ADDENDLN 1 :

CHERN - WEIL CHARACTERISTIC CLASSES

HERE WE WILL SINPLY RECORD THE PERTINENT DEFIMVITIONS AND RESULTS

AVD

AS AN ILLUSTRATION, SKETCH ONE SINPLE CALCULRTION.

A SMOOTH PRINCIPAL BUNDLE COnSISTS oF A snoom (€ ) nAnviFoLd P

(BuNOLE SPACE ), A Snoomy nANvIFoLp M (BASE SPACE ), A SnooTH

neap I

(PROJECTION ) oF P onTO M, A LIE CROVP G STRUCTURE

GROUP ) AND A SnooTH RIGHT ACTION

o-: PxG —~ P

o ipg>=Pg T Tpigd = Tgip)

ofF G o P SUCH THAT THE FoLLOWING PARE SATISFIED :

'0

G PRESERVES FIBERS oF 7T : T‘P'Q) = TP
VY pE P VJ e

CLOCAL TRIVIALITY ) FOR EACH X € M 3 openv NEIGHBORKH oD
CTRIVIALIZING NBD ) AVD A DIFFECNORPRIST)

Uor X v R
Y 'Jr"LU) —> Ux G (TRIVIALIZATION ) OF THE FORI)

Yip) = (TP, Wip) ), WHERE ¥ : 7T (U ) => G SATISFIES

L' tp-9)= Pip-g

V pE 71'-'1‘0') Vg EG (¥ 15 EQUIVARIANT WITH RESPECT

To T AND THE NATURPAL ACTION oF G onv UXG ),



T
Ge=> P —n

CLOCAL) SECTION/ GAVGE : A : U —s i), Mes = "/v
SECTIoNS >  TRIVIALIZATIONS
AX)- g > t%x,g)

TRANSITION FUNCTIONS AU, = T U

A U; = W)

A X)) = HX) . q: x)

ASSOCIATED FIBER BUNDLES F sSnooTH NANIFELD WITH LEFT ACNON oF G

g, 6> 5§

RIGHT ACNow of G ow PxF: (p,§)-4 = ¢p-g, g.¢)

orBIiT sPAce : P XG F

™
IF F = y) 18 B VECTOR SPACE AND THE ACTIoN oF G conEs FRon A

REPRESENTATION (o : G —>» GLLY), THEN THE ASSoCIATED

gowore P %oV 1s A vECToR GundLE, E.G., ADIOINT BUNDLE

o;o,P= P"ds




W
THREE (EQUIVALENT ) DEFINITIONS OF P CONNECTION ov G “> P —> 1M

ASSUNE G 15 A NATRIX LIE GROVP WiTH LIE PLGEBRA & AwD dinM=n

|, n- DINENSIoNAL DISTRIBLUTION 13 P — HoRP(P) ¢ 7;,1P) $.T.

(a) T, (P> = HOR LP) @ VERT,LP), WHERE

VERT, (P) = T, (7))

th) HoRP.g(P) = (% )*P(HORPLP))

2, ) - VALVED l-Forn w oV P s.T.

-1
cad wP‘Q (La:,’)*Pmrpu = g Wy (V2 §

# ,
(b)Y wp (§7pr) = § YV Eeyn , wHERE

g*LP) : 34,\".' (p-exp(tfx)l

-
-

ar
3. A TRvIALIZING CoveRr  { (U, ¥; )} oF M FoR GenP— M

AND | FOR EACH &5, A Y- VALvED |-Forn M; on U; s.T.

)

WHENEVER U, n U; + ¢

“a.{ - 3:.;'-'“@': J.5 * 3;,.' Jg.‘.i

2 4
RELATIONS HoRF(P) KER W,  AND ﬁd, = 4% w



CURVATURE OF A CONNECTION |- FORN ¢« 15 THE 5 - VALUED Q-FOoRn

£ on P DEFINED BY
HoR HOR
Qp(ArPJNP> = (JLOP(’\"P ) ®p )

OR

HOR W
CWHERE ~p ANVD ap ARE THE PROJECTIONS OF w5, AND asp ONTO

HOR, LP) v To(P) = HOR,LP) & VERT, (P)

CARTAN STRUCTURE EQuaTion : ) = dw + waw
%
LocAL FIELD STRENGTHS @ F; = A, Q = dd. + 4;4 4;
-
EFEE TR T FF

= THE 'JJ PIECE TOGETHER INTO A Q- FoRN

£ e QYm,adP)

onv M wiTH VALVES Iv THE ADJowT BuwdLE ad P, THIS 1S ALSO

CALLED THE CURVATURE oF W,

CHERN - WEIL PROCEDURE :

ASSLNE NOW THAT G 15 A conPACT NATRIX LIE GROUP WITH LIE ALGEBRA

5 AND CONSIDER THE ALCEBRA

G
CLy)



oF ad@- WVARIANT , CONPLEX - VALUED POLYNOMAL FUNETIONS om g

nore DETAIL :  LET 18, .. 8.} 8E A BASIS FoR 3

¥ a
Ao {x,.. x"§ THe DuALBASIS For G ( X“tf.,)r 51).

THE Synn€TRIc ALGEBRA Stg*) = STx' ., x" ] 1

THE ALGEBRA OF POLYNONIALS wiTH REAL COEFFICIENTS

v %' X" UREAL- VALUED PoLYNoMIAL FUNETIONS

om 4 ). THERE IS A LEFT ACTIoN oF G or Stg*):
3 3(3") AND 35 G CWE 3'6’ € S‘(g*) DEFINED BY
(g-¢IL§) = 6’4“‘{’-'3 )z ply'és).

5(3*)6 z {o:e S(g'): g.@ @ Vge G } , T.E.,
@y §3):=0:4).
N G ¢ G
€ty = S(3*>8® € aAvp €Izl = Sg) @ C.
4 6
EVERY @ € € [J) GQWES RISE, VIR PoLARIZATION, TO
A G-1VARIANT K- nULTILINEAR FUNCTION , ALSO DENOTED
e 5 X -ﬁxs - ¢
CHERN-WEIL 15 BASICALLY A nAP

G «
€yl — Q (P)

BASIC

Fron G- 1vVARIANT PoLYNONIALS ON 3 To DIFFERENTIAL FORNS

on P THT AR BASIC | 1.E., G-mvamanT (0t z € v get)

A—————————

AvY HeRizonmaL ( (.vte O N VERTICAL VECTOR FIELD Voo P )




NOTE : BASIC FORNS ON THE PRINCIPAL
BUNDLE SPACE P PRE PRECISELY THDSE
“€ e Q’LP) wHICH DESCEND TO THE
BASE nAariFeLd M, T.E., FOR wHiCH

23 2en) wm e =,

G
GIVEN @€ CLZ)  «THouGHT OF S A B avLriumeag puncnon ) cresose

ar
A CONNECTION W on G e P —>» M Avp LeT SL BE 115 CURVATURE .

28
WRITE w2 w“‘fk Aavo § = .Q"fu. DEFIVE PRIEQ (PD gy

@,
(?L-Q) = (R fa ,...,Q“faa)

NI AN Y. WSS i

THEN (PUSL) 1s A CLOSED | BASIC 28 -Forn on P so 17 DESCENDS 0 A

cLosep ak-Forn @ (L) on M

e = P

ESSENTIALLY | @) 16 JUST THE RESTRICTION oF p(SL) T THE

wW- HOMRONTRL SPRCES o TP,

| B 2
THE CoHonoLogy LRSS L[ PLRY] € H (M; R ) DoES NoT DEPEND

oN THE CHoicE of w or Tne BASIS 1§ _ & 7 For § AwD IS

CALLED A CHARACTERISNIC CLASS oF G <> P N n.



AS AN EXANPLE WE wiLL conSIDER THE a™° cherm cLBSS oF P

PRINCIPAL SU(2) - BONDLE

w
SvUtta)e» P — M

OVER A CONPACT , CONNECTED, ORIENTED “ - nAviFoLD 1)

NOTE : ANOTHER EXPNPLE ( TE EULER CLASS )
ewill BE DISCUSSED IN THE NEXT SECTION ©ON

" EQUIVARIANT CoHoNOLOGY AVD THE WITTEN
LAGRANGIAN " .

NEED TO CHOOSE

. ABAsIs 18,8 8} FoR aui2)  (2x2 conPLEX NATRICES

THAT BRE SKEW- HERNITIAN AND TRACEFREE ), E.G.,

. 4 o) ) 0 -4
=—o—oa"=.~ -
3' A 2 ‘0) '4(-; o)

4 J: °"{ .a -}
=""0- :‘—( - R
for st =-5(G0) = 1 (0 )
g'g-.‘.‘:.o" :-.‘.‘:('0)- A -4 o
3 z 3 2 Lo -1 = 7-(04'

2. A CONNECTION W wiTH CURVATVRE U wiich wE WRITE AS

b

a - W ot dw!
w s W § - i y.
& (o"-..iw' w 4

o Qi
Q = N - ol .
Q §Q 2 (gl“'nl Q3; )



3. AN INVARIANT POLYNOMIAL @ on LHM(X ),

FOR ™IS
wEkE TRXKE

P AMR)—> €
Ay« —= TAt)
@ * gnt
THE CORRESPONDING BILINERR FORD ON LUt ) 1S CLEARLY

fP: oIz ou) —> €

@(ﬁ’n) s ;;:T T-(AB )

THVS,

P L)

1]

@ g, 9%, )

.o

e, b, yQ™a Q™

i

——

gnt T ( S\,‘. g“u )QQ‘A Qg‘

3 ]

For THE BAS)S CHOSEN ABOVE

Tf‘ ( f‘“' fqt ) s
SO

G(Q) ] -E-;;-i C'{)(Q‘AQ‘+QIAQ"‘Q'3AR?)

\

o Traaa )

wheRE SLaS) 1§ THE NRTRIX PRODVCT wiTH ENTRIES NULTIPLIED BY
YHE ORDINARY WEDGE PRODUCT .



WE KNOW THAT

s P (Qa)

1S A cLOSED, BASIC “-FoRn on P Avo so Descenos To A CLOSED

w*
Y-Fopn o M (I.E.,1S T  oF SoNE CLoSED H-FoRN on M ),

™IS CLOSED 4 -Fopn omnv Tl cAN BE DESCRIBED LoCALLY Iy TERDS oF
LoCAL FIELD STRENGTHS

¥
J: = A; Q

o

¥ v ¢ |
SINCE 77*'3'3 = T*(A.;.Q-)‘-'* (AB,0F) QL = W 20 ,

L 4
T (e T(FaT) )= L0

onv TS DondBiny,  SIVEE  THE LocAL FIELD STRENETHS TRANSFOR

-l
UNDER THE ADAOINT REPRESENTRTION ( T = 9., T 9,5 )

THE SANE 1S TRUE oF ';-};,.';{; Avo Te s ao/~ INVArIANT SO THE

;.,,L'zﬁ(g.-.i":};)

PIECE TUGETHER 170 THE CLEBALLY DEFINED M- Forn onv N T

wHICH 8‘;’; T-(QAQ ) DESCENDS . wE wRITE THIS AS

1
;ﬂ—‘ Tf’(ﬁ,;\Fw)

AND CALL ITS COHONOLOGY CLASS



/0,

Y
C,tPYE Hum;R)

w
me 2% cnerm cipss oF SUWI e P S 1. FTS INTEGRAL

ovER M

gnt

U
C(PIEM] = S e, tP) = =4 S Tr(Fgafy ) |
M n

wHICH 1S ACTUALLY AN INTEGER | 15 cALLED TvE 32 cueen
NUNBER OF SUL3) e P o> M

NOTE : FOR THE QULATERNIONIC. HOPF BLNDLE
7w
STl ey S — s
ONE CAN VSE ANY oF THE BPST 1vSTONTON CONNECTIONS
70 CONPUTE REPRESENTRTIVES OF THE CHERN CLASS, MOREOVER,

v
THE BUNDLE 1s TRIVIAL ovER S - lPomvr} whicH

STEREOGRAPHICALLY PROJECTS TO /7?" SO0 THE CHERN NONBER

CAN BE ConpuTED AS AN INTEGRAL OVER R, THE CALCULATION
WAHS SKETCHED uv THE LECTURE. THE RESLLT 15 L,

FOR THE CONPACT, SINPLY CONNECTED, ORIENTED, SooTH

4 - NArIFSLDS M oF 1nTEREST T0 US HERE , PRINCIPAL

SUQ) - BonDLES ovER I PRE CLASSIFIED LP TO EQUIVALENCE
By mem 2™ cueen cupss fwvnaer



