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" SUPERSYNNETRIC  FORNULAS FOR THE EULER CHARACTERISTIC
oF FINITE - DINENSIONAL VECTOR BUNDLES FRON EQUIVARIANT

CoHonoLoGY .

ATIYAH - JEFFREY (1990 )

FORNAL EXTENSION OF NATHAl- QUILLEN TO CERTRIN JINFIDITE -
DINENSIONAL VECTOR BUNDLE REPRODUCES Sp £3] ano
exnigis Z, As AN " EULER CHARACTERISTIC "

NATHA) - QUILLEN FORNALISN FOR TQFT OF " coHOnoLOGICAL

TYPE



EULER CHARACTERISTIC OF AN ORIENTED , REAL VECTOR BUNDLE
ar v
g
E S ”

OF FIBER DINENSIoN 2K OVER A CONPACT, ORIENTED NANIFOLD M

OF DINENSIoN B 1S DEFINED AS FOLLOWS

GENERIC SECTION A

LA 2ERD SECTION A o

Z (E) = INTERSECTION NUNBER OF ANY GENERIC SECTION



INTEGRAL REPRESENTATION i (E) = X - C(E)

M
e
@(E) : EULER CLASS oF E —> I

7wW0 APPROACHES TO C(E) :

| T
I, (CHERN-WEIL ) FIBER NETRC ov E — M GIVES

Tso
S0f) —> F (E) — M,

CHOOSE CONNECTION «) Wit CURVATURE (), CHooSE THE

ad - INVARIANT PoLymomial,

PFAF ¢ b0 (k) — R

& 1 N
(xw)  PFAF (Q ) = 42& 71"-“.' Z: - 'chmo'u)l\mn Qﬂ-l‘-z)ﬂa&)

g€ 34&

IS A CLOSED FORN o §ocE ) Avp 1S BBs:é ( socad)- wverianT
AND HORIZONTAL ) So 17 DESCENDS To § CLoSED 2R-Forn o 1M
wWHOSE CoHonoLoGy CLASS

e (f)

DOES NOT DEPEND ON THE CHOICE oF O,

2
NOTE : C(TS ) 15 CconPuTeED 1V ADBENDUN & .
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2. (THon CLASS ) THERE EX)STS A UNIQUE U(E) € Hcv (E;R)

“
WHOSE INTEGRAL OVER EACH FIBER T, p) 15 1, THEN

&
C(E) =4 (UE)

e
ForR ANY SECTION A ofF E —

MATHA) - QUILLEN WILL YIELD VARIOVS EXPLICIT REFRESENVTRTIVES

oF THE THON CLASS ULE).

ANGTHER VIEW OF THE PFAFFIAN PFAF : 46 (R ) —> R :
Tz
V = TYPICAL FIBER oF E — 1)

{w',...,zp"‘ § = omientED ORTHONORNAL BASIS FOR V
= oDD GENERATORS OF THE SUPERCONNUTANVE SUPERALGEBRA
ak .
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k
L o = PFAF(A) voL

AS A BEREZINV (oR FERMIONIC ) INTEGRAL :

Anvy Fe NV s a POLYNOMAL wIiTH REAL COEFFICIENTS

" ‘ " q
IN THE 0DD " VARIABLES 4’:..., W “, DEFINvE

\VFow = £ eR
s COBFFICIENT OF VoL = ¥ = 9’4
THUS,
a1 ct o phay?
PFAF (A) = Se“ IS je*x oy

SUBSTITUTING FOR A THE CORVATURE €2 oF A CONMECTION ON

Sowh) &> F_(E) —> M GIVES A BEREZIN INTEGRAL REPRESENTATION
OF A FORN wHICH DESCENDS TO A REPRESENTANVE oF THE EULER

cLAss on M,

rATHAI - QUILLEN REPRESENTANVES oF THE THon CLASS ARE LIKEWISE

GIVENV AS BEREZIV INTEGRALS,



EXTENDED BEREZIN INTEGRATION

A = ANOTHER SUPERCONNUTATIVE SUPERALCERRA

¥
E.G., (V)

A® NV = surer TENSOR PRODUCT
~ degF, dega,
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EXANPLES :

1. A= Q') = conPLEX - vALUED DIFFERENTIAL FoRrNS ov V

Q') @ NV

{ A, e, Myp § = BASIS FoR v¥ e Qv) ova {9’:..., l}’M’}

. e - ¥
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INTEGRATES T0 1 ovER \ . THINK oF IT AS A "GAUSSIAN
REPRESENTATIVE OF THE THon CLASS oF V, REGARDED AS A VECTOR

BUNDLE oVER A PoINT

A=z Clocn)] @ Q*v)
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18,861
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*
DUAL BASIS FOR AT (V) REGARDED AS LINEAR

"

FUNCTIONS 60N Ao (V)
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Cloccnd] ® Q') = suns oF 1ERNS
X2 (P® €

wHICH ARE TD BE REGARDED AS
.Q.'LV ) - VALUED PoLyYNOMBLS o HotV )

) = @) ) = 8)Ee

CRADIVG : deg (@€ ) = 2dejp + dejC

L4
WE DESCRIBE AN ELENENT YV oF €Lac)] @ V), cALLED THE

UNIVERSAL THon FoRN oF V, AS THE BEREZIN INTEGRAL oF AN

ELENENT oF + ,
Crasen) @ Qv @AV,

NoTATION : € € A6 (V) GIVES A LINEBR TRANSFORNATION

nf TN -V
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Now NOTICE THAT
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4
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4
..;{-u.uu +4 ‘Pda ZW X“ﬂ )
v = @m) j e DY € Clocwr]en’ v

ExonpLE :  V:R® (USUAL ORIENTATION AMD INVER PRODUCT )
{v'v'y = srAnpARD BASIS
{M,, M. 5 = DUAL BASIS (COORDIVATE FUNCTIONS )
SowV) £ Sota)

161 = 1
{x'y = DuAL 8ASIS
» ..,-.,M,?'i'u ) -, _ita,lbﬁl:)
Vv z@mn e Y oudu, +am) x'e

o T ] T
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[ A
INTECRATES TO 1 OVER R

NOTE @ THE PROOF 1S 1N ADDENDUM 7,
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WE Will SEE SHORTILY HOw THE UNIVERSAL THOoN FORN of V cAw
BE USED To PRODUCE (GARUSSIAN ) REPRESENTANIVES OF THE THon

CLASS FOR ANY VECTOR BUNDLE wiTH TYPICAL FIBER V,

FIRST, HOWEVER,

WHAT KIvD oF " THNG " 15 Y ¢

BRIEF RSIDE oN THE CARTAN NODEL oF E QUIVARIANT CoHonoLoGy :

M = SnooTH NANIFOLD G = CoNPACT CONNECTED LIE GRouP

LEFT ACTION : o : G*xN — R

d"(g‘m) s 3-m 2 O‘é(m)

OBJIECTIVE : coHonoLocy oF N/G

¥
0 (M) = GRADED ALGEBRA OF CONPLEX - VALUED DIFFERENTIAL
FORNS onv M

C [5] = GRADED RALGEBRA OF CONPLEX-VALUED POLYNOMNIARLS
ON THE LIE RLGEBRA g oF G

L 4
Q (n)-VvALUED
PoLyNOMALS on 3

L€

czg]&ﬂ.’(n) = SUNS oF X = POP

)= (p@eNE)
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INDUCED ACTion oF G om GLQJ ® Q_*(n) :
‘3,4)(;) : (g tpoer)Lf) = o(g",{a)?:(‘e)

. G
Letga @ Q']
L 4
G- INVARIANT ELENENTS oF €L3] @ (M)

"

L 3
QGU"l)

G - EQUIVARIANVT DIFFERENTIRL FORNS on N

G - EQUIVARIANT EXTERIOR DERIVATIVE :
¢ | * v
| JG : Q‘G (ﬂ)—?QG(“)

(JG"‘)Lf) = dutdr) - (?# (e )

WHERE J

$my = 7y (e'P("tf)'”’)lba .

. |
(Q (M), dg ) 15 A CocHAN ConPLEX AND 1TS CononoLoGy

#
W)

1S ™E CARTAN NODEL oF THE G- EQUIVARIANT CoHonelosy ofF 17

THEOREN (CARIAN) : IF THE ACTIonN oF G on N

<+

1s FREE, THEN .
H tn) 2 HdeRban (Mlg; €),

*
NOTE : MORE DETAILS AND Hs‘ (53) CAN 8E FouwbD IN
ADDENDUN 8,



INTEGRATION OF EQUIVARIANT DIFFERENTIAL FORNS :

S : .Q:U‘?)-—» €Lyl
M

( S o()(f) : Soug‘) . an'tg‘)u‘“

n ™

UNIVERSAL THoN FoORT)

¢ 4
gy -duwante iV RV xan“waw €Q.
v = (W) S € | Sow)
SATISFIES
Yy =0

Sow)
AND

S v = 1

v

2 o . .
NOTE : PROOFS FoR N = [R v ADDENDUNR 9.

THON FORNS FROMN THE UNIVERSAL THom FoRN) :

ANY ORIENTED REAL VECTOR BumvDLE WiITH TYPICAL FIBER \/ CAN BE VIEWED
AS THE VECTOR BUNDLE

P x(, \V4
ASSOCIATED TO Song PRINCIPAL G- BUNDLE

Ges P —m N



A,

By SONE REPRESENTATION

p:G— S0LV) Cq¥ = pegdtP?)
PxV —_— P
by, 5 w) > [pY] l | l

Pr B — A0V )

soev)
FPOCE [CLacv]® afiwn)

— (Rofu)®€E [€L7) o Qw1

* *
E.G., Ve Q, V) — V€ Q. V)

CHERN-WEIL NAP

CHOOSE w on P
erz)®>q'wy = a')
gasie
¢ — )
nATHAI- QUILLEN NAP :

,, ¢ G G *

C @ - =
[ergleQwn] QLPW)nmc Q(_th.v)
POEC — HOR (PLR)a‘C)

dg - cLoseD —» d- cLosed

NOTE ¢ WE USE THE SANE SYNBOLS FOR FORNS on P Amp V Arp THEIR

PULLBACKS To PXV 8Y A PROJECTION



UNVDER THE NATHA)- QUILLEN) NAP

£

Y * oY

cany ! X e granteiVda- 3 2 wiotspy v

GOES TO
U = 7HE HORIRONTAL PROJECTION oF

4 .fuunzi-iwrda-:{g_'."ﬂ(lx“({»*ﬂ))nalﬁ’(
2av) S e oy

ol LIRS L IS
(2T} e

RY

wHERE (P, L) 1S THE SKEW-SYnDETRIC NATRIX INAGE OF THE
G - CURVATURE UNDER [+ .

2
EXANPLE @ N = IR~ AS v THE EXANPLE on PAGE 10,

L ]

a2 L3
-Q(M‘ "'Mz )

J =z am e (x' 4 du,du, )
VECTOR BUMDLE = TS CUSUAL STRUCTORE oM S~ )
G = SO0(2)

s0a) «> F (76" ) —» gt
P = 'Jsol.a.) (So Py = ’Jaww.: )

] [
‘-0'(-010,) Q=Ql(-¢:o>

3 (M} suy )
U s @n e’ P +Ja'c/auz +w'a m,o’a,f-azo@«z) D

w

NOTE : THE PROOF 1S InN ADDENDUM 10,
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/6.

IV GENERAL, $0an® +0Wda 1 1970, Q09

. -
U = HoR  (cam) Sc Y )

1S A BASIC FORN oN Px\ whicH DESCENDS TO A GAVSSIAN REPRESENTATIVE
OF THE THON CLASS ON Px‘, \A

PULLING BACX To N 8y A SECTION oF er,v -» M GIvES A
REPRESENTATIVE OF THE EULER CLASS .
BUT EVERY SECTION of PxV —> I s of mHE FORND

m —» (bim), Stamd)) = [am), Stam)) ]

WHERE A 1S A SECTION OF G <> P—>M pnp S: P— V g
EQUIVARIANT  ( S(prg) = pcg"usz,p:) )}

THUS , ONE CAN PULL U BACK DIRECTLY BY

* ¥ x
(A, Se4) = (11,5)en) =A*o(.1,$)

I.E., PULL V-FACToRS BACK By S To GET A Fofn on P Ano

THEN PULL THIS BRCK TO 1 BY 4

EXANPLE : Tsz z F‘;DLTS‘) X R® As 1N THE EXANPLE on PAGE It

1d,

Sota)
A
W = LEVI-CIVITR CONNECTION ON F;o LTS5 )

a
A =z SEcTION of F LTS )



: ORIENTED, ORTHONORNAL FRANE FIELD oM S

2. _t 3
AP0 = (P, O, 331 sivg 20 )

[
s: F'Soc'rsz) —» R AV EQUIVARIANT NAP
| .
(T.E., A VECTOR FIELD 0® S )
S(a(p,0)) = (¥swO K YewsOcosd)
WHERE YE IR 1S ARBITRARY

THE RESULTING REPRESENTPTMVE OF THE EULER CLASS 1§

| -t t(sin'0 4 cos’0cs'B)
c..ur)" e swg it o5 0 sin' 6 ) dpa d6

NOTE : THE PRCOF 1S 1Ny ADDENDUN ).

TV PARTICULAR | WE OBTAIV THAT, FOR ANY Ye IR

an w " 1 3 t 2
_+Y (SInNOHcos Beosd)
i S S e sd (1+ 7 w0 sin'd ) dgde
o o
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ATIYAK - JEFFREY TRANSFORNATION OF THE UNIVERSAL THON FORN (SKETCH)

NOTE : DETRILED CALCULATIONS cAN BE

L Y

Found 1v  ADDENDLN 12,

.+ nant

() U :amn e S erp (< Wl +iw"cr,mw)ecp

CEVALUATED o HORIZONTAL PARTS )

ADDITIONAL ASSVNPTIONS ANVD CHoICES :

Tp
. G=> P —> "N s oRIENTABLE (T.E., I n-FoRN Won P

(n=dinG) suen Tor, IFmeE N awp (, : T m) <> P, mEw
| A
(,:11! 1S AN ORIENTATION FOR T, tm) = G ). FoLLowsS THAT

P 15 ORIENTED BY THE *“LocAL PRODUCT ORIENTATION "

L
, (vor,)n ¥.

2. THE ACTION oF G on P 1s oRIENTATION PRESERVING (% : P> P,

7, (p) = P*§,'s AW ORIENTATION PRESERVING DIFFEONORPHISH V §EG ).

3. A G- INVARIANT RIENANNIAN NETRIC < , > HAs BEEW

CHoSEN FoR P,

*
*

18



4.

9,

THE CONNECTION W FoR P 1S THE ONE wHOSE DISTRIBLTION OF

HOR12oNTAL SPACES 15 THE FAmLy oF < , >- ORTHoGoNAL
o,

CONPLENENTS T0 THE G ¢ P —» M VERTICAL SPACES

AN ad- INVARIBNT INNER PRODUCT C , ) on I HBS BEEN
CHOSEN AND NORNALIZED So THAT THE VoLunE of G (ARISING

FRon THE CORRESPONDING BI-1NVARIANT RIENANNIAN TNETRIC

ov G) I1s 2.

NOW wE BEGIN TO NANIPVLATE U, GIVEN BY (1) :

Q = dw + Flw,w]l Ao
fw,w ] VANISHES oN HORIZONTAL PARTS So

n [
4 _fnan S exp(iv’?A*'-{""T((’*‘d“”)'P)ew

Q) U = @an) e

(EVOLUATED om HomzonTeL PARTS )

TO00LS .

Cp: 3y — vsm;,(P) c 1;(P)

Col =')=°’¢.exu:))
pt§) = $pd = G p-exp LS It=o

L 4
c, : T,(P) = g
{Pp, Gt Y, = (G 1), T ) Ywp€TiPIV9ey
R, c: °oCp: 53 L INERTIBLE AND SELF-ADIONT )



<0,

THEN

AS LIE ALGEBRA - VALUED |- FORNS
- «
w = R oC
So
-) ¥ PR
dow = dR A C +R dc

¢
C  VANISHES orv HORZONTAL VECTORS AND THEREFORE So DoES
di'a et so

4 -inunt y
(3) U = um‘e 2 Sexp (zw’&wiﬂme Jde’Ny) PY

LEVALLATED on HORIZONTPL PARTS )

T0 ELININATE THE EXPLICIT APPEARANCE OF THE INVERSE , USE THE

FOURIER INVERSION FORNVLA ( on g ) AVD A CHANGE oF VBRIABLE

@=(8,,.,8,) avd A= (A,,..,),) CooRDINATES on 5

mo F A neaL-vALUED FunvcTion on §

. ~a(B,))
"2 S e Ferad)
9

(TFIP) (QarT)

-nl A, D)
ary ot S e fugrds
]

(TFIHAN)



a,

NOW F= F ﬁ'f ) nrLIES

]

. A dn 8
Foa) = uv)nj S e et )P4¢)J¢JA

338
USE TIS TO EVALUATE F (R ) AVD NAKE THE CHANGE oF VARIABLE

A= R 10 oBMMIWV

PtR";u.) - z.nr)'"jj ettt ) e‘w‘R“F(gt)u(g/If dA dg
55

APPLY ™IS TO THE NATHA) - QUILLEN ForN wiTh M= dc"’ O oBTAIV
o k- Fuweant R, A
(4) U= @r) 2n) e SSS exp (T ¥ (pudI¥ + 4Py
Litdet )+ i@, R0y )ckt R OYIBd)

¢ EVALVUATED o HORIZONTAL PARTS )

To INCORPORATE " EVALUATED ON HORIZONTAL PBRTS — DIRECTLY INTD THE

INTEGRAL wWwWE NEED :

A NORNALIZED VERTICAL VOLVNE FORN) FoRr A PRINCIPAL

: w
C-BUVDLE G Q —>» X  ( WF HAVE v MivD

G &> PXV —> PV ) is AN n-FoRN (n=din &)

-l
W ow Q@ Such AT, 1F by ! T LX) & @, THEN

VXEX.



.,

ONE CAN ALWAYS CONSTRUCT SUCH A THING AND, 10 OUR CASE , IT cAN BE
WRITIEN AS A BERE2IN INTEGPAL

¥
W2 tdefR) S e‘C'7)67

+
WHERE 7 1S A VARIABLE v g AvOo (C v ) s THE 1~FoRn om PxV

DEFINED BY

T R RN PERIN-L IPERT I 2t

FOR ANY VECTOR FIELD {

wEDGIVG wWiTH W KILLS ANy VERTNICAL PARTS MVD LEAVES ONLY TERDS
wWiITH MORIRONTAL PARTS AND A FACTOR ofF W . THEN FIBER

INTEGRATION U I.E., I6NORING W ) LEAVES oNLY HORIZONTAL

PARTS .

powe THIS FoR U wo (4) A0S (&' m ) To THE EXPowENT, cANCELS
del R Avp 1wTRoDUCES ONE NoRE BEREZIN INTEGRAL i

- o’ j”j exp (£ ¥ oY ¥4 Wou

) -
5y U= (2r) 2am) €&

idein)ei(8,RN) 4 LCTw;))eyﬁ'PJNA

THE



PULLING BACK THE V- PARTS OF TS FoRN orv Px\/ By AN EQUIVARIANT

nAe
g§: P—>V

GIVES A FoRrRn

4 -tusw’ S“J exp (29 o, )Y v iws

.n
¢y (am) am e

cidctA)ei(e, R ¢ (cfy))ayezpcwd,\

wWHOSE INTEGRAL ovER P 1s T1e EULER WLNBER oF PxpV,

FINALLY , wE ADOPT THE PRACTICE 1v ( SUPERSYNAETRIC ) PHYSICS OF
WRITING THE INTEGRAL OF A FORN AS A BEREZIN INTEGRAL FOLLOWED

BY A VolLunE WTEGRAL :

e X: . Jw
Spot SP S acx, .91 .

APPLY THHS To (6 ) AwWD (FivALLY ! ) SUPPRESS ALL BUT onNE oF THE
INTEGRAL SIENS TO GET THE ATIYAN - JEFFREY FORNULA FOR THE EULER

NUNBER OF PKPV :

-ﬂ
(7)) wmw) @w) &

+itB,R) + (7)) 0] 670'PJAJ¢JM

23,

Lpent ’
e S exp ( a“!”(r’m”’ +ip’ds - Jwela)



NOW WE WANT T AFPPLY THIS (FORNALLY ) TO AN INFINITE - DINENSI10ME L
VECTOR BUNDLE THAT ARISES NATURALLY 1v DOoNALDSON THEORY,

M = ConPACT, SINPLY CONNECTED , ORIENTED,
+
SnooTH Y- nANIFOLD wiTH l>_z (n) 7
AnvD ©oDD

3 = GENERIC RIENANNIAN NETRIC onN M
s
SUL) &> P —>» M wiTH

+
8cy(P)-3CItbum) =0

PRINCIPAL BUNDLE :

MP) ;(i(P) — B(P)

(NOTATION FRON ADDENDLN 2 )

AP)- Acnon on Q: (M, ad P ) GIUES AN ASSOCIATED VECTOR BurDLE

a L)
A X, QinadP) — @p)
)

b, = O-SECTION

A = SELF-DUAL CURVATURE SEcTion = F

A(twl) = (w, F? ]

) w



35,
77(83) 2 ACéu’)) n /.)o(éu’))

¥,(n) = "EULER NUNBER "
ATIYAK - JEFFREY (SKETCH ) :

NOTE : DEIAILS ARE AVAILABLE 1v ADDENDYI 13

A A
REQUIRES A K - INVARIANT RIENAVNIAN NETRIC FOR A« 1 wiLl pRop

THE " (P> EVERYWHERE FRON THIS PoinsT od ).

A
A oren v A , wricH 15 AN AFFINE SPACE

A

T,(A) 2 Q'n, adP)

RECALL : ON Q‘cn,adl’)’

—————

<,&,0>& : §-41‘r (pa*v)

1S IVVARIANMT UNDER ADJoInT ACTION

A, -
TS &, 51 on T (A ) cives Y- ivveRipwT RIENANNIAN

A

METRIC on A

A

~ A
™IS GIVES § CORRESPONDING CONNECTION oNv f < A — @



T (A) 3 7;(«0')3) ® xer ($°)

w
d°: Q%M adP) — Q'n,adP)

§°: Q'inadP) — Q°un,edP)
( SEE ADDENDVN )

Honwui)  Kker (8%)

NoWw EXANINE EACH TERN W0 THE ATiyAN- JEFFREY EXPONENT
4 2 27 ; w7ds ()
-4 Nl st + ¥ (P.d)‘)’ + 4 o D,
¥ .
SAdC A+ i RN )+ eld), )
SEPARATELY .
“w

1 + 2 + +
1. - i— It St 1) = -f nFr, 1l = S ‘ﬁ"(Fw A*F )
M

+ +
n

M(d*) @ wer ¢ S)

I I

* L
—;{—nﬂw)”z = 3 3 o (Fyaa FL) + 3 S r(Fyn
M

YANG-NILLS TERN TOPOLOGICAL TERM

6.



de
DoNALDSON THEORY ANALOGUES OF C, C Amo R :

113

A
LIE ALGEBRA of Q°tr,adP)

n

T“,(ya ) Q'en,adP)

A

So Vwe A
Co : QOLH'A.JP) — Q.(n, A-JP)

c,t8§): a%é' (w.exp(i.b)]tw J J“‘f‘

w
Cw:cl

THUs, RELAMVE To £ , >, Awvo <, D

) 2

¥
C., :Q'nad?) > Q°%n dr)

w
C,., = $§ =-*J“’*

w

AND
R, : ron,arl?) —»n"(n,u/t’)

R,z CooC, <% d° = oY R FiE ¥

= SCALAR LAPLACIAN oF

A, 4(g,RyX)

<7,



KT
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