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WITTEN SINILARLY OBTAINS THE RENAINING DoNALDSON INVARIANTS

¢ FORNALLY ) AS EXPECTANION VALVES FOR A FANILY oF OBSERVABLES
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SEIBERG - WITTEN (FALL 19%44) :  EXACT SOLUTIONS IV TE INFRARED

SEIBERG - WITTEN INVARIANTS

TIESE SEIBERG - WITTEN INVARIAVTS ARISE 10 NUCYH THE SANE wAY AS
THE DONALDSON INVARIANTS FRoN NoPULLI SPACES oF SoLuTIoNS
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ALGEBRAIC PRELININARIES  ( MORE DETAILS Iv ADDENDUR 14 )

FATRIX NODEL oF THE (REAL) ALGEBRA IH oF QUBTERNIONS

1: (50), 2= (03). 7= (50). %= (5))
q = z'.ﬂ. +3"1 -}%BJ‘#%“K
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: CONJUGATE TRANS POSE OF THE NATRIX 2
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nxN*= detx

o,y = & (nesynt-ux-yn*),
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ORTHONORNAL BASIS FOR qu :
o 1 o X
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SATISFIES |
E,E; +E;E; = -34LELEHL, 921,2,3,4

Yxy .
REAL SUBALGEBRA of € = GENERATED BY {E, E, & ,E ) 1s me
REAL CLIFFORD ALGEBRA oF fR." AND IS DENOTED CJUR").

: Yx¥ |
conPLEX SUBALGEBRA oF €  GENERATED BY {E, &, B E, § 15 THE
conPLEX CLIFFORD ALGEBRA oF R ano 1s pemvorep cl(r)® C .
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SPIN (mq) = chm")n Clo (JR“)

(USUALLY WRITTEN SPIN (4) )

THEOREN : SPIN (4) = { U2 ) v, u,e sU | s THE umERSAL
-_— . t 3
DOUBLE COVER oF S0(4),

SPIN : SPINIY) —> SO(R') = sowy)

CSPIN L)) OX) = XM

CONPLEX ANALOGUE oF SPIN LY )

suserouP of C1*(m™) ® € GenernTED BY
SPIN(H) AND U (1),

e
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{e‘s; (% :‘) : ee‘m, U, U, € sum}
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| | .
THE ELENENTS OF CILR')® € (I PARTICULAR, THOSE N R, clerY),
spwvtd) Avp SPINS(4) ) ALL ACT ON Sg .

THIS ACTION 16 CALLED CLIFFORD NULTIPLICATION

AND 15 DENOTED wiTtH A DOT -

RESULTING REPRESENTATIONS :

1. cHr') — ENDG: (Se ) ( IRREDUCIBLE ) /

Q. AQ  SPIN(H) —> hu‘rc(s@)

THIS 15 NOoT IRREDUCIBLE AS ONE SEES BY QB)T:NG
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CLIFFORD NULTIPLICATION BY ELEMENTS oF Cl (R") PRESERVES S_
AND S, , wHEREAS CLIFFORD MULTIPLICATION 8Y ELEMENTS oF Cl, ")
+ -
REVERSES Sg awd Sg . shn(d) € Cl, R?) =

<+ -
Do 0g © 8,
O, @ SHN ) —F SULS, )

Ag avo O, ARE INEQUIVALENT, IRREDUCIBLE REPRESENTATIONS OF
SPIV LH) oN @a'.

Bg @ SPn L) —> AUTLSg)

~n F S A -

O, * Aq._ ® L,

Al Cwy —> U (S )
A@ 1 SPIN (M) U (S,



A FEW NORE 1NPORTANT ACTIONS :
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R e Cl (R") ACTS BY CLIFFORD NULTIFLICATION oV S ,
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R;vsnsms S, Aw Se .
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R '”:So: _—’Se

Srmcw) AcisSon € wia S srmctq) —» UL)) AND COonrLEX

FULTIPLICATION |
ei 26
£.2z(e w)z:=82z:e 2

SOM) AcCTS own Cl(m") :

SPIv (Y ) Acts onv Cl (qu) BY cConJUGATION

-l
A-p = A./.ut.

-' "
BUT (-a)p (-4) = MPM SO THIS DESCENDS

co AN AcTIoN oF SolM) 2 sPNW)/Z,
on Cl(R"),
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M REAL-VALED = P7) SKEW - HERMITIAN
U] In€ - vaLvED =» (P¢7) HERMITIAN

+ -
Se AND SG INVARIANT UNDER ANY P‘Z)

(Jtuz) 2 Pc'z)) S;'

E.G., SUPPRESSING THE TwO ZERD ENTRIES
(fnl) 2 0 4 )T+ (9,97,,0T #0747, X
TSP R el
PR - EwD (Sg )
Qm®) = Qitmﬁ) ® Qf (R*)
(Ji I (R Q';cm") —» Eivoo (s. )

( CONPLEX LINEAR I1SONORPRHISN )

INVERSES

cri' T END Lst)-,-*D. (R
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('#aw*)o : yow*- th(vevh)1
L™ ipht) p'pt
viv LW W)

ONE VERIFIES THAT

‘T,i {(VJ*I‘I’)(E.AEZ'PE;AE‘I) +

(qJ*JllJ)(E'AEz+E‘tAEl) +

ctwew”),)

WKW (EAET+ERE) |

Now GLOBALIZE THESE ALGEBRAIC CONSTRUCTIONS TO BUNDLES OVER

M = conpACT, SINPLY CONNECTED, ORIENTED
snooT# Y-nAwiFoLD + RESTRICTIONS oW b M)

Avy CHOICE OF RIEMANNIAN NETRIC § FOR M GIVES

WSO

sotH) =—> F (M) —> N
So

WE FIX THE LEVI- CIVITA CONNECTION u)m o THIS FRANE BUNDLE

NOTE : FOoR NORE DETRILS O THE CONSTRUCTIONS loHicl
FoLLow, SEE ADDENDLN 15 |
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[ o )
A sPinCSTRUCTURE o FOR M COMSISTS OF A SPIN'(H)- BUNDLE

Tl‘sc

SPIV ‘i) Sm) e

oVER M AnD A SnooTH nAP I\ : Sm) —> F,_LM) SATISFYING

N

s¢my — F (M)

\ / Moo ® /) = Mee

Nep 8= Nep)oTE)

AND

WHERE T : SPINC(4) —> Sow ) s nAap 72 on P, 7.

NOTE : ANY CONPACT, ORIENTED H- nANIFOLD

ADMITS B SPING STRUCTURE FOR ANY CHOICE
oF g C manBfwc» HoPF) AwnD IV THE

SINPLY canmsc:rso CASE , EQUIVALENCE CLASSES
oF SPINC STRUCTURES om M ARE N ONE-TO-ONE
CORRESPONDENCE WITH THE ELENENTS OF
H¥M:Z ) wHoesE rod & REDUCTION IS THE

SECOND STIEFEL- WHITNEY CLASS Al (M)

oF M,

GIVEN A SPINC STRUCTURE WE HAVE THE FOLLOWING ASSOCIATED BUNDLES :



.

S(L) = Sc(n) xa SQ € SPINOR BUNDLE )
¢

k4 +
STk) = Sm) x, ., SQ‘ ¢ POSITIVE AND NEGATIVE
[a
e SPINOR BUNDLES )
» c
LiL) = sum . C ( DETERNINANT LINE BUNDLE )
SONE OTHER RELEVANT BUWDLES :
0 77.,_'
Uy = L(L) — N ( ORIENTED  ORTHONORNAL FRANE
BUNDLE FOR SONE FIBER NETRIC
oo L(L) )
len = F (M) X cl)
C (r‘l.) o ) Sout) ¢ CLIFFORD BUNDLE )

Cltm®C = F () x
So so(y)

(CI()@E)  ( ConpLEXIFIED CLIFFSRD BUMDLE )

NoTE : CAN SHOW THAT A, (M) = ¢, (L°tLY) nodD 2 AND, CONVERSELY,
CIVEN A PRINCIPAL U1) - BUNDLE L® over M wiTH m;m)=c.u_°)non-‘l,

o - o
HERE 15 A SN STRUCTURE L FoR M with L (L) =L,

\

| 2
CLOBAL VERSION OF O : END,(Sg ) — Q,wr7)

ot . T(ENDacs*t.cn) — Q‘:_m)

IDENTIFIES SECTIONS OF THE TRACE FREE ENDONORPHIST BUNDLE OF THE
PoSITIVE SPINOR BUNDLE WiTH SELF-DUAL -FORNS on M
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 FIELD CONTENT OF SEIBERG - WITTEN THEORY :

GAUGE FIELD : connvecTion A onv UD &> L% L) = M

*
POSITIVE SPINOR FIELD ; secTion WeE TS (L))

CURVATURE OF A 15 T™E wuu)-vaLued 2-Forn dA ov (L), BUT Uw)
1S ABELIAN SO THIS 1S UNIQUELY DETERMINVED BY A AMLll) - VALUED
Q- FORN f-;q oN M GAUGE PoTENVTIAL )

¥ —r(ve¥’) € 7"(51\»90(5*(‘21)) — o wey®) e Q m)

+
1% seigerg-witew £QuaTion ¢ F” = o Lwgwh), )

FoR THE 2"° SEIBERG - WITTEN EQUATION WE INTRODUCE A DIRAC
OPERATOR ON SPINGR FIELDS : '

SPINCLY) DOUBLE COVERS S6(4) x Uu) BY THE NAP SPIN® = (T, §) so
SS(M) DOUBLE COVERS THE FIBER PRobvVCT F;oc M) X L°¢L ). pemo7E THE
nAP BY SPINS ALSO.

\

srwcun L — S‘m) m— ™.

1 sein®

SoW)xPU) r;‘om)i L) — M



THIS GIVES

srmcc% — scc M) — N S?chw) c—y scm) —> M
1 Pr_oSPI® ‘), Pr oSPWc

F 1°
Sol) ——> -Fsom) — M Cpa) = L5&) — N

FIXED CONNECTION : ) . SW CONNECTION : A

sPin® covnECTION

. ¢ ety ¥ ¥
ey = tsPin®) (P;-F W, . +PPL. n)

1G.

@), GIES COVARIANT DERIVATIVES ON SECTIONS oF ASSOCIATED BUNDLES E.G.,

T, i TS — Q'tm) @ TSWH)
Ye TS) = T ¥ eQmeTiS)

9, ¥V e TS

FoR EVERY VECTOR FIELD V on 1

LT 1E,, Ez,E_, ,E, ¥ BE A LocAL ORIENTED, ORTHONORNAL FRANE FIELD onv M,
1.E., A SECTIoN oF Fo (M),

/

EACH E. CAv BE REGARDED EITHER AS A VECT6R FIELD om M (Sse V,W(E;)
NAKES SENSE ) OR AS A SECTION OF THECLIFFORD BUNDLE Cl (M) cHICH THEREFORE
pc1s By CLIFFORD NULTIPLICATION on SECTIONS oF StL).



19.

S(L) = §TL)ye S

‘ *
CLIFFORD NULTIPLICATION BY E, INTERCHANGES S (L ). RESTRICTING
~ +
B, 10 S (L) THEREFORE GIVES

By : TSR = TSLD)

g TS — 78D

. |
§, is cuR DIRAC OPERATOR ¢ AND P, 15 175 ADIOINT RELATIVE To THE

NBTURAL INNER PRODUCTS oN SPRCES OF SECTIONS) .

D
2™ seiserc-wirTEn EQUATIN P ¥ = O

CEIBERG- WITTEN :  GIWVEN M, SELECT RIENANNIAN NETRIC § AMD
SW ConNFIGURATION

sPinC sTRucTURE o FOR THE CoRRESPONDING  Fo (M),

SPPACE 1S

AL)= {AP): A 1S A CONNECTION on UU) & L ) => M
Aavo ¥e T‘(S’(-C )) 1S A POSITIVE
SPINOR FIELD onv M } |

CAWIEAL) 15 A SW NONOPOLE. IF 1T SATISFIES

(swi) | FA"“ > c’*( (Y@ '-P‘"?o° ) ( CURVATURE EQUATION)

¢ DIRAC EQUATION )

(SWR) p‘RtP = O

| v
NOTE :  TO SEE wHAT THESE EQUATIONS LOOK LIKE on IR -
SONE EXPLICIT SOLUTIONS, AMD SPNE BOLIDEDNESS RESULTS,

consuLT  ADDENVOLN i@ .
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SEIBERG - WITTEN GAUGE GRoup L) :

‘ ' ¢ c
1. ALL AUTONORPHISTIS & OF SM) v sPINH) &> s tn) —» M
THAT COVER THE IDENTITY oN K o‘") l

—
P;-F o SPINCoo~ = PrF o 5PV So) —> ’:a"") ™

; <o . &S n <
2. C%m,ue) Fe CUn,uen) > o 1 ) —» Sen)

o:‘zp) = P.r(‘n;‘cp;)

AcTion of M) ov (AW)E AL) :

conveECTION A i O INDUCES AM AUTONORPHIST OF L%(L)
¢ .
e ¥ Y of
S(n) —> SM)

L

LK) =veee- ¥y LK)
| -
%
AF = (o y¥a
sPinoR FIELD ¥ @ IDENTIFY THE SECTION W oF STol) wirh

AN EQUIVARIANT NAP Y ; 'SSn) —» 5;

Yoy = oty = Yoo

(AW)-F = (A, ¥-¥)= (1A, %% )



THEOREN : THE ACTION of L) om THE SW CONFIGURATION SPACE AtL)

CARRIES SOLUTIONS TO (SW) ONTo OTHER SOLUTIONS To (Sw), I.E., IF
A, w)E AlL) SATISFIES

+ +
{ Fa cTlyew*) )

o

Aavd ¥ € CUM, Un), THEN (AY)-¥ = (A-¥, P-¥) SATISFIES

+

£t ot (v (.o’ )
AT o
%.r“""” : 0

TWO nepull SPACES :

BL) = ALy [AL)

mik) = {APIEAL): Eraciwew),) gw=o} [HL)

ASSUNING THAT EACH 1S REPLACED BY AN " APPROPRIATE SOBOLEV

COMPLETION ' THE ANALYSIS IS VERY SINILAR To THAT of THE
DoNALDSON NODUL) SPACES,

WE WILL NENTION ONLY A FEW PoINTS AT wHICH THERE ARE
DIFFERENCES

9.



|. THE REDUCIBLE ELENENTS of A (L) ARE EASILY IDENTIFIED ,

LEANA : AN ELENENT (A, W) oF AtL) 15
LEFT FIXED BY SONE NON-I1DENTITY ELERENT ¥
of L) FAvo oLy IF W 20 AND, IV
THIS CASE, ¥ : M —> UlLi) nusT BE A
CONSTANT NAP,

2. ASSOCIATED wWiTH ANY SoLumoN (A, W) 70 (SW) 15 A FUNDANENTAL
EWLIPTIC CONPLEX & (A, W) wiTH FIMITE DINENSIONAL COHOMOLOGY

GROUPS ADTUTTING INTERPRETATIONS ANALOGOUS TO THOSE v DONALDSON

THEORY.

H(A,W) = 0 & (A W) RREDVCIBLE &> ¥ #0

RYWAYW) =
HYA,®) =

FORNAL TANGENT SPACE To 712(»0 )aT LAVY)

OBSTRUCTION SPACE

¢ H(A,W) 20 & mrciT

FunNcTIioNn THEOREN GIVES A
LocAL NANIFOLD STRUCTURE
FoR THE SET OF SOLUTIONS
To (SW) NEAR (A, W) of
DINENSION

din H'A, W) )

zF HA¥) =0 Avp HUA,¥ ) = O THEN THE ATIYAH-SINGER THEOREN

GWES

Q
T (e’ - 2}d) -39B) )

As THE DINENSION of M (L) wear L[AW],

H%A, W) = 0 anvo HA W)= O ARE THE GENERIC SITUATION, BUT
Now “ GENERIC W NEANS SONETHING DIFFERENT THAN IT DID IN

DONALDSON THEORY.

<0.



Q.

: +
(AY AS IV DONALDSON THEORY, IF by (M) >0 THERE 1S A DENSE Gy
SET Gen (®]) oF RIENANNIAN NETRICS ON M SUCH THAT

FoR AMY g€ Gen (R ) And ANY CORRESPONDING
spvC structure L Anvy sorvnon (A V)

T0 (SW) HAS
H°A,¥) = O,

' +
IFf l::'R (M) > | THIS 1S TRUE FOR A GENERIC PATH

oF RIENANNIAN NETRICS,

" GENERIC NETRICS THEOREN “ corn HAY),
RTURB NOT THE NETRIC, BUT THE

(B) THERE IS NO ANBLOGOUS
In THIS CASE ONE NUST PE
EQUATIONS THENSELVES .

a
Fix g Ao L. FoR AMY & Q,(n, In€), ™ME 7- PERTURBED

SW EQuATIONS ARE

4
FH = G ((4’04’*),-) + 7
gow =0

EVERYTHING WE HAVE SPID ABOLT (SW) 1s TRUE oF (PSW ), ALSO
THERE 1s A DENSE Gg SET Gen (3 )
Q (n,Tn € ) suck TAT FoR ANY 7€ Gen (%)
EVERY SOLUTION (A, W) To (PSW) HAS

R2A,Ww ) = O.



THEORED : IF b:‘”) 0, g€ Gen (@), L 15 ANY CORRESPONDING

sPIN® STRUCTURE Ano 7 € Gen (Q7 ), THEN THE NODUL) SPACE

77(-(’, M) oF SoLUTIONS TO THE 7- PERTURBED SEIBERG -WITTEN EQUATIONS
16 EITHER ENPTY OR A SNOOTH NANIFOLD OF DINENSION

% (e, ¢ L) - 2 n)-39o7tm ).

o CHOICE OF ORIENTATION FOR HiLn; R) canonicALLY ORENTS 7)(£,7 ).

NOIE : IF b_:m) > | THERE 1S ALSO A "COBORDISH
RESULT FOR GENERIC PATHS OF NETRICS AND PERTURBATIONS
ANALOGOUS TO THAT 1V DONALDSON THEORY (ONE CAN
EFFECTIVELY " FIX" THE SPINC STRUCTURE ALOWNG A
PATH OF NETRICS BECAUSE THE FRANE BUNDLES ARE
ALL NATURALLY ISONORPHIC).

3. THE SEIBERG-WiTTEN NoDULI SPACES ARE ALWAYS CONPACT !

THIS 1S THE NOST SIGNIFICANT DIFFERENCE BETWEEN DONALDSON AND
SE|BERG - WITTEN THEORY .

ASD Nobull SPACES ARE NoT conPACT BECAUSE THE ASD- EQLATIONS
ARE CONFORNALLY INVARIANT 1o DINENSION H. '

@Y CONTRAST, SEIBERG- WITTEN SOLUTIONS SATISFY A PRIOR] UNIFORN
BounDS | E.G., IF (A YY) SATISFIES (SW), THEN | FoR EVERY
XEM, |

H’J’LX)”'L ¢ K(B) = nAX {- X)) 1 X € mny .



a3,
New FIX A GENERIC RETRIC § , GENERIC PERTURBATION 7 AMD
ORIENTATION FOR H) (M; R).

SUPPOSE THERE 1S A CORRESPONDING
- spin© sTRUCTURE L FOR WHICH

K
¢, (L)) = atum+3oun),

THE NobULI SPACE 1S EITHER ENPTY oR A FINITE SET OF ISOLATED POINTS
EACH EQUIPPED WITH A SI6Nn + 1

DEFIVE THE O - DINENSIONAL SEIBERG-WITTEN INVARIANT

Sw, (1,4)

ofF M nssociATED with L To BE 2ERO IN THE FIRST CASE AND THE
Sun oF THE SIGNS IN THE SEConND,

+ -
NOTE : WHEN lo& (M) >1 A CoBORDISN ARGUNENT
SHowS THAT SW, LN, .Q ) 15 INDEPENDENT OF

q AND '7 AnD 1S, IV FACT, A DIFFERENTIAL
ToPoLoGICAL INVARIANT or-' .,

ANOCTHER CONSEQUENCE OF THE A PRIORI BOUNDS :

IF g Avo 7 ARE prso THEN THERE BRE ONLY

FINITELY NANY CEQUIVALENCE cwsses OF) SPIN STRuavRE.S
{ onv B mmAT SATISFY

2, : o
I C, (L)) ~3Pm)-30tn) % O aAnd

. M) 8.



WHEN THE DINENSION OF THE NoDULI SPACE 1S NoT 2EiRO, SEIRERG -
WITTEN INVARIANVTS ARE DEFINED By INTEGRATING A CERTHIN

colionoLoGy CLASS OVER IT:

Fix p,e N Ler Y L) - suBGRovP of L)
oF THOSE ELENENTS THAT
AcT TRIvIALLY on FIBER

ofF S ) ABovE P, .
, (f,9) = SW-SoLvnows nopuo /ZI-(' )
NATURAL PROJECTION @ T (L9 ) — w9 )
i .8
yu) - aerion ov MW Ly ) [A‘y]‘.e : [A e W]o
PRINCIPAL UL1) - BUNDLE ¢

vu) 77‘(-(‘,7) —-»77(-(,7)

15T cHERN CLASS :
2
c.(%d’,y»)e H ugc-l‘,*p;Z)

%
Swim, L) = S c, (M1, )

mik,9)

2
WHERE .zJJ. s F (e, )= 230 - 3o )

ENPIRICAL EVIDENCE SUGBESTS THAT SW(M, L ) # 0 omLy FoR ThosE

2
L sanseywwe ¢, (L) -27(n)- 30un) = O

24,



5.

R
THE ELENENTS C, (L(L2) € H (N; T ) corRESPonDING To THOSE L

Q
FoR wHICH C,(L°tL)) -2 41n)-30(N) = O ARE CALLED

SW - BASIC CLASSES,

M 1S SPID TO BE oFf SW SINPLE TYPE IF NONZERC SW - INVARIANTS

ARISE oNLY FRon ©- DINENSIONAL NoDuL) SPACES, TI.E., IF

swin, &) 20 = ¢ (LN -apm)-30mn):0

THE WITTEN CONJECTURE

wWHERE )

I. M 1s oF D-SINPLE TYPE &> 1M 18 oF SW-SINPLE TYPE

2. D-BASIC CLASSES COINCIDE WITH SW - BASIC CLASSES

3. Bﬂ (X)

SPnC- STRUCTURES FoR wmich C, (L)) *-2{wn) - 3o°LN) =0 AND

s
erp (Q,x,x/2) 2:: o, exp (K x))

gl

"

M)
exp (@, tx,x)/a ) Z ™ 5w, (1,L) exp (e, (LaiLrre0)
LeN

1S THE SET oF ALL (EQUIVALENCE CLASSES OF )

m(M) = Q¢ 1,"(,'72(:1)+ e )

NOTE : FOR A BRIEF TOUR OF How wiITTEN ARRIVED AT THE CONJECTURE,

SEE ADDENDLN

17

( BY nATILOE NARcolLL) ) .



6.

ATTITUDES ONE MIGHT ADOPT TOWARD THIS CONJECTURE :

"

I7 SHoulLD BE RiGOROWSLY PROVED

- PIDSTRICATCH AND TYURIV

- FEEHAN AND LENESS (PARTIAL RESULTS HAVE ALREADY

, PAID DIVIDENVDS )
- VAJIAC

2. RICeRoUSLY TRUE OR N’or, THE SW INVARIBNTS PROVIDE

A NVCH NORE TRACTABLE Tool FoR THE STLDY oF
4 - NANIFOLDS , SO IT NAKES GooD, PRACTICAL SENSE TO

ABANDON THE ASD EQULATIONS IN FAVOR oF THE
SW EQUATIONS, '

- ESSENTIALLY EVERYONE ELSE

IF PHYSICS IS TRULY CAPABLE oF CASTING SUCH A
Psmsmanmc.'uayr uPon NATHENATICS AT THE
DEEPé'ST LE’VELS, AATHEAATICIANS WiLL WANT
o TAKE HEED AND TURN THEIR ATTENTION
,omcs‘ AGAIY TO THEIR HISTORICAL ROOTS IN
PHy's;cs'Q '

- ATIYAR



