges to the triple (R, u,v) in the sense of definition (2.1).
Let us now take arbitrary A € Skew(2) and a € R?, and set

~ h —=h

(72) R = R"exp(—h*A.) exp(—ha.),

where A,,a. € M? are defined by

A 0 0 -—a
- e (20) an(S 0

We define ﬁh, oM via identity (10). From the expansions

(74) exp(h?A.) = I +h*A, +O(h?), exp(hae) = I + ha. + %Zag + O(h®),
we conclude that
@'(2) = u"(@)+(A-la®a)i—v"(@)a+ O(h),
(&) = v"@)+a-7+0(h),
where ||O(h)||g: < Ch, for some C > 0. O

Proof of Lemma 2.10. Step 1. Completeness of L. (S x Y, M2 ).

sym

We claim that L., := L. (S x Y,M2, ) is a closed subspace of L?(S x Y, M3, ), and

sym sym
(75) VA, BeM? UcL, : // A(A,B) : Udzzdy = 0.
SXY

Since the argument is similar for v = 0, v = oo and « € (0, c0) we prove the statement only in
the most difficult case of v = 0. We introduce the space

Mo = { (C.p.g) € H'(V.R?) x H'(Y) x LX(S x Y, R?) :

/Cdy:O and /gpdy:O}.
Y Y

Notice that, due to periodicity, every (¢, p,g) € M, also satisfies fY @yc = fY ?ygo dy =0. We
also introduce the mapping

2 29 g1
(76) Go: Mo Lo, (Cpg) e [ MVue T TVye

(gla .92) gs

Since M| is a closed subspace of H!(Y,R?) x H?(Y) x L*(S x Y, R3), it suffices to argue that
Go is an isomorphism. Obviously, Gy is linear and surjective. We only need to show that

(77) V(¢ 0.9) € Moo ISl + llelize + llglize ~ [1Go(Cs 0. 9)lIZ2,
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where X ~ Y stands for X < c¢;Y and Y < ¢, X for some universal constants ¢, ¢2. To see (77)
notice that an application of the Korn- and Poincaré inequality shows that

€11 + llellzr + lgliz> ~ Ilsym VyCll7e + IV3ellze + llglz..

Now, using that fiﬁz x3dsz = 0, a direct computation yields

Isym V,ClI72 + [ Voelliz + lglZz ~ 190 (¢, 0, 9) 13-
The validity of (75) follows from the definition of A(A, B) and the fact that gradients of peri-
odic functions have zero integral average.

Step 2. Construction of the solution operator.

Fix £ € w. We claim that for all A, B € M? there exists a unique field U = UsaB € L,(S %
Y, M2 ) with

sym

(78) Q,(#, A, B) = / Q(é, 23y, A(A, B) + U) dus dy.
SxY

Indeed, since @ is convex, the existence follows by the direct method of the calculus of vari-
ations. By property (Q3), cf. Lemma 2.9, and property (75), the integral functional on the
right-hand side in (78) is strictly convex on L,. Hence, the minimizer is unique, we find that

B
(79) 1013y < = (1AF +|BP).

We denote the associated solution operator by
(80) P(#,,)) : M*xM? - L,, (A,B)—U;aB.
Since @ is quadratic and A is linear, P(Z,-,-) is a linear and continuous operator. From prop-
erty (Q1), cf. Lemma 2.9, we deduce that for all A, B € M? the mapping
(81) w> &~ P(&,AB) €L,
is continuous. Now, let A(Z) and B(Z) be continuous in Z. We have for &, %’ € w
|P(&, A(#), B(2)) - P(&', A(#'), B())||.»
< |P(z, A(2), B(2)) — P(&, A(2"), B(2'))]| 2
+|IP@E', A@E'), B(3)) — P(2, A(@'), B(2'))|| 2

Because of (81), and since P(%,-,-) is continuous in its second and third component, the right-

hand side vanishes as &' — #. Hence, & — P(&, A(%), B(Z)) defines a continuous map from w
to L, that we denote by II,[A, B]. Viewed as a function of (A, B),

IL, : C(w,M?) x C(w,M?) - C(w, L,(S x Y,M2 ),  (A,B)+ IL[A, B]

Sym

defines a linear operator, which, by (79), satisfies
g . . X
T [A, Blll2wxsxy) < = [ JA@)] +[B@)] di;

and thus can be extended to a bounded, linear operator from L?(w, M?)x L?(w, M?) to L?(w, L (Sx
Y, ngm)). By construction, that operator satisfies all the claimed properties. 0
Proof of Lemma 2.11. By the representation of (), via Lemma 2.10 (b) combined with the
continuity and linearity properties of II,[A, B] for A, B € M?, we get that ., is continuous,
and quadratic in its second and third component. It remains to prove the asserted a priori
estimates. By the representation of (), via Lemma 2.10 (b), property (Q3), cf. Lemma 2.9, and
the orthogonality (75), we have for all A, B € M? and & € w

Q,(3,A,B) > a// |sym A(A, B)|? dvs dy
SxXY

V

o
> ﬁ“ symA|2 + |symB|2).
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On the other hand we have

Q+(2, A, B)

IN

/ Q& A(A, B)) des dy
SxXY
(|symA|2+\symB| ).

IN

Proof of Lemma 3.4. Since K" is skew-symmetric, we have
(82) (I +hK"+R2G"! (I +hK" +h2G") = I + h? ( H" + hBh)

where H" = 2sym G" — (K")?, B" = 2sym((G")'K") + h(G")'G".
It is easy to check that the assumption in (i) implies

limsup [[H"||;2 < 0o,  limsup ( |h2H" + h*B"||p~ + HhBhHLg) —0.

h—0 h—0

Hence, statement (i) follows from the expansion /I + F = I + 3 sym F + o(|F|).

Next, we prove statement (ii) by reduction to part (i). To this end we truncate the peaks of G"
and K": let " be given by
N 1 if |G"| <h Y% and |[K"| < R~/
X" (x) =

0 else.

Because ¥ is uniformly bounded, we get from part (i)

lim

/ V(B — (sym G — S(K")2) : %5 g
h—0 Q 2

Hence, it remains to show that

(83) lim sup
h—0

/(1 —X")(E" - (symG" — %(Kh)Q)) =) gy
Q

This can be seen as follows. Because the sequences G" and K" are equibounded in L? and
L*, respectively, we have [|(1 — x")|[2, = Jeyn—oy dz < [ h|G"? + h?|K"[*dz — 0. Hence,
(1- Xh)\IIE(h) — 0 strongly in L? and (83) follows from the equiboundedness of the sequences
E" and sym G" — L(K")? in L2. O

5. Continuity of @, in vy

The homogenized quadratic form @), cf. Definition 2.7, continuously depends on the ratio :

Proposition 5.1. Let Assumption 2.8 be satisfied. Then for any A, B € M? and & € w the
function
Y= Qv (i'a A, B)

is continuous on [0, o].

For the proof we need the following structural continuity result for the space of relaxation
fields L. (S x Y, M3

sym)'
Lemma 5.2. Consider sequences {y"},en C (0,00) and {¢"},en C H*(S x V,R?). Suppose
that forn — oo

n

7" = v in[0,00],
U ::sym(@yqs",%agqs”) —~ U weaklyin L*(S x Y, M?

sym )

Then U € L2(S x Y, M3

sym)
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Proof of Lemma 5.2. Step 1. Representation of the upper left 2 x 2 minor of U.

Consider the function
(84) Gimdi- [ ohdy  ac{n2),
Y
We claim that
¢" =~ ¢ in L3S, HY(Y,R?)),
where ¢ € L%(S, H'(Y,R?)) is characterized by

(85a) Uas = (sym Vyc) , for o, B € {1,2},
(85b) / ¢(z3,y)dy =0 for almost every z3 € S.
Y

For the argument first notice that (85a) and (85b) hold for U™ and ¢" that take the role of U™
and ¢", respectively. Hence, by Korn'’s inequality for periodic functions on ), and the Poincaré
inequality for functions with zero integral mean on ), we have

(86) 1™ 1L2sxv) S IV llz2(sxyy S 11sym V¢ [l r2sxyy < U™ 2sxv)-

Here and below < stands for < up to a universal multiplicative constant. Since the right-hand
side is bounded, the sequence {¢"},.cn is bounded in L*(S, H'(Y,R?)), and thus ¢" — ( for a
subsequence, where ¢ € L?(S, H'(),R?)) satisfies (85a) and (85b). It remains to argue that
¢ is uniquely determined by (85a) and (85b), so that we may conclude that the convergence
of {¢"} holds for the entire sequence, as we claimed. Indeed, (85a) characterizes ¢ up to
terms of the form (z3,y) — S(x3)y + c(x3) where S(z3) is a skew-symmetric 2 x 2 matrix and
c(x3) € R%. However, since ( is periodic in y, we deduce that S(z3) = 0 for almost every
x3 € S. Likewise (85b) implies c¢(x3) = 0 for almost every x3 € S.

Step 2. Conclusion in the case v = .

In view of Step 1 we only need to show that

(87a) 30 — Oy ¥ + Cq weakly in L?(S x Y) fora = 1,2,
(87b) Ui, — c3 weakly in L?(S x Y),

for some v € L?(S, H'())) and ¢ € L?(S,R?).

We start with the argument for (87a). Let ¢" be defined as in Step 1, and set cjl = fY Uz, dy,
fori=1,2,3. Since U" — U in L?, we have

(88) cl = ¢ = /Y Us,dy  weaklyin L?(S,R?).
By construction we have fora = 1,2

(89) (UL, — &) = 0,0 + %aggg.

Note that (86) implies that

1 1
lim // — 03¢ o dydrs = — lim // — (o O3pdydas =0,
n=o0 Jfsxy V" n=oo Jfgxy V"

for all p € C2°(S,C>°())). In combination with U"” — U in L2, (88) and (89), we get

(90) // Oy, @5 @ dy drs — 2// (Uga — ca) pdydzs for all p € C°(S,C*())).
SxXY SXY

As a consequence, we infer that for all 1, 92 € C2°(S,C*>°())) we have

0= 2// (U31 — Cl) 8y2g01 — (U32 — Cg) ay1<p2 dydl‘g
SxXY
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This fact together with the equality (88) implies that Us,—c, = 0,4 for some ¢ € L?(S, H*())),
which easily follows by applying Fourier transform. Next, we prove (87b). Since

1 )
53 = 33/U§3dy+c§’n83( §/¢§dy)+c§,
Y v Y

we have ¢ = 7%63 (¢35 — [, &5 dy) — £ weakly in L?(S x Y) for some function ¢ and we only
need to show that ¢ is independent of y. To that end, let ¢ € C°(S,C°(Y)) be arbitrary. We

have
1 n
// e Oy, p dydxs = // —nagd)g Oy, ¢ dy dzxs
SxXY Sxy Y

1 n
// — 0y, @3 05 dy dzs.
sxy Y

Since the left-hand side converges to [ sxy §Oy.pdydrs, and the right-hand side vanishes -

as a consequence of (90) combined with w% — 0, we deduce that ¢ does not depend on y,,
a=1,2.

Step 3. Conclusion for v = 0.
Let ¢ be defined as in Step 1. By virtue of Lemma A.6 it suffices to prove
©1) [ ¢ @uose—0,00) dydzs =0 forall g€ C(5,C™(V)),
X
and for o, =1,2
(92) //S y 0ysCo - 0303 dydrz =0  forall p € C°(S,C(Y)).
x
For the argument for (91) let ¢" be defined as in Step 1. We have

(93) // ¢ - (0y, 03, —0y, 039) dy dxz = lim // - (Oy, 030, —0y, O3¢) dy dx3.
SXY SXY

n— oo

We rewrite the right-hand side and start with an integration by parts:

I ¢ @t —0,0m0 dydes = [| 050,00 - ui0,. i dy o
SxY SXY

(84) n n

- ai’)d)2 87,/1(10 - 83¢1 8y2<pdy de

SXY
= 27 / 520y, 0 — U1 0y, p dy das — 4" // 0y, @30y, — Oy, 50y, dy dus,
SXY SxXY

where in the last line we appealed to the identity 2U5, = 9, ¢35 + %83¢Z for o € {1,2}. It
remains to argue that the right-hand side vanishes for n — co. Indeed, the first term vanishes

since, U™ is bounded and 4" — 0. The second term vanishes, as can be seen by an integration
by parts:

// Oy, @50y, p — Oy, P50y, 0 dy das = // — 0y, Oy, 0 + ay15y24P> dydxz = 0.
SXY SxY

To prove (92) let us continue the analysis and conclude that for arbitrary ¢ € C°(S,C*>(Y))
and o, 8 = 1,2 we have:

(94) // 0y;€00303p dy dxs = lim // 0y Ca03030 dy ds.
SxY n=o0 JJSxy
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We again rewrite the right-hand side and start with integration by parts
(95) I onciodedyiss = || anci0,000dydey
SxY SXY

= 2’}/"/ U3, 0y, 030 dy dxs3 —'y"/ Oy, @3 0y,030 dy dxs
SXY SxXY

X
+// 83(/ on dy)ayﬁaggpdydxg.
SXY Y

The first term of the right-hand side vanishes since U" is bounded in L? and the last term is
identically equal to 0. In order to analyze the second term, first notice that

(96) / Oy, @30y, 030 dy drs = / 03030y, 0y, dy dxs.
SXY

SxY

Notice also that 93¢ = 7, U}%, converges to 0 in L?, by the boundedness of U%;. Hence, the
second term of the right-hand side in (95) vanishes.

Step 4. Conclusion for v € (0, 00).

Without loss of generality we may assume that [[,, , ¢" dydes = 0 and {y"},en C K where
K is a compact subset of (0, ). By combining the Korn inequality in Proposition A.5 with the
scaling argument in the proof of [Vel, Lemma 1], we find that

n - n n - n 1 n n
// "7 +(Vy@", D3¢ )|2dyd$3§// |sym(V,¢", —03¢")* dy dxs = ||U"| 2,
SxY SxY Y

where < stands for < up to a multiplicative constant that only depends on the compact set K.
Since U™ is bounded in L?, we find that ¢" — ¢ in H(S x Y, R3). Since v — v, we deduce
that

. 1 .1
symU" = sym(V,¢", 7nag¢>") — sym(V, ¢, ;ag¢>) weakly in L.

Since the left-hand side converges to U, the desired statement follows. O

Proof of Proposition 5.1. Consider the y-dependent functional

Q. : L*(S x Y,M?) — [0, +oc],

i xs,y, A(A, B) + U if U € L.(S x Y,M2 ),
oy d L, Q@ pAAB L T) U € (5 x 21

+ oo else.

Note that Q, (2, A, B) = infycr2(sxyms) @y(U). By definition of Q, and property (Q3), the
minimum on the right-hand side is attained in L. (S x Y, M, ,,). Now, consider v € [0, 0] and a
sequence {7"}nen C (0,00) that converges to 5. For n € N, let U,, € Ly» (S x Y, M2 ) denote
a matrix field with Q,» (2, A,B) = Q,»(U™). Due to property (Q3) the sequence {U"} N
is bounded in L?(S x Y,MZ ). Hence, we have, up to a subsequence, U" — U™ weakly in
L?(SxY,M3 ). From Lemma 5.2 we deduce that U™ € L, (S xY,MZ ). Hence, by the lower
semicontinuity of convex integral functionals w. r. t. weak convergence in L?, we deduce that

lgggf Q. (%,A,B) = hnrr_lggf Q. (U™)

= 1iminf/ Q(&,x3,y, A(A, B) + U") dy dxs
SxY

n— oo

Y

/ Q(é, 23,5, A(A, B) + U™) dydas = Q,n (U™) > Q. (i, A, B).
SxY

It remains to prove the opposite inequality

(97) limsup Q4» (2, A, B) < Qo (&, A, B),

n—roo
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which we prove by an explicit construction of a recovery sequence. We distinguish the cases
~v € {0,00} and v € (0, c0).

The case v = 0. Let U € Lo(S x Y, M?) satisfy Qo(U) = Qo(&, A, B). By definition there exist
¢ e HY(Y,R?), p € H*(Y), g € L*(S x Y,R?) such that

- 29 91
U — sym V¢ +z3Vip g
(917 gs) gs
Set
x3
o = Ca+x33(us0+v”/lga(s7y)d8 fora = 1,2,
1 *3 ’
¢y = —77904'7”/193(5’9)055-
-3

Then ¢" € H'(S x Y,R?), U™ := sym(V,¢", -03¢") € Lyn(S x ¥,M2, ) and U" strongly
converges to U in L?, so that

Qn") = [ QUzay AAB) + U dyday
SxY

o ] QUi AAB) + D) dydes = Qu(D),
SXY
by the continuity of convex integral functionals w. r. t. strong convergence L?. By the choice
of U, (97) follows.

The case v = co. Let U € Lo (S x V,M?) satisfy Q.. (U) = Q (%, A, B). By definition there
exist ¢ € L2(S, HY(Y,R?)), ¥ € HY(Y), ¢ € L*(S,R?) such that

- Oy, ¥ + €1
\V4 Y1
U _ ) Sym yc ay2¢+02
Vyth + (e1,¢2) c3
With
3
o = Ca—k’y”/ co(s)ds  fora=1,2,
1
-3

x3
g : 1/}+’Yn/ . 63(5)d57

2

the desired convergence (97) follows as in the case v = 0.

The case v € (0,00). Choose ¢ € H'(S x Y,R3) such that Q,(U) = Q,(&, A, B) where
U = sym(V, ¢, %63@. With U™ := sym(V, ¢, 7%83@ statement (97) follows as in the previous
cases. O

Appendix A. Two-scale convergence methods for thin domains

A.1. Basic properties. The classical notion of two-scale convergence as introduced in [Ngu89]
and systematically studied in [All92] can be characterized by introducing a so called “peri-
odic unfolding” operator. This observation goes back to the work by [ADH90, BLM96]. In
[CDGO02, Vis06, MT07] periodic unfolding is studied systematically.

As discussed in [NeulO], the version of two-scale convergence introduced in Definition 3.2
can be characterized by “periodic unfolding” in a similar way. For the reader’s convenience,
we summarize that observation in the following remark.

Recall that ¢(r) and h are coupled with ratio + in the sense of (9).
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Remark 2 (Characterization of strong/weak two-scale convergence by unfolding). Set 2 :=
R? x S. For measurable g : Qs x S — R define the tensor field U. g : Q- — R by

Usg(z,y) = Ueg) (e 2] +e{y} 23),
where the mappings |-| € Z* and {-} € [0,1)?> = Y yield the integer and fractional part of

vectors R? and are defined by the identity: Vi € R? : & = || + {2}. For the following
discussion it is convenient to set r.(2,y) := |&/e(n)| + {y} — &/e(n). Notice that |r,(£,y)| < 1.

(a) Let 1 < p, ¢ < oo be dual integrability exponents. Then a change of variables shows
that the identity

ng<x>¢<x,z>dx - //mengg)(x,y)m@+ers<at=,y>,x37y)dyda:

holds for all g € LP(Qs), ¥ € LI(Qeo, C(Y)) and € > 0 (e.g. see Lemma 1.1 in [Vis06]).
In particular, we have
gllz2) = [UegllL2(00 xv)-

(b) (Characterization for sequences on (2..). For a sequence g" in L?(Q.) and g € L?(Qs ¥
Y’) there holds

LN & Umg" — g weakly in L*(Qo x Y)
g & Upg" — gstrongly in L*(Qu x V)

(see e.g. Proposition 2.5 in [Vis06]).

(c) (Characterization for sequences on the bounded domain ). Let w C R? be Lipschitz
and set Q) :=wxY. Let T : L?(Q2) — L?*(Q) denote the operator that associates g with
its extension by 0. Then g" € L?(Q2) strongly/weakly two-scale converges in L?(Q2 x Y),
if and only if U. ()T g" strongly/weakly converges in L?(s x Y).

The following statement is a direct consequence of Remark 2.
Lemma A.1. Consider ¢ € L?(Q,C())). Then " () := o(x, ﬁ) strongly two-scale converges
in L? to o.
Lemma A.2 (Characterization of strong two-scale convergence). There exists a function
2 1 (0,00) x L2, M%) x L*(Q x Y,M%) — [0, c0)
such that :
(a) Foralle >0, E € L?(2,M?) and F1, F5 € L*>(Q x Y,M?) the triangle inequality

e, E,F1+ Fy) <0(s, E, Fy) + // |F|? dydx
QxY

holds.
(b) For every family { E"}),~o in L2(Q, M%) and any function E € L*(QxY, M%) the following
two statements are equivalent

@) E" 2 E strongly two-scale converges to E in L*
(ii) limsupd(e(n), E", E) =0
h—0

Proof. Without loss of generality assume that d = 1; the case d > 1 can be treated by consid-
ering each component of the field separately. As in Remark 2 set 2, := R? x S. We identify F
and G with their extension by zero to the domain ), and Q, X Y, respectively. Let U. denote
the operator introduced in Remark 2 and define

A, F,G) = // (UF) — G dy da.
Qoo XS
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Then statement (a) is obvious and (b) follows from Remark 2 (c).
O

Lemma A.3 (Compactness).
(a) Let g" € L*(Q) be a sequence with equibounded L?-norm. Then there exists g € L*(Q)

such that g" 27, g in L? up to a subsequence.
(b) Let g € H'(w) be a sequence that weakly converges in H'(w) to a function g. Then there

exists ¢ € L2(w, H'(Y)) such that Vg 225 Vg + V,¢ in L? up to a subsequence.
(c) Let g" € H?*(w) denote a sequence that weakly converges in H?(w) to function g. Then

there exists ¢ € L*(w, H2())) such that, up to a subsequence, V2g" 202+ @§¢ weakly
two-scale in L>.

Statement (a) follows from the corresponding compactness result for classical two-scale con-
vergence in L?(Q x [0,1)3). Notice that in (b) and (c) the notion of two-scale convergence
coincides with classical two-scale convergence, since the involved fields do not depend on the
xz-variable. For a proof of (b) we refer to [Al192]. (c) is a special case of Lemma 3 in [Vell].

Next we recall a compactness and identification result for the two-scale limits of scaled gra-
dients:

Proposition A.4 (see Proposition 6.3.5 in [Neul0]). Let M C R4 be a Lipschitz domain.

- Let ¢" € H'(M x S,R?) be a sequence satisfying
timsup { 16" 22 + [|Vag" 22 | < oc.
h—0
Then there exists a map ¢ € H'(M,R?) and a field

¢V e L*(M, H'(V,R?)) }

\Y ¢<1>,a q§(2) for some
(Vie.20) 6@ € L2(M x Y, H\(S,R))

ify=0,
(qui, %83(1)) for some ¢ € L2(M, H(S x Y, R?))
ify € (0, 00),
oM e L2(M x S, H' (Y, R?))
¢'? € L*(M,H'(S,R?))

(98) H =

( @yqb(l), 83¢>(2) ) for some {

if vy = oo,
such that, up to a subsequence, d)h — ¢ in L? and
Vi 20 (@qb, O) +H  weakly two-scale in L?.
- Let¢ € H'(M,R?) and H as in (98). Then there exists a sequence ¢" € H'(M x S,R?)
such that ¢" — ¢ in L? and V,¢" 25 (@qb, O) + H strongly two-scale in L?.
In the space H'(S x Y, R?) the following Korn’s inequality holds:

Proposition A.5 (cf. Theorem 6.3.7 in [NeulO]). Let v € (0,00). There exists a constant
C = C(v) > 0 such that for all € H'(S x Y, R?) with [, ¢ =0 we have

1912 + 11 (Ve 205 ) 112 < Cllsym (Ve 205 ) 2.
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Lemma A.6. Let ¢ € L?(S, H*(Y,R?)) be such that
(99) / ¢(z3,y)dy =0 for almost every x3 € S.
Y
Assume that
(100) / C ! (83/283903 782418350) dy de =0
SxY
and fora, 5 =1,2
(101) // 8yﬂca-6383<,9dyda:3 =0
SxXY

for all ¢ € C2°(S,C>())). Then there exist { € H'(Y,R?) and ¢ € H?(Y) such that

Proof. Let us define & = fSCdx3, ¢ =12 fs x3¢ dx3. By using test functions of the form
o(zs,y1,y2) = @1(x3)p2(y1,y2), where p; € C.(S) and ¢y € C*°()) we conclude from (101)
that

V¢ =V, ¢ +23V,C.
Notice that ¢,¢ € H'(Y,R?) and [, {dy = [, Cdy = 0. Using the property (99) we conclude
that ¢ = & + x3¢. From the property (100) we conclude that

/Y C- (O D) =0, Yo € C®(D).

This together with the fact that fY ¢dy = 0 implies that there exists ¢ € H'())) such that
¢ = V, ¢ as can be seen by Fourier transform. Since ¢ € H'()) we have that ¢ € H?()’) which
finishes the proof of the lemma.

O

The following diagonalization lemma is due to [Att84, Corollary 1.16]:
Lemma A.7. Let g : [0,00) x [0,00) — [0,00) and suppose that

lim sup lim sup g(9, h) = 0.
6—0 h—0
Then there is a monotone function (0,00) > h — d(h) € (0,00) with lim,_00(h) = 0 and
lim sup;,_,o g(6(h), h) = 0.

A.2. Proof of Lemma 4.3. We essentially adapt the argument in [Vis06] to our notion of
two-scale convergence on thin domains.

Set ), := R? x S. To ease the notation we identify E with its extension by zero to the domain
Qo x YV and set Q(z,y, F) :=0forx € Q. \ Q, y € Y and F € M3. Let . denote the operator
introduced in Remark 2. Since () is periodic in its y-component (see (Q2) in Lemma 2.9),

Eh(x)) yields

T

application of Remark 2 (a) to z — Q(z, s{ﬁ)’

. ~h . R ~h
| ey Brana = [ @+ emmo)ntoE @) dyds
o XY

~ ~h
// Q(Z,x3,y, Uy E (2,y)) dy dz + op,.
Qoo XY
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for some o, € R. By the continuity of @ (see (Q1) in Lemma 2.9), property (Q3) and the

~1
boundedness of FE ' in L2, we have o5, — 0. Thus (i) and (ii) follow from

(i) hmlnf// Q(‘iaxSayauE(h)Eh(xay))dyd'r > // Q(‘iax?ﬂy’E(may))dydx
Qoo XY Qoo XY

h—0

~h
(ii") hm// Q("iax&yau&(h)E (xay))dydx:// Q(ﬁ:,:cg,y,E(x,y))dydx
Qoo XY Qoo XY

h—0

respectively. Since Q(z,y, F') is convex in F, the statement follows from the convergence as-

sumptions on E , the characterization (c) in Remark 2 and the well-known continuity (resp.
lower semi-continuity) result for convex integral functionals w. r. t. strong (resp. weak) con-
vergence.
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