Max-Planck-Institut
fiir Mathematik
in den Naturwissenschaften
Leipzig

Open Quantum Systems

by
Volker Bach

Lecture note no.: 40

2008







Open Quantum Systems

Volker Bach
February 2008

Abstract

These notes give an informal introduction to open quantum sys-
tems. Starting from Schrodinger’s equation, we are lead to density ma-
trices and then to states which are positive, normalized linear function-
als on observable algebras. We then go through the notions of KMS
states and C*-, W*-, and quantum dynamical systems and mathemat-
ically formulate the property of return to equilibrium, which we then
demonstrate to hold true for a spin-boson model. Finally, we give an
application to decoherence of qubits of a quantum computer.

These notes are based on articles whose precise reference is ap-
pended. (Particularly useful were Pillet’s article in [2] and [10].)

It is a pleasure to thank Klaus Sibold and Manfred Salmhofer for
organizing a most interesting and pleasant workshop at the Institute
for Theoretical Physics of Leipzig University in February 2008 and
Kay-Uwe Giering for excellent typesetting.
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I Quantum Statistical Mechanics

I.1 Schrodinger’s Equation

We begin by reviewing the principal notions of quantum mechanics. The
state vector of a system at a given time ¢ € R is determined by a normalized
vector 1, € H in a (separable, complex) Hilbert space H.

The dynamics of the system is generated by the selfadjoint Hamiltonian
H = H* on H, i.e., given the initial value ¢y € ‘H, Schrédinger’s equation

VieR: 4y = —iHyy, o = o (L.1)

is the equation of motion in quantum mechanics.

Note that H is unbounded in many interesting situations. So, it is not
defined for all vectors in H, but only on a dense domain D(H) C 'H, D(H) =
‘H, on which it is closed. The existence and uniqueness of the solution to
(I.1) is guaranteed by

Theorem 1 (Stone’s theorem) Let H be a Hilbert space.

(1) Suppose that (U)ier C B(H) is a strongly continuous unitary
group, i.c.,
(a) ¥Vt € R: Uy is unitary, Uy = 1,
(b) Vt,s € R: UtUS = Ut+5,

Then there exists a selfadjoint operator H = H* on a dense domain
D(H) C'H such that

weD(H):  lm{Uw-v)} = Ho (12)

Moreover U;[D(H)| C D(H), and for all ¢ € D(H), ¥y = Uy is the
unique solution of

VieR: oy = —iH, o = . (1.3)

(i) Conversely, if H = H* is a selfadjoint operator on a dense domain
D(H) then the initial value problem

VieR: oy = —iHyy,, 1y = ¢ € D(H) (1.4)

has a unique solution (Y;)ier € D(H), and the family (U;)ier € B(H)
of operators given by Upp := 1, defines a strongly continuous unitary
group on H.
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Actually, Stone’s theorem is a special case of the
Theorem 2 (Hille-Yosida theorem) Let X be a Banach space over C.
(1) If {U;}i>0 € B(X) is a Cy-semigroup, i.e.,
(CL) UQ = 1,
(b) Vt,s Z 0: UtUS = Ut+5,
(c) Vr € X: limy_ || Uiz — z|| =0,

then there exists a densely defined, closed operator G € L(dom(G), X),
dom(G) = X, such that

M 1)

>0, M <coVRed>f: (A=BC)"low < i

and that .
Vo € dom(G) :  lim {;(Uta: — x)} = Gu, (L.6)

t—0
i.e., G is the generator of U ).

(i) Conversely, if G obeys (1.3) then, for all x € dom(G), the initial value

problem
Vi>0: & = Gu, To =2 (L.7)

has a unique solution x(y € C*(Ry; X), and the operator Uy : dom(G) —
X, Uz == x; extends by continuity to a C°-semigroup.

The unitary operator U, in Theorem 1 is usually denoted U, = e~ % so

Uy = e M. (1.8)

Given an observable A € B('H), its expectation value in a vector state ¢ € H
is given as

Ay = (|AY). (L9)
Hence, defining oy : B(H) — B(H) by

i (A) = ™ Aem (1.10)

a 1= (a4)ter defines a family of automorphisms (= bijective linear operators)
on B(H) such that

<1/’t|A1/)t> = <¢‘Oét<f4)1/’>' (1-11)
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The Heisenberg equation of motion is then

d
VteR: T [ (A)] = i[H,aw(A)], ao(A) = A. (I.12)
This ODE, however, is less innocent as it may seem. Namely, the limit
involved in differentiating ¢ — «;(A) is not a norm limit, but rather a weak
limit:

Vio.p € DIH) : < (plau(A)p) = (olilH, oAy} (113

Also, ay(A) € B(H) which is not a Hilbert space, but usually a non-separable
Banach space (i.e., its norm is not given by a scalar product and it does not
contain a countable dense subset like, e.g., L>(]0,1]) ).

1.2 Density matrices

In quantum mechanics, we are always simplifying the description of the evo-
lution of the universe by focusing on a small part of it (e.g., all observables
which can be realized on earth). In principle, when describing a system by
a state ¢ € H in a Hilbert space Hys, we should always have in the back
of our mind that there is the rest of the world (=everything but the system)
evolving in a Hilbert space H,.s which is likely to be much bigger (whatever
that may mean) than Hg,s, so that actually the total wave function W“m®
of the entire universe is a vector in

Huniverse = Hsyst @ Hyest- (I.14)
Measuring observables A € B(Hys) amounts to measuring
(A syst = (TNAR Lyest) U™ Vumiverse = Trays{pA}, (1.15)
where pgyst € B(Hsyst) is defined by

<§0‘psyst¢>syst = <\Ijunw| (‘¢><90| ® 1rest)\1juniv>umverse- (116)

Obviously, psyst is a positive operator of trace one. Spectral theory implies
that there is an ONB {p,}7°; C H,ya of eigenvectors of p, i.e.,

Psyst — Z)\n ‘(pn><¢n’a OS)\M ZAH = L (117)
n=1 n=1

Trace class operators obeying (I.17) are called density matrices. States
given by single wave functions 1, as in (I.1), correspond to density matrices
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of rank one,

oo = V| — <A>¢=<¢|A¢>=Tr{(|w><¢|)A}=Tr{pA},

(L.18)
so-called pure states.

Going back to Hgyst @ Hyest, We observe that

p iS pure, 10 = |¢syst> <wsyst‘ — Elwrest . \I,uni'u = 2ﬂsyst ® wrest- (119)

This will hardly ever be the case if the system interacts with the rest of the
universe.

Some textbooks on quantum mechanics introduce density matrices by in-
voking a necessity to study “statistical mixtures” due to an “uncertainty”
(not the Heisenberg uncertainty principle) that seems to relate to the Copen-
hagen interpetation of the meaning of the wave function - I never understood
this. So, as far as [ am concerned, the main physical reason for considering
density matrices, as opposed to mere wave function, lies in (I.19) and the
fact that any physical system is likely to be a subsystem of a yet bigger one.
Mathematically, one may argue that density matrices naturally arise as the
closed convex hull of pure states, forming a subspace of the dual of all ob-
servables (which would here be identified with all bounded operators on the
physical Hilbert space).

We thus have to be prepared to change our viewpoint to translating the
Schrodinger equation (I.1) for wave functions into one for density matrices.
Namely, for 1, = e~ )y we have

pr = |we) (] = e ™) (ol " = e " ppe™, (1.20)

and hence
Vit >0 : o = —i[H, p], po = pi=o- (I.21)

If we define 7, := /p; € L*(H) then we observe that
n = UtpOUt* = Ut\/%Ut* = UtnOUt* (122)

and hence

where L(n;) := [H, n;]. In fact, L = L* on a suitable domain D(L) C L*(H).
We introduce the (von Neumann) entropy S(p) of a density matrix

P =2 o1 M |r) (@r| (where (pi| @) = O, A >0, Do, A = 1) by

- 1
S(p) = —Tr{plnp} = ;/\k In ()\—k) >0, (I.24)
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if the series is summable and S(p) := oo otherwise.

The maximum entropy principle asserts that the equilibrium state p, of
a system for a fixed energy expectation value F = Tr{pH} is determined by
the maximal entropy, i.e., for

Sg :=sup {S(p)| p is a density matrix, Tr{pH} = E}, (1.25)

it holds true that

From this requirement it follows that
Sp<oo <= 3IB>0: Tr{e M} <o, Tr{He "} = B, (1.27)

and in this case
pe = Z7VePH 7= Tr{e P}, (1.28)

We are now going to determine e ?# and Z = Tr{e ##}. In view of (1.28),
we study the condition that e %% € L1(H).

Suppose that b is the one-particle Hilbert space of the system (e.g., L*(A),
A CRYor I2(A), A CZ%), and h = h* is the self-adjoint 1-particle Hamilto-
nian.

If the spectrum of h is not purely discrete, i.e., for some E € R and all
e >0,

Te{1l[F—ec<h<E+¢} = x (1.29)

then, by the functional calculus,

Tr{e P} > Tr{e PP 1I[E—c<h<E+¢}
> e PP Tr{1[E-c<h<E+¢} = oo,

and e " is not trace class and hence not a density matrix. So, the notion of
a density matrix representing e~?# necessarily requires that o(h) = o4(h).
If this is fulfilled, o(h) = g4(h), then we consider the second quantization

H :=dl(h) := ) hy aja. (1.30)
k=1

on bosonic Fock space F,(h) =: H, where h = > "7, hy |¢r) (x| and af =
a” (o). By replacing hy by hy — infy by — 1, if necessary, we may assume
w.l.o.g. that hy > 1. We observe that

o0

e = T = @ e‘ﬁh®...®e_f6}i , (I.31)

-~

N=0 N factors
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hence
Tr{e P} = Z Tr{e " ®...0e )
— Z Z 7ﬂ 220:1 hing
N=0 (nk)k 1 ENo,
Zk ng=N
o x 1
o ﬁh _
- T(X ™) - M=
k=1 k=0
Therefore
—BH _ _
Tr{e™} <0 <= kZl = _;71—6—% < 00
1 —1

o
= ) e < o,
k=1

additionally using that 1 > 1 — e Phe >1 P

As a concrete example, we study the discrete Laplacian h = —A =
> pej=1(1 = T¢) on [?(Z%) and its restriction A = 14, A1y, to I2(AL), with
A =780 [-L/2,L/2) and L € 2Z even and where (T*p)(z) := p(x — k).
For 1 < L < oo, we have that

LN\’ [(2r\*
Te{e P} = (2_> (%) S et
™

2m d
§eT LY

L>1 L\
== —Aw(©) qd 1.32
(%) /H 3 (132)

where w;, and w denote the spectral values of —Aj, and of —A, respectively.

Without deriving it in detail, we remark that establishing (I1.32) goes
through the discrete Lapla(nan Ap “on [?(Ar) with periodic boundary con-
ditions and elgenvalues whe" because the corresponding Schrodinger equation
—AY" e = W () pe can be solved explicitly. Indeed, the spectrum of — AP
is given as

M=

o(=ALT) = {w(€) €e2mLTZL}, Wi (§) = ) (1 — cos(&I)33)

L2 = {—m(L—2)L7", —r(L—4)L7,. . w(L—2)L 7}

v=1
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One then shows that

lim Tr{exp[—B(—AL)]}
L—oo Tr{exp[—F(—AT")]

=1, (1.34)

which follows from the fact that the difference of —A, and —A?”" is bounded
in norm by 1 and of rank #{9A;} < 2dL*"!. Hence its contribution to the
partition function Tr{exp|—3(—AL)] is negligible in the limit L — oo.
Returning to Eq. (1.32), we observe that

nggo Tr{e P} = oo. (I.35)
So, while py, = Z;! e P2 € L1(H) defines a density matrix, for any L < oo
and with Hj, := dI'(hy) being the second quantization of hz, we conclude
that the limit of the sequence (pz)52; C L£L'(H) of density matrices, if existent
at all, is not a density matrix. Nor is e "H~ € L1(H).

This shows that the set of density matrices is not closed under taking
thermodynamic limits. The example also shows that this has nothing to do
with the boundedness or unboundedness of h; (which is the discrete Lapla-
cian is chosen, rather than the usual differential operator). It also shows that

the convergence of hy, to he, or of Hy, to Hy (in a suitable sense) is of no help,
either.

1.3 Local Observables and KMS-Condition

From the previous section it is clear that density matrices are not suitable
for studying systems right away in the thermodynamic limit. This insight
leads us to local observables A;,. € B(H), where H = F,(h) is the bosonic
Fock space over h = (2(Z%).

In order to introduce Aj,., we remark that, for any partition Z? = AUA®,
we have h = hoBhac, with by = (2(A) and hae = 2(A°). For xy, @9, ..., 00 €
A and y1,ys,...,ynv € A° we define

* * * * * * o * * . * * * . *
J[amam T gy Gy Gyt ayNQ} = Oy, Ay, Qg pr Oy ® Cyyy Ay Gy Qpe.
(1.36)

Then, extending J to H by linearity and continuity, we see that
H = F(ha) © F(by) (L.37)
are isomorphic. Moreover there is a natural injection j : F(h) — H, namely

jlatal, -~ al Qu] = alal ---al Q@ Qe. (1.38)

1 T2 TM
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While F(bh,) is clearly the subspace of vectors supported on A, the injection
j in (1.38) yields a useful characterization of F(hy) = j[F(ha)] C H as a
subspace: it contains all vectors with zero particle number (expectation) in
A°. This leads us to define the observables supported on a given set A C Z¢
as follows,

A(A) = {A€ B(H) | Vz € A°: Ad}a, = ala,A=0 }. (1.39)

The local observables are then defined as the norm closure of all observables
of bounded support,

Awe = [ J{AMN) | A CZ¢ |A| < oo}, (1.40)

or, equivalently, A € B[H] is a local observable if, for any ¢ > 0, there exist a
finite subset A C Z?% and an observable A € A(A) supported on A, such that

|1A— A, < e (1.41)

We come to introducing the Kubo-Martin-Schwinger (KMS) boundary con-
dition. Let A C Z? be a bounded subset, A, B € A(A) two observables
supported in A, and L > 1 sufficiently large so that Ay D A. Using the
density matrix

pr = Z; e PHe (1.42)
to define a state on A(AL) by
wi(4) = Tr{py, A} (1.43)
and a time evolution automorphism group (a4 );er on A(Ay) by
ol (A) = e Ae~ "ML (L.44)

where Hj, := dI'(AL). We then observe that the cyclicity of the trace implies
wr(Ads (B)) = ZL_1 Tr{ e PHL A "L Bo—itHL }

_ ZEl Tr{ H(—tHiBHL A —i(—t+iB)HL —BHL p }

= Z;'Tr {e “PHL B TP (A) }

= wi(Ba;"(A)), (1.45)
which is called KMS Condition and holds for all L < oo.

Moreover, for A € Ajo.
ol (A) Loy a'(A) strongly, (1.46)

where of = ™ . ¢ and H := d['(A). It is the KMS Condition (1.45) and
Eq. (I.46) which survive the thermodynamic limit L — oo. To understand
this, we introduce the notion of C*-, W*-Algebras.
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II (C"- and W*-Algebras

I1.1 Definitions
Definition 3

(i) A C-vector space A equipped with distributive multiplication Ax A — A
is called an algebra.

(i) An algebra A which is also a Banach space with |AB|| < ||A|| - || B|| s
called a Banach algebra.

(111) A Banach algebra (A, | - ||) with an involution * : A — A, such that
Axx= A and |A*A| = ||A]]?, for all A € A, is called a C*-algebra.

(iv) A C*-algebra (A, || -||), which is the dual space of some Banach space
A, is called a W*-Algebra. In this case, A, is called predual of A.

Examples:

e Mat(N,C) is a C*-algebra w.r.t. the norm induced by the unitary scalar
product.

e B(H) is a C*-algebra.

e The compact operators Com(H) C B(H) on H is a C*-(sub)algebra of
B(H).

e B(H) is W*-algebra with B(H), = L' (H).

e The GNS construction below shows that any C*-Algebra is C B(H),
for some H.

Definition 4 Let A be a C*-Algebra.

(i) (H,m) is called a representation of A
s <= 'H is a Hilbert space and m : A — B(H) is a x-automorphism,
i.e., for all A,B A,

T(A+ AB) = w(A) + M(B), m(AB) = n(A)n(B), n(A") = W(z‘(ll);l)
If kerm =0 then (H, ) is called faithful. ‘

(ii) Let (H,m) be a representation of A.
Q€ H is called eyclic : <= w(A)Q ="H.
Q€ H is called separable : <= 7(A)2 =0 implies T(A) = 0.
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(i1i) (H,m, Q) is called a cyclic representation of A
:<= (H,m) is a representation and Q is cyclic in 'H.

(iv) A linear functional w € A* is called a state on A
<= |jw|| =1 and w(A*A) >0, for all A € A.
Moreover, if w(A*A) = 0 implies A =0 then w is called faithful.

Remarks:
e If (H, ) is a representation then w(A) C B(H) is a C*-subalgebra.

e The cyclicity 7(A)Q = H of Q means that 7(.A) is dense in H, i.e., for
all 1 € H and any € > 0 there exists an A € A such that || —7(A)Q| <
€.

o If A= B(H) and p € L'(H) a density matrix, i.e., p > 0, Trp = 1,
then
w,(A) == tr{pA} (I1.2)

defines a state.
e But not all states are of this form, we have
B(H). = L'(H) € B(H)". (I1.3)
This is much like
LYRH™ = L*(RY* D LYRY). (I1.4)
Theorem 5 (GNS) Let A be a C*-Algebra and w a state on A.
(i) There exists a cyclic representation (H, 7, Q) of A such that
w(4) = (Q 7(A4)Q), (IL.5)
(H,7,Q) is called GNS representation of (A, w).

(i1) (H,m, Q) is unique up to unitary equivalence, i.e., if (7:2, T, Q) is another

cyclic representation of A then U : 'H — H unitary: 7 = UrnU”",
Q=U00Q.

(11i) w is faithful <= 7 is faithful and Q is separable.

Corollary 6 Let of : A — A be a *-automorphism leaving w invariant, i.e.,
w(at(A)) = w(A), for all A € A. Then there exists a family of unitary
operators (Up)er such that w(at(A)) = U (AU}, UQ = Q, for all t.
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Exercise: Let A = B(h) and p € L1(h) a density matrix with ker(p) = 0.
Construct a (the GNS) cyclic representation (H, 7, 2) of A.
Hint: Observe that (A, B) := Tr{pA*B} defines a scalar product.

Definition 7 Let A be a C*-Algebra, w a state on A, and (H,, 7, ) the
GNS representation. A state w € A* is called normal with respect to w
;<= W is a density matriz in B(H,), i.e., there exist an ONB {{x}32, CH
and a sequence (A\,)72, of nonnegative number with ), A, = 1 such that

B(A) = M (W] mo (A, (1L.6)

for all A € A.

Remark: Normality defines an equivalence relation, equivalence classes are
“small perturbations of w”.

I1.2 Dynamics on Operator Algebras

Definition 8 (A, «) is a C*-dynamical system : <=
A is a C*-Algebra and o = (a')er is a strongly continuous group of *-
automorphisms on A, i.e., o= =1, ola® = o'**, and

VA€ A: limlla’(4) - Al = o. (IL7)

Remark: Let A = B(H), H = H* on H and o' := ¢ A= Then
(A, a) is a C*-dynamical system <= H is bounded. (IL.8)
Thus, the notion of C*-dynamical systems is only of limited value.

Definition 9 (A, a) is a W*-dynamical system : <
A is a W*-Algebra and o = (o)ier a o-weakly continuous group of -
automorphisms, i.e., o/~ =1, ala® = o'**, and

YVwe A, Ac A: Pn(l)w(at(A)) =w(A). (IL.9)
Definition 10 (A, a,w) is a quantum dynamical system : <
A is a C*-Algebra (with 1), a = (a')er a *-automorphism group, and w an
a-invariant state on A, i.e., woa' = w, so that VA € A: t — w(A*a!(A)) is
continuous.
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Theorem 11 If (A, «) is a C*-dynamical system or W*-dynamical system
then there exists an a-invariant state w on A.

Idea of Proof: Let p be a state on A and define

pr(A) = %/o p(at(A)) di. (I1.10)

Then (ur)rso is a family of states (normalized, positive and, in particular,
bounded linear functionals on A), pr € A", ||pur|l 4 = 1, pr(A*A) > 0.
The Banach-Alaoglu theorem now guarantees the existence of a weak-*-limit
point w and, passing to a subsequence, if necessary, we have

VAEA: w(A)= lim ur(A). (IL.11)

Then w(A*A) >° w € A*, ||w|| = 1. Moreover

(o] T+t
furla! () = (A < % [ Ine ANl + 5 [ Intar(a)as
Al o
< = o (IL.12)
so w(a!(A)) = lmy_ oo pr(at(A)) = limr_e pr(A) = w(A). O

Remarks:
e The limit state w may not be normal w.r.t. u.

e Thus, every C*-dynamical system and W*-dynamical system is a quan-
tum dynamical system, because stationary states always exist (but
might not be unique).

Theorem 12 Let (A, a,w) be a quantum dynamical system and (H,m,$2)
its GNS representation. There exists a unique self-adjoint operator L = L*
on 'H, the standard Liouvillean, such that

(i) w(a'(A)) = etbr(A)e ™t |
() LQ = o0

Remark: Conversely, for a C*-Algebra A and a state w on A with GNS
representation (H,r,2), there exists a natural self-adjoint operator .Z, the
modular Liouvillean, and a natural *-automorphism group 7 = (7%);cr on A,
the modular automorphism group, such that (i) and (ii) hold true for (A, 7, w).
This is a result of Tomita-Takesaki theory which I completely suppress here.
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Definition 13 Let (A, a) be a C*-dynamical system or W*-dynamical sys-
tem, B >0, and Sg := {2 € C|0 < Imz < 8} C C a strip on the upper half
plane. A state w on A is called an (o, 3)-KMS state : <

For all A, B € A there exists a function Ff) : Sg —— C, which is analytic
on Sg, continuous on S_g, and obeys

vteR: FOL() =w(Aa(B)), FUOM(t+i6) = w(!(B)A).  (11.13)

Theorem 14 Let (A, «) be a C*-dynamical system or W*-dynamical system,
B >0, and w an (a, B)-KMS state. Then w is a-invariant.

IIT KMS states and Return to Equilibrium

III.1 The Araki-Woods Representation

The definition of («, 3)-KMS states leaves the question open whether such
states exist in concrete situations.

Suppose we study an N-level atom, K, = CV is the Hilbert space of
atomic vector states of energies Fy < Ey < ... < Ey (in particular, we
assume that no eigenvalue is degenerate), so H = S E;|@:) (o] = H,
(il @) = 6;; is the Hamiltonian, p,; = Zﬁ_l-Z?Ll e PEi | ;) (4] is its density
matrix at temperature 5 > 0, so that wy(A) = Tr{psA} defines an («, 3)-
KMS state on B(Ky), where af,(A) = e/Hat Ae=iHat,

The GNS representation is (Ha = Kat @ Kat, Tar, Qar) With m(A) = A1
and

N
Qo =Y _ Z5' e P ;00 (I11.1)
=1

Note that 7,(A) := 1 ® A* is another representation commuting with ;.

Next, suppose we consider a free scalar quantum field on a Fock space
Ko = F(L*(R?)) with field Hamiltonian H,, = [e(k)aja, d’k and an
automorphism group ay, = (aj,)ier on the Weyl algebra W (actually, not
the Weyl algebra over all of L?(R?), but a suitable subalgebra, depending on
the dispersion relation €), such that, for all A € W

ol (A) = e'Hon A= Hon (I11.2)

ie.,

ab(a#(f) = a* (")) (111.3)
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Araki and Woods gave an explicit construction of the GNS-representation
of the corresponding (o, 3)-KMS state as follows, the GNS representation
is (th, Tphs Qph> with

Hon = Ky, @ Ky =2 F [L2(RY x {I,7})], (I11.4)
Q,p, = vacuum in Hyy, | (I11.5)
Ton(a(f)) = a(\/1+ ps f) + a7 (y/ps ), (IT1.6)

(there is a commuting representation m,, (a(f)) = aj (\/ps fta.(\/T+psf))
where ]

ps(k) = PEECIEE (IIL.7)
Then wpp(A) = (Qpn| mpn(A) Q) is an (o, 3)-KMS state. Moreover,
Tpn (i (A)) = etbonmy, (A)emEon (IIL.8)

where the Liouvillean is
Loy = / e(k) (af pare — ab pars) k. (I11.9)

Note that ker L, = C - Q,, and o(Lyp) \ {0} = 0ac(Lpn) \ {0}

If we study a system of an atom and the scalar field at temperature 3! >
0 but without interaction, then A = A, @Ay, o 1= 0t @, Wo = Wat @Wph,
is an (ap, 3)-KMS state, oy (A) = e 0 Ae~ o with Ly = Lot @ 1pn+ 1t ® Ly,
on Hy = Hat ® Hpn, and the GNS representation of (A, wyp) is given by

(Ho, o = Tat ® 7Tph7 Qo = Qat ® Qph)- (IIIlO)
oLy
@) E;d‘
! ? +— ‘
Remarks:
e Note that

0(Lat) ={Eij == E; — E;| 1 <i,j < N} (I11.11)
and so Ej; are also eigenvalues of Lg

e In particular 0 = {E;;| ¢ = 1,..., N} is an N-fold degenerate eigen-
value.
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o All states

wii(A) = (pi @ B; @ Q| mo(A) (0: @ T; @ Qpp)) (111.12)
are agp-invariant, but only
N
Wy = Zil ZeiﬁEiu)n’ (11113)
i=1

is KMS.

Theorem 15 (Return to Equilibrium) Suppose that (A, ag) is a W*-dy-
namical system, wy an (ag, §)-KMS state, and (Ho, mo,$2) the GNS repre-
sentation of (A,wo). Let (A, ay) be a W*-dynamical system and Ly = L on
Ho such that

VAe A: my(al(A)) = e"romy(A)e " (II1.14)
and that 0 is the only and a simple eigenvalue of L,
ker L, =C-Q,, ||Q =1, (III.15)
and
o(Lg) \ {0} = 0ac(Ly) \ {0}. (I1.16)
Then
(i)
wy(A) = (Qg] m0(A) ), (II1.17)

defines the unique (3, ay)-KMS state w, € A*.
(it) For all @, which are normal w.r.t. w, (or wy, resp.) and all A € A:

tlggo D(ag(A)) = wy(A). (R-to-E) (II1.18)

Sketch of Proof for (i) = (ii): Suppose that A, B,C € A (actually, they are
taken from a dense subset of A of analytic vectors) and consider
(Q| mo(B)" (0 (A) ) Q)
= W ([B'e (A)}C) = w, (a7(O)[B g (A)])
6thg T ( ) —itLg Qg>

= (a™(C)B7)
= ([ mola” Zﬁ(C)B*) etomy(A g>
(@™(C)B7)

- (
— (BO) ) = y(A)- (@) m(B)m(C) ). (IL19)
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So VA, B, C"-
lim {mo(B)y | mo(a(A))mo(C)2) = {mo(B)Qy| 70(C)) - wy(4). (IIL20)

Thus for all By,...,By € Aand Ay,..., Ay > 0 with 8 A < 1,

N

lim > (Wk| mo(ag(A)vn) = wy(A) - (ZMH%IIQ), (IL.21)

t—o0
k=1
where 1y, := B,. If W is w, normal w.r.t. wy then w can be approximated
by such finite rank density matrices, and the result follows. O

IV  Applications

In this section we assume that A = Ay, ® A, is a suitable algebra of observ-
ables of an atom (or an array of these) and a scalar quantum field. The atom
is assumed to have only N levels, each of which are nondegenerate. N < oo
is a crucial assumption, unfortunately, and also the nondegeneracy of the
atomic eigenvalues helps a lot. The scalar character of the field, however, is
chosen merely for notational convenience.

Recall the Hilbert space K = Ky ® K, of the atom-photon system, where
Kat = CY and K, = F[L*(R?)]. The interacting Hamiltonian H,, where g
is a coupling constant, is given by

H, = Hy+gl, (IV.1)
Hy = Hyu®14+1® Hpy, (Iv.2)
[ = / (G ® at+ G ® ay) dh = a*(G) + a(G).  (IV.3)

Here, G\, € B(K,;) represents the transition matrix of the atom in a dipole
approximation and is of the form

6 = [ F@ () e avay

or
1

6petiog) = [ o (e 5 29 d v

The function (%) is an analytic UV cutoff. To be specific, we choose

k(k) = e, (IV.6)
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The dynamics «, generated by H, at temperature 3~ > 0,

al (A) = es Ae~ s (IV.7)

g

is implemented in the Araki-Woods representation (II1.4)-(II1.10) as

mo(al(A)) = ela my(A) e "h (IV.8)

g
with

Ly = Lo+g (m(I) = Jm(1)J)

= Lo+gW, (IV.9)

W = af (\/1+psGi— /psG:) + ai (/1 + psGi — /paGr)
+ay (V3G — 1+ psGr) + ar (VP3GT — /14 psGr)

= a/ () + a(F) + a (F) + a(F), (1V.10)

where, for k € R?, F}), ), are the N? x N2-Matrices

Fp = 14+ ps(k)-Gr®1—4/ps(k)-1®GY, (IV.11)

Ex = /psk)-Gr®1—1/1+ ps(k)-1® G (IV.12)

IV.1 Complex Deformations

Studying perturbations L, of Ly is difficult because the unperturbed operator
is not semibounded and the eigenvalues are embedded in continuous spec-
trum. One overcomes these problems by using, e.g., complex deformations
(or positive commutator methods). There are two main types of complex
deformations: complex translations or complex dilations. Both use the form

e(k) = |K] (IV.13)

in an essential way.
If we have a self-adjoint A = A* (possibly unbounded) on h = L?(R")
then
R>6 — Uy=e? € B(h) (IV.14)

defines a unitary Cy-group. For an analytic vector ¥ € M C h, the map

R360 — tg:=Upp €h (IV.15)
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has an analytic continuation to a strip Sp, = {—0y < Im6 < 6y}, 6y > 0,

about the real axis,
Sp, 20 — Yyeb. (IV.16)

In many situations, also
R>6 — L,(0)=UyL,U;' € B(D(Lo); h) (IV.17)

allows for an analytic continuation in 6, i.e., § — L,(#) is an analytic function
on Sp, with values in the (Banach space of) bounded operators from D(Ly)
to b.

Remarks:

e Note that we wrote L,(0) = UpL,U, ", and not L,(6) = UpL,U; (which
cannot have an analytic continuation because ¢ +— Uy is not analytic
but antianalytic).

e The domain D(Ly) of L,(#) neither depends (locally) on g nor on 6.
e Such maps Sy, 2 0 — L,(0) € B(D(Ly); ) are called analytic families.

e Eigenvalues are invariant under L,(0) — L,(#). In particular, if E is
not an eigenvalue of L,(6) then £ is not an eigenvalue of L,(0), either.

Jaksic-Pillet glueing (d = 3): Observe that, in spherical coordinates,

I

R® = R* x§?% (IV.18)
R® x {r,i} = R"x{ri}xS*=RxS%. (IV.19)
In other words, we consider the momenta of the [-photons to have positive

magnitude and the momenta of the r-photons to be of negative magnitude.
Implementing this coordinate change leads to

Lyn = / k b*(k,0)b(k, o) dkd?o, (IV.20)
RxS?

i.e., Ly, may be regarded as the second quantization of the one-dimensional
momentum operator. It turns out that translations k — k + &

Lpn(€) ::/R S2(k:+§) b*(k,o)b(k, o) dkd’o, (IV.21)

allow for analytic continuation and lead to an analytic family (L,(§))e. In
particular, for £ = in with n > 0, we have
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6‘(1-0("2))

N Ey'
— * >——% =z R—'—M
. . \' n A-ﬁ\l“@ki&ﬂ ¢
—_— | L ';-@\M\MW
The N? eigenvalues

are isolated and of finite multiplicity. The nondegeneracy of Fy < FEy <
... < Ey ensures that the degeneracy of 0, as an eigenvalue of Ly(in), is N,
namely

E11 == EQQ == ENN - 0, (IV23)

The eigenvalues E;; of Ly(in) are isolated, and the eigenvalues of L,(in)
can be computed by standard perturbation theory. The result is

Q( L& (f?/) ) € E.‘&‘ @ .
- t -+ mn o ; v -
® © ﬁ

e &0 0-6)

0 is a simple eigenvalue of L,(in), corresponding to the KMS state and
there are N2 — 1 complex eigenvalues

Emm(g) = _2.927mm7 m € {2,3,...,N}’

Emn(g) Ern + ¢*0mn — 10*Ymn, m,n € {1,...,N},m # n,
(IV.25)

where {Vmn}bman>3 C RT are positive numbers (their positivity actually re-
quires a genericity assumption on G}, ensuring that there are no forbidden
transitions) resulting from second-order perturbation theory. We set

I':= 1§{7111,11D§N{7mn} >0 (IV.26)
m+n>3

noting that I' > 0 requires N < oo (!). Moreover,

Gaise(Ly(in)) = {0} U{Bpn(g)] 1<mn<N, m+n>3}, (IV.27)
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with corresponding projections

Lg(in) Pmn(ﬂan) = Emn( )Pmn(g 77)7

and
Oess(Lg(in)) C R+ i(—o00,n — cg). (IV.29)

For an analytic vector ¢ € Hj, we obtain

(pl e*Fo)
T —1 —itE &)L
“ g {2 [ e 1, - B - ) an)
' -1 . _ o
— it { 5 [ e | (L) — B i8) ) B )

-1 —itz ;
:Im{%/Re ! <907i17‘ (Lg(”}) z) Som> dz}

-1 ,
=1Im —/ e~ {p_in| (Ly(in) — 2) ey dz}
(G [ e ol (Gafin) = 2700)
+ (—in| Qg,in) (Qg,—in| Piy)

+ Y {pinl Pan(g,m)pin) - €7 Fmn O, (IV.30)

m—+n>3

Using that |e#*| = e!™#* and the fact that

(Pinl Qi) (QLg,—in| win) = (@] Qg) (| @), (IV.31)

we obtain by analytic continuation in — 0 that
(ol e o) = (el Q)| < €« (e et 4 7o)
- C- <e—92“> , (1V.32)

i.e., the return to equilibrium is, in fact, exponentially fast.
Moreover, we observe from (IV.30) that

(ol 7o) — o Q)* = D (in] Pranlg, m)pin) - € Fmn )

m+n>3

< C-e et (IV.33)
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where the validity of the analytic continuation requires, in particular, that

1

Complex Dilations: Alternatively to Jaksic-Pillet glueing, we can use di-

lations
do

R360 — e % Aoy €2 Ay gmops (IV.35)
which leads to
Lon(6) = / (¢ |k afpare — € k| afpane) dik, (IV.36)

and, for 6 = i, ¥ > 0, we obtain

Let us compare these two complex deformations:
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Complex translations and J.-P. glueing:

+ elegant idea
+ result on o(Ly(in)) can be computed by standard perturbation theory

— very restrictive analycity requirements on the matrix elements Gy (i, 7)
at k =0

— requires large temperatures/resp. small coupling: g < n < %

Complex dilations:

+ minimal analycity requirements on G(i,j) at k =0

+ uniformity in g: applies V0 < g < go, 0 < 8 < fy. (still, zero tempera-
ture limit is not allowed [and should not be allowed) )

— result on L,(i) makes use of (involved) RG theory necessary

— does not yield exponentially fast R-to-E.

IV.2 Decoherence

For simplicity, we henceforth assume N = 2, i.e., we study a single qubit,
C?, coupled to the photon field at temperature 371 > 0.
We assume that

G = (g C) Gy, Gy = BN (IV.37)

b V|
We introduce as initial qubit states

and |
pij(t) = (@il 6_”L"90ij> (IV.39)

noting that €y is an analytic vector (in fact, Qg 1 = Q). p;;(t) measures
the time-decay of qubits in states E% - (ij-th matrix unit), e.g.,

p12(t)  corresponds to (8 (1)) € B(C?). (IV.40)
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Note that perturbative arguments yield

(pisl Q) = (i3] Qo) + Og?), (IV.41)

2
(pi| Q) = 271> ePPm (01 @ Bj] o © B

m=1
e_ﬂEl e_ﬂE2
- (eﬂ& + eﬁEz) dndji + (eﬁEl + eﬁEz) 0iz0j2,
and, for m # n,

(Pij| Prn(g:m)@ij) = (@i] Pun(0,m)0i5) + O(g°)
= [(#i] Lmn)|* + O(g%) = 6imdjn + O(g°XIV .42)

Inserting these estimates into (IV.33), we conclude that

eiﬁEl/Q —iE22(g)-t 2
P11/22(t) - ;011/22(00) = m "€ [1 +O(y )}

+O(92) . e—iEm(g)'t7

pra(t) = pra(00) = e PR [14 O(g)] + O(g%) - 7 F2,

i.e., the dominating contributions to the decoherence, i.e., the decay of
pij(t) — pij(00), come from the local part of the spectrum

| E
e Ly o
Vs : l\/ o > wa (3)
Ey) 70T e B a

R-1 VR \ ca
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