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CHAPTER 1

Introduction

1.1. Summary of results

Let M be a smooth, closed, nite-dimensional, oriented manifold, and denote byM
the Fechet manifold of smooth Riemannian metrics onM . There is a natural Riemannian
metric on M called the L2 metric and denoted by (; ). It is the primary goal of this thesis
to give a description of the completion of M ; (; )). There are three main results we will
summarize here. The rst is the following:

Theorem. With the Riemannian distance function d induced from (; ), (M ;d) is a
metric space.

This is indeed a theorem that needs proving, as thé.2 metric on M is an example of
a so-called weak Riemannian metric. This means that the tangent spaces &fl are not
complete with respect to (; ), and so many general theorems from the usual theory of
Riemannian Hilbert manifolds do not hold. In this theory, typically only so-called strong
metrics are considered, with respect to which the tangent spaces are complete. Of course,
for a strong Riemannian Hilbert manifold, the Riemannian metric induces a metric space
structure on the manifold. However, for weak Riemannian manifolds, there are examples
(cf. [38], [37]) where this does not hold, as the distance between some points may be zero.
Therefore, one must explicitly prove that a given weak Riemannian manifold is a metric
space.

Given a metric space structure onM , we know that it has a completion, and the second
resultjwhich can be seen as the main result of the thesis|gives a concrete description
of this. Let M ¢ denote the set of semimetrics orM (i.e., sections of the bundleS2T M
that induce a positive semide nite scalar product on each tangent space oM ) that have
measurable coe cients and nite volume. De ne an equivalence relation onM ¢ by saying
0o 1 if the following statement holds for almost everyx 2 M : if go(x) and gi(x) di er,
then both go(x) and g;(x) fail to be positive de nite. If we let M denote the completion
of M with respect to (; ), then:

Theorem. There is a natural bijection : M ! M = that is the identity when
restrictedto M M.

This completion ts in with the general philosophy that in order to complete a space
of objects, one must allow objects of a somewhat more general type. Note that we start
with smooth metrics, yet in order to complete M , we must add in points corresponding to
metrics with far worse properties. This essentially arises from the fact that thel.? metric|
as its name implies|induces the L? topology on the tangent spaces oM , which themselves
only consist of smooth objects. Thus, the extreme incompleteness of the tangent spaces
is re ected in the incompleteness of the spacéM itself.

The nal result we describe here is an application of the completion ofM to Te-
ichmaller theory. If the base manifold M is additionally assumed to be a Riemann surface
of genus larger than one, then the Teichmualler spacel' of M can be identi ed with the
space of conformal classes of metrics oM modulo Dg, by which we denote the di eo-
morphisms of M that are homotopic to the identity. Let N be a smooth submanifold of
M which is invariant under the action (by pull-back) of the di eomorphism group, and
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8 1. INTRODUCTION

which contains exactly one representative from each conformal class. Then we have a dif-
feomorphismT = N =Dg, and the L2 metric restricted to N induces a Riemannian metric
on T. As a corollary of the last theorem, we have:

Theorem. Each point in the completion of T with respect to the Riemannian metric
described above can be identi ed with an element ofl = . This identi cation is not
unique.

The metrics on T we have just constructed generalize the Weil-Petersson metric on Te-
ichmualler space, and this theorem generalizes what is already known about the completion
of Teichmuller space with respect to the Weil-Petersson metric.

1.2. Motivation

The original motivation for studying this problem comes from Teichmaller theory, and
that is why this application in particular is given. Let us describe how our considerations
arose from similar ones in Teichmaller theory.

As above, let the base manifoldM be a Riemann surface of genus greater than one.
Consider the groupP of positive functions onM ; it acts on M by pointwise multiplication.
The quotient spaceM =P is a smooth manifold, called the manifold of conformal classes
on M. Furthermore, the pull-back action of a di eomorphism on M descends to an action
onM =P.

Fischer and Tromba [B5] have given a description of Teichmuller spaceT in this
context. They show that there exists a di eomorphism

T = (M =P)=Dy:

Thus, Teichmualler theory can be considered, in their words, in a \purely Riemannian”
way.

A crucial step in Fischer and Tromba's approach is using the Poincae uniformization
theorem to show a di eomorphism betweenM =P and the spaceM 1 of hyperbolic metrics
(those with constant scalar curvature 1) on M. By the Poincae uniformization theorem,
there exists exactly one hyperbolic metric in each conformal class okl . Thus, Teichmaller
space can just as well be described as

T=M 1=Dg:

The advantage of usingM 1 is that the submanifold M 1 M is easier to work with
than the quotient spaceM =P . Furthermore, the above construction allows us to de ne a
metric on Teichmaller space by rst restricting the L2 metric to M ; and then looking
at the metric it induces on the quotient M 1=Dg, and of course also onT. The metric
thus de ned coincides, up to a constant scalar factor, with the well-known Weil-Petersson
metric on Teichmualler space.

The Weil-Petersson metric has been the object of much study, and its completion has
very interesting properties. Wolpert [56] and Chu [7] independently proved that it is
incomplete, as there are geodesics that cannot be inde nitely extended|in nite time,
they hit a singular limit surface.

Masur [33] computed the asymptotics of the Weil-Petersson metric as one approaches
the boundary of Teichmuller space. He did so in order to describe an extension of the
metric to the completion of Teichmaller space. The completion of Teichmaller space with
respect to the Weil-Petersson metric also induces a compacti cation of the moduli space of
M, and this compacti cation coincides with the Deligne-Mumford compacti cation, which
arises in the context of algebraic geometryd]. Thus, the Weil-Petersson metric links the
di erential geometric and algebraic geometric approaches to moduli space, which on the
surface seem quite disparate.
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Habermann and Jost 2], [23] later generalized the Weil-Petersson metric in the
following way. The correspondence betweeM =P and M 1 is basically given by the fact
that M 1 is a smooth global section of the principalP -bundle

MIM =P:

The question that naturally arises is, what if one were to take a di erent section of this
bundle? To retain the correspondence with Teichmaller and moduli space, the section
should be smooth and invariant under the di eomorphism group, but as long as these
requirements are satis ed, any section will give a metric on Teichmaller space. Note that
though we take direct inspiration from Habermann and Jost, the authors did not treat
this exactly the same way as we described in Sectidn 1.1, but rather retained some of the
structures from the complex analytic de nition of Teichmaller space (described, e.g., in
[26]). The construction we described in Sectio is, in the spirit of Fischer and Tromba,
a purely Riemannian one, and it was chosen primarily because it allows us to directly apply
our main result. The di erences between our construction and that of Habermann and
Jost are described in Chapter 6.

In [22], Habermann and Jost rst considered the section given by the so-called Bergman
metric in each conformal class. They gave a description of the completion of Teichmualler
space with respect to their generalization of the Weil-Petersson metric for this special
case. In 23], they considered all possible choices of sections, giving a su cient analytic
criterion for incompleteness of their generalized Weil-Petersson metric.

Thus, our application as described in Sectiorf 1]1 is in the same spirit as the papers
of Habermann and Jost, and we expect that our theorems will have other, similar appli-
cations, especially to Teichmaller theory. That we have nevertheless chosen to prove the
other main results listed in Section[1.] for base manifolds of all dimensions and topologies
has various reasons. First, the generalization to arbitrary dimension was mostly straight-
forward. Second, the manifold of Riemannian metrics on am-dimensional manifold arises
in various other contexts, and it is possible that our theorems might nd applications there.
The manifold of metrics has been considered in general relativity by, e.g., DeWitt[10].
Furthermore, critical points of functionals on the manifold of metrics have been used to
determine \best metrics” on a given base manifold|for a nice survey of this topic with
compendious references, se@,[Ch. 11]. Finally, the manifold of metrics is itself of great
intrinsic interest, as it exhibits interesting geometry. We will review the work that has
been done on this last aspect in the next section.

1.3. Overview of previous work

Geometric structures on the manifold of metrics were perhaps rst considered by
DeWitt [[10], who, as mentioned above, was interested in applications to general relativity.
The metric on M considered by DeWitt is quantitatively similar to the L2 metric, but
has di erent signature.

Ebin [[1I] shortly thereafter used the L2 metric on M to obtain local slices for the
action of the di eomorphism group on M . He used this, for one, to obtain results about
the topology of so-calledsuperspace which is the quotient M =D of M by the group D of
smooth, orientation-preserving di eomorphisms of M. Superspace can be viewed as the
space of Riemannian geometries oM . Ebin also used his slice theorem to show that the
set of metrics M 9 with trivial isometry group is an open, dense subset ofM .

Later, Freed and Groisser [[9] studied the basic geometry ofM with the L2 metric.
They computed the curvature and geodesics oM and two related manifolds, the sub-
manifold M M  of metrics inducing a xed volume form , and the manifold V of
smooth volume forms onM . Additionally, Freed and Groisser used their results to study
the curvature and geodesics of the quotient manifoldV %D, where M Cis again the set of
metrics with trivial isometry group.
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Gil-Medrano and Michor [20] generalized the results of Freed and Groisser o
to the case of base manifolddM that are not necessarily compact. Though the Ricci
and scalar curvature of M cannot be de ned in the usual way, they de ne and compute
curvatures on M which they call \Ricci-like" and \scalar-like" curvature. Moreover, Gil-
Medrano and Michor give a detailed analysis of the exponential mapping, which serves
as an excellent illustration of the problems that can arise when considering weak instead
of strong Riemannian manifolds. They also prove the existence and uniqueness of Jacobi
elds on M, and give an explicit expression for these elds.

A generalized version of20] is the paper 1] by Gil-Medrano, Michor, and Neuwirther.
The results of this paper are also given in[29] x45].

We will rely heavily on the work of the above-mentioned authors and are indebted to
all of them for laying the foundations upon which this thesis is built.

1.4. Outline of the thesis

The thesis is arranged as follows. In Chaptef 2, we summarize the preliminary knowl-
edge necessary to carry out and understand the work that we will do in the remainder
of the thesis. We begin with a discussion of the completion of a metric space, which is
meant to recall fundamental results on this topic and collect all the facts we will need into
a coherent form. Following that, we give the de nition of Fechet manifolds. This is the
category in which we will work, and we describe how spaces of smooth mappings, liké ,
can be viewed as Fechet manifolds. We then go over a few somewhat nonstandard facts
from Riemannian geometry for which we could nd no complete reference.

In Chapter P| we also discuss weak Riemannian manifolds, a class of manifolds that
includes M ;(; )), as we already mentioned. In particular, we sketch an example by
Michor and Mumford [[37] of the potentially pathological properties of such manifolds,
as well as giving our own proofs of some standard results from the theory of Riemannian
Hilbert manifolds that we have weakened so that they hold for weak Riemannian manifolds
as well. With knowledge of these structures at hand, we then go into details on the
manifold of metrics itself, more explicitly describing many of the previously known facts
mentioned in Section[1.3. Chapter[ 2 closes with a list of conventions and notation that
we use throughout the thesis.

In Chapter B] we begin by proving the rst of the main results given in Section[1.1,
namely that M with its L2 metric has the structure of a metric space. One of the steps
in this proof, which is also of use in later chapters, is the fact that the function onM
assigning to a metric the square root of its total volume is Lipschitz. The second half
of the chapter initiates the study of the completion of (M ;(; )), where we rst try to
complete \nice" subspaces ofM . We show that if we take a subset of metrics satisfying
certain uniformity conditions, then the completion of such a subset with respect to (; )
coincides with its completion with respect to the L2 norm (not to be confused with the L2
metric). This fact is used as a springboard for our further investigations of the completion.

The completion of a metric space is a quotient space of the set of Cauchy sequences in
the space. Since we wish to identifyM with (a quotient of) the space M ¢ of measurable,
nite-volume, positive semide nite sections of ST M, we need a rigorous notion for how
a Cauchy sequence ilM converges to an element oM ;. This notion, which we call
I -convergence, is described in Chaptdr|4, where we prove that every Cauchy sequence in
M subconverges to a unique element d1 ; = (cf. Section). This allows us to de ne

themap : M! M ; mentioned in Section, as well as to show that is an injection.
This chapter is the most technically challenging of the thesis.

In the de nition of ! -convergence, we basically have pointwise convergence of the
metrics in a Cauchy sequencé g«g almost everywhere, with the exception that on any set
E with VoI( E;gk) ! O, there is no convergence required and none can be asked for. The



1.4. OUTLINE OF THE THESIS 11

(=

Figure 1. Two tori that are close together in M (with base manifold
M = T?) purely by virtue of having small volume.

reason for this is the following proposition, which is in our eyes one of the most striking
and unexpected results of the thesis:

Proposition.  Suppose thatgo;g91 2 M, and let E = carr(g1 @) = fx 2 M j
do(x) 6 g1(x)g. Let d be the Riemannian distance function of theL? metric (; ). Then
there exists a constantC(n) depending only onn :=dim M such that

p p
d(go;a1) C(n)  VoI(E;go)+ VOI(E; Q1)
In particular, we have
diam(fg2Mj Vol(M;g) 0 2C(n)p?

The surprising thing about this proposition is that it says that two metrics can vary
wildly, but as long as they do so on a set that has small volume with respect to each, they
are close together in theL? metric. For example, if M = T2, the two-dimensional torus,
with its standard chart ([0 ;1] [0; 1] with edges identi ed), we consider the metrics

_ 10 0 _ 100 0
Jo = 0 105 O1= 0 10 14

By the above proposition, these two very di erent metrics satisfy d(go;91) C(n)=100,
simply because they de ne tori with small volume. The di erence between the geometries
de ned by go and g; is depicted very qualitatively in Figure ]

The above proposition is the reason why, in the second theorem of Sectidn 1.1, we
identify M with a quotient space of the spaceM ; of semimetrics with measurable coe -
cients and nite volume, instead of M ; itself. The reasons for this are discussed in more
detail in Chapter {]

In Chapter B} we complete the proof of the second main result of Sectidn 1.1 by showing
thatthe map : M! M isa surjection. Combined with the already mentioned results
of Chapter [4, we thus see that is a bijection, proving the main result on the completion
of M .

Finally, in Chapter ] we give a more detailed overview of the aspects of Teichmaller
theory mentioned in Section[1.2. One novelty of our presentation of this well-tread area
of mathematics is a compact and relatively elementary proof of the existence of horizontal
lifts for the principal bundle M ;1 !'M  1=Dg. We note, though, that this existence has
been long-known to experts in the eld.

After presenting the known facts about Teichmaller theory and the Weil-Petersson
metric that we need, we give the generalizations of the Weil-Petersson metric mentioned
in Section[1.], rigorously stating and proving the result on the completion of Teichmuller
space with respect to these metrics.
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At this point, we would like to draw the reader's attention to two reading aids that
should help to avoid confusion. First, on pagd 125, we lay out the relations between the
various Riemannian metrics, distance functions and convergence notions used in the thesis.
The second aid is the list of symbols on pagg 127, where we have attempted to include
all symbols used with any frequency throughout the text. We hope that that these two
guides provides the reader with at least a trail of bread crumbs to avoid getting lost while
navigating the thesis.

1.5. Outlook

We have given just one application of the main result of our thesis, the application
to Teichmuller theory. However, we envision more applications to arise in the future, in
particular applications to determining the completion of superspaceM =D, the space of
Riemannian geometries ontM mentioned in Section[1.3.

In particular, the L? metric is invariant under the pull-back action of the group D
of orientation-preserving di eomorphisms of M (see Sectior] 6.1]2), and so it induces a
well-de ned distance function on the quotient. Note that we do not get a Riemannian
metric, since the quotient is a singular space due to non-freeness of tHe-action at any
metric with nontrivial isometry group. Of course, we nevertheless hope that information
about the completion of M can lead us to information about the completion of M =D.

These results are not immediate, however, for a number of reasons. The simple fact
that M is a metric space does not necessarily imply that the orbit spacé =D carries a
metric space structure as well[the induced distance function may only be a pseudometric,
asa priori two D-orbits may be in nitesimally close to one another. The singular nature of
M =D makes it di cult to relate distances on M =D to those onM . Here, the existence of
Ebin's slice [11] might be helpful. Alternatively, one could adopt the philosophy analogous
to using Teichmuller space for studying moduli space and rst study an intermediate,
smooth space like Fischer's resolution of the singularities oM =D [14].

These considerations are, however, extremely preliminary, and are merely given to
illustrate one potential future direction this work might lead us in.



CHAPTER 2

Preliminaries

In this chapter, we de ne and explore the concepts necessary to carry out the main
body of the work. The chapter is structured as follows:

We go over the most basic material in Sectiof 2]1, where we brie y recall the de nitions
and fundamental facts regarding completions of metric spaces. We also give an alternative
de nition of the completion of a metric space that is more suited to studying Riemannian
manifolds.

We give a de nition of Fechet manifolds in Section P.2] since this will be the category
in which we work. We go into depth on the class of Fechet manifolds that plays the
greatest role in global analysis, that of manifolds of mappings (actually, manifolds of
sections of nite-dimensional ber bundles).

In Section [2.3, we briey review some of the geometry that will be needed for the
subsequent portions of the thesis.

We then generalize the notion of a Riemannian metric to Fechet manifolds in Section
[2.4. In particular, we are interested in so-calledweak Riemannian metrics on Hilbert and
Fechet manifolds, as the L2 metric on the manifold of metrics is such an object. Weak
Riemannian metrics are, as we will argue, fundamental objects in global analysis, though
the lack of a good general theory for them makes their study more di cult than the tamer
strong Riemannian manifolds. With some notable exceptions, the research on weak Rie-
mannian manifolds focuses on studying speci ¢ cases, and the di culties arising from the
weak nature of the metrics are often only implicit. General results on weak Riemannian
manifolds are often given without proof, as the statements are typically just a weakening
of the corresponding statements for strong Riemannian manifolds. Nevertheless, we felt a
precise treatment was appropriate for this work. Therefore, at the end of Sectiof 2]4 we
present some results which are relatively straightforward generalizations of analogous re-
sults for strong Riemannian manifolds|though necessarily weaker|and which the author
has not found explicitly proved anywhere else in the literature.

The study of weak Riemannian metrics will allow us to de ne the Riemannian manifold
M of Riemannian metrics in Sectior{ 2.5, as well as to discuss what is already known about
this manifold, in particular what is already known about its metric geometry. For example,
we will give a description of its exponential mapping and discuss its curvature. We will
also discuss two important classes of submanifolds, the orbits of the conformal group (i.e.,
the group of positive functions) and the manifolds of metrics that induce the same volume
form.

Finally, we end the chapter with Section[2.6, which describes the nonstandard conven-
tions that will be in place throughout the text.

2.1. Completions of metric spaces

In this short section, we look at completions of metric spaces. We will simply state the
de nition and explore a couple of consequences of it, then give an alternative, equivalent
viewpoint for path metric spaces.

For the rest of the section, let (X; ) be a metric space.

Recall that X is called complete if every Cauchy sequence converges. EvenXf is
incomplete, there is a very natural way to construct a complete space fronX . The basic

13



14 2. PRELIMINARIES

idea is that if we want a space in which every Cauchy sequence converges, then we should
replace X with a space in which each point represents a Cauchy sequence K. Then
each Cauchy sequence in this new space \converges to itself" in a certain sense. This idea
can be made more precise as follows.

The precompletion of (X; ) is the set(X; )pre, usually just denoted byfpre, consisting
of all Cauchy sequences oK, together with the distance function

(FX@ Ty == lim - (Xi; Yi):

(We denote the distance function of the precompletion of a space using the same symbol

as for the space itself; which distance function is meant will always be clear from the

context.) We claim that is well-de ned by the above de nition, as (Xk;yx) is a Cauchy

sequence irR, so the limit exists. To see this, choos& large enough thatk;l K implies
(Xk;x)) < =2 and (Yk;y1) < =2. Then

Xy xsx)+ Koyt o) < Xy +
and similarly with k and | swapped, showingj (Xx;Yk) xr;yj <
It is immediate from the de nition that de nes a pseudometric onX " (i.e.,
satis es all properties of a metric except that two distinct points may have -distance zero
from one another). Therefore, as with any pseudometric space, we can de ne a metric
space by declaring all points with distance zero from one another to be equal. In this case,
the resulting spaceX is called the completion of X . In symbols, its de nition is

X = XM=
where is the equivalence relation de ned by
(2.1) fxkg f g0  (Fxkgfykg) =0:

Of course, we wouldn't call it the completion if we didn't have good reason to. The
next theorem proves this and shows two other important properties of the completionX
of X.

Before we state the theorem, we simply remark that iff xxg is a Cauchy sequence in
X and fxy, g is a subsequence, then clearlyx,,g f Xxxg. Thus, given an element of the
precompletion of X, we can always pass to a subsequence and still be talking about the
same element of the completion.

Theorem 2.1 The completion X of X has the following properties:
(1) X is a complete metric space.
(2) The canonical embedding of into X mapping a pointx to the constant sequence
fxg is an isometry, and the image ofX is a dense subspace of .
(3) Any uniformly continuous function f : X ! Y, whereY is a complete metric
space, has a unique extension to a uniformly continuous function oiX .

Proof. To prove (1), let any Cauchy sequencef[ng] in X be given. The index| is
meant to be the index in X, while k is meant to be the index in X . Thus, for each xed I,
fx|.gis a Cauchy sequence XX with index k. The square brackets in the above represent
that each element of X is an equivalence classof Cauchy sequences.

We claim that [fog] converges to the equivalence class of the diagonal sequen‘oéjg;
that is, for any > 0, we can nd representativesfog 2 [fx'kg] and M 2 N such that
I M implies

(Fxigi fxig) = lim (X xiQ) <
To put it one last way, given > 0, we must nd an M such that for eachl M, there
exists N 2 N such that for Kk N,

(2.2) (X xf) < -
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Choose any representatives x'kg 2 [fog]; by passing to subsequences if necessary, we
can assume that for eachH 2 N, k;n K implies that

(2.3) (Xkixp) < 2 €

Let's x a particular K that is large enough that 2 K =3.
Now, sincefog is a Cauchy sequence, we can ndvi K such that if I;m M,
then

(2.4) (g fxMg) = lim  (x;x7") < =6

Now simply setN := M, and letk;l M = N be given. By (2.4), we can nd R 2 N
such thatr R implies

(2.5) (xh:xk) < =3
Thus, by the triangle inequality, if k;I M = N andr R,
X Xt) (KX + (XX + (XE5xE) < ;
where we have used](2]5) to estimate the middle term and (2]3) to estimate the two other

terms. As this proves (2.2), statement (1) is shown.
Statement (2) is not di cult, since

(fxg;fy9)=|l(i!rln xy)= (Xy);

and to nd a constant sequence arbitrarily close to any Cauchy sequence, we can simply
take an appropriate element of said sequence.

As for statement (3), this follows directly from (2) and the fact that a uniformly con-
tinuous function f on a dense subsef of a metric spaceX always has a unique uniformly
continuous extension to the entire space, provided the target spac® is complete. This
fact is readily veri ed by noting that a uniformly continuous function maps Cauchy se-
quences to Cauchy sequences. The extension of the function to a poirt2 X nA is de ned
as follows. Take any sequence&g ! x. This is then a Cauchy sequence X, soff (xx)g
is a Cauchy sequence irY. But Y is complete, so we can de nef (x) :=lim f (xg). Itis
straightforward to check that the extension thus de ned is uniformly continuous.

Recall that a path metric spaceis a metric space for which the distance between any
two points coincides with the in mum of the lengths of curves joining the two points.
Given this de nition, we expect that there be a description of the completion of a path
metric space that uses curves instead of Cauchy sequences, and indeed this is so. Before
we give it, though, let's give the de nition of a path metric space in more detail.

Let :[0;1]! X be a continuous path, and let 0 =t; <t, < <t, =1 be
any nite partition of the interval [0 ;1]. Then the length of the polygonal path given by
f (t1);:::; (th)gis de ned to be

K 1

Liyot, () 0= ( (te); (tksr)):

Finally, we de ne the length of to be
L( ):=supfli, ., () (t1;::0;t,) is a partition of [0; 1]g:

We take the supremum since as we add vertices to a polygonal path, i.e., improve the
approximation of , the triangle inequality implies the lengths of the polygonal paths are
nondecreasing. Thus, this de nition will match up with, say the length of a di erentiable
path in a Riemannian manifold.

We call a path  with L( ) < 1 rectiable and say that (X; ) is a path metric space
if for any x;y 2 X,

(x;y)=inf fL( )] Iis a rectiable curve joining x and yg:
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If the domain of is an open interval, e.g., (Q1), then we de ne the length of to be
L():=lim L jpa 1)

and similarly if the domain is a half-open interval. We again call such a curve recti able
if its length is nite.

We will also call a recti able curve a nite-length path or simply a nite path .

Given these de nitions, we can formulate an alternate de nition of the completion of
a path metric space. Just as we can imagine a Cauchy sequence to be \open-ended" but
convergent in some larger space containing , we can imagine a path to be open on one
end and view the path as representing its endpoint, which may or may not exist within
X.

Theorem 2.2 Let (X; ) be a path metric space. Then the following description of
the completion of (X; ) is equivalent to the de nition given above.
De ne the precompletion X" - of X to be the set of recti able curves

:(0; 1] X:
It carries the pseudometric
(2.6) (or 1):=1lim - o(t); 1(t)):
Then the completion of (X; ) is the metric space associated tX " . That is,
X = X7

where ¢ 10 (o 1)=0.

Proof.  First, let's show that the limit in (2.6)]exists|this will follow if, for every
sequenceyk ! 0, ( o(tk); 1(tk)) is a Cauchy sequence. But given > 0, by recti ability
of the two curves, we can nd K 2 N such that k K implies that

L( ijoi) < =2
fori =0;1. Thus, if k;I K, we have

( o(tk); 2(tk))  ( o(tk); ot))+ ( oft); 2(t))+ ( 2(t); 1(tk)
< (o(t); a(t)+

Doing the same computation with k and | swapped proves that ( o(tk); 1(tk)) is a
Cauchy sequence.

Now, to show equivalence of the two de nitions, we demonstrate an isometry from
the completion as de ned using sequences to the completion as de ned using paths. For
completeness (excusing the pun), we also write down the inverse mapping of this isometry.

So let a Cauchy sequencd xxg be given. Choose a subsequendexy g (which, as
previously noted, is equivalent to f xxg) such that

R
2.7) (X3 XKy ) < 1

I=1
Since X is a path metric space, we can choose paths, joining xi, and Xy,,, such that
L( 1) 2 (Xk;Xk., )- Then the concatenated path

kalg = 2 3

is recti able.
To get a Cauchy sequence from a curve : (0;1]! X, simply take any monotonically
decreasing sequenctg & 0 in (0;1] and de ne

X = (ty):
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Then it is easy to see that nite length of implies that x, is a Cauchy sequence, for
given > 0, we can nd K 2 N such thatk K impliesL( joy,) < - Thusl k K
implies

X3 %) L Jop <

To see that these two mappings are well-de ned on the completion, as de ned via
sequences on the one side and paths on the other, and to show that they are isometries,
we need to show the following:

(1) If fxxg and fyyg both satisfy (2.7) (with x, and yy, respectively, in place ofxy, ),
then ( fxe g fykg) = (kag;fykg)-

(2) If and are equivalent nite paths and tx & O, then (fx,g;fx,g) = 0.
Furthermore, di erent choices of sequencedy & 0 give rise to equivalent Cauchy
sequences.

(3) If isa nite path and tx & 0O, then X, 0

From (1), we see thatfxkg 7! ¢y, 4 is well-de ned and an isometry from one completion
to the other. From (2), it follows that 7! f x, g is well-de ned on the completions, and
(3) implies that these two mappings are inverses of one another.

To prove (1), reparametrize ¢, 4 and ¢y, 4 SO that

(2.8) fxg(1=K) = Xk and ¢y, 4(1=K) = yi:
Let > 0 be given, and chooséd. 2 N such that
P b3
(Xk| ; Xk|+1 ) <=4 and (yk| ; yk|+1 ) <= 41
I=L I=L

so that by the construction of ¢, 4 and y,g,

(2.9 L( fxegloir=t) < =2 and L( tygloi1=t) < =2
Then fort 1=L,
( kag(t); fykg(t)) ( kag(t); kag(lzL))+ (kag(lzl—); fykg(]-:L))
+ (fykg(lzl-); fykg(t))
(FxLgfyL@ + L( fxgii=t) * L fyeoi1=1))
(fxegifyLg) + ;

where we have used[(2]8) in the second inequality and (2.9) in the third. Similarly, one
can prove that fort 1=L,

(fxLgifyra)  ( rxo): gy gt +
From the two above inequalities, it is easy to see that
M (g ryeg() = M (X yio;

as was to be proved.

The proofs of (2) and (3) are very similar, yet simpler, and so we omit them. Besides,
we have already proved the statement of the theorem, so these are just \bonus" statements
about the inverse to the isometry fxxg 7! ¢y, 4.

We are now equipped with all of the metric space tools we need to study the completion
of the manifold of metrics.
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2.2. Fechet manifolds

The manifold of smooth metrics is itself a Fechet manifold, and so these will play an
extremely important role in this work. However, we will not need to go into depth on
Fechet manifolds. This is because the manifold of metrics is an extremely simple type of
Fechet manifold, namely an open subset of a Fechet space.

An excellent source on Fechet manifolds and the implicit function theorem in the cat-
egory of Fechet spaces isi24], and this is our main reference for the rst two subsections.
For more in-depth and recent results on this and related categories, sed3], which focuses
mainly on Fechet Lie groups.

After introducing Fechet spaces and Fechet manifolds, we will discuss a particular
class of Fechet manifolds, namely manifolds of smooth mappings. The main result, which
will allow us to de ne the manifold of metrics, is that if N is a nite-dimensional manifold
and F is a nite-dimensional ber bundle over N, then the set of C! sections ofF carries
the structure of a smooth Fechet manifold. If F is a vector bundle, then the set ofC?
sections has a linear structure, so it even forms a Fechet space.

There is another category incorporating manifolds of smooth mappings, the so-called
convenient setting [29]. This setting is highly developed and allows one to deal with more
general spaces than Fechet spaces. We chose to use the Fechet category because we need
only basic facts, and Fechet manifolds are the most familiar and simplest to introduce.

So, without further delay, we get into the de nitions.

2.2.1. Fechet spaces.

Definition 2.3, Let E be a vector space over a eldK. A seminorm on E is a
function k k: E ! K with the following properties for all v;w 2 E and 2 K:

(1) kvk 0,
(2) kv+ wk k vk+ kwk and
(3) kv k=j jkvk.

Given a collection of seminormsfk ki ji 2 1gon E, we can de ne a topology onE
by declaring that a sequence or nef vig converges tov if and only if kv vgk; ! 0 for all
i 2 1. A locally convex topological vector spacéor LCTVS) is a vector space together with
a topology de ned in this way. It happens that the topology of an LCTVS is metrizable
if and only if it is de ned by a countable collection of seminorms, and it is Hausdor if
and only if v = 0 whenever kvk; = 0 for all i 2 I. In a metrizable LCTVS, it su ces to
use sequences instead of nets when describing the topology via convergence.

In a metrizable LCTVS, we call a sequencd vig a Cauchy sequencef given any i 2 N
and > 0, we can nd N(i; ) 2 N such that kvy vk < forall k;I N(i; ). We call
the spacecompleteif every Cauchy sequence converges.

With these preparations, we can make the following de nition.

Definition 2.4, A Fechet space is an LCTVS that is Hausdor, metrizable and
complete.

For example, every Banach or Hilbert space is a Fechet space, with topology given
by a single norm. For a more interesting example, consider the interval [0l] R and
the spaceC? [0; 1] of smooth functions on this interval. If we give this space the topology
de ned by the CK norms,

Xk d
kf ky = sup —

f(x);
1 x2[0:1] dx!

then C! [0;1] becomes a Fechet space. The Hausdor property and metrizability are
clear, and completeness follows from the fact thaCX[0; 1] is a Banach space with thek ki
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norm. Therefore, if a sequence is Cauchy in eackh ki norm, it converges to a function
that is CX for eachk 2 N, i.e., a smooth function.

Note that we could have also used theHS norms to de ne C! [0;1]. The proof that
this de nes a Fechet space topology is the same, but we have to make the extra step
of using the Sobolev embedding theorem to show that a Cauchy sequence converges to
a smooth limit function. The advantage of using the H® norms is that they come from
scalar products, which yields some extra structure to work with. However, the topology
on C! [0;1] is the same as when we use th€¥ norms, which we can again see using the
Sobolev embedding theorem.

As suggested by the term locally convex topological vector space above, a Fechet
space is a topological vector space, meaning that vector addition and scalar multiplication
are continuous maps.

Fechet spaces have some fundamental di erences from Banach spaces. For example,
the dual of a Fechet spaceE is not always a Fechet space. In fact, the dual is a Fechet
space if and onlyE is a Banach space! This implies that the spacd.(E;F) of linear
maps between two Fechet spaceE and F is a Fechet space if and only if F is a Banach
space. Additionally, naive generalizations of the Banach space implicit function theorem
to Fechet spaces faillinstead, one must work in the category of so-called tame Fechet
spaces which require additional estimates on maps between them that are not present in
the Banach case, to get a satisfactory implicit function theorem. However, these matters
are not important to our concerns.

Despite the di culties in working with Fechet spaces, many results from the theory of
Banach spaces and Banach manifolds carry over. For example, the Hahn-Banach theorem
holds, as does the open mapping theorem.

Calculus in Fechet spaces works in almost exactly the same manner as it does in
Banach spaces, if we de ne the derivative in the following way. LetE and F be Fechet
spaces, letU E be open,andletf : U E ! F be a continuous map. We de ne the
di erential of f at the point x 2 U in the direction v 2 E to be

f(x+1tv) f(x)
" :

We de ne f to be di erentiable at x in the direction v if the limit exists. We dene f to
be C! (or continuously di erentiable) if the limit exists for all x 2 U andv 2 E, and the
map

Df (x)v = Itl!m0

Df :U E! F

is continuous in both its arguments. Note that Df is a map from the productU E to F.
We do not consider it as a mapU ! L(E;F), because as we mentioned above, (E; F)
is not necessarily a Fechet spaceleven though Df (x) is indeed a linear map fromE to
F for eachx 2 U.

To de ne the second derivative, we take thepartial derivative of the map Df in the
rst component, i.e., we take the derivative as Df varies only overU. This is becauseDf
is linear in the second component, and hence this partial derivative just giveDf again.
It is also done to match up with the usual de nition of the derivative in Banach spaces.
Thus, the second derivative is a map

D% :U E E! F

We can iterate the de nitions above to de ne Ck and C! maps between Fechet spaces.
The chain rule holds for the di erential as thus de ned. We can also de ne integrals over
curves in the usual way, and if we do so then the fundamental theorem of calculus holds.

With all of these results at hand, it is clear that calculus in Fechet spaces is formally
very similar to that in Banach spaces. Thus, we will not go into any more detail at



20 2. PRELIMINARIES

this pointjwe again refer the interested reader to [ 24]. All others may assume that the
intuition and computation rules from calculus in Banach spaces work ne here as well.

2.2.2. Fechet manifolds. Again, our reference for this subsection isi24].

Just as the usual rules for calculus generalize to Fechet spaces, so does the de nition
of a manifold. Thus, a Fechet manifold modeled on a Fechet spaceE is a Hausdor
topological spaceM with an atlas of coordinatesf (U;; i) ji 2 19, where eachU; M
isopenand each ; : Uy M ! E is a homeomorphism onto its image. Furthermore, if
Ui\ U; 60, we require that the transition map

iuny T wny jUVY) ELE
is a smooth mapping of Fechet spaces.

Tangent spaces/bundles, smooth/di erentiable mappings, vector bundles, ber bun-
dles, and so on are de ned in the category of Fechet manifolds exactly analogously to the
case of Banach manifolds.

Fechet Lie groups are Fechet manifolds that are also groups and on which the op-
erations of multiplication and taking the inverse are smooth. One example of a Fechet
Lie group is the di eomorphism group of a compact manifold. For more facts on these
fascinating and di cult objects, which are so important in global analysis, see [42] and
[43].

2.2.3. Manifolds of mappings. The fundamental object in the eld of global anal-
ysis is the set of sections of a smooth ber bundleF with m-dimensional bers over a
smooth, n-dimensional manifold M . Typically, one is interested in restricting to sections
with a certain regularity, say CKfor0 k 1 orHSfors 0. CKregularity is, of course,
well understood, and it is the goal of this section to outline the notion of H® regularity.
Additionally, as analysts and geometers, we prefer to work with smooth manifolds, and so
we will sketch the useful fact that the by restricting to certain types of sections, we get a
Hilbert/Banach/Fechet manifold.

Let's get down to de ning manifolds of mappings. The facts presented here are taken
from the texts [51], [45] and [44], Chap. 4]. For a very concise but readable outline, sedlL,
x3]. It will simplify the presentation somewhat, and is in fact su cient for our purposes,
to assume that the base manifoldM is closed and oriented.

Manifolds of sections are constructed using the notion of get bundle, which is essen-
tially a bundle that contains information about the Taylor expansions of sections of F.
The precise de nition is as follows.

Suppose we are given two localk-times di erentiable sections' and of F. Suppose
that ' and are both de ned on an open neighborhood op 2 M. We say that' and are
k-equivalent atpif ' (p) = (p) and the following holds. Let (x';u ) be coordinates onF
around p such that (x') are coordinates on the base manifoldM and (u ) are coordinates
inthe ber directions|i.e., ( x';u ) are the coordinates of a local trivialization. We require

that for all multi-indices 1, taking valuesinf1;:::;ng,with1l jIj kandalll m
(recall m is the dimension of the bers):

Ji "
(2.10) @ = @

@X ) @X

Thus, two local sections arek-equivalent at p if and only if their values at p are equal, as
are their rst k derivatives at p in some local coordinate system aroungb. Note that while
the value of the derivatives depends on the local coordinates, equality of the derivatives
as in (2.10) does not (se€d1], Lemma 6.2.1]).

The equivalence class containing the local sectioh is denoted byj,';' and is called
the k-jet of ' at p. The equivalence class of a local sectioh thus consists of all local
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sections having Taylor expansion up to orderk]in local coordinates at p|equal to that
of ' .
The set of all k-jets of local sections ofF, denoted
JKF = fip" 1P2 M; " is alocal section ofF around pg;

is called the k-th jet bundle, as it has a natural structure of a smooth, nite-dimensional
ber bundle over both M and F. To see this, we rst write down the coordinate atlas
that makes it into a manifold. As above, let (x';u ) be coordinates on an openset!  F,
with (x') coordinates on the base and ) coordinates on the bers. Let UK be the subset
of JKF given by

uk:=fjs" j' (p)2 Ug:
Then we get coordinates k';u ;u, ) on UX, where | runs through all unordered multi-

indices taking values inf1;:::;ngwith1 j Ij k, and
XG5 )= X (p);
u (& )=uC(;
(2.11) (p") -(- (P)
u i)=&
I1'Up @k

p
(The reason we requirel to be unordered is the symmetry of the derivatives in local
coordinates, i.e., because di erentiations in di erent coordinate directions commute with
one another.) We will not show that this does indeed de ne a smooth atlas onJXF, but
refer the interested reader to [51]. We do note, however, that since there are only nitely

nitely many coordinates u, , and henceJXE is nite-dimensional.
The bundle structures JKF I M and JXF | F are given by the so-calledsource and
target projections:
CGIKEL M R T

and
ko JKF LR K T (D)
respectively. We can also viewd'F as a bundle overJ¥KF forany 1 k |; the bundle
structure is given by the k-jet projection :
k DJ'ELJKF
ip TUikn

There is a natural mapping, denotedjX, sending localC' sections of F | M (for
| k) tolocal C' * sections ofJKF I M. If ' is a local section ofF, then this map is
de ned by

RO
The sectionj X' is sometimes called thek-th prolongation of ' , and j ¥ is sometimes called
the k-jet extension map If we only consider global sections of, then j¥ de nes a map
from C1 (F) to C! (JXF), where for a ber bundle E! M, C! (E) denotes the space of
smooth sections ofE.

Remark 2.5. The notation C! (E) for the set of smooth sections of the ber bundle
E ! M should not be confused with the oft-used identical notation for the set of smooth
functions on the manifold E. In this thesis, whenever we consider a bundle structure on
a spaceE, by CK(E), C! (E), HS(E) (the last one we have yet to de ne), and so on, we
will always mean the appropriate space of sections of the bundle.

This point will hardly arise outside this chapter, though, so we hope this admittedly
suboptimal notation will cause no large problems.
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At this point, let us restrict to the case where F is a vector bundle over M, as it will
simplify the exposition somewhat and will still be su cient for our purposes. With this
assumption, JKF has the structure of a vector bundle overM, not just a ber bundle.
This can be seen, heuristically, from the fact that the values of any sectiorl at a point
p belong to the vector spaceFp, and the j-th total di erential (with respect to ( x), as
in the u, -coordinates of )) of the section' at p can be seen in local coordinates as
aj-linear map from R" to Fy (recall n = dim M). This is an extremely sketchy \proof"
and not at all rigorous, so we refer the reader tol45], pp. 5{6] for details.

Since F and JKF are both vector bundles, C! (F) and C! (JXF) are both vector
spaces. It is then easy to see that thek-jet extension mapjk : C1 (F)! C! (JXF)is a
linear map.

A Riemannian metric on JXF is given by a smooth choice of positive-de nite scalar
product (p)on JF')‘F,the berof :JXF ! M atp, foreachp2 M. Given a Riemannian

metric  on JXF and a smooth volume form on M, we get a scalar product (; ) on
C! (J¥F) via Z

¢ )= y ®C ®;: @) (®):

We can pull this scalar product back along the k-jet extension map j¥ to get a scalar
product on C! (F). We denote by H*(F) the completion of C! (F) with respect to this
scalar product. The spaceH K(F) is a Hilbert space over the reals, and its norm depends
on our choices of and . However, the topology ofH*(F) does not, as 4], xIX.2] shows.
Therefore, we are justi ed in omitting and from our notation and calling H*(F) the
space ofHX sections of F.

Remark 2.6. The scalar product (; ) is essentially anL? scalar product on sections
of the k-th jet bundle. Since these sections contain the all derivatives of of orderk and
lower, it can be seen that the de nitions above match up with the de nitions of Sobolev
spaces of functions on open sets &". If we allow ourselves to speak imprecisely by mixing
global and local notions, we can say that the completion ofC! (F) with respect to the
above-described scalar product contains all sections with.2-integrable partial derivatives
up to order k.

In a similar but simpler way, we can de ne a Banach space structure on the space
CK(F) of CX sections ofF. To do this, we again choose a Riemannian structure on JKF,
but this time de ne a norm on C9(JKF) by

p
kK'k =sup  (p)(" (p);" (P)):
p2M

Since thek-jet extension mapj ¥ is a linear map de ned on CX(F), we pull the above norm
back to CK(F) along j¥. Then CX(F) is a Banach space with respect to the pulled-back
norm.

With these de nitions, the Sobolev embedding theorem holds for spaces of sections
of vector bundles, just as it does for spaces of functions oveR". Thus if s > n=2 + k,
there is a continuous linear inclusionHS(F) ! CK(F). (See B4, xX.4, Thm. 4].) A
consequence is the following statement. De neC! (F) to be the Fechet space of smooth
sections of F with the topology given by the family of CX(F)-norms for k 2 M . Then
this topology on C* (F) coincides with the one given by the family of H $(F)-norms for
s 2 N. This latter view is the one we will take in this thesis, since it allows us to work
with the chain of Hilbert manifolds HO(F); HY(F);:::, which have nicer properties than
the Banach manifolds CO(F); CY(F);:::.

To recap, for any vector bundleF ! M, we can consider the set of all sections df .
By taking sections with certain properties, we can build Hilbert spacesH $(F) of Sobolev
sections of F, Banach spacesCK(F) of k-times di erentiable sections, and the Fechet



2.3. GEOMETRIC PRELIMINARIES 23

spaceC! (F) of smooth sections. The latter has the topology coming either from the
family of CK norms or the family of HS norms.

We have restricted the discussion to vector bundles for simplicity, but we end this
section by brie y remarking on the situation when F is a ber bundle. In this case,
we can build a Banachmanifold (which will in general not be a linear space)CX(F) for
k=0;1;2;:::. We can also de ne the setsHS(F) of HS sections ofF for s=0;1;2;:::,
but if we want HS(F) to be a (Hilbert) manifold, then for technical reasons we have to
restrict to s > n=2, i.e., we have to require thatHS(F) CO(F). (See B5] x11 ].) Using
either the HS or CK norms, we can giveC! (F) a Fechet manifold structure. The way
that all of these results are proved is by locally reducing the analysis oH S sections of a
ber bundle to the analysis of H S sections of a related vector bundle. We do not need this
directly, however, so instead of proving it we refer to 5], x13] for the general case and
[24], Ex. 4.1.2] for a nice, concise description of theCX and C! cases.

Remark 2.7. It is also worth noting that if N is another nite-dimensional manifold,
then the set of mappings fromM to N can be treated as in this subsection by viewing a
map M ! N as a section of the trivial bundleM N over M. If N = M, then we can
construct the manifold C* (M;M ) of smooth self-mappings ofM . It is not hard to see
that the set D of smooth di eomorphisms of M is open inC! (M;M ), and we therefore
get a Fechet manifold structure on D. As we mentioned above,D is even a Fechet Lie
group [42], [43].

2.3. Geometric preliminaries

At this point, we will go over some geometric notions and notation that we will be using
later in the thesis. We'll rst look at the endomorphism bundle of a nite-dimensional
manifold and the eigenvalues of its sections. Then we'll discuss a few concepts from
measure theory, and nish with the description of two special manifolds of mappings that
will play a role in what is to come.

Convention 2.8. For the remainder of this thesis, we work over a xed, nite-
dimensional, oriented, closed base manifoldl , and setn :=dim M.

2.3.1. The endomorphism bundle of M. The endomorphism bundle EndM ) is
the bundle of (1;1)-tensors onM . A (1;1)-tensor atp2 M is an element ofT,M T M,
and so it can be identi ed with an endomorphism of To,M . A smooth section of EndM ) is
therefore a smooth vector bundle map ofT M into itself. Furthermore, (1;1)-tensors and
sections of EndM ) have a well-de ned multiplication, which is simply the multiplication
of matrices (in local coordinates) or the composition of linear transformations (invariantly
described). As a (3 1)-tensorH is a linear transformation, any property of matrices that is
invariant under a change of basis will be well-de ned (i.e., coordinate-independent) for an
endomorphism of T,M . Especially important for us is that this includes the determinant,
the trace, and the eigenvalues oH .

This also implies that if we are given a sectionH of End(M ), then the determinant,
trace, and eigenvalues ofH are well-de ned functions over M. Furthermore, if H is
measurable/continuous/smooth, then the determinant and trace will be so as well, since
they are smooth functions from the space oh n matrices into R.

The regularity properties of the eigenvalues of a section of the endomorphism bundle
are not so immediate, but there are a couple of things that we need to understand better.
To do this, we rst prove a statement about the eigenvalues of symmetric matrices, then
\globalize" the statement. We do this in two lemmas, after reviewing a fact from linear
algebra in the following proposition.
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Proposition 2.9 (|25, Thm. 7.2.1]). A symmetric n n matrix T is positive de nite
(resp. positive semide nite) if and only if all eigenvalues of T are positive (resp. nonneg-
ative).

In particular, if T is positive de nite (resp. positive semide nite), then detT > 0
(resp. detT 0). If T is positive semide nite but not positive de nite, then detT =0.

Lemma 2.10. Let hh; i be any scalar product onR", and let 4. and 4, denote

the smallest and largest eigenvalues, respectively, of an n matrix A. Then the map

A 7' A is a concave function from the space of self-adjoinh n matrices to R. (Of

course, we de ne \self-adjoint" with respect to hh; i .) Furthermore, A 7! 4., is convex.
In particular, each map is continuous.

Proof. Consider the following formula for the minimal eigenvalue of a self-adjoint
matrix, which follows from the min-max theorem [49], Thm. XIII.1]:

(2.12) Ao = min Hv;Avi:
v2R"
Hv;vi =1
Therefore, if A and B are self-adjoint matrices, we have
(L ODA*® — min Hv;((1 t)A + tB)vi
v2R"

min
hv,vi =1
min hv;(1 t)Avi + min hv;tBvi
v2R" v2R"
hv;vi =1 hv,vi =1

=1 1) %in +t Eﬂn:
That the map sending a self-adjoint matrix to its maximal eigenvalue is convex follows
in exactly the same way from the formula
(2.13) A = max hv;Avi;
v2R"
Hv;vi =1
which again follows from the min-max theorem.

Continuity of the maps follows from the well-known result that a convex or concave
function on a real, nite-dimensional vector space is continuous/50, Thm. 10.1].

Lemma 2.11 Let h be any continuous, symmetric(0; 2)-tensor eld. Supposeg is a
Riemannian metric on M, and let H be the(1; 1)-tensor eld obtained from h by raising
an index usingg. (That is, locally HJ-I = gk hy;.) Then H is a continuous section of the

endomorphism bundleEnd(M ). Denote by . (x) the smallest eigenvalue of (x). We

min
have that
(1) . is a continuous function and
(2) if h is positive de nite, then minyo v r'j“n (x) > 0.
Furthermore, if H_, (x) denotes the largest eigenvalue dfl (x), then H . is a con-
tinuous and hence bounded function.

Proof. For any xed p2 M, let a neighborhoodU of p be given with the property

X = Xi+ o+ "X
For each such 2 R", consider the function
QY:U! R
ge)(X_(x);H ()X (X)) .

X500 (X (%)
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Thus, QY(x) is the Rayleigh quotient, with respect to g(x), of H (x) on the vector X (x). It
does not depend on , but only on the line on which  lies. Thus, the family fQ? j 2 R"g
can be seen as a family of functions for 2 S" 1 R",

By the continuity of g, H and X , as well as the relative compactness of) and the
compactness ofS?, it is not hard to show that

QY (X):= max Q%(x) and Q. (x):= min QIY(x)
2sn 1 ogn 1

are continuous functions de ned onU. On the other hand, sinceH (x) is self-adjoint with
respect to g(x), we can use the formulas in the proof of Lemma 2.70 to see that

Qfhax(X) = Max(x) and QR (x)= i (X):

From this, and sincep was chosen arbitrarily, the continuity of H,, and H. isimmediate.

The upper bound on H_. follows from its continuity. That H. is bounded away
from zero if h is positive de nite follows from the fact that if p is the (arbitrary) point
chosen above, then

min (P) = min_ g(P)(X (p:H(EX ()= min_ h({p)(X (p):X (p) > O;
so H. is a continuous positive function onM .

2.3.2. Lebesgue measure on manifolds.  The concept of Lebesgue measurability
carries over fromR" to smooth (or even topological) manifolds very simply. Let a maximal
atlas of coordinate chartsf(U ; )juU ! V  R")gfor M be given. We say a subset
E M is Lebesgue measurablé we can nd a covering of E by charts f(U ; )g such
that (E\ U ) is Lebesgue measurable for each. This concept is independent of the
particular choice of covering: iffU ; g is a second covering oE by charts, then each
transition function

= ju\u oW
is a smooth di eomorphism, and hence it maps Lebesgue measurable sets to Lebesgue mea-
surable sets. Of course, the transition function will not necessarily preserve the quantita-
tive measure of a Lebesgue measurable set, butwill map nullsets to nullsets. Therefore,
we can speak about nullsets on a smooth, nite-dimensional manifold.

Convention 2.12 Whenever we refer to a measure-theoretic concept oM , we im-
plicitty mean that we work with Lebesgue measure or Lebesgue sets, unless we explicitly
state otherwise. (At some points Borel measures will also come up.)

With Lebesgue measurable sets well-de ned, the concept of a measurable function or
a measurable map between manifolds is also well-de ned|these are simply those maps for
which the preimage of any measurable set is measurable. If we have a local g)-tensor
eld t on M, de ned over a setE M, we say that it is measurableor has measurable
coe cients if there is a covering off (U ; )g of E by coordinate charts such that over
eachU , the coe cients of t are measurable. This is again independent of the covering
chosen, since in a di erent coordinate chart U ; ), the coe cients of t are determined
from the coe cients in the original chart and the transition function via

G R G U O
That is, the new coe cients are obtained from the old via composition, addition, and
multiplication with smooth functions, so they are again measurable.

We can also speak about Lebesgue measures. By the above de nition, it is immediate
that any volume form on M with measurable coe cients induces a Lebesgue measure
on M. (By volume form, we simply mean anyn-form with positive coe cient. Saying the
coe cient is positive is coordinate-independent because of the orientation ofM .) We can
also allow to be a nonnegativen-form|i.e., one for which the coe cient is everywhere
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nonnegative|and again induces a Lebesgue measure dvi. (Nonnegativity is again a
coordinate-independent notion thanks to orientability of M .)

We next mention the relation of the Lebesgue measurable sets to the Borel measur-
able setsB. It is not hard to see that the same general relationship between these sets
that holds on R" holds onM as well. Let's recall this relationship|namely, that Lebesgue
measure onR" coincides with the outer measure induced by Borel measur&tl}, x1.7]. For
the reader's convenience, we brie y review this notion, as well as that of the completion
of a measure space. All facts are taken fromd], x1.5] unless otherwise mentioned.

Let (X; ; ) be a measure space. The measureis called completeif for every B 2
with (B) =0 and every subsetA B, we haveA 2 (and therefore of course (A) =0).
That is, is complete if every subset of a nullset is -measurable.

If is not complete, we can extend it to a complete measure as follows. We de ne the
outer measure induced by to be, foranyE X,

pS [t )
(E) = inf Ex Ex2 : E Ex
k=1 k=1
forany setE  X. We note that if E 2 , then (E)= (E). DeneasetE X tobe
-measurableif for every Y X,

(Y)= (Y\E)+ (Y\ EO:

We denote the class of -measurable sets by , and note that this is a -algebra. Fur-
thermore, ,and (X; ; )iscomplete. Thus is an extension of to a complete
measure.

Now, let's see what this means in the special case dfl with a measure on the
Borel setsB of M. Firstly, since the above statement that Lebesgue measure coincides
with the outer measure induced by Borel measure can be localized, the outer measure
corresponding to is a measure on the Lebesgue sets of M. We also see that a Borel
measurable set is Lebesgue measurable. Furthermore, 4, x3.11], the following holds.

Lemma 2.13 For every E 2 L, there existF 2B and G 2 L such that
(1) E=F[ G,
(2) there exists a -nullset A 2B such thatG A and
@) (E)= (F).
In other words, Lebesgue measurable sets can always be built from the union of a
Borel measurable set and a subset of a Borel nullset.
To close this subsection, for convenience we recall two standard results from measure
theory: the Lebesgue dominated convergence theorem and Fatou's lemma.

Theorem 2.14 (The Lebesgue dominated convergence theore@q, Thm. 5.4.9]). Let
(X; ; ) be a measure space, and leftf yg be a sequence of measurable functions ox
converging a.e. to a functionf . Suppose further that there exists arL! function g with
ifj ga.e. Thenf isalsoL?! aznd

z
fd = Ilim frd:
X KIT oy
Furthermore, 7
kI!ilm >(jf fyjd =0:
Theorem 2.15 (Fatou's lemma |, Thm. 2.8.3]). Let (X; ; ) be a measure space,

and let ffg be a sequence of nonnegative measurable functions ¥nconverging a.e. to a
function f. Suppose that there exists %constarﬂ( < 1 such that

sup fgd K:
kX
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Then the function f is integrable and

z
fd K:
X
In addition, 7 7
fd liminf  fyd:
X k1 X
2.3.3. The manifolds of positive functions and volume forms. We will denote

the set of positive C! functions on the base manifoldM by P. By the considerations
of Subsection[2.2.B,P is a Fechet manifold, since it can be identi ed with the space of
smooth sections of the trivial ber bundle M (0;1 ). (Alternatively, one can view it as
an open set in the Fechet space of smooth sections of the vector bundi®  R.) It is
not hard to see that P is even a Fechet Lie group with respect to the group operation
of pointwise multiplication|that is, it is a Fechet manifold such that the multiplication

of two elements is a smooth map, as is the map sending an element to its multiplicative
inverse.

Similarly, if we denote by V the set of smooth volume forms onM, then this is a
Fechet manifold. One can see this either by viewing it as an open set of "(M), the
Fechet space of highest-order di erential forms on M (it is the sections of the line bundle

"T M), or by viewing V as the smooth sections of the ber bundle of positiven-forms
onM.

Given any volume form 2V and any n-form 2 "(M), there exists a uniqueC?
function, denoted by (= ), such that

(2.14) -

This fact is easy to deduce from the coordinate representations of and , along with
the fact that the coe cient of  is positive in any coordinate chart because is a volume
form.

If is also a smooth volume form, then (= ) is additionally a positive function. If we
consider the measures induced by and , then (= ) coincides with the Radon-Nikodym
derivative [47], Dfn. 9.1.16] of with respectto . Thatis, for any measurable sett M,
we have 7 7

E E
We just note that the Radon-Nikodym derivative is de ned in general as follows. Say we
are given a spaceX with a -algebra , as well as two - nite measures and g on .
Furthermore, suppose that g is absolutely continuouswith respectto , thatis, o(E)=0
forall E X with (E)=0. Then there exists a nonnegative measurable functionf on
X, called the Radon-Nikodym derivative, such that
Z Z
do= fd:
E E
The considerations above suggest a natural di eomorphism betweek' and P. Namely,
if we choose any volume form 2V, then we can de ne a map

(2.15) -
which as we have seen map¥ into P. It is not hard to see that this map is bijective.

To see that it is smooth, we simply note that it is the restriction to V of the linear map
7! (= ), which maps "(M) into Ct (M).
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Remark 2.16. Note that the function ( = ) can be more generally de ned forany
n-form and any volume form , including those that are not smooth, or continuous, or
even measurable. The function will be smooth/continuous/measurable if both and
are, as is easily seen in a coordinate chart. It is easy to show (or one may consu#{],
Prop. 5.2.6]) that if is measurable and nonnegative, then it induces a measure av ,
de ned by xing any volume form . 2V ang setting

E E
for any measurableE M . Furthermore, this measure is absolutely continuous with
respect to

If g is a Riemannian metric onM, then it induces a volume form onM given in local

(2.16) g= P detgdx!  dx":

If go and g; are two Riemannian metrics onM , then locally, the Radon-Nikodym derivative
of ¢, with respectto g, is given by
s
det
2.17) o - S80

% detgy

Note that this is a well-de ned function on M by the discussion of Subsectiof 2.3]1.
This completes our general geometric considerations. We now move on to the study
of Riemannian metrics on Fechet manifolds.

a 1
det(dp "0u):

2.4. Weak Riemannian manifolds

The manifold of metrics with its L? metric, the object of study of this thesis, is an
example of what is called a weak Riemannian manifold. In this section, we will describe
and explore these objects a little bit.

It is well known that on a nite-dimensional vector space, all positive-de nite scalar
products are equivalent|i.e., every positive-de nite scalar product induces the same topol-
ogy on the space. In in nite-dimensional vector spaces, this is no longer the case|there
are many inequivalent positive-de nite scalar products, with di ering topologies|a simple
example might be the Ck and H S topologies on the space of smooth functions [d]! R.
As one might naturally expect, this linear phenomenon has an analog in nonlinear spaces,
i.e., manifolds.

In manifold theory, the nonlinear analog of a positive-de nite scalar product on a
vector space is a Riemannian metric on a manifold. Of course, this is just a positive-
de nite scalar product on the linearization of the manifold at each point (i.e., its tangent
spaces) that varies in a smooth way as we move from point to point. (We'll make a
formal de nition of in nite-dimensional Riemannian metrics soon; for the moment, let's
just take this as our heuristic de nition for purposes of the introductory discussion.) There
is also a nonlinear analog of the di erence between nite- and in nite-dimensional spaces
as described above.

On a nite-dimensional Riemannian manifold (N; ) modeled onR", the tangent space
TxN is, via a choice of coordinates, isomorphic taqR" for eachx 2 N. The equivalence
of all scalar products onR" implies that the scalar product induced by the Riemannian
metric, when viewed as a scalar product onR", is equivalent to the Euclidean scalar
product. In particular, it induces the standard topology on R".

In the case of an in nite-dimensional Riemannian manifold (N; ) modeled on a Hilbert
spaceE, we cannot necessarily say that the scalar product induced by on a tangent space
TxN is equivalent to the Hilbert space scalar product ofE. Therefore, the topology that
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induces onTxN may di er from the topology of E. Thus, we can distinguish two types
of Riemannian metrics on a Fechet (or, as a special case, Hilbert) manifold. We call a
strong Riemannian metric if it induces the model space topology on each tangent space,
and aweak Riemannian metric if it induces a weaker topology.

This subtle but important distinction between the two types of metrics leads to a vast
gulf in the two theories one can develop around each structure. For a strong Riemannian
metric, one can reproduce most of the important results in nite-dimensional Riemannian
geometry. For example, the Levi-Civita connection, geodesics, and the exponential map-
ping exist. A strong Riemannian metric induces a distance function that gives a metric
space structure on the manifold. In addition, the topology induced from this metric space
structure agrees with the manifold's intrinsic topology.

None of the above-mentioned results hold in general for weak Riemannian manifolds.

In this section, we will go into detail on these and other di erences between weak and
strong Riemannian manifolds, as well as explore what statements one can make about weak
Riemannian metrics in the cases where the corresponding statements for strong metrics
break down.

Before we continue with formal de nitions and results, though, we make a couple of
philosophical remarks. We have found relatively few references that systematically cover
what results of standard Riemannian geometry do and do not hold in this context, as most
authors naturally treat only those aspects that arise in the examples they are consider-
ing. Furthermore, to the author's knowledge, all standard textbooks about Riemannian
geometry on Hilbert manifolds, such as(28] and [30], work only with strong Riemannian
metrics, without explicitly mentioning the distinction between the two types of metrics.
Therefore, even the most basic results on weak Riemannian metrics seem not to have been
formally written down. Later in the section, we will prove a few general results that will
come in useful to us.

Despite there being, to our knowledge, no comprehensive formal treatment of them,
weak Riemannian metrics are fundamental objects in global analysis, which deals primarily
with manifolds of sections of ber bundles over a nite-dimensional manifold. Of course,
one is typically most interested in C! sections, and the space o€! sections of a vector
bundle is a proper Fechet space|proper meaning that the topology does not come from
a (single) norm. Such a space carriesnly weak Riemannian metrics, since the existence
of a strong Riemannian metric would give, via a coordinate chart, a norm inducing the
topology of the model space|but this is impossible.

If one considersH ® sections of a vector/ ber bundle, then strong Riemannian metrics
can be found. However, since the choice &f 2 N is essentially arbitrary, one would have
to choose a di erent Riemannian metric on the manifold of sections for eachs. This
somewhat unsatisfactory situation leads one to generally pick a single metric (i.e., use the
same formula for eachs), often one inducing the L2 topology. Thus, one is again led back
to working with weak Riemannian metrics.

Hopefully we have convinced the reader of the importance of weak Riemannian metrics.
We now move on to de ning them, exploring some of their de ciencies as compared with
strong Riemannian metrics, and then elaborating what weaker results one can prove about
them in general.

2.4.1. (Weak) Riemannian Fechet manifolds. A Riemannian metric on a Fe-
chet manifold is de ned exactly analogously to one on a nite-dimensional manifold, mod-
ulo the distinction between weak and strong metrics mentioned above.

Recall that on a Banach manifoldN modeled on a Banach spac&, each tangent space
TxN is naturally isomorphic to the model spaceE, the isomorphism being given by any
choice of coordinates aroundk (this choice is, of course, usually very non-canonical). The
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same holds true for Fechet manifolds, and we keep this in mind as we make the following
de nition.

Definition  2.17. Let N be a Fechet manifold modeled on a Fechet spaceE. A
Riemannian metric on N is a choice of scalar product (x) on TyN for eachx 2 N,
such that for eachx 2 N, the following holds:

(1) is smooth in the sense that ifU is any open neighborhood ofx and V; W are
vector elds de ned on U, then ()(V;W):U! R isasmooth local function;
(2) (x)is a continuous (i.e., bounded) bilinear mapping; and
() (x) is positive de nite on TxN.
Furthermore, s called

(1) strong if the topology induced by coincides with the topology of the model
spaceE; and
(2) weak otherwise, i.e., if the topology induced by is weaker than the model space
topology.
The pair (N; ) is called a Riemannian Fechet manifold .

To put it another way, ( N; ) is a strong Riemannian Fechet manifold if its tangent
spaces are complete with respect to, and it is weak if the tangent spaces are incomplete
with respect to

Remark 2.18 There is no such thing as a Riemannian metric inducing a topology on
the tangent space that is stronger than the manifold topology. This is because in that case
some vectors would have in nite norm|just think of the HS* norm on H S functions, for
example.

The rst de nition of weak Riemannian Hilbert manifolds that we know of (though
our knowledge is surely incomplete) is in[11], the paper that founded the study of the
geometry of the manifold of metrics. The generalization to weak Riemannian Fechet
manifolds is natural and has been used in several works. In no particular order, here is a
list of papers that consider weak Riemannian manifolds (speci cally, those that explicitly
deal with the questions posed by \weakness" and are not mentioned elsewhere in this
thesis): 3], [8], [12], [32], [35], [38], [39], [40] and [41]. We have made no attempt to
make this list completelit is simply a smattering of examples.

Let (N; ) be a Riemannian Fechet manifold. Just as in the case of nite-dimensional
Riemannian manifolds, we can use to de ne a distance between points ofN by taking
the in ma of lengths of paths.

Let a bbe real numbers, and let :[a;b! N be a piecewiseC! path. De ne

Z bp
L():= ( (O)(_(t); (1)) dt:

a

Then, for any x;y 2 N, we de ne
d (x;y):=inf L( );

where the in mum is taken over all piecewiseC?! paths that start at x and end aty.

It is easy to see thatd is apseudometric That is, it has all the properties of a metric
(in the sense of metric spaces) other than positive-de niteness. That (x;y) = d (y;X),
d(x;y) Oandd (x;x) =0 for all x;y 2 N is clear. The triangle inequality for d
then follows from the fact that if we have a path from x to y and a path fromy to z, the
concatenation of the two is a path from x to z with length the sum of the two original
paths.

Positive de niteness of the distance function is a trickier issue, and in fact it only
holds in general for strong Riemannian metrics! For weak metrics, it may fail. In fact,
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the example of the next subsection shows that it may fail in the most spectacular way
possible|for some weak Riemannian manifolds, d (x;y) = 0 for all points x;y 2 N.

After we have described the example and seen how bad things can get, we will see
what parts of the theory break down and allow such things to happen. After that we will
try to partially rebuild.

2.4.2. Pathological behavior of a weak Riemannian metric on the manifold
of embeddings of S! into R?. The following example is from [37], to which we refer
for more details. We will give only a very sketchy and conceptual presentation of one
of their results. There is no harm in skipping this subsection and continuing on to the
discussion of the Levi-Civita connection in the next subsection. On the other hand, the
reader interested in a complete description of this example should consulB[/].

Let C! (S R?) denote the vector space of all smooth mappings db! into R2. This is
a Fechet space, as we saw in Subsectidn 2.2.3. We consider the open &t C* (S;R?)
of smooth embeddings ofS? into R?|in other words, this is the space of smooth, para-
metrized, closed curves inR?. As an open set of a Fechet space, it is trivially a Fechet
manifold.

Let D denote the group of smooth di eomorphisms of the circle. It is a Fechet Lie
group, and it acts on C (S*; R?) from the right by composition, i.e., pull-back: for ' 2 D
and f 2 C! (S%;R?), the actionis' f = f ' . If we restrict this action to E, then it is
free, and it turns out that the quotient E=D is a smooth Fechet manifold.

There exists a natural D-invariant Riemannian metric on E. It is a weak metric, as it
induces theL? topology on the tangent spaces. To de ne it, letf 2 E be any embedding.
SinceE is an open set ofC! (S'; R?), the tangent spaceT; E is canonically isomorphic to
C! (S%;R?) itself, and we can think of T; E as the space of vector elds onf (S!) R2.
Thatis,if :S' R?! S!isthe projection, then T; E consists of mapsh : S'! St R?
with h = f. With this in mind, wezde ne forany h;k 2 C! (S;R?) = T; E:

(hik)s == Slfh( ) k()ij@f ()id;

where h; i is the Euclidean scalar product onR?. Describing this metric in words, we
integrate the scalar product of h and k with respect to the Euclidean volume form pulled
back alongf .

Since (; ) is D-invariant (as is relatively easily computed), it descends to a weak
Riemannian metric on E=D. Though it is outside the scope of this thesis to prove this
here, the Riemannian metric thus obtained induces a distance function as described above,
but the distance between any two points vanishes! Thus the Riemannian metric ) is,
in some sense, a very bad metric oe=D.

Rather than prove this fact, we will simply give the idea of the proof. We can bound
the distance between two points inE=D from above by the distance between any two points
of their preimages inE. So take any pathf; of curves interpolating betweenfy and f 1]it
happens that one can modify this path to get a path whose image has arbitrarily small
length when projected to E=D, showing that the distance between the endpoints inE=D
is zero. To do this, we simply construct a pathf, from f in which the curves oscillate
n times as they interpolate betweenfy and f1. These oscillating curves are illustrated in
Figure @ It then happens that the length of f,+, when projected onto E=D, goes to zero
asn!il

So now we have an extremely pathological example of how bad the distance function
of a weak Riemannian metric can be. Our next task is to understand how such a phenom-
enon, which is impossible in the nite-dimensional case, can occur. To do so, we need to
reexamine some of the standard theorems of Riemannian geometry and see what can be
said about them in the in nite-dimensional case.
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Figure 1. Wildly oscillating curves interpolating between fq (the inner
curve) and f (the outer curve). First, the oscillating parts are extended
until they reach f 1, then the rest follows.

Before we conclude this subsection, let us just note that36] generalizes the example
described here to embeddings of any given manifold into a given Riemannian manifold.

2.4.3. The Levi-Civita connection. On a nite-dimensional Riemannian manifold
(N; ), and even on a strong Riemannian Hilbert manifold, there is a unique connection
r thatis both

(1) metric, i.e., X (Y;Z2)= (r xY;Z2)+ (Y;r xZ) for all vector elds X; Y and
Z:; and
(2) torsion-free, i.e.,r xY r yX =[X;Y]for all vector elds X and Y.
The existence and unigueness of this connection relies on the Koszul formula, which states
that a connection is both metric and torsion-free if and only if the following equation holds
for all vector elds X, Y, and Z:

(rxY;Z2)=X (Y;2)+Y (X;Z) Z (X;Y)
G IY;Zh)  (YIXKzD+ (Z XY D:

Existence and uniqueness of the element x Y at the point x 2 N now follows from the
Riesz representation theorem applied to the Hilbert space TxN; ).

The Levi-Civita connection is then used to de ne geodesics as those paths for which
r _=0. Geodesics, in turn, are used to de ne the exponential mapping, as is well known.

On a weak Riemannian manifold, this picture breaks down, a38) fails to guarantee
existence of the Levi-Civita connection. (If it exists, though, ) does guarantee its
uniqueness.) Since the tangent spaces oN{ ) are incomplete with respect to )
only guarantees the existence of x Y at x 2 N as an element of the completion ofTyN
with respect to . This is of course because the Riesz representation theorem does not
hold on incomplete spaces.

The result of this is: On a weak Riemannian manifold, the Levi-Civita connection does
not exist in general. As a consequence, geodesics and the exponential mapping do not exist
in general, either.

The usual strategy when dealing with weak Riemannian manifolds is the following.
Without general theorems at one's disposal, various properties that are automatic for
strong Riemannian manifolds have to be directly veri ed. For example, in the next section,
we will sketch how, in [11], the existence of the Levi-Civita connection for the manifold

(2.18)
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of metrics was shown. In essence, an explicit formula for x Y was computed using the
Koszul formula, and it was shown that the result is in fact a section of the tangent bundle.

2.4.4. The exponential mapping and distance function on a strong Rie-
mannian manifold. ~ Subsection[2.4.2 gave an example of a weak Riemannian manifold
with an induced distance function that is not a metric|i.e., that fails to be positive def-
inite. In contrast, for a strong Riemannian manifold, the following theorem holds, as it
does in the nite-dimensional case:

Theorem 2.19 (28, Thm. 1.9.5]). Let (N; ) be a strong Riemannian (Hilbert) man-
ifold. Then the induced distance functiond is a metric on N, and the topology ofd
coincides with the topology ofN .

The natural question that arises is, what goes wrong in the case of a weak Riemannian
manifold? To answer this, we recall the main steps in the proof of Theorenj 2.19. The
rst is:

Theorem 2.20 (|28, Thm. 1.8.15]). Let (N; ) be a strong Riemannian (Hilbert) man-
ifold. Then there exists an open neighborhoodd TN of N such that the exponential
mapping is de ned and di erentiable on U.

Furthermore, for every x 2 N, there exist positive numbers = (x) and = (x),
with < , and a neighborhoodVv of x such that the following holds:

(1) The mapping
expcis 0 B (0)! V;
where B (0) is the open ball of radius (w.r.t. ) around 02 TxN, is a di eo-

morphism.
(2) For any y;z 2 V, there exists a unique geodesic frony to z with length less than

(3) For eachy 2 V, exp,jB (0) is a di eomorphism onto an open neighborhoodVy
ofy, with V. V.

Using this theorem, we have some control over the domain of de nition and the range
of the exponential mapping. The next step is to control the lengths of paths contained
within the image of the exponential mapping:

Theorem 2.21 (28, Thm. 1.9.2]). Suppose(N; ) is a strong Riemannian manifold.
Let x 2 N, and suppose thatexp, is de ned on an open neighborhoodJy of 0 2 TyN.
Let v:[0;1]! Ux be any path withv(0) =0, and let v : [0;1]! Uy be the straight-line
path in TxN betweenO and v(1). Finally, de ne paths in N by (t) := exp,(v(t)) and
~(1) = exp (¥(1)).

Then L(~) L( ), and equality holds ifv(t) = vw(t(s)), wheret(s) is a reparametriza-
tion with t4s) 0.

Conversely, ifL(~) = L( ) and D) exps has maximal rank for all0 s;t 1, then
v(t) = ¥(t(s)), wheret(s) is a reparametrization with t4s) 0.

What this theorem essentially says is the following. Let exp be de ned onUy, TN,
with range V, N, and lety 2 V4. Then among the class of paths inVy from x to v,
the unique shortest path (up to reparametrization) is the radial geodesic emanating from
x and ending aty.

What Theorem [2.2] does not tell us is that the radial geodesic fronx to y is the
shortest path among the class ofll pathsin N from x to y. However, combining Theorems
[2.20 and[2.2] gives us what we want:

Theorem 2.22 (|28, Thm. 1.9.3]). Suppose(N; ) is a strong Riemannian manifold.
Let x 2 N, and let , and V be as in Theorem[2.2D. Suppose thay 2 V. Then
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any geodesic starting fromy of length less than is a path of minimal length between its
endpoints.

Thus, geodesics are, locally, length-minimizing paths. Using Theoreri 2.22 and our
previous statement that the distance function of a Riemannian manifold is always a pseu-
dometric, it is then trivial to prove Theorem

2.4.5. The exponential mapping and distance function on a weak Riemann-
ian manifold. We now return to weak Riemannian manifolds. The question remains:
What goes wrong when we try to extend the results of Subsectioh 2.4.4?

The theorem that breaks down, it turns out, is Theorem [2.20. This is true even if
we assume that the Levi-Civita connection exists. It even breaks down if we assume
that the exponential mapping exists and is a di eomorphism when restricted to some
open neighborhood of the zero section i M |none of which are guaranteed on a weak
Riemannian manifold!

The problem is the following: on a strong Riemannian manifold (\; ), a neighborhood
of 02 TxN contains an open -ball of some su ciently small radius. However, if (N; )
is a weak Riemannian manifold, since the topology induced by is weaker than the
manifold topology of TN, an open neighborhood of 0 (in the manifold topology)need not
necessarily contain any open -balls.

This phenomenon does indeed occurlit is not too hard to see that it occurs for the
example of Subsectiorj 2.4]2, and we will see below, in Sectipn P.5, that the manifold of
metrics also exhibits this phenomenon.

In the case of the manifold of metrics, we will eventually be able to show, in Section
3.1, that the L2 metric does in fact induce a metric space structure. However, the metric
space topology does not agree with the manifold topology, and so strange phenomena
that are absent for strong Riemannian metrics occur. For example, we will later show in
Lemma|[5.19 that there is no metric ball of any positive radius around any point of the
manifold of metrics! This is, of course, tied very closely to the analogous fact about the
tangent space.

For now, though, we put aside the nastier behavior of weak Riemannian manifolds and
show what results actually do hold for them in general. They will necessarily be weaker
than the results for strong Riemannian manifolds, but they will still come in handy later
on and are of interest in their own right.

Our goal is to prove statements analogous to, but weaker than, the theorems of Sub-
section[2.4.4. We will follow a very similar course, making only minor modi cations to
the statements and proofs in [28] as necessary.

Our rst theorem is familiar from nite-dimensional Riemannian geometry and is quite
simple to prove.

Proposition  2.23 Let (N; ) be a weak Riemannian manifold on which the Levi-
Civita connection exists. Letp2 N andv 2 TpN, and suppose thatv is in the domain of
exp,. Then the geodesic (t) :=expy(tv), t 2 [0;1], has lengthkvk .

Proof. The proof for Riemannian Hilbert manifolds is algebraic in nature and so
carries over to weak Riemannian manifolds|here we just give a sketch. Since the Levi-
Civita connection is metric, its parallel transport along any curve is an isometry of the
tangent spaces. That is a geodesic implies that {t) is parallel along , and hence qt)
has constant length. Since 0) = v, this length is kvk .

Unfortunately, we cannot prove much more that is useful about weak Riemannian
manifolds without rst making a couple of assumptions on the exponential mapping.
Basically, we want it to exist and to be a di eomorphism between some open sets|so
we'll have to assume that as well. The next bit of terminology incorporates this, and also
adds one technical detail that we'll soon need.
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Definition  2.24. We call a weak Riemannian manifold (N; ) normalizable at x if
there are open neighborhooddJy TN and Vx N containing 0 and x, respectively,
such that

(1) the exponential mapping exp, exists and is aC*-di eomorphism between Uy and
Vy; and
(2) the following function is continuous:

R:TxN ! R:
v7!supfr 2 Ry jr v2 Ugg:

Note that the neighborhoods Uy and Vy are required to be open in the manifold topology
of N. We do not require that Uy be open in the topology induced by .
We call (N; ) normalizable if it is normalizable at each x 2 N.

Definition  2.25 Let (N; ) be a weak Riemannian manifold and letx 2 N. We
denote by SN TxN the unit sphere, i.e.,

SN = fv2 TxN jkvk =1g¢:
For the rest of this section, let (N; ) be a weak Riemannian manifold that is normal-
izable at a point x 2 N, and retain the notation of De nition Z.24.]
The following lemma shows that the exponential mapping of a weak Riemannian man-

ifold that is normalizable at x is de ned on some nonzero vector pointing in each direction
in TyN.

Lemma 2.26. For eachv 2 TxN, R(v) > O.

Proof. Letv 2 TxN be given. SinceTyN with its manifold topology is a topological
vector space andUy is a neighborhood of the origin, there is some > 0 such that
v 2 Uy.

Remark 2.27. Lemma[2.26 does not imply thatR(v) is uniformly bounded away from
zero, even if we restrict the domain ofR to SyN at eachx 2 N.

This next proposition is the analog of Theorem[2.2]L, and is proved similarly.

Proposition  2.28 Let r(s) v(s) 2 Ux, s 2 [0; 1], be a path in Uy such thatv(s) 2
SxN, r(s) 2 R . (That is, we express the path in polar coordinates.) We de ne a path
by (s):=exp,(r(s)v(s)), s2 [0;1]. Then

LC) jr@ r(O);
with equality if and only if v(s) is constant andrqs) 0.

Proof. By De nition 4.24 and Lemma P.26), as well as the compactness of [@], there
exist ; > 0 such that if

(s;t)2U. == (s;)2R?js2 [0 t2[ ;r(s)+ ] ;

thent v(s) 2 Uyx.
We de ne a one-parameter family of paths inN by

Cs(t) ;== exp(t v(s)); (s;t)2U.
Note that for each xed s, the path t 7! cs(t) is a geodesic with
(2.19) k@cs(t)k  k @cs(0)k = kv(s)k =1:

Note also that the image of the family of pathsc () is a singular surface inN parametrized
by the coordinates (s;t).
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Keeping this in mind, we compute

. — r . . r
@ (@cs(t); @cs(t)) = @@Cs(t)a@cs(t) + @cs(t),@@cs(t)
— r .

1
= 5@ (@c(t); @cs(1))
=0:
Here, the second line holds because

s and t are coordinate functions, and hence (covariant) derivatives in the two
directions commute, and

t 7! cs(t) is a geodesic, hencgg@cs(t) = 0.
The last line follows directly from (R.19).
From (R.20), we immediately see that

(@cs(t); @cs(1))

is independent oft. However, we also have thaics(0) = x for all s, implying that @cs(0) =
0, thus

0= (@cs(0); @cs(0) = (@cs(t); @cs(t))
for all t. That is, @cs(t) and @cs(t) are orthogonal for all s and t.

We now estimate:
2

d
2
k Ys)k g1 (s)

@cs(r(s) + r{s)@cs(r(s))
k@cs(r (K + jrs)i* k@cs(r (s))K?
j r¥s)i*:
Here, in the third line, we have used orthogonality of @cs(t) and @cs(t). In the last line,

we have used ). Note that equality holds if and only ifk@cs(r(s))k 0.

Finally, we see that
Z, z z

1 1
L( )=  k qs)k ds irs)jds rqs)ds = jr(1) r(0)j;
0 0 0
which proves the desired inequality. We note that the rst inequality is an equality if and

only if k@cs(r(s))k 0 (see the previous paragraph) and the second inequality is an
equality if and only if rqs) 0 for all s.

Finally, we get the analog of Theorem 2.2P. The remark afterwards points out in what
way this is weaker than that theorem, however.

Proposition  2.29. Supposey 2 Vi with exp, }(y) = v. Then the path
S[0; 1] Wy (t) = expy(t V)

satises L( ) = kvk , and is of minimal length among all paths inVy from x to y.
Furthermore, is the unique minimal path (up to reparametrization) in Vy from X to y.

Remark 2.30. Note that we will only show that is minimal only among paths (or
geodesics) inVy, not all paths (or geodesics) inN . In particular, we cannot conclude from

Proposition [2.29 that d (x;y) = L( ).
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FIGURE 2. A path between two points in V' C N that travels out of and
back into V in possibly very short distance. The dashed circle on the left
represents the sphere of radius || exp;*(y)|l4(z) in T N.

PrOOF. The equality L(a) = ||v||, holds by Proposition

A path n(s), s € [0,1], in V, from x to y corresponds via exp, * to a path r(s)-v(s) in
U with v(s) € SpN, 7(0) =0 and 7(1) - v(1) = v, implying |r(1)| = [Jv||y. By Proposition
we therefore have that

(2.21) L(n) = |vlly = L(e),

immediately implying minimality of a.

Let equality hold in . Again by Proposition this implies v(s) is constant
and r'(s) > 0 for all s. However, this means that 7 is just a reparametrization of «,
proving the second statement. 0

As an obvious result of Proposition [2.29] we get the following criterion for a weak
Riemannian manifold to be a metric space. It requires rather strong assumptions which
could probably be weakened significantly, but it will be sufficient for some purposes that
we have in mind—specifically, we will use it to show that certain submanifolds of the
manifold of metrics are metric spaces.

THEOREM 2.31. Let (N,7) be a weak Riemannian manifold. Suppose that for some
x € N, the exponential mapping exp,, is a diffeomorphism between an open (in the manifold
topology) neighborhood Uy of 0 € Ty N and N.

Then (N,d), where d is the Riemannian distance function of y, is a metric space.

PROOF. Let y € N. It remains to show that if y # x, then d(z,y) > 0. But if
exp,1(y) = v, then Proposition shows that the shortest path from z to y in N is
exp,(t - v), which has length [|v||. Therefore d(x,y) = |jv|| > 0. O

Proposition of course cannot tell us anything about whether a general weak Rie-
mannian manifold (N,~) is a metric space, and given the example of Subsection m
neither can any other theorem, since at a point x € N, the exponential mapping exp,
need not be defined on any «y(x)-open neighborhood of 0 € T, N. This means that we
cannot use the exponential mapping directly to control the lengths of curves between two
chosen points.

Let’s be more precise about this. Assume that for some point x € N, exp, is a
diffeomorphism between open sets U € T, N and V € N, but that U contains no ~(x)-
open ball. Say we are given a point y € N, and let’s even assume that y € V to illustrate
our point most dramatically. We know that U does not contain any «(x)-open ball around
zero, and from Proposition [2.29] a radial path in U is mapped by exp, to a minimal
geodesic between its endpoints (minimal among the class of paths remaining within V).
Thus we can imagine a radial path that starts at z, leaves V after an arbitrarily short
distance, then reenters V such that its image under exp;! lies on the sphere of radius



38 2. PRELIMINARIES

kexp, 1(y)k x)- This is illustrated in Figure In this case, the results stated so far do
not allow us to control the length of our path outside of V or on the second piece inside
V, since Proposition does not tell us anything about paths withr (t) constant (in the
notation of that proposition). Our results therefore do not rule out paths of arbitrarily
small length.

2.5. The manifold of metrics M

In this section, we de ne the manifold of smooth Riemannian metricsM over a closed,
nite-dimensional base manifold M. We are especially interested in the geometry of the
so-calledL? metric ( ; ) on M , which is a weak Riemannian metric on a Fechet manifold.
We will also discussM S, the manifold of Riemannian metrics with H S coe cients, which
is a weak Riemannian Hilbert manifold. These objects will be de ned in the rst two
subsections. In the third subsection, we will give a useful decomposition oM into a
product manifold, a decomposition that we will refer back to later in the thesis. Finally,
we will mention some facts about the geometry of M1 ;( ; )) that are already known, such
as formulas for its curvature and geodesics.

All of the facts in this section are culled from the three papers [11], [19] and [20].
We refer the reader to these for more details, and we will also reference speci c theorems
at appropriate points. We point out a few di erences between the papers. The study of
the geometry and topology of M ;(; )), as well as that of superspace(the quotient of
M by the action of the di eomorphism group) was initiated in [[11] in the HS setting]|
i.e., this paper studied the manifold of metrics with H® coe cients (see Subsection 2.5.]1).
Much later, [[19] computed the curvature and geodesics dfl using some general theorems
from the context of strong Riemannian Hilbert manifolds. Most of these general theorems
carry over to weak Riemannian manifolds, however, and the explicit formulas of19] all
match up with those of |[20], which computed the same things using tools strictly from
the theory of weak Riemannian manifolds. Furthermore, [20] computed the analogs of
Ricci curvature, scalar curvature and Jacobi elds in this setting, and additionally did not
require the base manifoldM to be compact|simply without boundary.

2.5.1. De nition of the manifold of metrics. Let S°T M denote the second
symmetric tensor power of the cotangent bundle, and leS := ( S?T M) denote the vector
space of smooth, symmetric (02)-tensor elds on M . By the discussion in Subsectiof 2.2]3,
S is a Fechet space with topology coming from the HS norms induced by any smooth
Riemannian metric g on M. Furthermore, for s 2 N[f 0g, we de ne S := HS(S’T M),
i.e., SS is the vector space ofHS sections of ST M. We equip S® with the HS norm
induced by any smooth Riemannian metricg.

The rst thing we note is that while the norm on S® (and the collection of norms on
S) depend on our choice ofy, the topologies of S and S° do not. This was pointed out in
Subsection[2.2.8.

Now, let M S and M S S S denote the subsets of smooth Riemannian metrics
and Riemannian metrics with H® coe cients, respectively. Thatis, M and M S consist of
those elements that induce positive de nite scalar products at each point. We claim that
for s > n=2, M S is an open subset ofS®%, implying also that M is an open subset ofS.
This follows easily from the Sobolev embedding theorem, for it > n=2, then a bound on
the HS norm of a tensor eld implies a bound on the C° norm. Thus it is easy to see that
if g2 M S is any HS (and hence continuous) metric andh 2 SS is any tensor eld with
su ciently small HS (and henceCP®) norm, then g+ h will also be positive de nite. Note
also that M and M S are positive cones, i.e., ifgg and g; are metrics and ; > 0, then
go+ g1 is also a metric.

As open subsets of vector spaces, we trivially have thaM is a Fechet manifold and
M S is a Hilbert manifold. For the remainder of the section, we will only discuss the
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manifold of smooth metrics M , as this is our main object of interest. This is in the
interest of brevity and clarity of presentation only. All results hold for M S as well if one
usesH S objects instead of smooth objects and puts a superscriptd" on all manifolds of
mappings, i.e., considers spaces &S instead of smooth mappings. We will point out a
couple of examples along the way to show what we mean by this.

SinceM is an open subset ofS, its tangent space at any pointg 2 M is canonically
identi ed with S, i.e.,, TygM = S. We will use this identi cation over and over throughout
the thesis.

2.5.2. The L2 metric. SinceS?T M is a vector bundle associated to the tangent
bundle, a Riemannian metricg 2 M induces a Riemannian metric onS2T M. Let's take
a look at some fundamental linear algebra before we write down this metric.

If (V;h;iy)and (W;h; iw) are vector spaces over the same ground eld with scalar
products, we can form a scalar product on their tensor producty W in the following
way. For tensors of the formv  w, we de ne

(2.22) v wisve Woiy w = vy vaiy by Woiwy ;

and this de nition is then extended via bilinearity to all of V= W.
The scalar product induced by the Riemannian metricg on the cotangent spacel, M
is given in local coordinates by

ax)(; =4 i :

Hence, by [2.22), on the tensor productT,M T, M, the scalar product on elements of
the form is given by

g 5 =900 ) 9 =g i
It is easy to see that the general formula, obtained by extending via bilinearity, is the
following. For h;k2 T,M  T,M,
(2.23) g0)(h; k) = g hii g™ Kjm :

Remark 2.32 By the considerations above, a Riemannian metricg 2 M gives rise
to a Riemannian metric on any bundle associated to the tangent bundle (i.e., any bundle
that can be built from TM using tensor products, taking the dual, symmetrization, an-
tisymmetrization etc.), since we know that g ! is a metric on T M and ) shows us
how to form a scalar product on tensor products of vector spaces.

Let's now restrict to symmetric tensors. Denote by S, := S?T, M the symmetrization
of ,M T,M. Let hjk 2 Sy, and let H and K be the tensors obtained fromh and
k, respectively, by raising an index with g. Then H and K are (1, 1)-tensors, or in other
words endomorphisms ofTyM . So in particular, we can multiply them. Since they are

symmetric, we can use|(2.23) to get
224)  g)(hk) = @' hid™kim = g hi g™k = HIK] = tr( HK ) =:tr o(hk):

The above expression is called thay-trace of hk. It is sometimes useful to write this in
the notation of matrix multiplication, so that

trg(hk) =tr( g *hg 'k);

which is of course only valid in local coordinates.
If h 2 Sy, we can similarly de ne its g-trace to be

trgh=tr H=tr( g th)= ¢ h:
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Remark 2.33 Note that we could have de ned a scalar product onS?T M more
generally by

trg(hk) + trg(h)trg(k)
forany 2 R. These more general scalar products are studied i@B]. By setting =0 we

get the L? metric back, and for = 1 we get the metric used by DeWitt [I0] mentioned
in Section[1.3. The scalar product is positive de nite if 1=n; it is nondegenerate if
6 1=n.

There are two reasons we have chosen to study thie? metric in particular. The rst
is that, as we have tried to show in this subsection, thel. 2 metric arises canonically in the
di erential geometric context. The second is the connection to Teichmuller theory that
was mentioned in Sectior] 1.p and which will be elucidated in Chaptef 6.

We now want to de ne the g-trace of a section or a product of two sections oB8°T M,
which we can do by simply taking the g-trace at each point. We introduce the following
notation for this:

Definition  2.34. Let g be any Riemannian metric, and leth and k be elements ofS.
(We do not assumeg, h or k to be smooth or even continuous.) We denote thag-trace of
hk by

hh; Kig :=tr g(hk):
For each xed choice ofg, h, and k, it is a function mapping M ! R.
If it is necessary to explicitly denote at which point this expression is taken, we will

write hh(x); k(X)ig). Usually, though, the point x will be clear from the context and
omitted from the notation.

Lemma 2.35 For any xed g2 M andx 2 M, h;ig is a positive de nite scalar
product on Sk. Furthermore, we can use it to de ne a smooth Riemannian metrich; i on
the nite-dimensional manifold

(2.25) Mx:=fg2Sxjg>0g="fg(x)jg2Mg

by using the scalar producth; ig on each tangent spacefgM x = Sx. Of course, g > 0
indicates that g de nes a positive-de nite scalar product on TyM .

Proof. We start with the proof that h; ig is a positive-de nite scalar product on Sy
for any xed g. Bilinearity is clear, so we simply have to prove positive de niteness. If
h 2 Sy, then

hh; hig = tr( H?)
by (). Let's x any arbitrary coordinates around x and look at this expression locally.
From elementary linear algebra, we know that the trace of any matrix is equal to the sum

of its eigenvalues. Additionally, the eigenvalues ofH ? are the squares of the eigenvalues
of H. Therefore, if H::::: ﬁ are the eigenvalues oH and h is nonzero,

r(H)=( 1)+  +( D)?>0

Of course, for this inequality to hold, we have to know that the eigenvalues oH are real|
but this was proved in Lemma. (Note that positive de niteness ofh; iy actually also
follows easily from that of g combined with (2.22). Nevertheless, we will use the facts
stated here later, so it is worthwhile to mention them.)

As for the second statement, note rstthat M 4 is indeed a nite-dimensional manifold,
as it is an open set in the vector spaces,. (This also gives us the identi cation of TgM
with Sx.) Also, for any xed h;k 2 Sy, the function g 7! trg(hk) = tr( g thg k) is
clearly smooth overM . Combined with the positive de niteness of h; iy for xed g, this
completes the proof thath; i is a Riemannian metric.
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Since each tangent space dfl is identi ed with S, a Riemannian metric on M  will
give, for each Riemannian metric onM, a positive scalar product on smooth sections of
S?T M. We have just described a canonical positive de nite scalar product onS?T, M,
and to pass to sections we do the obvious thing: we integrate it.

Definition 2.36. The innetric on M is de ned to be
(h;K)g := trg(hk) ¢ foral h;k2S = TygM ;
M

where g is the volume form induced by g.
For any giveng 2 M , we denote byk kg the norm on S induced by (; )g, that is,
q

khkg := (h;h)g forallh2S:

Finally, we denote the distance function (a pseudometric) induced by (; ) simply by
d.

The L? metric is indeed a smooth Riemannian metric|this is proved in [ 1T}, x4]. (In
fact, ( ; ) is smooth in the H*® topology on M ® for any s > n=2.) We will not repeat the
proof of smoothness here, but it is easy to see bilinearity and positive de niteness|the
latter follows simply from positive de niteness of h; i4 at each point of M .

The name of the L? metric is not there just for fun. It is, in fact, a weak Riemannian
metric inducing the L? topology on each tangent space, as the following theorem due to
Palais [44], xIX.2] shows. (We have already mentioned this theorem in Subsectioh 2.2.3,
but we restate it here in this context and with an extra statement, the equivalence of the
scalar products, which is implied by the proofs in the above reference.)

Theorem 2.37 Letgo;0:2M . Then (; )g, @and (; )g, are equivalent scalar products.
In particular, they both induce the same topology orS, the L? topology.

Ebin even pointed out in [11], x4] that the theorem still holds if gg and g; are only
assumed to be continuous rather than smooth.

Let us make a brief technical note at this point. When we use the term \L? topology",
what we really mean is that we give this name to the topology induced from (; )4 for some
g 2 M . Of course, when we think ofL? objects, we think of functions that are square
integrable, so we might ask whether a similar interpretation holds for the completion ofS
with respect to ( ; )g. In fact, looking at the coe cients of a tensor eld as local functions,
de ned over a coordinate chart, we claim that elements of the completion ofS with respect
to (; )g are precisely those tensor elds with coe cients that are L2-integrable over any
chart.

The reason for this is that the proof of Theorem[2.37 is pointwise in character|that
is, not only are (; )g, and (; )g, equivalent for any go; g1 2 M , but there are constants
C;C%> 0 such that for all x 2 M and h; k 2 Sy,

%trgl(x)(h(x)k(x)) tr go ) (N(X)K(X))  Ctrg, ) (h(X)k(x))
and
1 e
Co 90
(For the reader who desires more details, the proof of Lemm3 below will eventually
make this clear.) Thus, (; )g, and (; )g, are equivalent not just on sections ofS?T M
de ned over all of M, but also equivalent if we restrict them to sections de ned only over
some subset oM .

Fix a coordinate chart U and choose a metricg” with the property that gi}J ij on
U. Also x an arbitrary metric g 2 M . On sections of ST M de ned over U, (: )g
is equivalent to (; )qu by the arguments of the previous paragraph. But the completion

(x) c°
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with respect to (; )qu of the space of sections 082T M over U consists of exactly those
sections with square integrable coe cients, since locally

i X
tl'gu (hk) = " hy Im kjm = hij kij :
1)

This shows that the topology (and the completion) of S with respect to ( ; )q is the
same as the \naive"L? topology coming from the (local) square integral of the coe cients
of tensor elds. What this means is that we can use results on thé2 topology for functions
and apply them to S with the topology given by ( ; )glalways viewing the coe cients of
tensor elds as local functions.

2.5.3. A product manifold structure for M . Let's move on to studying the struc-
ture of M with respect to the L? metric. The goal of this subsection is to de ne a splitting
of M as the product of the set of metrics inducing the same volume form and the set of
volume forms onM .

Select any volume form 2V and de ne

(2.26) M =fg2Mj 4= g

that is, M is the set of all metrics which induce the volume form . Then M is a
smooth submanifold ofM (cf. [11, Lemma 8.8]).

Consider the mapg 7! 4, mapping M to V. We wish to compute the di erential of
this map, since this will help us to gure out what the tangent space to M at a point is.
The result is given in the following lemma.

Lemma 2.38 Letg2M andh 2 S. We have

D g[h]= %trg(h) g-

Proof. We wish to compute

d
D 4lh]= dat o g+th-
If we write this is local coordinatesx';:::;x" and let | denote then n identity matrix,
we have
d d P
_— - + th 1 n
at grth = gt - det(g + th) dx dx
p p
(2.27) -4 det(l + tg th) = detgdx! dx"
dt o
d pP—
= — 1 :
dt det(l + tg th) g:

To compute the derivative term above, recall that for any square matrix A, exptr A =
detexpA, where exp is the matrix exponential. Recall also that exp is a local di eomor-
phism between a neighborhoodJ of the zero matrix and a neighborhoodV of the identity
matrix in the space ofn n matrices. So ifA; is a one-parameter family of positive de nite
symmetric matrices with Ap = | and A; 2 V then we can write B; = log A; uniquely.
This allows us to compute

d

d d
e - detA; = e tzo detexpB; = d - exptr By

(tr B) exptrBy _, = (tr By)°

t=0 ’
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where the last equality follows fromBg =log | = 0. Now, note that A 7! tr A is a linear
map, so its di erential is given by the map itself again. Therefore

(2.28) ;IZO detA; = (tr By)? _, =tr B:
We now claim that B§ = AJ. This follows from the fact that for any matrix X,
% - exp(tX ) = X;
If we de ne the notation :=exp and :=log, we can write this another way:
D@ X=X=) D(@)=id
As is the inverse function of on the neighborhood V,D ( C)= D (( C)) ! forany
C2 V. Since (1)=0, we have that D ( 1)= D (0) *!=id. This implies

Bd= — logA;=D ( 1)AJ= AY:
dt -
Substituting this into (2.28), we get
d detA; =tr AJ:
dt -

Using the above in [2.27) and making a straightforward computation nally gives the
result.

Returningto M , since the mapg 7! 4 is constant overM , we see from the previous
lemma that

(2.29) T;M =fh2Sjtrgh=0g

That is, the tangent space toM at g is given by the g-traceless tensors. Let us denote
the set of g-traceless tensors bySJ :

Let 2V be any smooth volume form onM . Then, as pointed out in Section[2.3, for
any 2V there exists a uniqueC! function, denoted ( = ), such that

(2.30) = -

Furthermore, if g2 M andf 2 P, i.e,, f is a smooth positive function, then from the
local expression for 4 (cf. (2.16)) we see that

(2.31) tg = "2
From these facts, it is easy to see that if the metricg induces the volume form and
2 V, then the unique metric conformal to g inducing the volume form is
2=n
g= - g:

This gives us the idea for a splitting ofM : by the considerations of the last paragraph,
there is a bijection betweenM andM P . In Section[2.3, we saw thatP is di eomorphic
to V, and so we can also say there is a bijection betwee and M V . This is more
intuitive, as it basically says that choosing a metric from M is the same as choosing an
element fromM , which induces a xed volume form, and then picking a volume form.

In concrete terms, we de ne a map

i M VIM

2.32 2=n
(2:32) (9; )7 - g
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Thus, i maps (@; ) to the unique metric conformal to g with volume form . It is
straightforward to show that i is not only a bijection, but a di eomorphism.

To compute the di erential of i , recall from Section thatT V= "(M). Also,
since 7! (= )is alinear map from "(M)to C! (M), its di erential is again given by
the map itself, i.e., 7! (= ). This gives us all we need to compute

2 % 1 2=n
(2.33) Di (g; )Ih; 1= — - — g+ — b

where 2 "(M)=TVandh2Sj = TgM

As a submanifold of M , M has a natural Riemannian metric induced from the L2
metric of M . We can use the mapi to de ne a Riemannian metric on V as follows. For
everyg2 M , we can embedV into M via

VI gg V I'M

Let ( ; ) be the pullback of the L? metric ( ; ) along this embedding. To compute (; ),
note that ; 4.y= ,andforal 2 "(M)and ; 2V,

- = and — - = -

Using this and (2:33), we can compute
;) =(Di (g0 LD (9:)I0; Di (g,

z 5 1 5 2 4
= Ve g -9 5 - -9 (=g
|

Z 4 2 )
= - - —

M n2

4
_ 4
=0

Note that ( ; ) is actually independent of the elementsg and we chose to de ne the
embeddingV ! M |, so it is a natural object. In fact, ( ; ) is just the constant factor 4=n
times the most obvious Riemannian metric onV.

We know that V is di eomorphic to P. Furthermore, if g2 M is any smooth metric,
then the orbit of the conformal group P through g, P g, is also di eomorphic to P. So
composing di eomorphisms appropriately, we can also seethal =M V =M P qg.
Each viewpoint may be useful, depending on the context.

The global splitting ( also, of course, gives a splitting of the tangent space at each
g2 M . Let's describe this briey.

Let(g; )2M V. From (R.33), it is easy to see that

2=n
(2.34) Di (g; )O;TV]=C'*(M) - g=C'(M) g

In other words, the image of the tangent space ofV under the dierential of i is the
set of pure trace tensors Let us denote the set of such tensors bysg = Cl (M) .
(The superscript \c" stands for \conformal.") Furthermore, we can also compute that if
f :=( = )"2 then

(2.35) Di (g; )[TgM ;0]= S = S (4 y:
Note that this computation uses the fact that tr ¢g (fh ) =tr gh forany h 2 S.
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Letg2M and(g; ):= i %(g). By (2:34) and (2:35), the splitting (£-32) then implies
that

(2.36) TgM =(Di (g; )[TeM ;0 (Di (g; 0T V=S S g

It is easy to see that this is, in fact, anorthogonal splitting of TyM with respect to (; )g.
For if h 2 Sg and k = fg 2 S§, then we have

(2.37) trq(hk) =tr( g *hg *(fg))= f trgh=0;

since trgh = 0 by assumption.

The splitting given in this subsection plays an important role in the general theory
of M . In particular, as we will see in the next subsection, results on the curvature and
geodesics of theL? metric can be nicely stated and more easily visualized using this
product manifold structure.

2.5.4. The curvature of M . The computation of the curvature (and, in the next
section, of the geodesics df1 ) is greatly simpli ed by a heuristic consideration. Namely,
we can intuitively think of the L2 metric on M as a product metric with an in nite number
of factors, one for eachx 2 M. \Summing up" the di erent terms in this product metric
is then done by integration. Of course, this is only a formal construction, but it is a
useful practical aid. More details about how this can be made rigorous, in a much more
general context, are given in[[9, Appendix]. In a case like this, one often says that the
computations are pointwise in nature.

To illustrate what this means, we take the example of a geodesic itM . A path in M
is a one-parameter familyg; of Riemannian metrics on the base manifoldM . Thus, for
everyx 2 M, gi(x) is a one-parameter family of positive de nite elements ofS, that glues
together to a smooth metric overM for eacht. The geodesiog; is additionally completely
determined by an initial metric go and a tangent vector g 2 TeM . When we say that
the geodesic equation is pointwise, what we mean is that we can go one step further and
say that the path the geodesic takes at a point,g;(x), is determined completely by the
values go(x) and g9(x).

Now that we know what a pointwise computation is, we will keep these considerations
in mind as we continue. However, before we can write down formulas for the curvature
of M, we need to take care of an issue that is technical in nature but central in its
implications|namely the existence of the Levi-Civita connection of the L2 metric.

Recall that in Subsection[2.4.3, we pointed out that the Levi-Civita connection of a
weak Riemannian manifold does not necessarily exist. If it does exist, however, it is unique.
The problem was that the Koszul formula (2.18) only guarantees the existence of the Levi-
Civita covariant derivative of a vector eld at a point as an element of the completion of
the tangent space (with respect to the Riemannian metric), not of the tangent space itself.

Thus, given two vector elds h andk on M (h and k are, at each point ofM , smooth
sections ofS?T M), (B.18) only guarantees that the Levi-Civita covariant derivative r nkjq
ata point g2 M is an element ofL2(S?T M), since (; ) induces the L ? topology on each
tangent space.

To show that the Levi-Civita connection does indeed exist, i.e., thatr pkjg is @ smooth
section of S?T M for all vector elds h;k 2 C! (TM) and all g 2 M , Ebin [11}, x4]
exhibited an explicit formula for r ykjg on M * and showed thatr pkjg is H® if h, k, and
g are. Thus, it is also smooth if h, k, and g are all smooth. The precise formula is the
following:

(2.38) r nkjg = % k(g+th(g)) %(hg k+ kg th)+ %((trgk)h+(tr gh)k trg(hk)g);
t=0

whereh(g) 2 TgM = S is the value of the vector eld h at the basepoint g, and similarly

k(g+ th(g)) 2 S is the value ofk at g+ th(g) for small t. (Bear in mind that a smooth
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vector eld on M is a smooth choice of an element 0% for eachg2 M ) It is easily seen
from () that r nhkjg is an H® section of S°T M if h, k, and g are (see(l1], x4] for an
explicit proof), and furthermore that this expression varies smoothly with g.

Now that we know the Levi-Civita connection exists, we are assured that the curvature
and geodesics oM with its L2 metric are de ned. After some general discussion, the goal
of this subsection is to take a look at the curvature ofM and, because it will play a role
later, also that of V, P, and P g.

We now quote the theorem giving the curvature ofM :

Theorem 2.39 (120, Prop. 2.6]). Let h;k;” 2 TyM , and letH = g *h, K = g k and
L := g . We denote byl the section of the endomorphism bundl&€nd(M ) that gives
the identity map at eachx 2 M.

The Riemannian curvature tensor of M with respect to thelL? metric is given by

g 'Ro(mk) = FIHiK LI+ e((HLK  t(KL)H)
+%3(tr(K)tr(L)H tr(H)tr(L)K)

+li6(tr(H)tr(KL) tr(K ) tr( HL))I:

Remark 2.40. As is well known, in the literature on Riemannian geometry there are
two conventions for de ning the Riemannian curvature tensor. The convention we use is
the following. If N is a Riemannian manifold with Levi-Civita connection r , we de ne

ROXY)Z=rxryZ r vrxZ r xyZ

for any vector elds X,Y andZ onN.
The formula di ers from the one in [20] by a negative sign, and is the same as the one
used in [19].

Here we make the observation thatRg(h; k)" = 0 if any one of h, k or " is pure trace|
i.e., of the form fg for f 2 C! (M). This is readily checked using the above formula,
but it can also be seen via more geometric arguments (as is done ifi9]). Using this
observation, it is possible to write the curvature in a more compact form, as well as give
a clean expression for the sectional curvature oM . For the proof of the entire theorem
we refer to the original source 19, Thm. 1.16 and Cor. 1.17].

Corollary ~ 2.41 Let notation be as in Theorem[2.39. If any ofh, k, or " is pure
trace, then Rg(h; k)" =0. If h;k;" 2 Sg, then we have

g 1Rg(h;k)‘ = %[[H;K];L]+ 116(tr(HL)K tr(KL )H):

By the splitting (2.36), this determines the Riemannian curvature tensor completely.
Furthermore, for h;k 2 SJ, the sectional curvature ofM is given by

Kg(h; k) = ( Rg(h; k)k; h)g = ) %tr([H;K]2)+ %(tr(HK)Z tr(HHr(K?) g

If either of h or k is pure trace, then K¢(h; k) vanishes.
Finally, the above formula implies thatK 4(h;k) Oforall h;k 2 T;M andallg2M .

Using a result of Freed and Groisser19], Prop. 1.5], we can also prove the following:

Proposition  2.42 Equip V with the weak Riemannian metric given by pullback along
i (see(2.32). Equip P with the metric given by pullback along the di eomorphism(2.15)
with V. Finally, for g2 M , give the orbit P g the metric it inherits as a submanifold of
M.

Then V, P, and P g are all isometric. Furthermore, they are at, i.e., their Rie-
mannian curvature vanishes.
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Proof. Freed and Groisser prove thatV with the given metric is at, so if we can
show that V, P, and P g are all isometric, then the statement is immediate.

By construction, it is clear that P is isometric to V with the given metrics.

As for P g, since (= ) can be any positive function given an appropriate choice of
a volume form , the image ofi is exactly P g. SinceV with the pullback metric is
isometric to its image underi as a submanifold ofM , this shows that P g is isometric
to V.

2.5.5. Geodesics on M . Now that we have given the curvature equation forM ,
we'll take a look at its geodesics. It turns out that the geodesic equation can be solved
explicitly, and the result is the following (see [19, Thm. 2.3], [20, Thm. 3.2]):

Theorem 2.43 (The geodesic equation oM ). Let g2 M andh 2 TyyM = S. Let
H = g lh and let HT be the traceless part ofH. De ne two one-parameter families g
and r¢ of functions on M as follows:

'_l+t H: — tq HT)2):
a(x):= 21tr ; rt(x).—Z1r ntr((H")?):

Then the geodesic starting atgo with initial tangent gd = h is given at each pointx 2 M

by
8

< 2 2(y) & 4 re(x) . .
G0 = | G (X) + r{(x) ™ go(x)exp Py Arctan cog HTO) 5 HT(x)60;

" G (X)*"go(x); HT(x)=0:

For precision, we specify the range ofarctan in the above. At a point wheretr H 0,
it assumes values in( ;). At a point where tr H < 0, arctan(ry=¢) assumes values as
follows:

(1) in[05)if0 t< A
(2 in (5 )if FA<t< 1,
and we setarctan(ri=q) = 5 if t= 4.
Finally, the geodesic is de ned on the following domain. If there are points where

HT =0 andtr H < 0, then let tg be the minimum oftr H over the set of such points. In
symbols,

to:=infftr H(x) jHT(x) =0 and tr H(x) < Og:
Then the geodesiay is de ned for t 2 [0; 2).
If there are no points where bothHT =0 and tr H < 0, then g is de ned on [0;1 ).

Remark 2.44. The geodesic given in Theorem 2.43 is parametrized proportionally to
arc length. That is, for each > 0 such that g; is de ned on [0; ], we have

L(gip: )= khkgy:

As for the distinguished submanifolds ofM that we have studied, their geodesics are
given in the following two propositions.

Proposition  2.45 ([19, Prop. 2.1]). If g2 M , then P g is a totally geodesic sub-
manifold. Therefore, the geodesic inP g starting at go with initial tangent g ¢ is given
by

4=n

t
= 1+n- :
O 4 do

As a result, the exponential mappingexpy, is a di eomorphism from an open set U
Te(P g)ontoP g.
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Proposition  2.46 ([I1, Thm. 8.9] and [19] Prop. 1.27, Prop. 2.2]) The submanifold
M is not totally geodesic. However, it is a globally symmetric space, and the geodesic
starting at go with initial tangent g = h is given by

O = goexp(tH);

whereH := g, *h.
In particular, M is geodesically complete, anéxpy is a di eomorphism from TgM
toM foranyg2M

Note a consequence of Theorein 2.43 that is very important to us. Our goal being the
description of the completion of M , the following corollary to Theorem assures us
that we actually have something to study.

Corollary 2.47. The manifold of metrics is incomplete (geodesically and as a metric
space) with respect to itsL? metric.

Proof. Choose anygo 2 M , and choose anyh 2 S such that khkg, = 1 and there is
at least one point whereH™ =0 and tr H < 0. Then the geodesiay starting at g in the
direction of h has maximal domain of de nition [O; %), and its length over this domain

is nite (in fact, equal to %)

We are interested in studying the completion ofM , and we have just shown in Corol-
lary .47 that it is incomplete. Furthermore, this is very simply expressed through the
non-extensibility of a geodesic, for which we have an explicit formula. So it is worthwhile
to take a closer look at why geodesics can fail to be extensible, and see what this does and
does not tell us about the completion ofM .

First, by Theorem P.43 a geodesic can fail to be forever extensible only if it has a point
where h(x) = gg(x) is pure trace, i.e., whereH T (x) = 0. Why is this? A quick look at
the geodesic equation provides the answer: ¥ T (x) 6 0 over all of M, then ry¢(x) 6 0
as well. This is because tr((HT)?) = 0 if and only if HT = 0, by Lemma P.35. But
then the scalar coe cient in front, ( ¢ + r?)%™", is always positive. Furthermore, since
the matrix exponential maps symmetric matrices into positive de nite matrices and H is
Oo-Symmetric (i.e., goH is symmetric), the exponential term does not destroy the positive-
de niteness of gg. Thus g; is positive-de nite at all points of M for all t 2 [0;1 ), and
hence is a metric for allt.

Now, what can go wrong ifHT(x) = 0 for some x 2 M ? In this case,r(x) = 0 for
all t, and the exponential term is absent in the geodesic equation. If we have t# (x) O,
then q(x) > 0 for all t, and so againg;(x) is positive de nite for all t 2 [0;1 ). But
if tr H(x) < 0, there is somet? for which r;o(x) = 0. Therefore, go(x) = 0, and the
geodesic has left the manifold of metrics. The geodesic can, however, be easily identi ed
with its limit point in the C! topology of S, which is a semimetric, or a tensor eld
inducing a positive semide nite scalar product at each point. However, only special kinds
of semimetrics can be realized as limit points of geodesics, namely those that are either
positive de nite or zero at each point. But it is also easy to convince oneself that all such
semimetrics can be realized as limit points of geodesics. Thus we have arrived at our rst
substantial piece of knowledge about the completion oM . Instead of writing it down
as a proposition, we'll instead wait for more general and rigorous statements to be made
later.

A semimetric that is nonzero but not positive de nite cannot be realized in this way.
An extremely simple example is the semimetric on the torus which is given in the standard
chart by

10
9% 0 0
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Nevertheless, the question still remains as to whether such semimetrics might also be
representatives, in some sense that has to be made precise, of points in the completion of
M . Answering this in the positive, in Section[5.3, will be one of our tasks in studying the
completion and proving the main theorem.

Another question that presents itself at this point is whether a nite path (or a Cauchy
sequence, according to the correspondence given in Sectipn]2.1) ih can \develop in-
nities", in the sense that one or more of its coe cients becomes unbounded (in a xed
coordinate chart) as we run through its domain of de nition. (See De nition 2.58]|below.)
Certainly the coe cients of a geodesic always remain bounded on bounded-intervals.
Nevertheless, it will turn out that the metrics of a nite-length path can develop in nities,
but that the in nities can also be neglected in a certain sense. We will explore this in
Chapter [

At this point, however, it will be pro table to give the exponential mapping a somewhat
closer inspection.

Remark 2.48 We have not yet shown that M is a metric space and have already
remarked that a weak Riemannian manifold does not always have a metric space structure,
so in a sense Corollary 2.47 could be seen as a bit ofr@n sequitur. However, in Section
3.1, we will prove that M is a metric space with the distance function coming from (; ).

If we take this for granted, then the corollary makes sense.

Remark 2.49 It should be noted that even if all geodesics orM could be extended
inde nitely, it would not imply that M is complete. This is because the Hopf-Rinow
theorem does not hold for all in nite-dimensional manifolds. It does, in fact, hold for
strong Riemannian Hilbert manifolds with nonpositive curvature (see B4, x1.H] and |30,
Cor. 1X.3.9]). However, even thoughM has nonpositive curvature, it is a weak Riemannian
manifold and so this theorem does not apply.

2.5.6. A closer look at the exponential mapping. In this subsection, we discuss
the domain and range of the exponential mapping. The goal is to give an idea of why the
exponential mapping is an insu cient tool for studying the completion of M .

First, though, let us use a childishly simple example to demonstrate how the expo-
nential mapping can sometimes be su cient to describe the completion of a Riemannian
manifold. Though this example is too simple to be interesting, it illustrates an important
philosophical point and parallels the method we'll use in Sectiorj 5J1.

If we take an open cylinder, sayN := S (0;1), with its standard at metric , then
the exponential mapping exp, at any point x 2 N is an isometry from some open set
U TN onto N. Therefore, we can identify the completion ofN with U, the completion
of U with respect to (x). Of course, this means that we can view the completion oN as
equivalence classes of geodesics emanating from If we considerN as being embedded
in the closed cylinderN°:= S [0;1], then two geodesics are equivalent if and only if
they have the same limit points as curves orN © This situation is depicted in Figure ]

There are two essential aspects of the above example that made it so simple to treat.
First, St (0;1) is naturally embedded into a larger spaceS* [0; 1] (or even, if you like,
R3) that contains its completion. Secondly, the exponential mapping is an isometry.

In our situation, studying the completion of M , we luck out on the rst point, as M
can be viewed as sitting inside the vector space of all sections 82T M |though of course
we expect that this space is much larger than necessary to accommodate the completion
of M. The second point certainly does not hold in our case|the exponential mapping
cannot be an isometry due to the fact thatM has nonvanishing curvature. But things are
even worse, as it turns out that the exponential mapping ofM is highly nonsurjective In
a sense that we will see below, it is not even locally surjective|so even the fact that the
completion of a metric space is very much a local concept does not help us here.
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This is a powerful theorem, and it certainly does not hold in general for weak Rie-
mannian manifolds (even if real analyticity is dropped). However, its usefulness to us is
limited. The reason is that at any point g, the neighborhood U9 does not contain any
L2-open (i.e., (; )g-open) set. Therefore, we run into the problem described at the end of
Subsection 2.4.5|we get no information from the exponential mapping about the distance
between nearby points. Therefore, we will have to revert to more direct methods of proof
in the coming chapters.

2.6. Conventions

Before we begin with the main body of the thesis, we will describe any nonstandard
conventions that will be used throughout the text.

The rst thing we do is x a reference metric, with respect to which all standard
concepts will be de ned.

Convention 2.51 For the remainder of the thesis, we x an elementg2 M . When-
ever we refer to theLP norm, LP topology, LP convergence etc., we mean that induced byg
unless we explicitly state otherwise. The designation nullset refers to Lebesgue measurable
subsets ofM that have zero measure with respect to 4. If we say that something holds
almost everywhere, we mean that it holds o of a 4-nullset.

If we have a tensorh 2 S, we denote by the capital letter H the tensor obtained by
raising an index with g, i.e., locally H/ := g*hy;. Given a point x 2 M and an element
a2 M y, the capital letter A means the samelji.e., we assume some coordinates and write
A = g(x) la, though for readability we will generally omit x from the notation.

Next, we'll x an atlas of coordinates on M that is convenient to work with.

Definition  2.52 We call a nite atlas of coordinates f (U ; )g for M amenableif
for eachU , there exist a compact setK and a di erent coordinate chart (V ; ) (which
does not necessarily belong téd (U ; )g) such that

U K V and = ju:

Convention 2.53 For the remainder of this thesis, we work over a xed amenable
coordinate atlasf(U ; )g for all computations and concepts that require local coordi-
nates.

The next lemma we'll prove shows one benet of amenable coordinates: smooth (or
even continuous) metrics satisfy some kind of upper and lower bounds in these coordinates.
Intuitively, the lemma says the following: in amenable coordinates, the coordinate repre-
sentations of a smooth metric are somehow \uniformly positive de nite". Additionally,
the coe cients satisfy a uniform upper bound.

Lemma 2.54 For any metric ¢ 2 M , there exist constants (g) > O and C(g) < 1,
depending only ong, with the property that forany ,anyx2 U ,and1 1i;j n,

(2:39) jgi ()i C(g)and Sip(x)  (9);
where we of course mean the value @j (x) in the chart (U ; ).

Proof. The lower bound on the minimal eigenvalue follows directly from Lemma
2.11.

The upper bound on the coe cients of g follows from the fact that jg; j is a continuous
function in any given coordinate chart (U ; ), and we have assumed thatJ is contained
in a compact setK , which in turn is contained in another chart (V ; ) with = ju.
Therefore, jg; j is de ned on K and assumes some maximum there|lhence, it assumes
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some maximumC on U . Since there are only nitely many charts U , we can take
C(g) =max C .

Remark 2.55 The estimate jg; (X)] C(g) also implies an upper bound in terms
of C(g) on detg(x). This is clear from the fact that the determinant is a homogeneous
polynomial in g (X) with n! terms and coe cients 1.

The main point of using an amenable coordinate atlas is the following: it gives us an
easily understood and uniform|but nevertheless coordinate-dependent|notion of how
\large" or \small" a metric is. Namely, we look at how large the absolute values of its
entries are and how small its smallest eigenvalue is. The dependence of this notion on
coordinates is perhaps somewhat dissatisfying at rst glance, but it should be seen as
merely an aid in our quest to prove statements that are, indeed, invariant in nature.

It is necessary to introduce somewhat more general objects than Riemannian metrics
in this thesis:

Definition  2.56 Let g be a section of ST M. Then g is called a (Riemannian)
semimetric if it induces a positive semide nite scalar product on TyM for eachx 2 M.

To make the above idea of uniformly largeness or positive de niteness more precise for
the case of a nonsmooth (semi)metric, we de ne two notions. The rst is again some kind
of \uniform positive de niteness", and the second is a kind of uniform upper bound.

Definition  2.57. Let g be a semimetric onM (which we do not assume to be even
measurable). Theng-is calledin ated if there exists a constant > 0 such that

det G(x)

for a.e.x 2 M. Otherwise g is called de ated.
We de ne the set

Xg:= fx 2 M j¢g(x) is not positive de nite g M;

which we call the de ated set of g.
We call g boundedif there exists a constantC such that

jg (x)j C
forae.x2 M andalll 1i;j n. Otherwise gis called unbounded

Since the study of the completion ofM boils down to the study of Cauchy sequences
in M, it will turn out to be useful to de ne notions related to the above for a sequence of
elements ofM .

Definition 2.58 Let fgkg M be any sequence. We de ne the sets
Xtgg=fx2Mj8 > 0; 9k 2 N s.t. detGg(x) < g;

o
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We call Xyq ¢ the de ated set and S, 4 the unbounded setof f g«g.
We say the sequencd gcg de ates at x if x 2 Xy, 4. We say it becomes unbounded at

X if X 2 Stg,g-
The sequencef gcg is calledin ated if Xy, 4 is a nullset, and de ated otherwise. It is

called C%-boundedif Sy, 4 is a nullset, and C%-unbounded otherwise.

The last de nition we need in this vein distinguishes elements of smooth metrics from
(possibly nonsmooth) semimetrics.

Definition  2.59 A semimetric g is called degenerateif § 62 M, and nondegenerateif
g2M .
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Note that by Remark 2.16, any measurable semimetrigjon M induces a nonnegative
measure onM that is absolutely continuous with respect to the xed volume form .

A measurable Riemannian metricg-on M gives rise to an \L? scalar product" on
measurable functions in the following way. Fgr any two functions and onM, we de ne

(2.40) (; Jg= g-
M

(We denote this by the same symbol as the_? scalar product on S; which is meant will
always be clear from the context.) We put \L2 scalar product” in quotation marks because
unless we put speci ¢ conditions on , , and g, (2.40) is not guaranteed to be nite. It
su ces, for e@mple, to demand that and are continuous and that the total volume
Vol(M; g) = , ¢Of gis nite. As in the case of the L2 scalar product on S, if gg and
g1 are both continuous metrics, then (; )g, and (; )q, are equivalent scalar products on
C! (M). Therefore they induce the same topology, which we call the_? topology.

Now, let g be a measurable semimetriclwe want to introduce a scalar product on
functions induced from g-as well. As a semimetric,g~nduces a nonnegativen-form in the
same way that a metric induces a volume form. Locally, this is given by

p__
g:= detgdx’ dx":

At points x where g{x) is not positive de nite, we have detg(x) = 0 by Proposition
2.9. Therefore ¢(x) = 0 as well, so ¢ is a volume form if and only if & is a metric.
Nevertheless, since it is measurable and nonnegative,q induces a Lebesgue measure on
M, and so we can de ne a positive semide nite \L2 scalar product” on functions via (2.40).
(It is only positive semide nite since if a function  has the property that supp \ M nXg
has measure zero, then ( )g = 0.) Again, if we want this to be a true ( nite) scalar
produgh we should, e.g., restrict to continuous functions and nite-volume ¢ (those for
which \, ¢<1).

We de ne one more piece of notation before we close this section.

Definition  2.60. By M ¢, we denote the space of measurable semimetrics & with
nite volume, that is, semimetrics g fo&which

g<1:
M






CHAPTER 3

First metric properties of M

In this chapter, we study the most easily accessible properties oM as a metric
space, which will form the basis for our continuing investigations in later chapters. Our
rst task, to be completed in Section 3.1, is to show that (M ;d) has the structure of a
metric space. As we demonstrated in Subsection 2.4.2, this is not automatic for weak
Riemannian manifolds like (M ;(; ))|the induced distance function is only guaranteed
to be a pseudometric. Proving that d is a metric will be done by nding a manifestly
positive-de nite metric (in the sense of metric spaces) onM that in some way bounds the
d-distance between two points from below, implying that it is positive.

With this fact proved, we can move on to studying the completion of M , with the
reassurance that the answer will be interesting. (It's of course of little interest to study
the completion of a space in which all points have zero distance from one another, as
in Subsection 2.4.2.) The strategy for obtaining the completion will be to study the
completions rst of simple subspaces and then of successively more complex subspaces of
M , until we have enough information to describe the completion of the full space.

To begin this program, in Section 3.2, we obtain the completion of any so-called
amenable subset Recall that in De nition 2.57 we have de ned two separate \good"
properties of nonsmooth metrics. The rst is being bounded, heuristically not becoming
too large at any points. The second is in ation, heuristically not becoming too small.
Lemma 2.54 shows that smooth metrics are both in ated and bounded, but the constants
of Lemma 2.54 depend on the metric in question. An amenable subset is one for which
these constants can be choseaniformly across the entire subset. These subsets have the
nice property that the metric d is equivalent to the metric induced from the L? norm
k kg, in the sense that their Cauchy sequences are the same. This allows us to identify
the completion of an amenable subset with theL 2 completion of that subset. This is the
rst step in the strategy of bootstrapping our way to a description of the completion.

3.1. M is a metric space

As we have already remarked in Propositions 2.45 and 2.46, the exponential mappings
of PS and M S are at each point di eomorphims between an open neighborhood in the
tangent space and the manifold itself. Therefore, they both satisfy the hypotheses of
Theorem 2.31, and we immediately get the following two results.

Theorem 3.1 Letg2 M . Then (P ¢;(;)) is a metric space, where( ; ) denotes
the restriction of the L2 metricon M to P .

Theorem 3.2 Let be any smooth volume form orM. Then (M ;(;)) is a metric
space, where( ; ) denotes the restriction of theL? metric on M to M

As we remarked at the end of Subsection 2.5.6, we cannot infer any lower bounds on
the distance between two points ofM from the exponential mapping, so we will have
to directly nd these bounds. To do this, we will rst show Lipschitz continuity of the
function mapping a metric to the square root of its volume. This simple lemma will have
far-reaching implications for our study. The rst use of this lemma on the volume function
is to aid us in obtaining the lower bound on the d-distance between two points that was

55
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described in the introduction. This is, of course, after we introduce an appropriate metric
to bound d.

3.1.1. Lipschitz continuity of the square root of the volume. As just men-
tioned, we wish to show Lipschitz continuity of the square root of the volume onM . In
fact, the following lemma shows that for any measurableY M, the function de ned by

p___
g7! Vol(Y;g)
is Lipschitz with respect to d. Using this as a rst step to proving that d is a metric takes
its inspiration from [ 36, x3.3].
Lemma 3.3. Let go; g1 2 M . Then for any measurable subsefY M,
p_
p p n
Vol(Yig) — VoI(Yi@)  —~d(go; gn):

Proof. Let g, t 2 [0;1], be ary path froZm Qo to gl,zand de ne h; := gf. We compute
1

@Vol(Y;q)= @ y o = Y@ o = y itrgt(ht) o
Z 1=2 1Z 1=2
(3.1) o 2 trg (h)® o
% . Y
1p - 1=2
> Vol(Y;q) " trgt(ht)2 ot ;

where the rst line follows from Lemma 2.38, the second line follows from Helder's in-
equality, and the last line from the nonnegativity of tr g (h{)2. Now, let A and B be any
n n matrices, and denote their traceless parts byAT and BT, respectively. We then
have the formula

tr(AB)=tr AT+ 1tr(A)l BT + 1tr(Es)l
n n
(3.2) 1
=tr ATBT + ﬁ'[r(A)tr( B):
The second line follows from the fact that traceless and pure trace matrices are orthogonal
in the scalar product de ned by tr( AB) (cf. (2.37)|the computation is still valid if the

matrices in question are not symmetric). We have also used tr = n.
Using (3.2) with the gi-trace and A = B = h¢, we see that

1
trg (h) =tr g (h{)* + ﬁtrg:(ht)zi

implying
trg (h)? = n trg(hd) trg (h{)? ntrg (h{);
since trg, (h{)? 0. Applying this to (3.1) gives
p Z 1=2
N STEVZI 5} 2
Vol(Y;g) n y trg. (hY) o

nP

@vol(Y;a) =
(3.3) 2

Vol(Y; g)khikg, :

We next compute

| Z, :
PR T @ veigdas  LEveia) g
0 0o 2 Vol(Y;g)
(3.4) Z.p- o

n n
g Khikg dt= 7L(00);
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where the inequality follows from (3.3). Since this holds for all paths fromgy to g,
and we can repeat the computation with gp and g; interchanged, it implies the result
immediately.

We note that Lemma 3.3 gives a positive lower bound on the distance between two
metrics in M that have di erent total volumes|so we must now deal with the case where
the two metrics have the same total volume.

3.1.2. A (positive de nite) metric on M . Our strategy for proving that M is a
metric space is to nd a di erent metric (in the sense of metric spaces) onM , the positive
de niteness of which is apparent and which boundsd from below in some way. We do this
in several steps. The rstis to de ne a functionon M M  and show that it is indeed a
metric.

Definition  3.4. ConsiderM x = fg2 Sy j g > 0Og (cf. (2.25)). De ne a Riemannian
metric h; i® on M 4 given by

th;kig =tr g(hk)detg(x) 'g 8h;k 2 TgM x = Sy

(Recall that g 2 M is our xed reference element.) We denote by § the Riemannian
distance function ofh; i°.

Note that ¥ is automatically positive de nite, since it is the distance function of a
Riemannian metric on a nite-dimensional manifold. By integrating it in X, we can pass
from a metric on M  to a functionon M M as follows:

Definition  3.5. For any measurableY M, dene afunction y:M M! R by

z
v (%o ) = . (90(X); q1(x)) g(x):

We have omitted the metric g from the notation for y. The next lemma justi es this
choice.

Lemma 3.6. vy does not depend on the choice @f2 M in the above de nition. That
is, if we choose any otheg2 M and de ne h; i%9and J with respect to this new reference
metric, then

z z
y 2(9(x); 01(x)) ¢(x) = . 2(90(x); 91(x))  (x)

Proof. Let g2 M be any other metric. Recall that § was the distance function
associated to the Riemannian metrich; i° on M 4, and the metric g enters in the de nition
of this Riemannian metric. Take a path g;(x) in M x. For now, let's put g and ¢ back
in the notation, so that we can write formulas unambiguously. For example, if we useg
to dene h; i% we write Lg(gi(x)) for the length of gi(x) w.r.t. h; i9 if we useg-in the
de nition, we write Lg(g:(x)) for the length; and similarly for other notation.
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Using the de nitions of 3 and ¥, where in ma are always taken over paths g (x)
from go(x) to gi(x), and where hy(x) := g(x)® we can compute:
Z

¥(90:q) = [ A(@00):0100) 4(x)
Z
= (infLg(a(x))) g¢(x)
' Z,q
= inf . hge (%)% g ()49 (dt  g(X)
Z z,S ! o
. det g (x) — 1
= 2\ 2 I\ n
. inf , tr g (x) (he(X) )detg(x) dt detg(x) dx dx
Z z,S !
. detg(X)P ———~ 1
= 2y ="\ n
. inf . tr g (x) (he(X) )detg(x) detg(x)dt dx dx
. detg(x)P —— 1
= PAYSRE L S n
. inf . tr g () (he(X) )detg(x) detg(x)dt dx dx
= $(9:0);

where the last line follows from running the rst lines of the computation through in
reverse.

Lemma 3.7. Letany Y M be given. Then v is a pseudometric onM , and y is
a metric (in the sense of metric spaces).
Furthermore, if Y1 Yz, then v,(0o;01)  v,(90; 1) for all go;g12M .

Proof. Nonnegativity, vanishing distance for equal elements, symmetry and the tri-
angle inequality are clear from the corresponding properties for §.
That |\ is positive de nite is also not hard to prove. Since J is a metric on M 4,
(g0(X); g1(x)) > 0 whenevergo(x) 6 gi(x). But since gg and g; are smooth metrics, if
they dier at a point, they di er over an open neighborhood of that point. Hence the
integral of (go(x); g1(x)) must be positive.
The second statement follows immediately from nonnegativity of J.

3.1.3. Proof of the main result. We have set up everything we need to prove the
main result of this section|that d is a metric. To do this, we use Lemma 3.3 in order
to control the volume of the metrics making up a path in terms of the length of that
path, combined with a Helder's inequality argument, and show that the pseudometrics

y provide a lower bound for the distance between elements dfl as measured byd.

Proposition 3.8. Forany Y M andgo;g1 2 M , we have the following inequality:

p_ P
v(9;01) d(g;g1)  nd(go;g1) +2  Vol(M;go)
In particular, v is a continuous pseudometric (w.r.t. d).

Proof. By Lemma 3.7, we need only prove the inequality forY = M, and then it
follows for any subset.
We can clearly nd a path g from go to g1 with L(g)  2d(go;01). Then for any
2 [0;1], we get

. 4 P p
2d(go;01) L(a) L &jp;; d(9;g) P= Vol(M;g ) Vol(M; go) ;
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where the last inequality is Lemma 3.3. In particular, we get

@9 PVoMig) © VoiMiga + ) dgign = V

for all 2 [0;1].

To nd the length of g, we rst integrate hg® g3 over x 2 M, then take the square
root, and nally integrate over t. Ideally, we would wish to change the order of integration,
so that we rst integrate over t, then over x. We cannot do this exactly, but we can bound
the computation of the length from below by an expression where we integrate in the
opposite order, and this expression will involve { and . So let's see how this works.

Let h := gf. From Helder's inequality,

Z q Z 122 Z 1=2
trg (h?)d g d g trg (hY)d g ;
M M
which gives
Z ) 1=2 l Z q

khiky = trg (h9) d _— trq (h?)d
a6 tKg, y a(hp)d g Pm y a(hf)d o
(3.6) ¥

V M trgt(htz)d gt

where we have also used (3.5). To remove thedependence from the volume element, we

use p
t = detG; q:
t g

o= P
detg
We then rewrite (3.6)_as
19— 4 Zq
(3.7) khikg, Vo trg (h?)detG; ¢ = Vo rht(x);ht(x)igt(x) g(X);

where we have used the Riemannian metrid1; i® on M 4 (cf. De nition 3.4).
Since we have removed the-dependence from the measure above, we can change the
order of integration in the calculation of the length of g;:

L(g) = . Khikg, dt Voo fht(x);ht(x)igt(x) g(x) dt
(3.8) 12 Ziq
= v v o H’]t(X);ht(X)i(g)t(X) dt g(X):

Now we concentrate on thet-integral in the expression above. Sincej(x) is a path in M
from go(x) to gi(x) with tangents h{(x), the t-integral is actually the length of g;(x) with
respect toh; i°. But by de nition, this length is bounded from below by  $(go(x); g1(x)).
Therefore, we can rewrite (3%3) as

L@y @00im00) o00= § w(eig):

But now the result is immediate given (3.5) and the fact that we have assumed.(g;)
2d(go; Ga)-

The previous proposition allows us to achieve our goal for this section. Since y is
a (positive-de nite) metric by Lemma 3.7, v (Qgo;01) > 0 for any go 6 g1. From this,
Proposition 3.8 immediately implies that d(go; g1) > 0 as well. Since we have already men-
tioned that the distance function induced by a weak Riemannian manifold is automatically
a pseudometric, we have proved:

Theorem 3.9. (M ;d), whered is the distance function induced from thelL? metric
(; ), is a metric space.
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3.2. The completion of an amenable subset

Now that we know that M is a metric space, we begin the study of its completion in
this section. According to the plan of attack laid out at the beginning of the chapter, we
will work on completing more and more general subsets o . This section is concerned
with so-called amenable subsets, de ned below, consisting of metrics that are somehow
uniformly bounded and in ated. The main result of the section is that the completion of
such a subset with respect tod coincides with the completion with respect to the L2 norm
on S, the vector space in whichM resides.

Note the dierence to the case of a strong Riemannian manifold, where Theorem
2.19 guarantees that the topology induced by the Riemannian metric agrees with the
manifold topology. Here, the weaker topology of the tangent space3gM with the weak
Riemannian metric ( ; ) is re ected in the weaker topology induced by the Riemannian
distance function d on an amenable subset.

3.2.1. Amenable subsets and their properties. Let's make the above-mentioned
notion of being uniformly bounded and in ated precise. Recall that we work over an
amenable atlas (cf. De nition 2.52).

Definition  3.10 We call a subsetU M amenableif U is convex and we can nd
constantsC; > Osuchthatforallg2U,x2 M and 1l i;j n,

gin (X)
(where we recall that G = g g, with g our xed metric) and
jg () C:

Remark 3.11 We make a few remarks about the de nition:
(1) Recall from De nition 2.57 that a semimetric g is in ated if det G is bounded

away from zero. Above, we have instead used the condition &, , but this
does indeed imply that the metricr§ of an amenable subset are uniformly in ated.

This is because deG G, the determinant being the product of the

eigenvalues.

(2) We could also have de ned an amenable subset using th€® topology onM S
Namely, let cl(U) S be the closure ofU in the C° topology of S, and let @
be the boundary of M in this topology. (@1 consists of semimetrics that fail to
be positive de nite and so have determinant O at at least one point.) ThenU is
amenable if and only if U is bounded in the C° norm on S and cl(U)\ @ = ;.

(3) The requirement that U is convex is technical, and is there to insure that we can
consider simple, straight-line paths between points olJ to estimate the distance
between them.

(4) Recall that the function sending a matrix to its minimal eigenvalue is concave
by Lemma 2.10. Also, the absolute value function orR is convex by the triangle
inequality. Therefore, the two bounds given in De nition 3.10 are compatible
with the requirement of convexity.

One useful property the metrics g-of an amenable subset have is that the Radon-
Nikodym derivatives ( = g), with respect to the reference volume form 4, are bounded
away from zero and in nity independently of g.

Lemma 3.12 Let U be an amenable subset. Then there exists a constakt> 0 such

that for all g2 U,

1 g

) — = K
(3.9 <
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Proof. First, we note that

8 =detG and -2 = 9 =(detG)
g g g
So the bounds (3.9) are equivalent to upper bounds on both de& and (detG) 1.
Now, if the eigenvalues ofG are §;:::; C, then
n
detG= £ § & "

where is the constant guaranteed by the fact that g 2 U. This allows us to bound
(detG) ! from above.

To bound detG from above, it is su cient to bound the absolute value of the coe -
cients of G = g 'g from above. But bounds on the coe cients of g are already assured
by the fact that g 2 U, and bounds on the coe cients of g ! are guaranteed by the fact
that g 1 is a xed, smooth cometric on M. So we are nished.

Amenable subsets guarantee good behavior of the norms @hthat are de ned by their
members|namely, the norms are in some sense \uniformly equivalent”. More precisely,
we have:

Lemma 3.13 Let U M be an amenable subset. Then there exists a constalt such

that for all pairs go;g1 2U and allh 2 S,
1
Kkhkgl k hkg, Kkhkg,:

Proof. Instead of showing that the norms of any two metricsgp; g1 2 U are equivalent,
we will show that the norm of any g 2 U is equivalent to that of our reference metricg,

i.e., there exists a constantK independent ofg-such that
(3.10) Kikhk@I k hkg Kkhkg

forall h2S.
This is equivalent to the following statement. Let
Tg: (ST M; h;ig)! (S?T M;h;ig)

be the identity mapping on the level of sets, sending the bundleS2T M with the Rie-
mannian structure h; ig4 to itself with the Riemannian structure h; ig. Let N(Tg)(x) be
the operator norm of Tg(x) : Sx !'S , and let N (Tg 1(x) be de ned similarly. Then

z

khkéz Mth(x)h(x);Tg(x)h(x)ig(x) g(x)
Z
M(N(Tg)(x))zm(x);h(x)ig(x) f (X) ¢(x)
and similarly, 5
khkg M(N(Tg H(x))2i(x); h(X)i gy f g(x):

So (3.10) holds if and only if there are constantK g and K 1 such that

N(T()%N(TgH(X)* Ko and ( g= ¢)i( g= g) Ku

This last statement is the one we'll prove. The existence of the constanK ; is guar-
anteed by Lemma 3.12. So we need to show the existence of the constafy.

To do this, rst note that N (Tg) and N (Tg 1) are continuous functions onM for xed
g. This follows immediately from the fact that g and ¢ are smooth. (Of course, it would
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even su ce for them to be continuous.) Secondly, we notice thatN (Tg)(x) and N (Tg Hx)
depend only on the coordinate representations of(x) and g(x).

Let SP, denote the set of all positive de nite scalar products onR", which we can
identify with the set of all positive de nite n n symmetric matrices. Let's dene a
function

N:SP, SPy! R
by setting N'(a; b) to be equal to the operator norm of
id:(RM;a)! (R";b):
That is, N'(a; b) is the smallest number such that
b(v;v) N(a;b a(v;v)
forall v2 R".
It is not hard to see that N is continuous in both of its arguments, with the topology on

SP, coming from its identi cation with the space of positive de nite symmetric matrices.
Furthermore, by the arguments above, we have

(3.11) N (Tg)(x) = N(8(x);9(x)) and N(Tg*)(x)= N(g(x); §(X));

where we of course de nel in these cases using the coordinate representations gfx) and
8(x) in some chart around x. (The value of N* won't depend on the chart.) Furthermore,
by the bounds satis ed by metrics in an amenable subset and the continuity ofg, the set

A=1fgx)jx2Mg[f gXx)jx2M,; g2Ug

is relatively compact when viewed as a subset of the space of positive de nite symmetric
matrices. ThereforeN'ja a is bounded. But then (3.11) immediately implies the existence
of the constant K g.

Lemma 3.12 immediately implies that the function ¢ 7! Vol(M; ¢g) is bounded when
restricted to any amenable subset. Recalling the form of the estimate in Proposition 3.8
then shows the following lemma.

Lemma 3.14. Let U be an amenable subset ang2 M . Then there exists a constant
V such that for anygg;g12U andY M,

Pn
4
More precisely, V. = supgy Vol(M; g), which is nite by the discussion preceding the

lemma.

p_
v(90;01) 2d(go;01) dlgo; o)+ V

3.2.2. The completion of U with respectto d and k kg. We are now ready to
prove a result that, in particular, implies equivalence of the topologies de ned byd and
k kg on an amenable subset.

Theorem 3.15 Consider the L? topology onM induced from the scalar product( ; )g
(where g is xed). Let U M be any amenable subset.

Then the L? topology onU coincides with the topology induced from the restriction of
the Riemannian distance functiond of M to U.

Additionally, the following holds:

(1) There exists a constantK such that
d(go;g1) Kkagr  doKg;

for all go;01 2 U.
(2) For any > O, there exists > 0 such that if d(go; g1) < , thenkgo Qgikg <
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Proof. First, we show there is a constantK such that

d(go; 1) Kkar gokg
for all go; 01 2 U. Consider the path

G:=0g+th h=09g g t2][01]

which runs from go to g;. Note that we can clearly nd an amenable subsetU° containing
U and g. We then have
Z, Z, Z,
(3.12) L(g) = k(gt)(kgt dt = khkg, dt Kkhkgdt = KKkgr  doKg
0 0 0

where K is the constant associated toU° guaranteed by Lemma 3.13. Sincel(go; g1)
L (g:) and the constant K depends only on the setU, this inequality is shown.

We now turn to proving statement (2). Let > 0 therefore be given. Our plan is to
use the Riemannian metrich; i and its distance function ¢ to get pointwise bounds on
kgr  Qokg based ond(go; 01). We then use the bounds guaranteed by the fact that we
work over an amenable subset in order to show that our pointwise estimates are uniform.
Finally, we use a variant of a thick-thin decomposition of M, where trg((g: 0o)?) is small
on the \thin" part and the \thick" part has volume bounded in terms of d(go; g1).

SinceM 4 is a nite-dimensional Riemannian manifold, the topology induced from §
is the same as the manifold topology, which in turn is given by any norm onSy. For
instance this norm is given by the scalar producth; i4) on Sk, which we recall is given

by
(3.13) hh; ki g(x) = tr g(x)(hk)
for h;k 2 Sx. That these two topologies are the same implies, in particular, that for all
> O0andg2 M 4, we can nd > 0 such that
i hiigeo o y.
By'() By ()

where
n q 0

h;igex . .
By ‘“()= 02Myj M &0 6igwn<
9 .
Bg'():=f02M | 2(0:9) < o
Now, forx 2 M and g2 M , we de ne a function .g( ) by

n q 0

=inf 2Rj 1 g0 6X)igm< B8Owith J(&:e(x) <

Then, because of the smooth dependence &f, i9andh: ig(x) on X, xg( )is continuous
separately inx and g. If we de ne

Ux = f8(x) j §2Ug;

then Uy is a relatively compact subset of M 4, since U is amenable. SinceM is also
compact, for any xed > 0, we can de ne a function

()=sup xg()<1l:
x2M
g2U

It follows from the de nitionthat ( )! Ofor ! O.
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Because of the relative compactness dfi, for eachx 2 M, together with compactness
of M, there exists a constantCp such that (go(x);01(x)) Co for all go;o1 2 U and
X 2 M. This implies immediately that

z
m (Jo; O1) = y 2(90(x);q1(x)) ¢(x)  CoVol(M;Qg):

Now, choose > 0 small enough that

()< 2vO|(|v|;g):

By Lemma 3.14, there exists a constantV such that

P p_
(3.14) M (90  2d(90;0) —,—d(Gig)+ Vv
forall go;o1 2 U.
Choose small enough that
p_
2 n P_— 2
2 2 + V < m.

We claim that d(go; 91) < implies that kg:  gokg < . Note that the choices of and Co
were made independently ofgy and g1, hence is independent ofgy and g;, as required.
We de ne two closed subsets oM by

M: = fx2Mj J(go(x);qu(x) g;
M =fx2Mj J(gp(x);qunkx) g:

From (3.14) and our choice of , we have that

z 2
g : - : .
(3.15) @)@ o= w0 < 5o
This inequality also holds if we integrate overM . instead of all of M, so
z z )
Vol(M, ;g) = 2(go(x); 01 (x X) < ——
(M+:9) w0 x(G(x); (X)) ¢(x) < 5 (Co)2
implying
2
V0|(M+,90) < m

From the de nitions of M and , we have that

q
hoi(x)  G(x);q(X)  Go(X)igr)y ()

onM . From (go(x);q1(x)) Co, we have that

q
hgi(X)  Go(X);g1(X)  Go(X)igxy  (Co)
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on all of M, and in particular on M. . Using this, we compute
Z

kgr  Qok§ = Mh.ih(x) Go(X); 91(X)  Go(X)igx) g(X)
Z

hoi(X)  do(X); gu(X)  Qo(X)ig) g(X)

- hgi(x)  Go(x); G1(X)  Qo(X)igx) g(X)

Z Z
()2 g™t (CO)2 g
M M+
2

< ()?Vol(M;g)+ (CO)ZW

2 2
< —4+ —= 2

2 2

This proves the second statement.

Let's now equip M with the HS topology for some xed s > n=2. From Remark
3.11(2), we immediately get continuity (but not Lipschitz continuity) of the Riemannian
distance function onall of M , not just amenable subsets.

Corollary 3.16. The Riemannian distance function d of ( ; ) is continuous in the
H S topology onM for all xed s>n=2.

Proof. Suppose we haveg2 M and a sequenceg, ! ys § Sinces > n=2, the
Sobolev Embedding Theorem implies thatg, ! co g. In particular, from Remark 3.11(2)
we see that the setfg, jn 2 Ng[f gg is contained in some amenable subset) 2 M .
Therefore, Theorem 3.15 givesi(gn; &) ! 0, showing continuity.

By De nition 2.4 of a Fechet space, Corollary 3.16 then immediately implies:

Corollary 3.17. The Riemannian distance function d of (; ) is continuous in the
C! (manifold) topology on M .

Theorem 3.15 will give us our rst result regarding the completion of M . First, though,
we need to make some de nitions and prove a statement about metric spaces.

Definition  3.18 We de ne
S%:= HYS*T M)
M2:= ¢°25%j¢%x) > 0 for almost all x 2 M

That is, S° consists of allH? (i.e., L?) symmetric (0; 2)-tensor elds. M © consists of the
elements ofS° that induce a positive-de nite scalar product on almost every tangent space
of M. Thus, S° and M © are the completions ofS and M , respectively, with respect to
the xed norm k kg. (At the moment, this has nothing to do with the completion of M
with respect to d.)

If U M is any subset, we de ne

W= ®2M° 9g®2U;n2N:gd!t ¢ ;

that is, U° is the L2-completion of U.

Remark 3.19 A couple of remarks on the de nition.
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(1) Note that M © is not open in the L? topology on S. In fact, even more is true:
the interior of M © is empty with respect to the L? topology. (We will prove this
explicitly in Lemma 5.19.) This fundamental point implies that we cannot place
a manifold structure on M 9 (or U°), at least not one with the natural model
spaceS°. Therefore, in light of Theorem 3.21 below, we will not be able to give
a manifold structure to the completion of an amenable subset. ThatM © is not
open is also related to the fact that the exponential mapping ofM is not de ned
on any L2-open subset in any tangent space.

(2) Elements of U° satisfy the same bounds as elements df at almost all x 2 M .

Let's look back at Theorem 3.15 again. The rst statement says that for any amenable
subsetU and any g 2 M , dis Lipschitz continuous with respect to k kg when viewed as a
function on U U . The second statement says thak kg is uniformly continuous on U U
with respect to d. To put this knowledge to good use, we will need the following lemma:

Lemma 3.20. Let X be a set, and let two metricsd; and do, be de ned on X . Denote
by :(X;dy)! (X;d») the map which is the identity on the level of sets, i.e., simply
maps x 7! x. Finally, denote by X" and X the completions ofX with respect tod; and
do, respectively.

If both and ! are uniformly continuous, then there is a natural homeomorphism
betweenX ~ and X °.

Proof. Recall the de nition of the completion X' of the metric space K;d;), i =1;2,

from Section 2.1. It is formed of the equivalence classes of Cauchy sequenéesg, with
metric (again denoted by d;) given by

di(fxng;fyng) =lim di(Xn;yn):

Since a uniformly continuous function maps Cauchy sequences to Cauchy sequences,
our assumptions on and ! imply that d; and d> have the same Cauchy sequences.
Thus, we only need to prove that the equivalence classes of these Cauchy sequences are

the same inX © and Yz, that is,
(3.16) limdy(fxng;fyng) =0 ( lim d>(fxng;fyng) =0:
But this is immediate from the uniform continuity of and 1.

The natural homeomorphism is of course given by the unique uniformly continuous
extension of to X - (cf. statement (3) of Theorem 2.1).

We are now ready to state

Theorem 3.21 Let U be an amenable subset. Then we can identify, the completion
of U with respect to d, with U, in the sense of Lemma 3.20. We can make the natural
homeomorphismU ! U © into an isometry by placing a metric on U° de ned by

d(go; @) = lim  dl(k; gi);
wheref gdg and f gig are any sequences irU that L2-converge togo and gi, respectively.

Proof. Denote by d the metric induced from k kg on U in the usual way for Hilbert
spaces, i.e.A(g1; &) = kg1 Gokg. Asin Lemma 3.20, let : (U;d)! (U;d) be the identity
on the level of sets. Then Theorem 3.15 clearly implies that both and  * are uniformly
continuous (! is even a Lipschitz map). Thus Lemma 3.20 gives the result.

We have thus found a nice description of the completion of very special subsets M .
As already discussed, our plan now is to start removing the nice properties that allowed
us to understand amenable subsets so clearly, advancing through the completions of ever
larger and more generally de ned subsets oM .
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To do this, however, we need to clear up our viewpoint and some technicalities. The
issue is the following: it happens that one can nd examples of Cauchy sequences in
M (i.e., points of the precompletion) that do not L?-converge to any point of S°. (The
skeptical reader can jump ahead to Section 5.1 for a proof of this fact, at least for the
case when dimM = 1, 2 or 3.) Nevertheless, we would like to somehow be able to
unambiguously identify points of M with sections of ST M . Here, \unambiguous" means
that each Cauchy sequence is identi ed with a unique section, and all equivalent Cauchy
sequences are identi ed with the same section. If we could do this, we would have a
bijection between M and some subset of the sections 08°T M. Without a uniform,
unambiguous notion of the \limit point" of a Cauchy sequence in M , such an identi cation
is not well-de ned.

Thus, we will delay further study of the completion of M and its subsets until we see
in exactly what way we can identify Cauchy sequences with sections @2T M. The goal
of the next chapter is to resolve this with an appropriate convergence notion for sequences
in M . Then, in Chapter 5, we determine precisely what sections o8?T M actually do
represent Cauchy sequences iM , thus describing the bijection mentioned above.






CHAPTER 4

Cauchy sequences and ! -convergence

In this chapter, we introduce and study a fundamental notion of convergence of our own
invention for d-Cauchy sequences ifM . We call this ! -convergence and its importance
is made clear through two theorems we will prove, an existence and a uniqueness result.
The existence result, proved in Section 4.1, says that everyl-Cauchy sequence has a
subsequence that! -converges to a measurable semimetric, which we will then show has
nite total volume. The uniqueness result, proved in Section 4.3, is that two ! -convergent
Cauchy sequences itM are equivalent (in the sense of (2.1)) if and only if they have the
same! -limit. These results allow us to identify an equivalence class ofl-Cauchy sequences
with the unique ! -limit that its representatives subconverge to, and thus give a meaning
to points of M .

We might hope that our convergence notion for Cauchy sequences could at least imply
pointwise convergence of the metrics of the sequence to some limit tensor eld. However,
we will have to back o of this hope somewhat, as it will turn out that one cannot demand
that a d-Cauchy sequence converge in any pointwise sense at points where the metrics in the
sequence de ate (cf. De nition 2.58). This is a consequence of the somewhat surprising
result that one can bound d(go; g1), for any go;01 2 M , based only on the \intrinsic
volumes" of the set on which gy and g; di er. Intrinsic means here that this volume is
measured with respect togg and g;. In particular, the bound does not dependon how
much gg and g; di er as tensors, say in a xed coordinate system. Hence two sequences of
metrics can bed-close and yet have very di erent pointwise limits (or no pointwise limits
at all), provided the only di er on small-volume subsets. This will be made more precise
in Section 4.1, where we de nel -convergence.

We can demand that ! -convergence imply pointwise convergence o of the de ated
set. We can then use this to show that the volume forms ¢ of a Cauchy sequencé gcg
converge pointwise almost everywhere. This will allow us to prove, in Section 4.2, that
the volume of a subset ofM is continuous with respect to the topology of! -convergence.

4.1. Existence of the ! -limit

We begin this section with an important estimate and some examples, followed by the
de nition of ! -convergence and some of its basic properties. After that, we start on the
existence proof by showing a pointwise version, i.e., an analogous result av x. Finally,
we globalize this pointwise result to show the existence of an -convergent subsequence
for any Cauchy sequence irM .

4.1.1. Volume-based estimates on d and examples. We have mentioned that
I -convergence implies pointwise convergence only o the de ated set of a sequence of
metrics. We also stated that this is forced upon us by a bound on the distance between
two metrics that is based on the volume of the set on which they di er. So before we give
the de nition of ! -convergence, let's show this result. The proof is a bit technical, but the
idea is very simple and is described at the beginning of the proof.

Proposition 4.1 Suppose thatgg;g1 2 M , and letE :=carr(gr Qo) = fxX2 M |
do(x) 6 g1(x)g. Then there exists a constantC(n) depending only onn = dim M such

69
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B) s frs(x) 1forallx2 M.
Now, for t 2 [0; 1], de ne

O = (1 1)+ tFs)do

g = frs((@ t)go + tgr)

6 = (1 )+ tFes)on:

We view these as paths int depending on the family parameters. Furthermore, we de ne
a concatenated path

gtk;s = ,gtk;s gtk;s (gtk;s) 1;
where of course the inverse means we run through the path backwards. It is easy to see
that g§® = go and g® = g, for all s. Also note that each path making up g is just a
straight-line path. The rst is from g to fy.sQo, the second is fromfy.sgo to fy.sg1, and
the third is from f.s01 to 01.

We now investigate the lengths of each piece og[;tk;S separately, starting with that of
0. Recalling that by Convention 2.51, Go = g 1go, we compute

1
L(g<°) = i k(gtk's)(kgtk;s dt
o @ Ori)e (fks 1go)?  det(((I 1)+ thes)Go) ¢  dt
z 1 z . p 1=2
(A )+ thys)z 2trgo (! fk;s)go)z detGo ¢ dt:
Uk

since det(A )= "2detA forany n n-matrix A and 2 R. Note that in the last line,
we only integrate over Uy, which is justi ed by the factthat1  fy.s =0 on M nU. Since
s> 0, it is easy to see that
1 fs)?® (1 9°<1
so that
trg, ((1 fk;s)go)z =n(1 fk;s)2 <n
This gives us the estimate
Z, VA 1=2
L(g°°) < n (@ t+thee)? 2 g  dt
0 Uk

Now, to estimate this, we note that for n 4, % 2 0 and thereforefy.s 1 implies
that

(1 t+the)z 2 1L
So in this case,
(4.1) L(©) < © nVoI(Us; o):

Forl1 n 3,35 2< 0 and therefore one can compute thaffy,s s> 0 implies

@@ D+t 2 QO D 2%

In this case, then,
Z,

: P n
(4.2) L) < nVol(Ug;go) (1 t)7 1dt
0
and the integral term is nite since 5 1> 1. Furthermore, the value of this integral
depends only onn. Putting together (4.1) and (4.2) therefore gives

(4.3) L () C(n)p Vol(Ug; Qo);
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where C(n) is a constant depending only onn.
In exact analogy, we can show that

(4.4) L&) c(n)” Vol(Us;g);

where we can even use the same constaft(n).

Next, we look at the second piece ogtk;s. Here we have, using thatgy gop = 0 on

M nE,
Z q
y U @ ng+tg) (Fs(@  G)?  det(fis(( 1)Go+ tG1))
Z

n=2 2 P .
Efk;s tr(1 t)go+ tg:1 (01 Q) det((1 t)Go+ tG1) g-

k(g ™) K

Note that in the last line above, we are only integrating over E, and the factors offy.s in
the trace term have canceled each other out. Also note thaf.s(x) = sif x 2 Fy, and
frs(x) 1forallx2 M. So it follows from the above that
Z
) _ p
K@) S o g (G %)° 0 det(T DGo+ 1G1) g
z Fx

p
+ - ra g+tg; (G Go)°  det((l t)Go+ tG1) g
Nk

For each xed t and k, the rst term in the above clearly goes to zero ass! 0. By our
assumption on the setsFy, the second term goes to zero ak ! 1  for each xed t (it
does not depend ors at all). But since t only ranges over the compact interval [01] and
all terms in the integrals depend smoothly ont, both of these convergences are uniform
in t. From this, it is easy to see that

. . k;s _ .
(4.5) kI!llm y!mOL(gt )=0:

With all of this preparation, we can nally use (4.3), (4.4) and (4.5) to estimate

dovg) NfLES) fm Im L) C(n) © Vol(Eigo)+  VOI(E:gy)
'S ! !

by our assumptions on the setdJy.

Before we move on with general considerations, we give two simple examples that
illustrate some important principles here. The rst principle is, as we mentioned, that
metrics that di er on a small-volume subset of M are close together, no matter how their
coe cients di er individually. Thus, as the rst example shows, a Cauchy sequence need
not converge on a set with volume zero in the limit. The second example demonstrates
that very di erent paths or sequences can be equivalent inM "', even if they become
unbounded. It also hints at a principle that we'll elaborate on in Subsection 4.1.4, namely
that we can essentiallyignore that a Cauchy sequence irM becomes unbounded, taking a
sequence or path of metrics that become unbounded at some points and replacing it with
a sequence or path that remains bounded.

Example 4.2 (A d-Cauchy sequence that does not converge pointwise)l et our base
manifold M now be the torus T2. In the standard chart on the torus ([0;1] [0; 1] with
edges identi ed), we de ne a sequence of metrics by

jeoskj 0
0 k 1

(These are, indeed, positive de nite matrices, since cok 6 0 for all k 2 N.) On the one
hand, this sequence does not converge pointwise, thanks to the oscillatipgoskj coe cient.
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On the other hand, since clearly
r

. 2 v jeosk
kI!llm Vol(T<; gk) = ||<I!r1n =0;
Proposition 4.1 allows us to see thatf gcg is indeed a Cauchy sequence.

Note that since jcoskj is bounded, we can select a subsequenéey,, g, equivalent to
the original sequence, that does converge. This works for the example here, but as the
next example shows, there are Cauchy sequences and nite paths with no convergent
subsequence.

Example 4.3 (Very di erent, but equivalent, nite paths, and an example of unbound-
edness) We again letM = T2, and we de ne a family of metrics by

- et 0
g{’s = 0 e st

fort 2 [1;1 ) and r;s > 0. We consider this to be a path depending ort for each xed
choice ofr and s. Each g{'s has pointwise limit, ast!1 , the \tensor"

1.0
gl_oo

Thus g° becomes unbounded over the entire base manifold.
If we let hy® = (gr®)0 then it is not hard to directly compute that

ks = 12w Felt D

which is integrable on [ 1 ) if and only if s >r, and thereforeg® is nite if s>r. On
the other hand, we also have that

Jim Vol(T?;g°) =0

if and only if s>r. (If s= r, the volume is constant, and ifs <r, the volume diverges.)
Thus, by Proposition 4.1 (or a direct computation, if one is so inclined), we have

- rns. qaby _
Jim d(gr*; g) =0

wheneverr >s > 0anda>b> 0. In other words, though the coe cients of g'* and g*"
can di er greatly, these nite paths are equivalent because the volume of the set on which
they di er vanishes in the limit. In fact, any two paths g} and g? with

Vol(M;gi)! 0 and Vol(M;g?)! 0O

are equivalent. Therefore, we can pick a representative from the equivalence clasg'{] 2

M that does not become unbounded, but rather converges to a true tensor (with coe -
cients assuming values inR). A canonical choice might be a nite path with pointwise

limit the zero section of S?°T M.

4.1.2. ! -convergence and its basic properties. So we now clearly see that we
have to back o from the demand that Cauchy sequences converge pointwise on their
de ated sets. Nevertheless, we can expect other nice behavior of Cauchy sequences, and
what we do expect is given in the next de nition. The de nition itself looks a bit technical,
but is actually rather simple. Therefore, after stating it in full, we will explain each of its
parts in more detail.

First, though, recall that we de ne general measure-theoretic notions (e.g., the no-
tion of something holding almost everywhere, or a.e.) using the xed reference metrig
(cf. Convention 2.51). Furthermore, we need one de nition before that of! -convergence.
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Definition 4.4, We denote by M , the set of all measurable semimetrics orM .
That is, M ., is the set of all sections ofS2T M that have measurable coe cients and
that induce a positive semide nite scalar product on TyM for eachx 2 M.

De ne an equivalence relation\ "on M , by go g1 if and only if

(1) their de ated sets X g, and X, dier at most by a nullset, and
(2) go(x) = gu(x) fora.e.x 2 M n(Xg, [ Xg,)-

We denote the quotient space oM , by
" m.=Mp=:

Definition 4.5, Let fgkg be a sequence irM , and let [g; ] 2 M . Recall that we
denote the de ated set of the sequencégcg by X4 4 and the de ated set of an individual
semimetric g by X4 (cf. De nitions 2.57 and 2.58). We say that g, ! -convergesto [g; ] if
for every representativeg; 2 [g1 ], the following holds:

(1) fokgis d-Cauchy,
(2) Xg, and X¢g, 4 dier at most by a nullset,
3) gk(x) I g1 (x) fora.e.x 2 M nX¢g, 4, @and

(4) &:1 d(gk;Ok+1) < 1.

We call [g; ] the ! -limit of the sequencd gxg and write g ! [01 ]
More generally, if fgcg is a d-Cauchy sequence containing a subsequence that-
converges to ¢ ], then we say that f gcg ! -subconvergeso [g; ].

So let's go through the de nition one part at a time.

Condition (1) is simply there for convenience, so we don't have to repeatedly assume
that a sequence id -convergentand Cauchy.

Condition (2) says that the limit metric is de ated at a point x 2 M if and only if x
is a point where f gcg de ates (up to a nullset where this fails to hold).

Condition (3) says that f gcg has a pointwise limit at almost every point o the de ated
set. Note that this limit will necessarily be positive de nite, since if x 2 M nX;g, 4, then
there exists some (x) > 0 such that

detgc(x)  (x)

for all k 2 N and in every chart from the amenable atlas that containsx.

Finally, condition (4) is technical and will aid us in proofs. Conceptually, it means that
we can nd paths ¢ connectinggk to gk+1 such that the concatenated path 1 >
has nite length (cf. the proof of Theorem 2.2). Given condition (1), we can always achieve
this by passing to a subsequence. (We remark here, however, that these two conditions
are not independent. In fact, (4) implies (1).)

Now that we have this de nition out of the way, let's move on to proving some prop-
erties of it. We rst state an entirely trivial consequence of De nitions 4.4 and 4.5.

Lemma 4.6. Let [g1] 2 M, and let fgcg be a sequence ifM . Suppose that for
one given representativeg; 2 [g1 ], fokg together with g; satis es conditions (1){(4) of
De nition 4.5. Then these conditions are also satis ed for f gcg together with every other
representative of[g; ].

Therefore, if can we verify these conditions for one representative of an equivalence
class, this already impliesf gxg ! [01 ]

We can thus consistently say thatf gcg ! -converges to an individual semimetricg; 2
M n if the two together satisfy conditions (1){(4) of De nition 4.5. By the lemma, this
is completely synonymous with saying that f gcg ! -converges to the equivalence class

[01] 2 ¥ m. It is of course easier to show thatf gcg ! -converges to one semimetric,
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rather than a whole equivalence class. In the following we will generally simply prove -
convergence to the canonical choice of representative, the semimetrig 2 [g; ] for which
gL (x)=0forall x2 Xg, .

The next property of ! -convergence is also obvious.

Lemma 4.7. If fg2g and fglg both ! -converge to the same elemeriy; ] 2 M o, then
fgdg and f gtg have the same de ated set, up to a nullset.

Proof. This is immediate from property (2) of De nition 4.5, as ¢g; (x) = 0 if and
only if x is in the de ated set of both fgdg and f gig.

Recall that the main goal of this section is to show that each Cauchy sequence iM
has an! -convergent subsequence. To do this, we will rst prove a pointwise result in the
following subsection.

4.1.3. (Riemannian) metrics on M x revisited. In this subsection, we take a
closer look at the Riemannian metricsh; i and h; i° (see Lemma 2.35 and De nition
3.4, respectively) that we have de ned on the nite-dimensional manifold M x. Since the
distance function ¢ is induced fromh; i°, and the metric y onM is de ned via ¥, we
can get information on \ by studying h; i°. And information on y yields information
on d via the estimate of Lemma 3.8. Furthermore, by recalling the de nitions of the two
Riemannian metrics, we can see that: i% is intimately related to h; i:

(4.6) rh;kigz hh;kigdetG forallg2M x and h;k 2 TgM y = S;:

Thus, we will rst study the simpler Riemannian metric h; i and nd out what properties
of h; i% we can deduce in this way.

We rst make the observation that h; i diers very much in character from its inte-
grated version (; ). In particular, M 4 is complete with respect toh; i! This is is not
hard to see, as we can solve the geodesic equationtof i directly. Following the analogous
computation for ( ; ) on M carried out in [19, Thm. 2.3], we rst calculate the Christo el
symbols of h; i and then use them to solve the geodesic equation. We note that our
computation is basically just a simpli ed version of that in [ 19].

Before we start, let's clear up some notation.

Definition  4.8. By dyx, we denote the distance function induced orM 4 by h; i. We
denote the h; i-length of a path a; in M x by L"ii(a;) and the h; i%length by L":°(ay).
Now we compute the Christo el symbols.
Proposition  4.9. Let h and k be constant vector elds onM , and denote the Levi-
Civita connection of h; i byr . Then the Christo el symbols of h; i are given by
(h;K) = 1 pkjg = % hg 'k + kg h :

Proof. All computations are done at the base pointg; which we will omit from the
notation for convenience. Let” be any other constant vector eld on M 4. By the Koszul
formula,

2hr hk; i = hhk; i + khi;hi - “hhyki h h;[k;°]i h k;[;h]i + h;[h;K]i:
Notice, however, that the last three terms drop out, sinceh, k, and ~ are all constant, so
their brackets with each other are zero. Therefore we have
4.7 2hr yk; i = hhk; i + kh;hi  “hhki:

Now, it is well-known (and easy to verify by di erentiating ~gg * = 1) that the deriv-
ative of the map ¢ 7! § ! at the point g is given by a 7! g 'ag . Using this, along



76 4. CAUCHY SEQUENCES AND ! -CONVERGENCE
with the de nition of h; i and the fact that a;b7! tr(ab) is bilinear, we get (denoting the
derivative of a function f in the direction h by h[f])
hhk; i = hltrg(k)]= h tr (g *K)(g 1)
= tr (g theg k(g V) tr (g k(g thg ) :

Repeating the same computation for the other permutations and substituting the results
into (4.7) yields

2hr pk; i

tr (g the *k)(g ©) tr (g *k)(g ‘hg ')
tr (g kg )@ *h) tr (g V)@ ‘kg *h)
+tr (9 Vg th)(g k) +tr (g *h)(g Vg k)
= tr g ‘hg *kg I* tr g kg hg
= hheg ki h kg *h;"i;
where in the second-to-last line we have used the invariance of the trace under cyclic
permutations. The result now follows directly.
Using this, it is a relatively simple matter to solve the geodesic equation oh; i.
Proposition  4.10. The geodesicg in (M «; h; i) with initial data go, g3 is given by
o = goe'%o :
In particular, (M ;dy) is a complete metric space.

Remark 4.11 Note that this formula is exactly the same as the geodesic equation
for (M ;(;)) (cf. Proposition 2.46). This is no accident, and occurs because the volume
form is constant over M . Therefore there is no contribution to the Christo el symbols
coming from the volume form. As a result, all of the dynamics come from the integrand
of (; ), and the integrand is exactly h; i.

Nevertheless, since we haven't derived the geodesic equation foéd , we prefer to
prove Proposition 4.10 directly, without resorting to indirect arguments. The proof is not
hard, anyway.

Proof of the proposition. Let a; := ¢ Sinceg is a geodesic, we have 4 a; = 0.
Therefore
(4.8) 0=a+ (aga)=a ag ‘a

by Proposition 4.9. Now, sinceg’ = &, the t-derivative of t 7! g ! is the same as the

derivative of g 7! g ! in the direction of a;. Hence, @, *a)°= g, *a° g, *ag ‘a. Itis
then easy to see that multiplying (4.8) on the left by g, 1 gives

(g *a)°=0:

Thus g, 'gPis constant, or log@)°= g *¢° g,'0S. The geodesic equation now follows,
and it remains to show that (M ; dyx) is complete.

Since A 7! € maps symmetric matrices into positive de nite matrices and tg, 198
iS go-symmetric, goetgolgg is a positive de nite matrix forall t 2 (1 ;1 ). Thus g is
positive de nite for all t, and so M x; h; i) is geodesically complete. Sincé/ x is nite-
dimensional, the Hopf-Rinow theorem applies to show that M x; dy) is complete.

From Proposition 4.10 and (4.6), we would suspect that a nite-length path g; in
(M «:h; 19 can de ate or become unbounded only if dety; converges to zero|otherwise,
the h; i%-length of g is related to the h; i-length by a constant, and a path with nite
h; i-length lies completely within M 4. The following lemma and proposition con rm this
suspicion. The lemma is the pointwise version of Lemma 3.3, and the proposition is our



7

4.1. EXISTENCE OF THE ! -LIMIT

rst concrete step towards proving existence of the! -limit|it is the necessary pointwise

result.
Lemma 4.12 Let ag;a; 2 M . Then
p_
p p n
detA; detAg > < (a0; a1):

(Recall Convention 2.51 for the de nitions of A;.)
Proof. Let a, t 2 [0;1], be any path from ag to a;, and recall that Ay = g la

(cf. Convention 2.51). Following the proof of Lemma 3.3, we have
1=2

p—— 1 p—— 1
@ detAi= = trpa detA; = 5 Ua a0 % detA,

2
1 5 1=2 P nd ——
5 ntro ()% detA; =~ = - had; adi g ;
where the inequality follows, as in the proof of Lemma 3.3, from (3.2). This now implies
that
Z 1 P q Z 1q pP—

n
ha?, atoig[ dt = 7L(at):

@ detA;dt -

p p
detA; detAg =
0

0

p
Since this holds for all paths, we can replace the far right-hand side with—~ 2(ap; a1).
Now repeating the computation with ag and a; swapped completes the proof.

4.13 Let ax be a $-Cauchy sequence. Then either

Proposition
C and detAg for all

(1) detAg! Ofork!l ,or

(2) there exist constantsC;
1 i nandk 2 N.

Proof. Keeping Lemma 4.12 in mind, it is more convenient to work with the square

root of the determinant. This is, of course, completely equivalent for our purposes.
detA is {-Lipschitz. Sinceay is $-Cauchy, it

> 0 such that j(ay)j |

Now, by Lemma 4.12, the mapa 7!
is easy to see that link1 det A, exists, so Iﬁt's call this limit L.
If for every > 0, there existsk such that = det Ay , then clearly L = 0.

It remains to showighat if there exist i andj such that for all C > 0, there is ak such
0. We will assume thatL > 0 and show a contradiction.

that j(ax)ijj > C, then detAy !
Let's say that we are givenhy; b1 2 M x with det Bg; detB1 . Let
n 0
L :=inf Lh;'o(lq)j b is a path from by to by with det By =2 for somet 2 (0;1) ;
0

n
L, :=inf L" ()] h is a path from by to by with det B, =2 for all t 2 [0; 1]

It is easy to see that {(bp;by) =min(L ;Ls ). Now let by be a path as in the de nition
=2. Then using Lemma 4.12, we have

, and assume 2 (0;1) is such that detB

of L
LM () = LM (B, )+ L™ (i 1)
npP p np p
Tn detBg detB + Tn detB, detB
r_!
p_ P- P 1 P-
n 5 = n 1 % :
p_ P P- . , . »
Therefore L n(l 1= 2) . Then, if iy is a path as in the de nition of L. , we
have
/7 lq 7 1q - r -7 1q - r _
L(kb) = hoP; i 0 dt = hop; i det B¢ dt > ho; ki dit édx(bo;bl):
0 0
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This gives L + P "=2dy(lp; by). Putting all of this together, we get that
(4.9) Ubpib) minfPRE 1= 2) 57 =2d(tobyg
whenever detBg; detB;

Now, let's apply the considerations of the last paragraph to the problem at hand. Leti
andj be, as above, the indices for which(ax); j is unbounded, and choose a subsequence,
which we again denote byay, such that j(ax)y j k for all k 2 N. Passing to this
subsequence does not change the limit ligy detAg.

Next, chogseK 2 I\bsy@@t k K implies detAx L=2andk;l K implies

J(a a) % n(A 1= 2) L=2. The latter assumption is possible sinceay is Cauchy.
By (4.9), if k K, we also have

Y(ak ; ak) minf " n( 1= é)p L=2; g L=4dy(ax ; ax)g:

But $(ax ;a) IOﬁ(l 1=p ?)p L=2 violates our assumptions onK . Furthermore,
w(ak;ak) 'l sincej(ax)ijj!'l and (M y;h; i)is complete. Therefore, if 2(ak ; ay)
L=4dy(ax ; ax) for all k, then our assumptions onK are violated as well. Thus we have
achieved the desired contradiction.

Since for every pair of constantsC; > 0, the set of elementsg-of M x with jg;jj C
and detG forall1 i;j nis compact, we immediately get the following corollary
of Proposition 4.13:

Corollary 4.14 Let fg.g be a ?-Cauchy sequence. Then either

(1) detGyx! Ofork!1l ,or
(2) there exists an elementg; 2 M  such thatge ! g; , with convergence in the
manifold topology of M .

Proof. By the discussion preceding the corollary, if delGy is bounded away from
zero, thenfgeg is contained within a compact subset ofM . Since a compact subset of
a metric space is complete and gcg is Cauchy, it J-converges to some limitg; . Finally,
sinceM y is nite dimensional, the topology induced by { coincides with the topology of
M x as a manifold (or open subset ofSs), soinfactgc! 01 .

This is essentially the pointwise equivalent of! -convergence. In the next subsection,
we will globalize this result. Before we do that, though, we use this opportune moment
to prove two last pointwise results, which will be useful in Section 4.3. The rst is the
pointwise analog of Proposition 4.1.

Proposition  4.15 Let ;0 2 M . Then there exists a constantCqn), depending
only on n, such that

p p
9g:0) CYn) detG+ detG :

Proof.  For this proof, we will denote the h; i%-length of a path simply by L. The
metric h; i does not play a role here, and so there is no need to distinguish between the
two lengths.

The proof goes very similarly to Proposition 4.1, but is simpler because we do not need
to do any argument approximating paths of L2 metrics by C! metrics. Since the ideas
are the same, the proof can be safely skipped, but we include it here for completeness.

First, de ne paths ¢ and ¢, for 0O<s 1 andt 2 [s;1], by

g = tg and ¢ = t0:

We consider these as a family of paths in the time variable with domain depending on
the family parameter s.
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Second, de ne a familyg? of paths in t depending on the family parameters by

g =s(l t)g+t9);
where again 0<s 1 but this time t 2 [0; 1].

Then the concatenationg? := (¢f) * o 6F (here, (6) * means we run through that
path backwards) is, for eachs, a path from g to ¢. We will prove that

p p
|im0|_(g§) cYn) detG+ detG ;
s!

which will imply the result immediately.
First, note that L(g’) lims oL(gf) for all s. To compute the right-hand side, note
that
he)% ()15 = tr 1g(6°) det(tG) = (ndetG)tz *:

Therefore, zZ,

P "
L(g) limL(g)= ndetG t« Lat:

0
Since% 1> 1, the above integral is nite, with a value depending only on n. Hence
we have

p
L(g®) CYn) detG:
In exactly the same way, we can show

P —
L) CYn) detG;

even using the same constant.
Now, if we can show that limg oL (g¢) =0, we will be nished. So we compute

hg)% (B) 1% =t s@ vortg S(8 0)° det(s(1 G+ t&))
= "t pertg (@ ©)° det((l )G+ tG)
= ") (g) g
This implies that

L(g) = s"°L(g);
from which limg oL(g?) = 0 is immediate. This completes the proof.

The last pointwise result we need combines Corollary 4.14 and Proposition 4.15 to give
a description of the completion of the metric space 1 x; %).

Theorem 4.16. For any givenx 2 M, let cl(M ) denote the closure oM y S y with
regard to the natural topology. Thencl(M ) consists of all positive semide nite (0; 2)-
tensors atx. Let us denote the boundary oM , as a subspace 084, by @M .

De ne an equivalence relation oncl(M x) by gg g if and only if go;g1 2 @M .
Thus, we simply identify the boundary ofM 4 together to a point.

Then the completion of (M x; {) can be identied with the spacecl(M y)= . The
distance function is given by

$(gi01) = lim 9(g%; ob);

wherefgf(’g and fgl}g are any sequences irM x converging (in the topology ofSy) to go
and gi, respectively.

Proof. Note that g 7! detG is a continuous map fromSy to the reals, that the map
is positive when restricted to M , and that it is constantly zero when restricted to @M .
The latter facts are implied by Proposition 2.9.

Let fgcg be any sequence iVl . By Corollary 4.14, if fgcg is Cauchy then either
! g1 2M 4 (with convergence in the topology ofSy), or det Gk ! 0. By Proposition
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4.15, all sequences with deGy ! 0 are equivalent Cauchy sequences, and so they are
identied in (M 4; ). Since the determinant is a continuous map, as noted above, we can
thus identify such sequences with any given sequence converging @ .

Finally, if g¢! g1 2 M y in the topology of Sy, then we also have that $(gc; g1 )! O,
becauseM , is nite dimensional and so the topology of ¥ coincides with the manifold
topology. This implies that fgcg is Cauchy. By the same reasoning, we can show that if
fekg is a second sequence converging ta in the topology of Sy, then fgcg and fexg are
equivalent.

We have thus shown that fgcg is Cauchy if and only if either gx ' 91 2 M x or
detGyx ! 0 holds. We have also shown that all sequences with d&, ! 0 are equiva-
lent, and that all sequences converging to the same element &l , are equivalent. The
statement of the theorem now follows.

4.1.4. The existence proof.  Corollary 4.14 gives us strong hints as to what to
expect from Cauchy sequences iM . Thinking heuristically, a d-Cauchy sequencd gxg in
M should be a Cauchy sequence in{ for \most" points x by the estimate of Proposition
3.8. Then we know that at \most" points x, either fgx(x)g converges or det5i(x) !

0. That is, fgkg converges at \most" points outside the de ated set. The goal of this
subsection is to make this heuristic idea precise and use it to prove existence of tHe-
limit.

Lemma 4.17. Let fgkg be a Cauchy sequence itM . By passing to a subsequence if
necessary, we can assume that

3
d(gk: Gk+1) < 1
k=1
Then the following holds:
R
M (Ok;Ok+1) < 1
k=1
Furthermore, de ne functions and y for eachN 2 N by
X x
N S (X); g1 (x)); = (G (X); Q1 (%))
k=1 k=1
Then is a.e. nite, 2 LY(M;g) and !"1 Furthermore, by de nition,
converges to  pointwise.
Proof. The rst statement is clear, as is the statement that p ! pointwise. So

we move on to the other statements.

Lemma 3.3 implies that Vol(M;gx) is a Cauchy sequence inR. Therefore it is
bounded, and we can nd a constantV such that = Vol(M;gx) V for all k. Thus, by
Proposition 3.8,

Pa
M (O Ok+1)  20d(Qk; Gk+1) Td(gk;gkﬂ)"' \%

But for large k, sincef gcg is Cauchy, we must haved(gq; gk+1) 1, so

p_— p_—
M (Ok; Ok+1) nd(gk; g+1)2+ Vg o) N+ V)d(ge; Ot ):

The rst statement is now immediate.

To prove the second statement, we recall the monotone convergence theorem of Le-
besgue and Levi4, Thm. 2.8.2]. Let (X; ; ) be a measure space, and ldt;, fori 2 N, be
measurable functionsX ! [0;+1 ]. Suppose thath; hj4; foralli 2 N and a.e.x 2 X,
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and furthermore that sup; Rhi d < 1. Then the function de ned by h(x) :=Ilim h;(x) is
a.e. nite, and 7 7

lim hid = hd:

i1 X X
This theorem implies a criterion for exchanging in nite sums and integrals. In particular,
let f; be a sequence of nonnegative measurable functions on. Let Fy be tge partial sum
of the rst N elements and deneF :=lim N1 Fn. Suppose that supy, Fyd < 1.
Then F and Fy clearly satisfy the requirements of the monotone convergence theorem, so
we have

)4 Z W Z Z Z Z ©
fid = lim fid = lim Fvd = Fd = fi d:
i=1 X NI o X NILx X X =1
We can apply thisto and | to obtain
z Z W Z
— — L g . — . .
y g= I\IIIT y N g~ ,\IH? W (O Ok+1) g = . M(Ok;Ok+1) < 1

where niteness follows from the rst part of the lemma. This proves that is a.e. nite
1
and 2 L1(M;g). It remains to show that I~" . But this is now immediate from
[47, Thm. 8.5.1], which states thatif 1 p< 1,f;! f ae. andkfik,!k fkp, then
" f
Using this lemma, we can prove what we heuristically described before|that given a

Cauchy sequencd gcg, we can nd a subsequenced gy, g such that f g, (x)gis £-Cauchy
for \most" x, allowing us to apply Proposition 4.13 at these points.

Proposition 4.18 Let fgcg be a Cauchy sequence iM such that

d(Ok; Gk+1) < 1:
k=1

Then fge(x)g is a $-Cauchy sequence for a.ex 2 M .

Proof. By our assumption, all the conclusions of Lemma 4.17 hold. In particular,
n ! pointwise and is a.e. nite. Therefore, fora.e. x2 M,

xR
(4.10) (GG O+)= (( X)<1:
k=1
It is then simple to show that fgc(x)gis $-Cauchy at a point where (4.10) holds, for
if 1 m,

X1
(95 9m) (9 Ok )
k=1
by the triangle inequality. But (4.10) shows that the right-hand side of the above is small
for | and m large, proving that fg(x)gis $-Cauchy.

The previous proposition allows us to globalize Corollary 4.14. The precise statement
is the following:

Corollary 4.19 Let fgkg be a Cauchy sequence iM such that

pS
d(gk; Ok+1) < 1:
k=1
Then for a.e. x 2 M, fg(x)gis $-Cauchy and either:
(1) detGy (x)! Ofor k!l , or
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(2) ok(x) is a convergent sequence i .
Furthermore, (1) holds for a.e.x 2 X¢g, 4, and (2) holds for a.e.x 2 M nXgg, g

Proof. By Proposition 4.18, fg«(x)g is $-Cauchy for a.e.x. Then Corollary 4.14
implies the result immediately.

This corollary essentially delivers us the proof of the existence result.

Theorem 4.20. For every Cauchy sequencégkg, there exists an elemenfg; | 2 M
and a subsequencégy, g such thatfg, g ! -converges to[g; |.

Explicitly, [g1 ] is the unique equivalence class containing the elemegi 2 M , de-
ned as follows. At points x 2 M wheref gy (x)g is J-Cauchy,

(1) g1 (x):=0 for x 2 Xt g, g and
(2) g1 (x):=1lim g (x) for x 2 M nxf%g'

At points x 2 M wheref gy, (x)g is not J-Cauchy, we setg; (x) :=0.

Proof. Let fg, g be a subsequence dfgcg such that

3
d(Qks Ok+1) < 1:
I=1
Then fgy, g satis es properties (1) and (4) of De nition 4.5, as well as the hypotheses
of Corollary 4.19. Thus fgg is a.e. J-Cauchy, and sog; is dened a.e. by the two
conditions given above. From this, it is immediate that fgy g together with g; also
satis es properties (2) and (3) of De nition 4.5. Thus, fgg ! -converges tog; , and by
Lemma 4.6 it therefore converges tod; ]|provided we can show that g1 2 M .
Let's prove this last fact. Clearly g; is a semimetric, so we must show thatg; is
measurable. Now, onM nxfgklg, 01 is the a.e.-limit of measurable metrics, so it is

measurable restricted to this set. Furthermore,g; (x) = 0 for every x 2 Xf9k|9’ so if we
can show that X1, g is measurable, then we are done. But the following formula shows
that Xf9k|9 can be built from countable unions and intersections of open sets:

Xtg,g= X2 M j8 > 0; 9l st: detg(x) < g
Vol . 1

= X2 M jdetg,(x) < N

N2NI2N

Knowing now that the ! -limit of a Cauchy sequence ofM exists (after passing to a
subsequence), we go further into the properties of -convergence.

4.2. ! -convergence and the concept of volume

In this brief section, we wish to prove that the volumes of measurable subsets behave
well under ! -convergence. Speci cally, we want to show that iff gcg ! -converges to § ]
andY M is measurable, then for any representativey; 2 [0 ],

(4.11) Vol(Y;ok) ! Vol(Y;a ):

To see that the above expression is well-de ned, recall that a measurable semimetric
g on M induces a nonnegative volume form and measureg on M (cf. Subsection 2.6)
that is absolutely continuous with respect to the xed volume form 4. Furthermore,
given any two representativesg? ;gf 2 [g1 ], we have that @ = g as measures|
it is clear from De nition 4.4 that 4 and ¢ can dier at most on a nullset. Thus

Vol(Y; ) )=Vol( Y; g ).
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The proof of (4.11) is achieved via the Lebesgue dominated convergence theorem
(cf. Theorem 2.14). So letfgcg ! -converge tog; , and let's see what we need to do to
apply this theorem. First, we need to show that ( g.= ¢) f* ( ¢ = ¢). If we can also
nd a function f 2 L(M;g) such that ( ¢ = ¢4) f a.e., then the Lebesgue dominated
convergence theorem Wguld imply that

Vol(Y; = o = lim S = lim Vol(Y:q.):
(Yia) v g Ty g Y (Yig)

We begin by showing a.e.-convergence.
Lemma 4.21 Let fgeg! -converge togs 2M . Then

_%  pe o
g g
Proof. Recall that

P— p
9 =" detGy and X = detG;:
9 9
So we can prove the statement by working with the determinants above instead of the
Radon-Nikodym derivatives.
We rst prove that for a.e. x 2 Xyq 4, detGg(x) ! O =detG; ask!1l . By the
de nition of the de ated set, for every x 2 Xtgeg and > 0, there existsk 2 N such that

(4.12) detGg(x) < :

But we also know from Proposition 4.18 and properfy (4) of De njgion 4.5 that fgk(x)gis
2-Cauchy for a.e.x 2 M. Hence, by Lemma 4.12, = detGy(x) is a Cauchy sequence

in R at such points. Therefore it has a limit, and by (4.12) we know that this limit must
be 0.

Now, for a.e.x 2 M nX¢gq 4, &k(X) ! @1 (x). Since the determinant is a continuous
map from the space ofn n matrices into R, this immediately implies that det Gy (x) !
detG; (x) for a.e. x 2 M nX¢q 4. Combined with the last paragraph, this proves the
desired result.

Our next task is to nd an L?! function that dominates ( ¢, = g)-

Lemma 4.22 Let fgcg be a Cauchy sequence such that

S
d(ok;Ok+1) < 1 ;
k=1
and let be the function of Lemma 4.17. Then
p_
n
S 5 (0r 2
g g

fora.e. x 2 M and all k 2 N.

Proof. Fix some k for the moment. By Proposition 4.18, fg«(x)g is ?-Cauchy for
ae.x2 M. Let x 2 M be a point where this holds. Then by Lemma 4.12, the triangle
inequality, and the de nitions of § and , we have

p_ P_ K1
p p n n
detGy  detGr  — J(%:g) 5 X(ImiGmsa)
p m=1
n n
= 5k 1(x) > ( x):
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In particular
p 1 p _

P P
detGr(x) 7”( )+ detGy(x):
The result is now immediate.

Now, since g is smooth, it has nite volume, implying that ( ¢,= ¢) 2 L(M;qg).
We have already seen in Lemma 4.17 that 2 L'(M;g). Therefore Lemma 4.22 gives
the necessary function dominating ( ¢, = ¢), and we can apply the Lebesgue dominated
convergence theorem as discussed before the lemmas to obtain:

Theorem 4.23 Let fgeg! -converge togs 2M ,andletY M be any measurable
subset. ThenVol(Y;g)! Vol(Y;a ).

An immediate corollary of this theorem is that the total volume of the ! -limit is nite:

Corollary  4.24 If g; isthe! -limit of a sequencef gkgin M , then Vol(M;g; ) < 1.
Thatis, g1 2M ;.

Proof. By Lemma 3.3, iff gcg is ad-Cauchy sequence, theri Vol(M; gx)g is a Cauchy
sequence of positive real numbers. Therefore it converges to some nite nonnegative real
number, and by Theorem 4.23 this number must be VolM; g, ).

Furthermore, as we might have suspected from the beginning, the volume of the de-
ated set of an ! -convergent sequence vanishes in the limit.

Corollary 4.25 Let fgcg ! -converge togs 2 M . Then the de ated set Xy, 4
satis es Vol(Xtg,¢:0) ! O.

Proof.  As noted in the proof of Theorem 4.20,Xs g 4 is measurable. Now, the de ni-
tion of ! -convergence implies that VoK, 491 ) =0, since g (x) =0 for all x 2 Xy, g-
So Theorem 4.23 gives the result.

Given Corollary 4.24, it behooves us to make the following de nition, following which
we re ne the result of Theorem 4.20 using Corollary 4.24.

Definition ~ 4.26 Let B ¢ ¥ . denote the subset of those equivalence classes of
semimetrics whose representatives are all elements ™ ¢, i.e., nite-volume measurable
semimetrics.

By the discussion at the beginning of the section, any two representatives of an equiv-
alence class in m have the same total volume. Therefore, if one representative of an
equivalence class has nite volume, then all do. Moreover, for everg2 M ¢, [¢] 2 ®1 ;.

The re nement of Theorem 4.20 is:

Theorem 4.27. For every Cauchy sequencégg, there exists an elemenfg; ] 2 o
such thatfggg ! -subconverges tdg; ].

4.3. Uniqueness of the ! -limit

The goal of this section is to prove the uniqueness of thé -limit in the sense mentioned
in the introduction to the chapter: we will show that two ! -convergent Cauchy sequences
in M are equivalent if and only if they have the same! -limit.

We prove each direction in a separate subsection. After proving this uniqueness result,
combining it with the existence result and the properties of ! -convergence given above
will show that for every equivalence class of Cauchy sequences M , there is a unique
equivalence class of nite-volume, measurable semimetrics that each of its representatives
subconverges to. Thus] -convergence is a suitable convergence notion for choosing a limit
point for Cauchy sequences irM .
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4.3.1. First uniqueness result. We rst prove the statement that if two ! -conver-
gent Cauchy sequences are equivalent, then thelr -limits agree. To do so, we will extend
the pseudometric v (cf. De nition 3.5) to the precompletion of M . For this, we need an
easy lemma.

Lemma 4.28 Let Y M be measurable. Iff gxg is a d-Cauchy sequence, then it is
also vy-Cauchy.

Proof. As noted in the proof of Lemma 4.17, sincef gcg is d-Cauchy, the sequence
Vol(M; gk) in R is bounded, say by a constanty. Thus, by the estimate of Proposition
3.8, for any k;1 2 N, we have

p_
v(%:9) d(ga) nd(g.9)+2V
From this the statement of the lemma is clear.

Now we give the extension of y mentioned above.

Proposition  4.29 LetY M be measurable. Then the pseudometricy on M can
be extended to a pseudometric ol " the precompletion of M , via

(4.13) v(fgg o) = lim v (g )

This pseudometric is weaker thand in the sense thatd(fglg;fgig) = O implies that
v (fglg;fgig) = 0 for any Cauchy sequence$glg and fgig. More precisely, we have

p_ S
(4.14) v(foRg;foeg) d(fgdoiforg)  nd(fodgifogrg)+2 Vol(M;go) ;

where go is any element ofM ¢ with g2 I [9o]-
Furthermore, if fglg and fgig are sequences inM y that ! -converge togo and g,

respectively, then the formula 5

(4.15) v (fodg; T gig) = [ 2(@00:00) g(x)
holds for all go; g1 2 M .

Remark 4.30. In (4.14), we choose any -limit of ngg. The existence of such a limit
has already been proved, but not its uniqgueness. On the other hand, i§g~is a di erent
I -limit of fglg, Theorem 4.23 guarantees that Vol\; go) = Vol( M;go). Therefore, the
estimate (4.14) is independent of the choice of -limit.

Proof of Proposition 4.29. The construction of a pseudometric on the precomple-
tion of a metric space can be carried over to the case where we begin with a pseudometric
space. Therefore, the limit in (4.13) is well-de ned due to the fact that f g0g and f gig are
Cauchy sequences with respect to v, and (4.13) indeed de nes a pseudometric.

The inequality (4.14) is proved via the following simple computation, which uses (4.13),
Proposition 3.8, and Theorem 4.23:

v(FogTg@) = lim v (g g

q -
. p_—
I(I!llm d(gd;gp) ' nd(glgh)+2 Vol(M;g?)

p_ S
= d(fglg;fogeg) — nd(folgifgeg)+2 Vol(M; go)

As for the last statement, note rst that J(go(X); g1(x)) is well-de ned by Theorem
4.16, sincegyp and g; are positive semide nite tensors at each pointx 2 M. To prove
(4.15), we will rst use Fatou's Lemma (cf. Theorem 2.15) to show that §(go(x); g1(x)) is
integrable. We will then use this to apply the Lebesgue dominated convergence theorem.
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So we start by letting fgﬁg and fgi}g be sequences iM ! -converging to gy and gz,
respectively.

By Proposition 4.18, for a.e.x 2 M, fg(x)g and fgi(x)g are {-Cauchy. At such
points, by de nition,

(4.16) 2(9(x);0100) = lim  2(ge(x); & (x)):

So de ning
fe) = Q@R gc(); ()= 2((x); qu(x);
we havefy! f a.e.
Now, note that b

v (990 90) = y fr(x) g(x):

We have already seen that limy v (g2; o) exists, sof v (g2 gi)g is in particular a
bounded sequence of real Eumbers. Thus

sup Yfk(x) o(X) = sup v(ghion < 1;

where we have used Fatou's lemma.
Now we wish to verify the assumptions of the Lebesgue dominated convergence theorem
for fx and f . We note that for each | > k , the triangle inequality gives

()= 2(gR(x); g (X))
Xt 0 0 0 1 X1 1 1
2(Gm (X); gm+1 (X)) + 37 (X); g (x)) + 2(9n (X); Gm+1 (X))
m=k m=k
Xt 0 0 0 1 Xt 1 1
(G (X); Gms1 () + G (); g (X)) + 2(9m (X); g1 (X))
m=1 m=1
Note that the only di erence between the second and last lines is that the sums start at
m =1 instead of m = k. Taking the limit 1!1 of the above gives, fora.ex2 M,

h 3 b3
f(x) YO () G N+ T+ 2(GH () s (X))

m=1 m=1
where we have used (4.16). Now we claim that the right-hand side of the above inequality
is L1-integrable. We already showedf is integrable using Fatou's Lemma. As for the
two in nite sums, they are each also integrable by Lemma 4.17 and -convergence ofgL,
i = 0;1 (specically, property (4) of De nition 4.5 and Lemma 4.17). Thus each fy is
bounded a.e. by anL?! function not depending onk.

Knowing all of this, we can apply the Lebesgue dominated convergence theorem to

show 7 7 7

v(foofog = lm  v(dig)=lim  fic g= f g=  (Xx)a() ox);
: : Y Y Y
which completes the proof.

With this proposition, proving the rst uniqueness result becomes a relatively simple
matter.

Theorem 4.31 Lettwo ! -convergent sequencetggg and fg&g, with ! -limits [go] and
[01], respectively, be given. Ifgd and g} are equivalent, i.e., if

, 0.0\ _ (.
k|!|1m d(g;g) =0;
then [go] = [ o).
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Proof. Suppose the contrary; then for any representativesyy 2 [go] and g1 2 [01],
one of two possibilities holds:

(1) Xg, and Xg, dier by a set of positive measure, or
(2) Xg, = Xg,, up to anullset, but go and g; dieronaset E with E\ (Xg,[ Xg,) = ;
and Vol(E; g) > 0, whereg is our xed metric.

We will show that neither of these possibilities can actually occur.

Torule out (1), let X; := ngikg denote the de ated set of the sequencég{(g fori =0;1.
Then we claim Xg = X1, up to a nullset. If this is not true, then by swapping the two
sequences if necessary, we see thdt:= ( Xy n X 1) has positive volume with respect tog;
and zero volume with respect togo. (Y is simply the set on whichf glg de ates and f gig
doesn't.) But then by Lemma 3.3,

9—— p______
lm d(gdig)  lim - Vol(Yig) =" Vol(Yi) > O;
where we have used Theorem 4.23. This contradicts the assumptions of the theorem, so
in fact Xo = X1 up to a nullset. Since by property (2) of De nition 4.5 X = ngikg up
to a nullset as well, (1) cannot hold.
So suppose that (2) holds. Note that onE, go and g; are both positive de nite. Since

E has positive g-volume, we can conclude from Proposition 4.29 (speci cally (4.15)) that
e (fgfg; fglg) > 0. But then this and (4.14) also imply that

lim d(ge; go) = d(fog;fgeg) > O
This contradicts the assumptions of the theorem, and so (2) cannot hold either.

4.3.2. Second uniqueness result.  Our goal in this subsection is to prove the fol-
lowing statement: up to equivalence, there is only onal-Cauchy sequence -converging to
a given element ofh ¢ . That is, if we have two sequences gf()g;fg&g that both ! -converge

to the same 1 12 M ¢, then
d(fgeg: fokg) = lim d(gei 6) = 0:

After we've proved this statement, we combine it with the existence result from Section
4.1 and the results on volumes from Section 4.2, as mentioned in the introduction to this
section.

We will rst prove the above statement for sequences that remain within a given
amenable subsetU, and will then use this to extend the proof to arbitrary sequences.
Before any of this, though, we state a de nition and a result from measure theory that
we'll need.

Definition  4.32 (47, Dfn. 8.5.2]). Let (X; ; ) be a measure space, and e be a
collection of measurable functions. We say thatF is equicontinuous at; if forany > 0
and any sequencd Exg of measurable sets with

L
Ek=1;
k=1
there exists K¢ such that 7
ifjd <
Ek
forall f 2F andk>K g.

We note that in particular, if (X) < 1 and we are given a collection of functiong~
for which we can nd some constantC with

if(x)j C forae.x2 X andeveryf 2F;
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then F is equicontinuous at; .

Theorem 4.33 (47, Thm. 8.5.14]). Let (X; ; ) be a measure space with(X) < 1,
and letf be a measurable function onX . Furthermore, let fy be a sequence of functions
in LP(X; ). Then the following statements are equivalent.

(1) fx! f in LP(X; ).
(2) fjfkjPj k 2 Ng is equicontinuous at; andfy, ! f in measure.

Remark 4.34 We make a couple of remarks about this theorem that we will need
later:

(1) By [47, Thm. 8.3.3], a.e. convergence implies convergence in measure. Therefore,
Theorem 4.33 implies that if fj f¢j° j k 2 Ng is equicontinuous at; and fy ! f
a.e., thenfy ! f in LP(X; ).

(2) By [47, Thm. 8.3.6], if f ! f in measure, then there exists a subsequendé , g

such that fi, ! f a.e. Combining this with Theorem 4.33 implies that if f, ! f
in LP, then there exists a subsequencgy, such that fy, ! f a.e.

We now state the second uniqueness result as con ned to the context of amenable
subsets.

Proposition  4.35 Let U be an amenable subset, and l&t° be theL 2-completion of
U. If two sequencesfglg and fglg in U both ! -converge to[g; ] 2 ¥ ¢, then fglg and
fgig are equivalent. That is,

: 0.1y —qn-
kl!llm d(g; gc) = 0:

Furthermore, up to dierences on a nullset, [g; ] only contains one representative,g; ,

and f g%g and f gtg both L2-converge tog; . In particular, g; 2 U°.

Proof. Note that De nition 3.10 of an amenable subset implies that the de ated sets
of fglg and fglg are empty. Therefore, all representatives of §; ] dier at most by a
nullset, and property (3) of De nition 4.5 implies that ¢2; gt * g1 .

Since allgﬁ’ and g& satisfy the same bounds a.e. in each coordinate chart, it is easy to
see that the set

fi(g)yi®i1 i nk2Ng
is equicontinuous at; in each coordinate chart for bothl = 0and | = 1. Therefore, Remark
4.34 gives thatf glg and f glg converge inL? to g; , proving the second statement. This
also implies that
Jim ko  gkg=0:

But now, invoking Theorem 3.15 gives
- 0.1\ — 0 -
kl!llm d(g¢; g¢) = 0:

The next lemma establishes the strong correspondence betweérf- and ! -convergence
within amenable subsets.

Lemma 4.36. Let U M be amenable, and les 2 U°. Then for any sequencef gcg
in U that L?-converges tog, there exists a subsequendeg, g that ! -converges tog.

In particular, for any element g 2 U°, we can always nd a sequence irlJ that both
L2- and ! -converges tog.

Proof. Let fgcg be any sequencé 2-converging tog2 U°. Then g together with any
subsequence of g«g already satis es properties (1) and (2) of De nition 4.5. This is clear
from Theorem 3.15 and De nition 3.10 of an amenable subset. (Property (2) is empty
here, asf gcg has empty de ated set by the de nition of an amenable subset.) Sincef gkg
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is d-Cauchy by Theorem 3.15, it is also easy to see that there is a subsequenigy,, g of
f gkg satisfying property (4) of ! -convergence.

To verify property (3), note that L2-convergence off g¢. g implies that there exists a
subsequencd gy, g of f gy, g that converges tog-a.e. (Cf. Remark 4.34.)

Given the results that we have so far, we can give an alternative description of the
completion of an amenable set using -convergence instead of?-convergence.

Proposition 4.37. Let U M be an amenable subset. Then the completiod of
U as a metric subspace oM can be identi ed with U°, the L? completion of U, using
I -convergence. That is, there is a natural bijection betweetJ and U° given by identifying
each equivalence class of Cauchy sequengég.g] with the unique element ofU° that they
! -subconverge to.

Proof. The existence result|Theorem 4.20|the rst uniqueness result| Theorem
4.31]and Proposition 4.35 together imply that for every equivalence class [f gcg] of d-
Cauchy sequences itJ, there is a uniquelL? metric g1 2 U° such that every representative
of [fgkg] ! -subconverges tay; , and that the representatives of a di erent equivalence class
cannot also! -subconverge tog; . This gives us the map fromU to U° and shows that
it is injective. Furthermore, by Lemma 4.36, there is a sequence irJ ! -subconverging to
every element ofU°. Thus, this map is also surjective.

With this identi cation, we can de ne a metric on U° by declaring the bijection of the
previous proposition to be an isometry. The result is the following:

Definition  4.38 Let U be an amenable subset. Bydy, we denote the metric on the
completion of U, which we identify Witf'l the L2-0(|)mp|etion UO via Proposition 4.37. Thus,
for go:gr 2 U® and any sequencegg " g0, gi ! @1, we have

du(go;01) = lim  d(gk; gi):
Note that by the preceding results, we can equivalently de nedy by assuming that f g2g
and f gig L 2-converge togo and @i, respectively.

The next lemma shows that the metric dy is nicely compatible with the metric d.

Lemma 4.39 Let U M be amenable, and supposgy;g: 2 U and g 2 U°. Then
(1) d(9;01) = du(go;01), and
(2) d(go;gr) du(9o;g2) + du(g2; Gu).
Proof. Statement (1) is true simply by the de nition of dy. Statement (2) is proved
by applying statement (1) and the triangle inequality for dy.

With a little bit of e ort, we can use previous results to extend Proposition 4.1, a
statement about M , to the completion of an amenable subset. We rst prove a very
special case in a lemma, followed by the full result.

Lemma 4.40. Let U be any amenable subset angP; g 2 U. Let C(n) be the constant
of Proposition 4.1, and letE M be measurable. Then

du(®; (M nE)P+ (E)g) C(n) © Vol(E;g%+ " VoI(E;gl)

Proof. For eachk 2 N, choose closed subsefs, and open subsetdJy such that Fy
E  Ug and Vol(Ux;9) Vol(Fx;g) 1=k. Furthermore, choose functionsfy 2 C1 (M)
satisfying

(1) 0 fx(x) 1forallx2 M,

(2) fx(x)=1for x 2 F¢x and

(3) fk(x) =0 for x 62.
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Then it is not hard to see that the sequence de ned by

g =1 fi)e’+ frgt
L2-converges to (M nE)g°+ (E)g?, so in particular

(4.17) du(g” (M nE)g’+ (E)g")= lim d(g% go):

Furthermore, since g° and all g are smooth, Proposition 4.1 gives

(4.18) dc®g) C) © Vol(Uad®)+ " Voi(Us: g9

By our assumptions on the setsUy, it is clear that Vol( Ux; g% ! VoI(E;g%). So if we can
show that Vol(Uy; o) ! Vol(E;gl), then (4.17) and (4.18) combine to give the desired
result.

Now, becausegy = g* on Fy, we haveZ .

Vol(Uy; ok) = gt e -
Fi Uk nFk
The rst term converges to Vol(E;gt) for k11 by the de nition of Fy. We claim that
the second term converges to zero. Note that since the bounds of De nition 3.10 are
pointwise convex, we can enlargdJ to an amenable subset containinggk for eachk 2 N.
(By the de nition, each g is, at each pointx 2 M, a sum (1 s)g%(x) + sgi(x) with
0 s 1)) Therefore, by Lemma 3.12, there exists a constanK such that

9k K
g

But using this, our claim is clear from the assumptions onUyx and F.

Theorem 4.41 Let U be any amenable subset with2-completion U°. Suppose that
Qo:gr 2UC and letE :=carr(gr  ¢o) = fx 2 M j go(x) 6 gi(x)g. Then there exists a
constant C(n) depending only onn = dim M such that

p p
du(g:;91) C(n)  Vol(E;go)+  VoI(E;g1)
In particular, we have

diamy fg2U%jVol(M;g) ¢ ZC(n)p7

Proof. Using Lemma 4.36, choose any two sequencégf(’g and fg,}g in U that both
L2-and ! -converge toge and gi, respectively. Then by the triangle inequality and Lemma
4.39(1), for eachk 2 N,

(4.19) du(go;g1)  du(go;gd) + d(g2; gp) + du(g; gu):

By Theorem 3.15, the rst and last terms above approach zero ak ! 1 . Furthermore,
we claim that the middle term satis es

lim d(@%:gh)  C(n) | VONE;go)+ | VoEigy ;

which would complete the proof.
By the triangle inequality (2) of Lemma 4.39, we have

(420)  d(gig) du(g: (MnE)R+ (E)g)+ du( (M nE)®R+ ()G g):
By Lemma 4.40, the rst term of the above satis es

q q
du(g; (M nE)g?+ (E)gd) C(n) Vol(E;gd)+ VoOI(E; g}
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Applying Theorem 4.23 allows us to conclude

fm Ayl M B+ (E)gh Cm) © VolEige)+ | VoI(E:g)

Therefore, if we can show that the second term of (4.20) converges to zero &s! 1 ,
then we will have the desired result. Butfglg L2-converges togo and f gig L2-converges
to g;. Additionally, (M nE)go= (M nE)g:. Therefore,

lm (MnE)gi= (MnE)o= (MnE)g=lm (M nE)g;

where the limits are taken in the L2 topology. This implies that, again in the L? topology,
; 0. 1 — 1.
kl!'lm (M nE)g+ (E)gk llll'ln Ok
By De nition 4.38, then,
Jim - dy( (M nE)gi+  (E)gii6) =0;
which is what was to be shown.

Next, we need another technical result that will help us in extending the second unique-
ness result from amenable subsets to all df .

Proposition 4.42 Saygy2M andh?2S, andletE M be any open set. De ne
an L2 tensor g; 2 S° by g1 := go + h°, whereh® := (E)h. Assume that we can nd
an amenable subset) such thatg; 2 U°. Finally, de ne a path g of L? metrics by
g == go+ th? t 2 [0;1].

Then without loss of generality (by enlargingU if necessary), g 2 U° for all t, so in
particular dy(go; g1) is well-de ned. Furthermore,

Z,
(4.21) doeig) L= kh®kq, dt;

i.e., the length of g;, when measured in the naive way, bounddy(go; 1) from above.
Lastly, suppose that onE, the metrics g, t 2 [0; 1], all satisfy the bounds

(@i ()i C and & (x)

forsomeC; > 0,all1 i;j nanda.e.x2E. (That this is satis ed for some C and
is guaranteed byg 2 U®.) Then there is a constantK = K (C; ) such that

du(go; 1) K kh%g:

Proof. The existence of the enlarged amenable subsgtis clear from the construction
of g.. So we turn to the proof of (4.21).

Let any > 0 be given. By Theorem 3.15, we can choose> 0 such that for any
go;6 2U, ken  Gokg < implies d(go; &n) <

Next, for each k 2 N, we choose closed setsy  E and open setsUy  E with the
property that Vol( Ux;g) Vol(Fg;g) < 1=k. Given this, let's even restrict ourselves tok
large enough that

(4.22) k (Ux nFg)hkg < minf ; g:

We then choosef, 2 C! (M) satisfying
Q) fx(xX)=11if x 2 Fy,
(2) fr(x)=0if x 62U and
(3) 0 fg(x) 1forallx2M,
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The rst consequence of our assumptions above is
(4.23) kgt (9o + fkh)kg k(U nFe)h)kg < :

The second inequality is (4.22), and the rst inequality holds for two reasons. First, on
both Fx and M nUy, go + fxh = go+ (Fk)h = g1. Second, onUg nFy, g1 (go+ fxh) =
(1 fy)h, and by our third assumption on f,, 0 1 fx 1. Now, inequality (4.23)
allows us to conclude, by our assumption on, that

(4.24) du(go + fkhigr) < :
Since by the triangle inequality

du(9o;91) du(go;Go + fxh)+ du(go+ fxh;01) <du(go;go + fxh)+ ;

we must now get some estimates owly(go; go + fkh) to prove (4.21).
To do this, de ne a path gf in M, for t 2 [0;1], by g¥ := go + tf ¢h. Then we have, as
is easy to see,
z 1
(4.25) d(go;go + fxh)  L(gF) = kf khkge dt
0

This is almost what we want, but we rst have to replace fh with h® = (E)h. Also note
that the L2 norm in (4.25) is that of g¥. To put this in a form useful for proving (4.21),
we therefore also have to to replacel with g.

Using the facts that on Fy, fxh = h° and gt" = ¢, as well as thatfy =0 on M n Uy,
we can write 7

kfkhk;k Mtrgtk (fch)? "
(4.26) A Z

trg (W2 g+ trge (fih)2
Fx Uy nFg

g

For the rst term above, weZ clearly have

(4.27) trg. (W9 g k hog:

Fk
As for thg second term, it can be rewritten and estimated by

trge (fkh)?

k = K (Uk n Fk)fkhkgk k (Uk n Fk)hkgk;
UgnFy h t t

9
where the inequality follows from our third assumption on fy above. Now, recall that g is
contained within an amenable subsetU. It is possible to enlargeU, without changing the
property of being amenable, so thatU contains gf for all t 2 [0;1] and all k 2 N. (That
the enlarged subset satis es bounds as in De nition 3.10 is clear from the corresponding
bounds ongp and g;, and the fact that they are convex, pointwise conditions|cf. part (4)

of Remark 3.11.) Therefore, by Lemma 3.13, there exists a constark °= K Qgo; g1)li.e.,

K ®does not depend ork|such that

k (U nFi)hkg K% (Uk nFy)hkg:

But by (4.22), we have that k (Ux nFy)hkg < . Combining this with (4.26) and (4.27),
we therefore get
kfkhkétk k hOg + KO:
The above inequality, substituted into (4.25), gives

Zl
d(go; 9f) ; kh%g + KO dt= L(g)+ K©:
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The nal step in the proof is then to estimate, using the above inequality and (4.24), that

du(go; @)  d(go; gf) + du(gf;ar) <L (g)+ @+ K9:

Since was arbitrary and K %is independent ofk, we are nished with the proof of (4.21).
Finally, the third statement follows from the following estimate, which is proved in
exactly the same way as Lemma 3.13:
z 1=2
kh%kg, = trq, h? K (C; )kh%g:
E

With Theorem 4.41 and Proposition 4.42 as part of our toolbox, we are now ready to
take on the proof of the second uniqueness result in its full generality.

So let two d-Cauchy sequences gEg and fgl}g, as well as somay; 2 M ¢, be given.
Suppose further that fggg and fg&g both ! -converge tog; for k!'1 . We will prove
that

(4.28) Jlim d(gg; go) = 0:

The heuristic idea of our proof is very simple, which is belied by the rather technical nature
of the rigorous proof. The point, though, is essentially that for all | 2 N, we breakM up
into two sets, E; and M nE,. The setE, has positive volume with respect tog; , but fgf(’g
and fg&g L2-converge tog; on E,, so the contribution of E; to d(gg; g&) vanishes in the
limit k!1 . The setM nE, contains the de ated sets off ggg andfg&g, so the sequences
need not converge orM nE;. However, we choose things such that Vol nE; g; ) vanishes
in the limit 1 ' 1 , so that Proposition 4.1 implies that the contribution of M nE; to
d(gg; gl}) vanishes after taking the limits k!'1 andl!1 in succession.

The rigorous proof is achieved in three basic steps, which we will describe after some
brief preparation.

For eachl 2 N, let

(429) E;:= x2M detg(x)> :I—L; j(g)rs(x)j<1 8=0;1; k2N; 1 rs n ;

where these local notions are of course de ned with respect to our xed amenable atlas
(cf. Convention 2.53), and the inequalities in the de nition should hold in each chart
containing the point x in question. Thus, E, is a set over which the sequenceg’ neither
de ate nor become unbounded. We rst note that for eachk 2 N, there exists an amenable
subsetU, such that the metrics

g Gcand g+ (EN(ge )
are contained in UE. This is possible due to smoothness og[;{f and gl}, as well as pointwise

convexity of the bounds of De nition 3.10.
The steps in our proof are the following. We will show rst that

(4.30) Jim dy (g ge+ (BE(g 9)=0
for all xed |2 N. Second,
, p
(4.31) Jimody (de+ (B)(g g)ig)  2C(n) Vol(M nEjqr )

for all xed k 2 N (where C(n) is the constant from Theorem 4.41). And third,
(4.32) ||”1m Vol(E ;g1 ) = Vol( M; g1 ):

Since the triangle inequality of Lemma 4.39(2) implies that
d(g;ge)  du(ghak+ (EN(ge g+ du(gl+ (EN(de 9%
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for all I 2 N, taking the limits k!1 followed by 1!1 of both sides then gives (4.28).

We now prove each of (4.30), (4.31) and (4.32) in its own lemma.

Lemma 4.43

Jim dy (deige+ (EN(g 90)=0
Proof. We know that
gode+ (EN(ge 992U

where Uy is an amenable subset. Therefore, for each xed 2 N, Proposition 4.42 applies
to give
(4.33) du(ggi+ (ED(ge 9 Kik (EN(G  9dk;

where K| is some constant depending only orl. (That the constant only depends onl is
the result of the fact that g2 and g} satisfy the bounds given in (4.29) onE,, which only
depend onl.)
Now, recalling the de nition (4.29) of E;, we note that for all 1  i;]j n and all
k 2 N, we havej(gd)ij (x) (a0)i (x)j2 412 for x 2 E|, and hence the family of (local)
functions
fENG;  (9Ji)il ©j  nik2Ng

is equicontinuous at ;. Furthermore, since property (3) of De nition 4.5 implies that

(ENgk!  (E)ar ae. fora=0;1, we have that (E;)(gt g2) ! 0 a.e. Therefore,
Remark 4.34 implies that

k (EN(dge dkg! O
for k!1 . Together with (4.33), this implies the result immediately.

Lemma 4.44
[ p
Jim du (g + (E(g 9d:g) 2C(n) Vol(M nE;;g )

Proof.  First note that g = gg + (E))(g gE) on E;. Therefore, by Theorem 4.41,

q q
du(gR+ (E(ge g;g) C(n)  Vol(M nE;gd)+ Vol(M nEj;gh)

But now the result follows immediately from Theorem 4.23, since VolM nE;df) !
Vol(M nE;g; ) fori =0;1.

Lemma 4.45
|I|i1m VOI(E|; 01 ) =Vol( M; g1 ):

Proof. Recall that Xg, M denotes the de ated set ofg; , i.e., the set whereg;
is not positive de nite. This set has volume zero w.r.t. g; , since g =0 a.e. on Xg, .
Therefore Vol(M; g1 ) =Vol( M nXg, ;01 ).

We note that (E;) converges a.e.to (M nXgy, )andthat (E|)(x) 1forallx2 M.
Sinceg; has nite volume, the constant function 1 is integrable w.r.t. g , and therefore
the Lebesgue dominated cgnvergence theozrem (Theorem 2.14) implies that

lim Vol(Ej; g1 ) = lim (E)) ¢ = M nXg ) ¢ =Vol(M nXg, ;01):
1 n M

As already noted, Lemmas 4.43, 4.44 and 4.45 combine to give the desired result. We
summarize what we have just proved in a theorem.
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Theorem 4.46 Let[g; ]2 ;. Suppose we have two sequencbgfjg and fg&g with
ogt!' [m]fork!1l . Then

; 0.1y — -
kl!llm d(g:g) =0;
that is, fggg and f gig are equivalent in the precompletionﬁpre of M .

As we have already discussed, combining this theorem with the existence result (The-
orem 4.27) and the rst uniqueness result (Theorem 4.31) gives us an identi cation ofv

with a subset of f ¢ . We summarize this in a theorem:

Theorem 4.47. There is a natural identi cation of M , the completion of M , with a
subset ofl ;, the measurable semimetrics with nite volume onM modulo the equivalence
given in De nition 4.4.

This identi cation is given by an injection : M | M ¢, where we map an equivalence
class [f gkg] of d-Cauchy sequences to the unique element 8k ; that all of its members
I -subconverge to. This map is an isometry onto its image if we givd M) the metric d
de ned by

d((gol: [anl) = Jim ~ d(gk; gi)
where f g2g and f gig are any sequences irM ! -converging to [go] and [gi], respectively.

This is an extremely useful theorem, as it allows us to drop the distinction between an
! -convergent sequence and the element & ¢ thatit converges to. By Lemma 4.6, we can
even identify an! -convergent sequence with any representative of the equivalence class in
M ; that it converges to. From now on, we will employ this trick to simplify formulas and
proofs.

Our job in the next chapter will be to show that the identi cation described in Theorem
4.47 is actually a surjection. This will allow us to identify M with the space o ¢ itself,
instead of just a subset thereof. In doing so, we will prove the main result of this thesis.






CHAPTER 5

The completion of M

In this chapter, our previous e orts come to fruition and we are able to complete our
description of M by proving, in Section 5.4, that the map : M! M ; de ned in the
previous chapter is a bijection.

To prepare ourselves for this proof, Section 5.1 rst looks at a simpler example of
a completion, namely that of the orbit space of the conformal groupja submanifold
of M that we rst encountered in Section 2.5. This example is not just illustrative of
our situation|formally it is extremely similarly to our proof of the surjectivity of |,
though the latter is, of course, signi cantly more challenging technically. Nevertheless,
the computations of this example will be directly employed in the surjectivity proof.

Section 5.2 provides some necessary preparation for the surjectivity proof by going into
more depth on the behavior of volume forms under -convergence. After this, Section 5.3
presents a partial result on the image of . Namely, we show that all equivalence classes
of measurable, bounded semimetrics (cf. De nition 2.57) are contained in (M ). This
marks the nal preparation we need to prove the main result.

5.1. Completion of the orbit space of P

For our xed but arbitrary metric g 2 M , consider the orbit spaceP g. (Later we
will consider this space for other metricsg2 M rather than just our xed g. But since g
was chosen arbitrarily, anything we prove aboutP g will hold for P g as well.) Recalling
that P is the Fechet Lie group of smooth, positive functions on M, we see that the orbit
consists of metrics of the form g, where is a positive C1 function. As we have already
seen in Subsection 2.3.3, sinck is an open subset ofc! (M), each tangent space toP g
is canonically identi ed with C! (M) g, the set of what we called pure trace tensors.

By Proposition 2.45, there is an open setd C! (M) with the property that the
exponential mapping exp, is a di eomorphism between the setU g and P g. For
convenience, we de ne a mapping

UIP g
(5.1)

S|

n

7! ex = 1+ - :
Py(9) 7 9

Note that is not an isometry on radial geodesics, since th&? norm induced by g on

functions is a non-unit scalar multiple of the L? norm induced by g on pure trace tensors:

Z Z

(9:9)g= trg((g)g)) ¢= tr(1) g=n g=n(C g
M M M

where we have denoted then n identity matrix by |. By the abode, if we de ne a radial
geodesic byg: = (t ) for t 2 [0; 1], then we getL(gt) = kg kg =" nk Kg.
We can even determine the set) explicitly. Let 2 C! (M). Algebraically, we could
dene for any such , butif we want ( ) to be a metric, we must at least require that
(x) 6 % forall x 2 M. Furthermore, since is de ned using exp,, we should have that
if ( )isdened, then (t )is dened (and is a metric) for t 2 [0; 1]. This rules out the

97
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possibility that (x) < % at some pointx 2 M, so we see that
4
(5.2) u= 2c¢ctmm) x> ﬁforausz

By Proposition 2.42, P gis at. In the case of a strong Riemannian Hilbert manifold,
as in the case of a nite-dimensional manifold, this would imply that expy is an isometry,
and hence that is an isometry up to a scalar factor. But sinceP gis a weak Riemannian
manifold, to make this conclusion we would rst have to prove such a general result. This
is not necessary, however, as we can show directly that the desired conclusion holds in our
case.

Proposition 5.1 Up to a scalar factor of P n, is an isometry. More precisely, if
dp 4 is the distance function induced onP g as a submanifold of(M ;(; )), we have

dog( () ()= "k kg
forall ; 2 U.

Proof. We rst notethat P g= P (). As above, we can nd a neighborhood
V 2 C! (M) such that the map

"VIP ¢

[EN

(5.3)

Texp (H( (D= 1+5 " ()

is a di eomorphism. D
Now Proposition 2.29 implies thatde ¢( ( ); ( ))= " nk' 1 ( )kg, since the short-
est path between ( ) and ( ) is the unique radial geodesic emanating from ( ) and

ending at ( ). Therefore, we must prove thatk' * ( )kg =k Kg-
Wedene :=' ' (). Then' ()= () implies, by (5.1) and (5.3), that
n n & n &
+ — + — = + — :
vy 1t 9= 1y g
Solving for gives
4 n n 1
v 1 — —
= = — 1+ — 1+ - 1
) n 4 4
Now, since 4 = ™2 4forany 2P, we have
n 2
O= 1+ ¢
Using these two equations, we nish the proof with a computation:
16 n n 1 2
k1 ()K= 1+ 1+ — 1
() ()~ n2 M 4 4 ()
1 2 2
= LG 1+ E 1+ E 1 1+ E g
(5.4) n2 M 4 4 4
' 16 n n 2
= — 1+ - 1+ - g
22 M 4 4
= ( ) g=k K
M

Using this proposition, we can immediately determineP g, the completion of an orbit
of the conformal group.
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Theorem 5.2 P gis isometric to the set of tensors of the formg with measurable,
(%) 0 a.e., antf_IQVoI(M; g) < 1. Equivalently, this set is those metrics g where
2L"™2(M),ie., ™2 g<1,and (x) Oae.

The distance function onP g is given byds—( 19; 20) = Pk L »0) L 20)kg.

Remark 5.3. Although L"2(M) is not a normed space fom = 1, we simply de ne it
as the set of measurable functions with integrable square root.

Proof of Theorem 5.2. Let's look at the rst statement. The equivalence of the
Mo formkgations in the theorem is clear from the fact that ¢ = n=2 g: SO VoIl(M; g ) =

g = n=2 g- We will therefore show only the second statement.

Since is an isometry, up to a scalar factor, it is clear thatP g= (U), where U is
the open neighborhood on which is a di eomorphism. But from (5.2) and the fact that
k kg is the L2 norm on functions, we immediately see that

— 4
U= 2L%M) (x) sae
and therefore
S _ n = 4
P g= (U)= 1+ "g  2L3M); (x) _ae
Ifwedene = ()= 1+F4 " then it remains to prove that 2 L"“?(M) for any
2 L2(M). But
z z z z 5 Z
n=2 - 1+ n 2 = + n + n- 2 .
M g M 4 g M g 2 M g 16 M g

The rst term in the above expression is nite by compactness of M, and the third is
nite since 2 L?(M). Using this, one can then see the second term is nite by Helder's
inequality.

As for the statement about the distance function, thi?)follows from the fact that
extends uniquely to an isometry (up to the scalar factor’ n) from U to P g. This is
thanks to statement (3) of Theorem 2.1.

This theorem immediately tells us what the completion of M is when M is one-
dimensional|of course, there is only one di eomorphism class of compact one-dimensional
manifolds, so in this caseM = S!. The theorem gives us complete information here be-
cause any smooth metric onS! can be obtained from the standard metricg by multi-
plication with a smooth function. Therefore M = P g, and Theorem 5.2 immediately
implies:

Corollary 5.4 We work over a one-dimensional base manifolt , so thatM = S?.
Let g be the standard metric onS*. Then

M= giP 2LMg): (x) O0ae

Of course, we still have an in nite number of cases left to deal with if we want to nd
the completion of M in arbitrary dimension. We need a few preliminary results in order
to proceed.

5.2. Measures induced by measurable semimetrics

For use in Section 5.4, we need to record a couple of properties of the measurg
induced by an elementg2 M ¢ .
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5.2.1. Weak convergence of measures.  The rst property we wish to prove is the
following. Supposeg-2 M ; and fgcg is a sequence -converging to g Furthermore, let
2 CO(M) be any continuous function. Then we claim that

lim K kg, = k ky;

where we recall that for any measurable semimetrig and any function on M,
z 1=2
k kg = g
M
To prove this, we need to introduce the notion of weak convergencgsometimes also
called weak-* convergencg of Borel measures. We do this in the general setting before we
apply it to our situation. So let X be a topological space, and denote b (X ) the set of
nonnegative, totally nite measures on the Borel algebra ofX . (Recall that a totally nite
measure is one for which every measurable set has nite measure.) Suppose that our space
X is completely regular. By this we mean that points and closed sets are separated by
continuous functions, i.e., given any closed seF X and any point X 62, there exists a
continuous functionf : X ! Rwith f(x)=0and f(y)=1forall y2 F. Most common
spaces satisfy this condition; in particular, every topological manifold (and hence our base
manifold M) is completely regular. In this setting, we can make the following de nition.

Definition 5.5, The sequencd g M (X) is said to converge weakiyto 2 M (X)
if for every bounded continuous fu?ctionf on%( ,

fd g! fd:
X X
To prove that ! -convergence of metrics implies weak convergence of the induced mea-
sures, we need the Portmanteau theorem52, Thm. 8.1], a portion of which we quote
here:

Theorem 5.6 (Portmanteau theorem). Let be a measure inM (X)), and letf xg be
a sequence inM (X ). Then the following conditions are equivalent:

(1) « converges weakly to ,
(2) limsup «(F)= (F) for all closed setsF X,

With this theorem at hand, it is a simple matter to prove the claim from above.

Lemma 5.7. Let g 2 M ¢, and let 2 C%M) be any continuous function. If the
sequencef gcg ! -converges tog, then g converges weakly to g, So in particular

lim K kg, = k kg

Proof. We wish to apply Theorem 5.6, which refers to Borel measures. According
to our conventions, the measures g and ¢ are considered as measures on the Lebesgue
algebra of M, but since the Borel algebra is a subalgebra of the Lebesgue algebra, we can
use Theorem 5.6 by simply restricting these measures to the Borel algebra.

By Theorem 4.23, condition (2) of Theorem 5.6 holds. Therefore, g converges weakly
to g, implying the lemma immediately.

5.2.2. LP spaces. We now move on to the next fact we need. In this subsection, we
prove thatif g2 M ¢, i.e., gis a measurable, nite-volume semimetric, then the set ofct
functions is dense inLP(M; g) for1 p < 1, just as in the case of a smooth volume form.
(Of course, by LP(M; ) we mean those functions onM whose absolute value to thep-th
power is integrable with respect to 4.)

To prove this claim, we rst prove a statement about measures onR" that is proved
almost identically to [4, Cor. 4.2.2], where the statement is made for Borel measures. To
prove it for Lebesgue measures, only one tiny modi cation is necessary.
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Theorem 5.8. Let a nonnegative measure on the algebra of Lebesgue sets iR"
be bounded on bounded sets. Then the cla€ (R") of smooth functions with bounded
support is dense inLP(R"; ), 1 p<1.

Proof. By the proof of [4, Cor. 4.2.2], if F is any Borel measurable set with (F) <
1 ,then F can be approximated to arbitrary accuracy by sets from the algebraC generated
by cubes with edges parallel to the coordinate axes. (By this we mean that for any given

> 0,we can nd asetA2Csuchthat (FnA)+ (AnF)< )

Now, say that E is a Lebesgue measurable set with(E) < 1 . Then by Lemma 2.13,
E = F[ G, whereF is Borel measurable and (G) = 0. By approximating F with sets
from C, we can therefore approximateE with sets from C.

This means that linear combinations of the characteristic functions of sets inC are
dense inLP(R"; ). But we can easily approximate such functions by smooth functions
with compact support|it su ces to be able to approximate any open cube, which is easily
done.

Now, since anyg-2 M ¢ has nite volume, its induced measure ¢ clearly satis es the
hypotheses of the theorem in any coordinate chart. Therefore, we have:

Corollary  5.9. If g2 M ¢, then C! (M) is dense inLP(M; g).

5.3. Bounded semimetrics

In this section, we go one step further in our understanding of the injection : M'!

M ; that was introduced in Theorem 4.47. Speci cally, we want to see that the image
( M) contains all equivalence classes of bounded, measurable semimetrics (cf. De nition
2.57).

Our strategy for proving this is to rst prove the fact for smooth semimetrics by
showing that for any smooth semimetric go, there is a nite path g, t 2 (0;1], in M
with lim ¢ oo = go (Where we take the limit in the C! topology of S). Similarly to the
constructions in Section 2.1, it is then simple to construct a sequencég, g from g such
that g, ! g for k11 . If we simply let ty be any monotonically decreasing sequence
converging to zero, then it is trivial to show ! -convergence of this sequence.

5.3.1. Paths to the boundary. Before we get into the proofs, we put ourselves in
the proper setting, for which we rst need to introduce the notion of a quasi-amenable
subset. These are de ned by weakening the requirements for an amenable subset (cf. Def-
inition 3.10), giving up the condition of being \uniformly in ated":

Definition  5.10. We call a subsetU M quasi-amenableif U is convex and we can
nd a constant C such thatforallg2U,x2 M and 1 i;j n,

(5.5) jg (x)j  C

Quasi-amenable subsets are bounded subsets 8f but they can run right up to the
boundary of M as a topological subset ofS. We denote this boundary by @ . Since
M consists of all smooth (Q2)-tensor elds on M which induce positive de nite scalar
products on TxM at all x 2 M, we have that each tensor eld in @1 induces a smooth,
positive semide nite scalar product at each point of M. That is,

@ =fh2Sjh62Mandh(x)(X;X) Oforall X 2 TyMg:

So@ consists of all smooth semimetrics that somewhere fail to be positive de nite.
Let U be any quasi-amenable subset, and denote by ¢} the closure ofU in the C?
topology of S. Thus, cl(U) may contain some smooth semimetrics.
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Now, suppose somay 2 cl(U)\ @M is given, and letg; 2 U have the property that
h: =0 go2M,ie., that his positive de nite. Exploiting the linear structure of M,
we de ne the simplest path imaginable from gy to g;:

(5.6) O = go + th:

Then by the convexity of U, g; is a path (0;1] ! U with limit (in the topology of S) as
t! 0 equal togp.

Remark 5.11 We make two remarks about this setup:
(1) Requiring that h > 0 is a technical assumption that we will use later; we do not
believe it to be essential to the end result.

(2) It is not hard to see that any gy 2 @M is contained in cl(U) for an appropriate
quasi-amenable subsetJ.

Recall that the length of g; is given by
L= kakgdt= — tre (@7 o
(5.7) z, z 0 122
= trg (h?)  det(g lg) o dt
0 M

To prove that g; is a nite path, we must therefore estimate the integrand,
p__
trg (h?) det(g lgy):

This will follow from pointwise estimates combined with a compactness/continuity argu-
ment.

5.3.2. Pointwise estimates. Let A =(a;j) and B =(lb;) be real, symmetricn n
matrices, with A; ;= A+ 1tB fort 2 (0;1]. We will assume thatB > Oandthat A 0. (In
this scheme,A and B play the role of go(x) and h(x), respectively, at some pointx 2 M .)
Furthermore, we x an arbitrary matrix C that is invertible and symmetric (this plays the
role of g(x)).

o . P .

Therﬁfore, to get a pointwise estimate on tg (h?) detg lg, we need to estimate
tra,(B?) det(C IA;). We prove the desired estimate in three lemmas.

For any symmetric matrix D, let D, = D D = D . be its eigenvalues
numbered in increasing order.

Lemma 5.12
At A B
min min t t min
At A B A B
max max + t max max + max

Proof. By Lemma 2.10, the function mapping a self-adjoint matrix to its minimal
(resp. maximal) eigenvalue is concave (resp. convex). This, combined with the facts that
B x> 0(sinceB> 0)andt 1, gives the result immediately.

Lemma 5.13

n 1
n B 2 A "7z

O
tra, B>~ detC 1A; p max max

A B 32
detC min +1 min

Proof. We focus on the trace term rst. Note

tra(B)=tr A B’ :
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Since B is a symmetric matrix, there exists a basis for whichB is diagonal, so that
B =diag( $;:::; B). Inthis basis, if we denoteA, ! = (&), then we have

1p 2 X ij B,ji B
tr AtB = atjati

(5.8) i
i 2
max &
ij
= P “tr A?

where the second line follows from symmetry ofA, * and the last line follows from
X X 2
waz="dd =" a
ij i
Now, recall from the discussion in the proof of Lemma 2.35 that the trace of the square
of a matrix is given by the sum of the squares of its eigenvalues. Therefore,

2 X A 2 A 2
(5-9) tr At = it n mtin :
[
This takes care of the trace term.
For the determinant term, we clearly have
(5.10) detAc= f A AL AT

Combining equations (5.8), (5.9) and (5.10) with the estimate of Lemma 5.12 now imme-
diately yields the result.

SinceA 0, we know that %, 0. Therefore we can also immediately write the
estimate of Lemma 5.13 in a weaker, \worst-case" form:

Lemma 5.14
n 1

p n B 2 A7 4

tI’At 82 detC lAt p max max ey

detC B

min

3=2 3=2

5.3.3. Finiteness of L(g). We want to use the pointwise estimate of Lemma 5.14
to prove the main result of the section.

It is clear that to pass from the pointwise result of Lemma 5.14 to a global result, we will
have to estimate the maximum and minimum eigenvalues oh, as well as the maximum
eigenvalue ofg;. We begin by noting that since we work over an amenable coordinate
atlas (cf. De nition 2.52), all coe cients of h, g and gy are bounded in absolute value.
Therefore, so are their determinants. In particular, sinceg > 0 and h > 0, we can assume
that detg Cp and C;  deth C, over each chart of the amenable atlas for some
constants Cy; C1;Co > 0.

Lemma 5.15 The quantites .. and ., as local functions on each coordinate

chart, are uniformly bounded, say 'r}m(x) Czand $ax(x) Cq4 for all x andt.

Proof. Recall the formula (2.13) for the maximal eigenvalue of a symmetric matrix.
If hh; i is the Euclidean scalar product in a chart around the pointx 2 M, then

h = . 1 Ot - . H
max (X) vrg%xM Hv;h(x)vi and 2. (X) Vrgl%xM hv; g (x)vi
hv;vi =1 Hv;vi =1
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Keep in mind that we work over an amenable atlas and that the unit sphere in each
TxM (with respect to the Euclidean scalar producthh; i ) is compact. Sinceh is continuous
and g 2 U for all t 2 (0; 1] we can nd some constant that boundsjhjj (x)j and j(g)jj (X)]
uniformly forall x 2 M, all1 i;j n, and all t 2 (0; 1].

From this uniform bound, it is easy to see that there are constantsCz and C4 such
that

Hv;h(x)vi  Cz; hv;g(x)vi Cy
forall x 2 M, t 2 (0;1] andv 2 TxM with hv;vi = 1. Since passing to the maximum
preserves these inequalities, we get the desired bounds on the eigenvalues.

Lemma 5.16. The quantity . , as a function over each coordinate chart, is uniformly

bounded away from 0, say .. Cs> 0.

Proof. Letting as usual (x) h(x) be the eigenvalues ofh(x) listed in
increasing order, we have

deth()= 1(x) R  in() max ()" *:
Therefore, by Lemma 5.15 and the discussion before it,
hin(X)  Max(¥)! "deth(x) C3 "Cp=: Cs:

Theorem 5.17. De ne a path g; as in (5.6). Then

L(g) <1:
Proof. At each point x 2 M we have

n 1
hax () 2( Bax(X) 7 1
bV —— 3=2 3=2
detg(x) N. (x) t

1 C% n_1 1] . Cs )

2 = :
Coc3? 4 132 T 132

where the rst inequality follows from Lemma 5.14, and the second line follows from the
discussion before Lemma 5.15, as well as Lemma 5.15 itself and Lemma 5.16.
By the integrability of t 37, then,
Z, Z 1=2

p
trg o (h(x)?) det(g(x) 1gi(x))

(5.11)

p
L(g) = . trg 0 (N(x)?) det(g(x) 1a(x)) ¢ dt
Z, Z 1=2 Z,
o " 1::37:2 g dt— CGVO'(M,g) 0 t37=4dt< 1 .
5.3.4. Bounded, nonsmooth semimetrics. We now move on to showing that the

equivalence class of any bounded semimetric, not just smooth ones, is contained inM ).
The results we've just proved will come in handy.

Let's review what we already know about the image of . From Proposition 4.37, we
know that the completion of an amenable subset) can be identi ed with its L?-completion
U°. So the equivalence class of any measurable metric that can be obtained as thé limit
of a sequence of metrics from an amenable subset belongs toM ). Furthermore, as we
noted in the introduction to this section, it is easy to see that Theorem 5.17 implies that
for any smooth semimetric g; there exists a sequence itM that ! -converges tog- Thus
[¢] also belongs to (M ).

Recall that by the discussion following Theorem 4.47, it is not necessary to distinguish
between equivalence classes in 1) (or individual semimetrics that represent them)
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and sequences irM that ! -converge to them|i.e., points of M . Thus, for the types of
(semi)metrics listed in the last paragraph, we will continue to drop this distinction in what
follows|expressions like d(go;g:1) are well-de ned even whengy and g; are not smooth
metrics, as long as we havegp];[01] 2 ( M).

We will achieve our goal in this section essentially through studying the completion
of a quasi-amenable subset (cf. De nition 5.10) analogously to the methods we used for
amenable subsets in Section 3.2.

To begin with, we want to prove a result about quasi-amenable subsets that is a
generalization of Theorem 3.15. That result was for amenable subsets, and so we expect
the result for quasi-amenable subsets to be weaker. This is indeed the case, but before we
can prove the larger result, we rst need to prove a couple of lemmas.

Lemma 5.18 Let U M be quasi-amenable. Recall that we denote the closure Of
in the C! topology of S by cl(U), and we denote the boundary oM in the C! topology
of S by @M . Then for each > 0, there exists > 0 such thatd(go;go+ g) < for all
Qo 2 cl(U)\ @M.

Proof. For any go 2 cl(U)\ @V, we consider the pathg; := go + th, whereh := g
andt 2 (0;1]. The proof consists of reexamining the estimates of Theorem 5.17 and
showing that they only depend on upper bounds on the entries ofp (and g, but we get
these automatically when we work over an amenable atlas), and that the bound on the
length of g; goes to zeroas ! 0.

So, recall the main estimate (5.11) of Theorem 5.17:

2 n_ 1
a9 P Rax() 7 1
V' 3=2 3=2"
detg(x) n. (x) t
Since detg(x) is constant w.r.t. , we ignore this term. By Lemma 5.12,

B () B () F ()= B )+ (X

where the nal inequality follows since the eigenvalues of g(x) are clearly just times

the eigenvalues ofg(x). Therefore, using the same arguments as in Lemma 5.15,%ax (X)

is bounded from above, uniformly inx and t, by a constant that decreases as decreases.
Furthermore, this constant does not depend on our choice ofyy 2 cl(U)\ @, since
the proof of Lemma 5.15 depended only on uniform upper bounds on the entries aj,

and we are guaranteed the same upper bounds on all elements of U\ @M sinceU is

guasi-amenable.

We now focus our attention on the term

p
trg 0 (h(x)?) det(g(x) gi(x))

N0 2 GaxO)? _ ( Fax(x)2 P -
00 0 g0

This expression clearly goes to zero as! 0. Therefore, we have shown that the constant
Ce in the estimate (5.11) depends only on the choice oJ and , and that Cg ! 0 as
I 0. The result now follows.

The next lemma implies, in particular, that @ is not closedin the L2 topology of S,
nor is it in the topology of d on ( M ). It also implies that around any pointin M , there
exists noL?- or d-open neighborhood.

Lemma 5.19 Let U 2 M be any quasi-amenable subset. Then for all> O, there
exists a function 2 C! (M) with the properties that for all g; 2 U,

1) w2,

2) (x) 1lforall x2 M,

() kan  akg< and
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(4) d(g1; 1) <

Proof. Let xo2 M be any point, and for eachn 2 N, choose a function , 2 Ct (M)
satisfying
(1) n(x0) =0,
20 n(x) 1forallx2 M and
(3) n 1 outside an open seZ, with Vol( Z,;g9) 1=n.

Then clearly kg, nOikg! Oasn!l , and this convergence is uniform ing; because
of the upper bounds guaranteed by the fact thatg; 2 U.

Furthermore, if we estimate the length of the path gf' := n01 + t(g1 n01), there
will be no contribution to the integral from points of M nZ,, and on Z,,, we can nd a
constant Cg as in (5.11) that does not depend om, simply by assuming the worst case
that , 0onZ, for all n. Furthermore, Cg does not depend orgs, just on the choice of
U, by the same arguments as in the proof of Lemma 5.18.

Therefore we get that

p—zl 1 rCiZl 1
L(g") Co VOI(Zn; 0) ) —— dt 6

LN

which converges to zero as1 ! 1 . Choosingn large enough completes the proof.

The next theorem is the desired analog of Theorem 3.15. Note that only one half of
Theorem 3.15 holds in this case, and even this is proved only in a weaker form.

Theorem 5.20 Let U M be quasi-amenable. Then for all > 0, there exists > 0
such that if go; 91 2 cl(U) with kgo  g1kg < , then d(go; 91) <
In particular, d is uniformly continuous in the L2 topology of M when restricted to
cl(U), and if :(cl(U);k kg) ! (cl(U);d) is the identity mapping on the level of sets (i.e.,
(9) = @), then is uniformly continuous.

Proof. First, we enlarge U if necessary to includeall metrics satisfying the bound
given in De nition 5.10. This enlarged U is then clearly convex by the triangle inequality
for the absolute value, and hence it is still a quasi-amenable subset.

Now, let > 0 be given. We prove the statement rst for go; g1 2 cl(U)\ @, then
use this to prove the general case.

By Lemma 5.18, we can choose; > 0 such that d(§;§+ 10) < =3 forall g 2
cl(U)\ @ . We de ne an amenable subset oM by

U= fg+ 19j02Ug:
This set is, indeed, amenable, since for each 2 M, Lemma 2.10 implies that
900 R0+ R0 1 i (0
Now, by Theorem 3.15, there exists > 0 such that if go; &1 2 U% with kep kg <
then d(go; 1) < =3. Let go;01 2 cl(U)\ @ be such thatkgy gikg < . If we de ne

g := g+ 19fori=1;2 thenitisclearthat kgp &1kg= kgo gikg< . Given this and
the de nition of 1, we have

d(9:;091)  d(9o; &) + d(8o; &) + d(g1;q) < :

Now we prove the general case. Let > 0 be given. By the special case we just
proved, we can choose > 0 such that if go;en 2 cl(U)\ @1 with kg enkg < , then
d(go; 61) < =3. Let go; 01 2 U be any elements withkgo g1kg < . By Lemma 5.19 and
our enlargement ofU, we can choose a function 2 cl (M) such that for i =0;1,

(1) gi2cl(U)\ e,
2) (x) 1lforallx2 M, and
(3) d(g; gi) < =3.
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(If g 2 cl(U)\ @M for both i =1 and 2, we might as well just choose  1.) In particular,
the second property of implies that

kg1 Qgokg ko1 gokg<:
Then we immediately get

d(do;g1)  d(o; o) + d(go; ga)+ d(ga;qn) < :
This proves the general case and thus the theorem.

Remark 5.21 Let's take a brief moment to discuss why only one half of Theorem
3.15 holds for quasi-amenable subsets. The problem is that the determinants of elements
of a quasi-amenable subset need not satisfy any uniform lower bounds. Hence two metrics
go and g; from a quasi-amenable subset can di er greatly with respect tok kg, yet do so
only on a subset ofM that has small volume with respect to gg and g; themselves. In this
situation, Proposition 4.1 implies that d(go; g1) will also be small. So we cannot say that
kg1  Qokg is small wheneverd(go; 91) is, and something like statement (2) of Theorem
3.15 cannot hold for quasi-amenable subsets.

With the above theorem at hand, it is now possible to obtain the information on ( M)
that we desired. First notice that a bounded semimetric is precisely a semimetric that can
be obtained as thelL ? limit of a sequence of metrics contained within some quasi-amenable
subset.

Using the relationship betweend and k kg determined in Theorem 5.20, we can prove
the following.

Proposition  5.22 Let [g] 2 K1 be an equivalence class containing at least one
bounded, measurable semimetric. Then for any bounded representatige? [g], there exists
a sequence gcg in M that both L2- and ! -converges tog. Thus [¢] 2 ( M).

Moreover, supposeg 2 U° for some quasi-amenable subsd M . Then for any
sequence gig in U that L2-converges tog, f g g is d-Cauchy and there exists a subsequence
fokg that also ! -converges tog.

Proof. By the discussion preceding the proposition, for every representativg 2 [g],
we can nd a quasi-amenable subset) M such that g 2 U°. (Recall that U° denotes
the completion of U w.r.t. k kg, cf. De nition 3.18.) Thus, there exists a sequencef g/g
that L?-converges tog- It is d-Cauchy by Theorem 5.20. We wish to show that it contains
a subsequencégcg that also ! -converges tog;- so we still need to verify properties (2){(4)
of De nition 4.5 (we just noted that fgkg is d-Cauchy, so property (1) holds).

By passing to a subsequence, we can assume that property (4) is satis ed fég g. We
verify property (3) in the same way as in the proof of Lemma 4.36. That is,L ?-convergence
of f g g implies by Remark 4.34 that there exists a subsequencigg of f g g that converges
to g a.e. Finally, a.e.-convergence of gxg to g and continuity of the determinant function
imply that property (2) holds.

Thus, like we did for more restricted types of metrics before, this proposition allows
us to cease to distinguish between bounded semimetrics and sequendesonverging to
them.

5.4. Unbounded metrics and the proof of the main result

Up to this point, we have an injection : M! M ;, and we have determined that
the image ( M) contains all equivalence classes containing bounded semimetrics. In this
section, we prove that is surjective. We will make good use of what we already know
about ( M) in order to do so.
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The following theorem is the surjectivity statement. It is proved using the same
philosophy as in the construction of the completion ofP g that was given in Section 5.1.
We simply need to adapt the arguments given there to our situation.

Theorem 5.23 Let any [g] 2 M ; be given. Then there exists a sequendag in M
such that

ax ! [gl:
Thus, : M! Ri; is surjective.

Proof. In view of Proposition 5.22, it remains only to prove this for the equivalence
class of a measurable, unbounded semimetrig 2M .
Given any elementd'2 M ¢, we can de ne exp, on tensors of the form @, where is
any function, purely algebraically. We simply set
4=n

(5.12) exp( 9) = 1+ % 0;

so that the expression coincides with the usual one g2 M and 2 C! (M)with >
(cf. (5.2)). If is additionally measurable, then exg( 9) will also be measurable.
Now, let g2 M ;. Then we can nd a measurable, positive function on M such that
0o .= ¢ is a bounded semimetric. The same calculation as in the proof of Theorem 5.2
shows that nite volume of g implies := 12 L"3(M;go).
Denethemap by ( ):=expgy(9go), and let

4
(5.13) = n=4 1

Then clearly ( ) = go = 9. Moreover, we claim that 2 L?(M;gg) and hence, by
Corollary 5.9, we can nd a sequenced g of smooth functions that converge inL?(M; go)
to . That 2 L?(M;go) follows from two facts. First, 2 L"2(M;go), implying
that "% 2 L?(M;go). Second, nite volume of g implies that the constant function
12 L?(M;go) as well.

Since ! in L2(M; go), Remark 4.34 implies that by passing to a subsequence, we
can also assume that y ! pointwise a.e., where we note that here, \almost everywhere"
means with respect to g. With respect to the xed, smooth, strictly positive volume
form 4, this actually means that (x)! (x) fora.e.x 2 M nXyg,, sinceXg, is a nullset
with respect to 4. Note also that X4, = Xg, since we assumed that the function is
positive. Therefore ((x)! (x) fora.e.x2 M nXg.

Furthermore, since from (5.13) and positivity of it is clear that > %, we can
choose the sequencé g such that , > % for all k 2 N. This implies, in particular,
that X (,)= Xg, = Xg, Which is easily seen from (5.12).

We make one last assumption on the sequende xg. Namely, by passing to a subse-
guence, we can assume that

4
n

X
(5.14) K k+1 kKgy < 1 :

k=1
Using a limiting argument, we can show a statement analogous to, but weaker than,

Proposition 5.1. Namely, if d is the metric on ( M) de ned in Theorem 4.47, then

(5.15) d () () Tk kg

forall ; 2 C!(M)with ; > %. We delay the proof of this statement to Lemma
5.24 below, though, and rst nish the proof of the theorem.

We wish to construct a sequence that! -converges tog-using the sequencd ( )g.
We can't use f ( )g directly, since it is a sequence in (M), not M itself. So we
rst verify the properties of ! -convergence forf ( x)g and then construct a sequence
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in M that approximates f ( x)g well enough that it still satis es all the conditions for
! -convergence.

Since the sequencé g is convergent in L%(M;go), it is also Cauchy in L2(M;go).
Using the inequality (5.15), it is then immediate that f ( ¢)g is a Cauchy sequence in
(( M);d). This veri es property (1) of ! -convergence (cf. De nition 4.5).

We next verify property (3). Note that Xg X; (,)g, Since we have already shown
that X (,) = Xg. (Keep in mind here the subtle point that X  ,, is the de ated set of
the individual semimetric ( k), while X; ( ,)qis the de ated set of the sequence ( «)g.
Refer to De nitions 2.57 and 2.58 for details.) The inclusion implies that

M nX; ( g M nXg;

so it su ces to show that  ( ¢)(x)! e&(x) fora.e.x 2 M nXg. But this is clear from the
de nition of  and the fact, proved above, that (x)! (x) fora.e.x 2 M nXg.

To verify property (2), we claim that X; ( ,yg = Xg, Up to a nullset. In the pre-
vious paragraph, we already showed thatXq  Xf (,)q. Furthermore, for a.e. x 2
M nXg, f ( «)(Xx)g converges togfx), which is positive de nite, so for a.e. x 2 M nXg,
limdet ( «) > 0. This immediately implies that X¢ ( ,)g Xg, Up to a nullset.

The last property to verify is (4). But this is immediate from (5.14) and (5.15).

So we have shown thatf ( g)g satis es the properties of | -convergence, save that
it is a sequence of measurable semimetrics, rather than a sequence of smooth metrics as
required. To get a sequence iM that ! -converges tog;recall that each of the functions
is smooth and therefore bounded, and also thaty is a bounded, measurable semimetric.
Therefore, for each xed k 2 N, ( ) is also a bounded, measurable semimetric, and
so by Proposition 5.22 we can nd a sequencégl"g in M that ! -converges to ( ) for
I 'l . By a standard diagonal argument, it is then possible to selecty 2 N for each
k 2 N such that the sequence gl"kg I -converges togfor k! 1 . Thus we have found the
desired sequence.

It still remains to prove (5.15). The following lemma does this and thus completes the
proof of the theorem.

Lemma 5.24 If ; 2 C! (M) satisfy ; > 2, then
p_
dc ( ); () nk Kgo !
Proof.  Sincegy is bounded, we can nd a quasi-amenable subsédil such that gg 2 U°,
i.e., such that go belongs to the completion ofU with respect to k kg. Using Proposition
5.22, choose a sequendayg in U that both L2- and ! -converges togy. For eachk 2 N,

deneamap by k():=expg (g
By the triangle inequality, we have

(5.16) dC (); () dC () «CN+dl k(): kCD+d( k(): ()

for eachk. But since gx 2 M , Proposition 5.1 applies to give

(5.17) d k() k() Pk kg Y PRk kg

where the convergence follows from Lemma 5.7. (Note we have an inequality in (5.17),
rather than an equality like in Proposition 5.1. Proposition 5.1 is a statement about the
metric on P g for someg-2 M . This is a submanifold of M , and the distance between
points in a submanifold is always greater than or equal to the distance in the ambient
space.) By (5.16) and (5.17), if we can show that

dt () (D! 0 and d( «(); (N! O

then we are nished. In fact, if it holds for one, then it clearly holds for the other, so we
prove it only for
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Sincegy; go 2 UP, it su ces by Proposition 5.22 to show that ( ) L2-converges to
( ). But this is simple, for if we set

then ()= gkand ()= go. Thus
k () «()kg=kgo 9gkkg maxj j kgo akkg! O
where the convergence follows from our assumptions on the sequengge

From Theorem 4.47, we already know that the map : M ! M ¢ is an injection.
Theorem 5.23 now states that this map is a surjection as well. Thus, we have already
proved the main result of this thesis, which we state again here in full detail.

Theorem 5.25 There is a natural identi cation of M, the completion of M with
respect to theL? metric, with M ;, the set of measurable semimetrics with nite volume
on M modulo the equivalence given in De nition 4.4.

This identi cation is given by a bijection : M! © ¢, where we map an equivalence
class [f gkg] of d-Cauchy sequences to the unique element 8k ¢ that all of its members
! -subconverge to. This map is an isometry if we giv@l ¢ the metric d de ned by

d([gol; [o]) = Jim  d(ek’: gi)
wheref ggg and f gig are any sequences iM ! -subconverging to[go] and [g1], respectively.

As an end to this chapter, before we describe our application of this theorem, we
brie y discuss the geometry of elements ofl . In fact, an element of &1 ; does not de ne
a geometry in the usual sense, since the metric space structure does not agree between
di erent representatives of one equivalence class. To illustrate this, let's again take our
favorite example M = T2, and consider the two equivalent semimetrics

_ 00 .. _ 10
%= 9 0 f= 9 0

As metric spaces,gp is just a point (the torus is completely collapsed) andg; is a round
circle (one dimension of the torus has collapsed).

On the other hand, since representatives of a given equivalence class ® ; all have
equal induced measures, things likd.P spaces of functions are well-de ned for an equiv-
alence class, as they are the same across all representatives. But even more is trugf
and H*® spaces of sections of ber bundles can again be de ned as in Subsection 2.2.3,
since not only are the measures induced by two representatives equal, but the represen-
tatives themselves are equal almost everywhere with respect to their common measure.
Therefore, an equivalence class doesn't induce a well-de ned scalar product on a vector
bundle at any individual point, but the integral of the scalar product does not depend on
the chosen representative.

So while one must be careful about regarding an element & ; asde ning a geometry,

there are indeed many geometric concepts that are well-de ned for elements ;.



CHAPTER 6

Application to Teichmuller theory

In this chapter, we describe an application of our main theorem to the theory of
Teichmuller space. Teichmuller space was historically de ned in the context of complex
manifolds, but the work of Fischer and Tromba translates this original picture into the
context of Riemannian geometry, using the manifold of metrics. (See, in particular, the
papers [L6] and [17], as well as the related 15], [18], [53] and [54].)

In Section 6.1, we describe Teichmuller space according to Fischer and Tromba's pic-
ture. Along with discussing some properties of Teichmuller space, we also describe a
much-studied Riemannian metric on it, the so-called Weil-Petersson metric. The Weil-
Petersson metric arises very naturally in this context, and there is also a very natural way
to generalize it, which we give in Section 6.2. It is in this section that our application is
given.

The book [55] is an excellent presentation of Fischer and Tromba's approach to Te-
ichmaller space. It is essentially a self-contained work incorporating the references listed
above. We will use it as the standard reference in this chapter|any facts that are not
directly cited or proved can be found in this book.

6.1. Teichmller space

Convention 6.1 For the entirety of this chapter, let our base manifold M be a
smooth, closed, oriented, two-dimensional manifold of genup 2.

Convention 6.2 In this chapter, we abandon Convention 2.51. That is, when we
write g for a metric in M , we no longer assume that this is xed, but allow g to vary
arbitrarily.

6.1.1. The de nition of Teichrmuller space. Since the groupP of positive C1
functions acts onM by pointwise multiplication, we can de ne the quotient space by this
action, M =P. Itis not hard to see that this action is smooth, free and proper, from which
one can show that the quotient spaceM =P is a smooth Fechet manifold. This is called
the manifold of conformal classes orM . The name comes from that of a conformal class
[g], which is the set of all metrics of the form g, where is a smooth, positive function.
We cannot use a conformal class to give a well-de ned notion of the length of vectors
in a tangent space, since this varies among representatives of the class. However, the
angle between two vectors is the same for all representatives, so this notion is well-de ned
for conformal classes. This is analogous to the way that a conformal mapping preserves
angles|in fact, the identity mapping ( M;g) ! (M; g) is obviously conformal for any
g2M and 2P.

Let D denote the Fechet Lie group of smooth, orientation-preserving di eomorphisms
of M (cf. Remark 2.7). There is an action ofD on M given by pull-back. Actually, we can
even de ne the actiononS: forall 2D,h2S,x2 M, andv;w 2 TyM, the explicit
formula is

(6.1) ©h)(viw) = h(" (D)D" (X)v; D" (X)w):

This action is compatible with the P-action on M in the sense that if gp and g; are
equivalent under the P-action, sayg; = go,then’ ggand' g; are also equivalent under

111
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the P-action, since’ gp=( ')' go. In other words, there is a natural action of D on
M =P that makes the projection ~: M!M =P D-equivariant. Thus, we can de ne the
quotient space

R :=(M =P)=D;
which is called the Riemann moduli space ofM, or usually just moduli space

Remark 6.3, As we mentioned above, the Riemann moduli space (and Teichmuller
space, which we'll meet later) was originally de ned in terms of complex structures on
M, not metrics. It turns out that the manifold M =P is, in a sense, di eomorphic to the
manifold of complex structures onM , which gives the connection to the original theory.
Since we don't need this connection for our purposes, however, we omit it and instead
refer the reader again to p5] for details. The approach we take here may be less familiar,
but is more economic given our previous preparations.

Moduli space has a somewhat technically challenging structure. Since the action @
on M has a xed point at any metric with a nontrivial isometry group, moduli space has
singularities. It turns out that these are not very di cult to deal with, as they are only
orbifold singularities|this follows from the fact that the isometry group of a Riemann
surface with genusp 2 is necessarily nite (see Lemma 6.7 below). Yet one might still
prefer to work with a smooth manifold. Teichmudller space is a manifold that can be seen as
a sort of intermediate space between the manifold of conformal classes and moduli space.
We de ne this now.

Let Do D be the subset of di eomorphisms that are homotopic to the identity. It
turns out that the action of Dy on M is free and, though the proof is quite involved, one
can show that the quotient space

T := (M =P)=Dy

is a smooth manifold. (This is not done directly, but rather using the intermediate step
of identifying M =P with the space of hyperbolic metrics onM ; see below.) This quotient
space is theTeichmuller space of M, or simply Teichmualler space.

Not only is Teichmaller space a smooth manifold, it is nite-dimensional. This allows
us to avoid the many di culties that arise when dealing with in nite-dimensional spaces
like M .

The mapping class groupof M is de ned to be MCG := D=Dg. This group acts on
Teichmuller space, and we have

R = T=MCG:

The general philosophy to keep in mind in this setup is that natural objects on Teichmaller
space should beM CG -invariant so that they descend to moduli space. This corresponds
to ensuring that objects de ned on M =P are D-invariant and not just Dg-invariant.

6.1.2. The Weil-Petersson metric on Teichmusller space. Before we can de ne
the Weil-Petersson metric, we need to discuss hyperbolic metrics oM . In particular, the
following theorem allows us to identify the quotient spaceM =P with the set of hyperbolic
metrics on M. We de ne a hyperbolic metric as one that has constant scalar curvature

1. (Other authors may use the sectional curvature or Gaussian curvature, which di ers
from the scalar curvature simply by a constant factor. We stick here to the convention of
[55] for simplicity.)

Theorem 6.4 (Poincae uniformization theorem). Let g 2 M be any Riemannian
metric on the closed, oriented, smooth surfaceM of genusp 2. Then there exists a
unique (g) 2 P such that (g)g is hyperbolic.

Additionally, it can be shown that the assignment g 7! (g) is smooth.



6.1. TEICHM ULLER SPACE 113

Let M 1 M denote the subset of hyperbolic metrics orM . Theorem 6.4 implies
that there is a bijection betweenM =P and M ;. It can be shown that in fact, M 1 is a
smooth submanifold of M and this bijection is actually a di eomorphism.

Furthermore, we can easily show thatM ; is D-invariant. Denote the scalar curvature
ofametricg2 M by R(g)|thisisafunctionon M ,andg2M 1 ifandonlyif R(g) 1.
Butforall x2M andg2M g,

R( 9)(x)=R(g)(" (x))= L
Therefore’ g2M ; as well.

Using the statements of the last two paragraphs, we can di eomorphically identify
Teichmualler space with the space of hyperbolic metrics modulo di eomorphisms homotopic
to the identity. That is,

T=(M=P)=Dg= M 1=Dg:
This is the model of Teichmuller space that we will use from here on. We furthermore
denote the projection by
‘M 1 'M 1:Dol

SinceM 1 is a submanifold ofM , the L2 metric (; )onM induces aweak Riemannian
metric on M 1 by restriction. We again denote this metric by (; ), and we claim that D
acts by isometries on (; ). To see this, we rst denote the pull-back action by

(6.2) A:S D!S ;
and for any' 2D, we de ne a map

A SIS
(6.3)

h7!A(h;' )=" h:

Note from the de nition (6.1) of the pull-back that A is a linear map. Therefore, its
di erential at each point is equal to the map itself. From this, we see that forany g2 M
and any h;k 2 TgM =S, .

(DA (9)h; DA (9)K)a. (g) = Mtf' o M K) g

Let's de ne f :=tr 4(hk), so that f is a function on M. It's not hard to convince oneself
that

o MC k)= o=

as well as that + 4= g- Therefore,
z z z

(DA (9)h; DA (9)K)a. (g) = M(' f)' ¢= M' (f o) = Mf g = (hiK)g:

This shows that (; ) is D-invariant.

D-invariance of (; ) implies that it descends to an M CG -invariant Riemannian metric,
also denoted (; ), on the quotient M 1=Dg. This metric is called the Weil-Petersson
metric.

The Weil-Petersson metric is an extremely interesting and intensely studied object.
Some of its most important properties are the following. There is a natural complex
structure on Teichmudller space, which we won't describe here, and with respect to this
structure the Weil-Petersson metric is Kahler. It has strictly negative sectional curva-
ture and strictly negative holomorphic sectional curvature. The Weil-Petersson metric is
incomplete, and its completion leads to interesting connections with the so-called Deligne-
Mumford compacti cation of moduli space. We will explore this metric some more in
Subsection 6.2.1.

For the moment, though, we leave the Weil-Petersson metric and move on to some
other properties of Teichmuller space that we will need.
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6.1.3. The ber bundle structure of Teichmsller space. It is clear that Te-
ichmaller space is the base space of a principaDg-bundle with total space : M 1!
M 1=Dg. If we put the L2 metric on M ; and the Weil-Petersson metric onT, then
this bundle forms what is called aweak Riemannian principal Do-bundle That is, it is a
principal Dg-bundle with a weak Riemannian metric on each of the base and total spaces,
and the di erential of the projection is an isometry when restricted to the horizontal
space. In other words, forallg2M 1, D g4ju, is an isometry. Here,Hg is the horizontal
tangent space de ned as follows. LetVy be the vertical tangent space, i.e., the tangent
space to the orbit Do g. Then Hy = Vg?. Of course, the tangent space decomposes as
TgM 1=Hg Vg

We can easily determine what the vertical tangent spacevg is. If ' ¢, fort2 ( ; ), is
a one-parameter family of di eomorphisms for which' ¢ = id, then the di erential of '
att=0is avector eld. That is, if we denote the set of C! vector elds on M by X(M),
then there is someX 2 X(M) for which

g 1
dt -

Every X 2 X(M) arises in this way. Furthermore, if g 2 M is any metric, then by
de nition,

t =

d

- ' t9= Lxg;

dt t
where Ly g is the Lie derivative of g with respect to X. Therefore we have
(6.4) Vg=fLxgjX 2 X(M)g:

It is also possible to explicitly describe the horizontal tangent spaceHy, though we
will not derive this description here. De ne the divergence of an elementh 2 S to be the
one-form given locally by

1 @ . Po—c 1, Qg

h i = p—— h i = m h —.

( gh)i thg@k g“hyi detg 29 g™ hmi @x

Then we have
Hg= Sy  =fh2Sjtrgh=0; gh=0g:

Horizontal lifts of paths exist for the bundle M 1! M 1=Dg. That is, given
apath :[0;1]!'M 1=Dg and an elementg 2  1( (0)), there exists a unique path
~:[0;1]!'M isuchthat ~= , ~0)= g, and {t) 2 H () for all t. Note that

this fact does not hold in general for weak Riemannian principal bundles. There are a
number of ways to see that it does hold here|we will now present a proof that relies
on the existence of a slice for theDg-action and the ability to take any path in M and
construct a horizontal path from it.

The existence of a slice is given by the following theorem.

Theorem 6.5 ([55, Thms. 2.4.2 and 2.4.5]) Let g2 M 1 be arbitrary. Then there
exists a local smooth submanifol&g M 1 passing throughg such that each point ofXg
corresponds to exactly one orbit ofDg. That is, if ' 2 Do, 2 Xg and' & 2 X4, then
' =id. Furthermore, the local submanifoldsXy form the (nonlinear) charts of an atlas
for M 1=Do.

Now, we want to take a given path in M and construct a horizontal path from it.
We note that the horizontal space for the D-action on M , i.e., the vectors tangent to the
D-orbits, is given by [19, x3]

Byg=fh2Sj 4h=0g¢:
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The vertical tangent space is again given by (6.4), since we showed (6.4) for any2 M ,
not just g2 M 1. Again we have a decompositionTgM = Ky V.
Let's denote the projection of M onto the Dg-orbit space by

M -MIM =Dg:

We simply view this as a mapping of sets, since we have not considered any particular
structure on M =Dg (and don't need to).
The statement we need is the following.

Lemma 6.6. Let g, t 2 [0;1], be any piecewiseC! path in M . Then there exists a
unique piecewiseC! path &, t 2 [0; 1], with the properties that g = go, & is horizontal
whereverg; is di erentiable, and ¢g; is equivalent to g; under the Dg-action on M . That
is, &b = Go, 602 K for all t for which g exists, and w (&) = w (a) for all t 2 [0; 1].

Furthermore, & is of minimal length among the class of all paths equivalent tg
(though it is of course not the unique minimizer).

Proof. Without loss of generality, we assume thatg is actually C! on its entire
domain. (Otherwise just apply the proof to each segment on which it isC!.) By the
decomposition shown above, for each 2 [0; 1], there existh; 2 4 and X; 2 X(M) such
that

o= hy + Ly, o
Now, as is well known (or easily looked up, say in31, Thm. 17.15]), sinceM is
compact, we can integrate the time-dependent vector eld X; to get a one-parameter
family of di eomorphisms '  for which ' ¢ =id and

(;jt' t= Xt 't
for all t 2 [0;1].
We then de ne & = ' ;g and claim that this is the desired path. Clearly (&) =
m (). To show that ¢°2 194 , we recall that A denotes the action ofD on S (cf. (6.2))
and compute
0 —_— d il —_— d ! -_— ! 0. 1 .
(6.5) &= 4t 10 = aA(gt, )= DA(g;" oo Xi¢ "
since thet-derivative of '  is X '.
Now, denote the partial derivatives of A in the rst and second arguments by DA
and DA, respectively. We have

(6.6) D1A(g;' )90= DA (a)g =" (o= " (e + Lx,Q):

Recall that A-, = A(;;' ) by de nition (cf. (6.3)), and the second equality follows because,
as mentioned above A , is a linear map.
Next, we compute

6.7) D2A(g:" Ol Xt "+t = ds o (" trsQ) = "¢ dgs o ("t+s "¢ D o
= " i(bx9):
SinceDA = D1A + DA, inserting (6.6) and (6.7) into (6.5) gives
6= " h = hi
But since gh; = 0, we also have N = - (' {ht) = 0. Thus we have shown that

g2 K, and sogr is horizontal as desired.
Unigueness ofgr-with the desired properties follows from the fact that on a Riemann
surface of genup 2, there are no Killing elds|we prove this in Lemma 6.7, immediately
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following the proof of this lemma. Thus, the family ' ; above is the only one for which
"o=id and ' ;g is horizontal.

To show that ¢ is of minimal length among all paths equivalent to g;, let g be
another path with () = wm (%), and let ; be the unique one-parameter family of
di eomorphisms from Dg such that g = ;&. Just as above, we can compute that

d
gtO= a( t)= M+ ((Lv.ar);

where q
Y= 12 X(M):
=gt h2X(M)
and we recall that i, = g2 But by tge orthogonality of horizontal and vertical vectors,
1 1 1
L(g) = kgkg, dt = k (htk ¢ dt+ kK {(Ly,g)k g dt
0 0 0
Zy Zy

= khikg dt + k {(Lva)k odt L&)
0 0

where we have used thé-invariance of (; ) in the second line.

Lemma 6.7. Let g2 M be any Riemannian metric on the genusp surface M. Then
g has nite isometry group. In particular, g admits no Killing elds.

Proof. By the Poincare uniformization theorem (Theorem 6.4), there exists a func-
tion 2 C!(M)andametricg2M ;suchthatg= g. Ourgoal is to show that every
isometry of g is also an isometry ofg, which then implies that the isometry group of g is
nite, since by Hurwitz's theorem [ 13, p. 258] the isometry group ofg is nite.

So let' 2D be an isometry ofg. We then have that' g= g, so

¢ )g="(9="'9=9= @
Thus ' g and g are conformally equivalent. Furthermore, since the space of hyperbolic
metrics is D-invariant, these two metrics are both hyperbolic. But since the Poincae

uniformization theorem says that there is exactly one hyperbolic metric in each conformal
class of metrics, we must havé g = g. Thus' is anisometry ofg, as was to be shown.

Remark 6.8. Note the following astounding fact, implied by the proof of Lemma 6.7.
We have just shown that the unique hyperbolic metric in a conformal class is, in a very
strong sense, the most symmetric metric in that class. Namelyany isometry of any metric
in that class is also an isometry of the hyperbolic metric.

Using the results above, we can prove the existence of horizontal lifts.

Theorem 6.9. For any C! path :[0;1]!M i=Dg and anyg?2 ( (0)), there
exists a unique horizontal lift~: [0;1] ' M 1=Dg with ~(0) = g. In particular, ~{t) 2
H_q forall t 2 [0;1].

Furthermore, L(~) = L( ) and ~ has minimal length among the class of curves whose
image projects to under

Proof. Recall that Xy denotes the slice aroundg guaranteed by Theorem 6.5. By
the compactness of the interval [Q1], we can choose a nite seff g1;:::;9nwg M 1 such

such that all the sets in it have nonempty intersection with . Let the collection further be
chosen such that the intersection (Xg, )\ is equal to (Ji) for some interval J,  [O; 1].
To achieve this condition, we simply shrink the slices if necessary. Finally, we assume that
the numbering is done such that the initial points of the intervals Jy are in increasing
order|again, we may have to shrink the slices to achieve this. In particular, this assures
usthat 02 Jj.
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Let x denote the lift of j; to Xg, and let ~¢ be the horizontal path equivalent to
k Quaranteed by Lemma 6.6. The path % is a horizontal lift of jj, .

Let ' 1 2 Do be the unique element such that' ;#1(0) = g, and dene ~1 = ' ;"
Note that ~1 is still a horizontal lift of j;, , and that ~1(0) = g. Let a, 2 J;\ Jp, and
let ' 2 2 Do be the unique element such that' ,”2(a2) = ~1(a2). Dene ~2 := ' ,"». By
repeating this procedure, we get a path ¢ that is a horizontal lift of j;j,, such that ~

Using the uniqueness of the horizontal paths of Lemma 6.6, we see that since the
paths ~ and ~.1 intersect in one point, they intersect over the entire range where they
are equivalent underDg. Therefore, we can glue the paths g together to a di erentiable
path ~ that is a horizontal lift of |and since ~ 1(0) = g, we clearly have 0) = g, as
desired.

The minimality of ~ follows from Lemma 6.6. To show thatL(~) = L( ), recall
that M ;!M  ;=Dg is a weak Riemannian principalDo-bundle, soD (g)ju, is an
isometry for everyg2 M 1=Dg. Therefore

Z, Z, Z,
L(~) = i k~At) k- dt = ) KD (~(1))~At)k (~(y dt = i k Ak mdt=L():

The structures we've described in this section will all be put to work for us in the next
section.

6.2. Metrics arising from submanifolds of M

In this section, our goal is to de ne an entire class of metrics that includes the Weil-
Petersson metric, and to use the main result of the thesis, Theorem 5.25, to prove a fact
about the completions of Teichmudller space with respect to such metrics.

Before we do this in Subsection 6.2.2, we will go into some more detail on the com-
pletion of the Weil-Petersson metric. This discussion will motivate our considerations in
Subsection 6.2.2.

6.2.1. Completing Teichmsller space with respect to the Weil-Petersson
metric. It has long been known that the Weil-Petersson metric is incomplete|this was
initially and independently proved in [56] and [7]. The proof shows that there are Weil-
Petersson geodesics that, in nite time, leave Teichmuller space.

The limit points of such geodesics can be given a meaning as Riemann surfaces them-
selves, which we would like to describe heuristically here. We will not justify anything,
but instead suggest to the reader the various references given in this chapter.

First, we note that for a hyperbolic metric on a compact surface, there is a unique
geodesic in each free homotopy class, and this is the shortest curve in the clasa7]

Lem. 2.4.4].

Let a Weil-Petersson geodesic : (0;1]! T be such that it cannot be continuously
extended to the domain [Q1], and let ~: (0;1] be a horizontal lift of . Then there
exist r disjoint, nonhomotopic, noncontractible simple closed curves 1...:- T onM, with

are pinched along ~ since geometrically the curves shrink to points.

Thanks to the so-called collar lemma (see, e.g.4B] or, for surfaces of variable curva-
ture, [5]), around each geodesic on a hyperbolic surface there exists a neighborhood that is
di eomorphic to an open-ended cylinder. Furthermore, the width of this neighborhood in-
creases to in nity as the length of the hyperbolic geodesic decreases to zero. Thus, around
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Figure 1. The formation of cusps when pinching a simple closed hyper-
bolic geodesic. On the left, the blue, homologically trivial, curve is pinched
and the resulting limit surface is disconnected, with two cusps. On the
right, the red, homologically nontrivial curve is pinched|the limit surface
has lower genus than the original one, and has two cusps.

each of the curves { two so-called cusps develop as! 0, meaning that in the limit,
two in nitely long cylinders extend out from the surface, and the width of these cylinders
approaches zero at in nity. Figure 1 illustrates this in case of the two basic possibilities
here. By pinching a homologically trivial curve, we end up with a disconnected surface of
the same total genus (heuristically, the same number of \donut holes"). When pinching
a homologically nontrivial curve, the limit surface stays connected but is of lower genus.
By combining these two pictures for all pinched curves, one can imagine a general limit
surface. By adding in all such limit surfaces, we obtain the completion of Teichmaller
space with respect to the Weil-Petersson metric, which we will denote byT .

Let's translate this discussion into the language that we've been using throughout the
rest of the thesis. What essentially happens is that the family of metrics {t) is equivalent
(under the Dg-action on M 1) to a family g of metrics that becomes unbounded and
de ates along the curves ';:::; "ast! 0. With respect to the metrics g, the lengths
of vectors tangent to each ' converge to zero, and the lengths of vectors perpendicular to
each ' become in nite. Thus, if we de ne gy to be equal to the pointwise limit of g 0 of

Furthermore, by [13, p. 233], the volume of the limit surface is nite, as we would expect
from our main result, Theorem 5.25.

Thus, the completion of Teichmudller space ts very nicely into the setting that we
have established in this thesis. Of course, since we are dealing only with a special type
of metric on a special type of base manifoldand we only consider horizontal pathsji.e.,
there are no limit metrics that arise from families of degenerating di eomorphisms|the
limit metrics that are possible make up only a small subset, with very nice properties, of
the limit metrics that we get when considering the completion of all of M .

Before we leave this subsection, let's just mention a couple of the rich properties of
the completion of Teichmuller space with respect to the Weil-Petersson metric.

As described above,T is closely related to a compacti cation of moduli space. As
in the case ofM (and the completion of any metric space), the distance function of the
Weil-Petersson metric extends to the completionT. Here, however, more is true. In a
certain sense, the Weil-Petersson Riemannian metric (the scalar product) also extends to
T. This is proved, and given precise meaning, in33].

The action of the mapping class groupMCG extends to T [1], and the action of any
individual element of MCG is an isometry of the extended Weil-Petersson metric onr .
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Therefore, we can form the quotient
R := T=MCG;

and the Weil-Petersson distance function projects to a complete metric (in the sense of
metric spaces) onR.

It turns out that R is a compacti cation of moduli space. Moreover, this compacti ca-
tion agrees with the famousDeligne-Mumford compacti cation [9], which arises via very
di erent considerations in algebraic geometry. Thus, the Weil-Petersson metric forms
the bridge between two very important aspects of Riemannian geometry and algebraic
geometry.

Hopefully this has provided su cient motivation to convince the reader that the Weil-
Petersson metric and generalizations thereof are worthwhile objects of study.

6.2.2. Generalizations of the Weil-Petersson metric. The natural way to gener-
alize the Weil-Petersson metric within this context is to take also non-hyperbolic (variable
curvature) representatives for each conformal class iVl =P, giving us some submanifold of
M which diers from M 1 but still contains exactly one representative of each conformal
class. The goal of this subsection is to describe this idea rigorously.

This idea is directly inspired by [22] and [23], where metrics on Teichmuller space
were also de ned using variable curvature metrics in place of the hyperbolic metric. These
metrics di er from the ones considered here, however. After we de ne our own general-
ization, we remark on the di erences. Unfortunately, completely describing the concepts
necessary to understand the dierences is outside the scope of this thesis, so we must
regrettably do this in a way that will be helpful only to those \in the know."

By the Poincae uniformization theorem, Theorem 6.4, the principal P-bundle M !

M =P s trivial, and M 1 is a section of this bundle. (Of course, we could have already
deduced from the product structureM = P M given in Subsection 2.5.3 that the bundle
is trivial.) The idea now is to select a di erent section of M! M =P. In fact, we will
simultaneously consider all smooth section® with the property that they are D-invariant,
which we require so that we still have di eomorphismsT = N=Dgand R = N =D.

Definition  6.10 We call a smooth, D-invariant section of M ! M =P a modular
section. Given a modular sectionN M , we call the quotients N =Dy and N =D the
N -model of Teichmuller space and the N -model of moduli spacerespectively.

The proof of the next lemma is obvious from the decompositiorM = P M 1 implied
by the Poincae uniformization theorem.
Lemma 6.11 For all g2M 1, choose 42 P such that
(1) the assignmentg 7! ¢ is smooth and
(2) + g=' gforallg2M ;.
Then the set
N:=f 40j92M 9
is a modular section. Furthermore, every modular section arises in this way.

Modular sections other than M 1 of course exist. Let us mention just one important
example, that of the space of Bergman metrics onM . It requires a few facts about
Riemann surfaces that we won't prove, and can be safely skipped.

Example 6.12 As is well-known and proved, for example, in $5], in two dimensions
complex structures are in one-to-one correspondence with conformal structures|so each
element of M =P determines complex structure onM . So for this example, we work with
complex instead of conformal structures.
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Let ¢c be a complex structure onM . Then the space of holomorphic one-forms on
(M;c) has complex dimensionp, the genus ofM [13, Prop. I11.2.7]. Let 4;:::; p be an
L 2-orthonormal basis of this space. Ehat is,

|
AN

AV
The Bergman metric is de ned by
1 X
OB = — i
Pz

It is clear from this construction that the set of all Bergman metrics is indeed a modular
section.

The Bergman metric can also be seen as the pull-back of the at metric on the Jacobian
of M via the Albanese period map. It arises, for example, in arithmetic geometry 6].

Let us now return to our general considerations.

Convention 6.13 For the remainder of this chapter, let N be a xed but arbitrary
modular section.

The next proposition tells us that we are, from the di erential topological point of
view, justi ed in calling N =Dg the N -model of Teichmuller space.

Proposition  6.14 The quotientN =Dy is a smooth, nite-dimensional manifold. Fur-
thermore, we have dieomorphisms : M 1 !N and : M 1=Dg ! N =Dg. The
di eomorphism is D-equivariant.

Proof. Let 4 be the assignment that givesN from M 1, as in Lemma 6.11. Then
it is clear that the following map is a di eomorphism:

M 1IN
g7 4o
The rest of the claims follow from the fact that is D-equivariant:

(" 9= o0 9= oC 9=" (g9=" (9
by the assumptions on 4. Thus, the manifold structure on N =Dy is given by the bijection
with M 1=Dg induced by .

As in the case of the sectionM 1, the L2 metric on M restricts to N, and its D-
invariance implies that it projects to an MCG -invariant metric on N =Dgy. We call this
metric, as well as the metric it induces onT = M ; via the di eomorphism of Proposition
6.14, the generalized Weil-Petersson metricon the N -model of Teichmuller space. As in
the case of the bundleM 1!M 1=Dg, these metrics turn the bundleN ' N =Dg into
a weak Riemannian principal Do-bundle.

Remark 6.15 The following remark requires some basic knowledge about Teichmualler
theory. For those lacking this, it can be safely skipped.

For those with this background, we note here the di erence between the metrics of
Habermann and Jost (cf. R2], [23]) and the generalized Weil-Petersson metrics we have
just introduced.

Of course, Teichmuller space was historically de ned in complex analysis as the space
of complex structures onM modulo Dg. (See, for example, 26].) The correspondence be-
tween complex structures and conformal classes is given by the existence of local isothermal
(or conformal) coordinates on any two-dimensional manifold.

Now, recall that the cotangent space of Teichmuller space, when de ned in the complex
analytic way, is given by the space of holomorphic quadratic di erentials onM with respect
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to the given complex structure. The correspondence between these and horizontal vectors
of M 1 is given by the fact that a traceless, divergence-free element @& is the real part
of a holomorphic quadratic di erential.

Habermann and Jost generalize the Weil-Petersson metric on the complex analytic
version of Teichmuller space as follows. From this point of view, a point 2 T represents
an equivalence class of complex structures oW . Let's choose representatives  of the
equivalence classes 2 T |thus, is a complex manifold with one complex dimension|
in a smooth manner (we will have to be vague about what this means for reasons of
space).

For each xed 2 T, choose complex coordinateg on and a Hermitian metric

2(z) dzdz:

If 2 is chosen such that it varies smoothly with , then we get a Riemannian cometric
on T by dening, for each 2 T and any two holomorphic quadratic di erentials on
locally given by o(z)dzdz and 1(z) dzdz,

. Z —_—

| olZ) 1(Z
(6.9 (o) =y 292 ana
If 2dzdz is the hyperbolic metric on  for each 2 T, then ( ;) is the Weil-Petersson
cometric on T. Otherwise we get some generalization of it.

The dierence between these generalizations and the ones we study here is that a
horizontal tangent vector to N is divergence-free, but need no longer be traceless. Thus,
in contrast to the case whereN = M ;, a horizontal tangent vector to N need not in
general be the real part of a holomorphic quadratic di erential, and so some extra terms
will enter into (6.8) if we try to view our generalized Weil-Petersson metric through the lens
of the complex analytic theory of Teichmudller space. In essence, the objectsg and 1 on
which (6.8) is evaluated are natural tangent vectors when we view as an element of the
moduli space of one-dimensional complex manifolds, but not when we view ( 2 dzdz)
as an element of the sectiorN .

Our next goal is to establish the existence of horizontal lifts for the bundleN ' N =D,,.
Thanks to our previous work on M 1, this is not di cult.
Let us de ne some notation before stating the result. We denote the bundle projection

by
N -NIN =Dy;

and we denote the horizontal tangent space of this bundle a2 N by
N . /2 .
Hg =V, TgN:
By Proposition 6.14, we have a commutative diagram

M 1 ! N

<0V

3
(6.9) y

N

M 1=Dg! N =Dg;
where the horizontal arrows are di eomorphisms and the vertical arrows are projections.

Theorem 6.16 For any C! path :[0:1]! N =Dg and any g 2 Nl( (0)), there
exists a unique horizontal lift~: [0;1]! N with ~(0) = g. In particular, ~qt) 2 H’j‘(t) for
all t 2 [0; 1].

Furthermore, L(~) = L( ) and ~ has minimal length among the class of curves whose
image projects to under .
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Proof. Let be the horizontal liftof 1 to M 1 with initial point 1(g), and
let N = . This is a path in N . Finally, we let ~ be the horizontal path equivalent to
A guaranteed by Lemma 6.6.

We claim that ~ is the desired lift. It is a path in N by D-invariance of N, and it is
clearly horizontal. By construction, we see that ~0) = g.

Finally, it is easily seen from commutativity of (6.9) and the fact that = 1
that n ~= . Uniqueness of ~with the given properties follows from unigqueness of the
paths of Lemma 6.6.

The remainder of the theorem is proved precisely as in Theorem 6.9.

This theorem allows us to prove the application of the thesis' main result that we
have in mind for the generalized Weil-Petersson metric. In the following, we denote the
distance function of (N;(; )) by dy .

Theorem 6.17. Let f[gk]g be a Cauchy sequence in thd -model of Teichmaller space,
N =Dy, with respect to the generalized Weil-Petersson metric. Then there exist represen-
tatives gk 2 [gk] and an element[g; ] 2 M ; such thatf gxg is a dy -Cauchy sequence that
I -subconverges tdg; ].

Furthermore, if f[gf]g and f [gl]g are equivalent Cauchy sequences iN =Dy, then there
exist representativesgg 2 [gE] and g 2 [gi], as well as an elemenfg; ] 2 M ¢, such that
fgf(’g and fg&g are dy -Cauchy sequences that both -subconverge tgg; ].

Finally, if f[gf(’]g and f[g&]g are inequivalent Cauchy sequences iN =Dy, then there
exists no choice of representatives® 2 [g] and g 2 [gi] such thatfglg and felg ! -

subconverge to the same element s I

Proof. The rst claim would follow from Theorem 5.25 if we could show that there
are representativesgg 2 [gk] such that feg is a dy -Cauchy sequence, since this implies
that it is also a d-Cauchy sequence. So this is what we will show.

Let's denote the distance function induced by the generalized Weil-Petersson metric
on N=Dg by . Foreachk 2 N, let ¢ :[0;1]! N =Dg be any path from [gk] tO [Ok+1]
such that

LCk) 2 (o] [9era D

For any en 2 Nl([gl]), let ~1 be the horizontal lift of 1 to N with ~1(0) = g1 which
is guaranteed by Theorem 6.16. Then clearlygz:= 2(1) 2 Nl([gz]). Furthermore,

dn (g 6) L(=1)=L(1) 2 (ol [g)):

We repeat this process, i.e., let > be the unique horizontal lift of 5 with ~(0) = €p,
and setgz := ~»(1), etc. We again get

dn (g2;e8) 2 ([l [9s]):
By continuing, we get a sequence of representativeg 2 [gk] such that for eachk 2 N,

an (8 Bk+1) 2 ([Ok)s [Gk+1]):

Thus, since f[gk]g is a Cauchy sequencef gxg is a dy -Cauchy sequence, as was to be
shown.

To prove the second statement, it su ces by Theorem 5.25 to show that we can nd
representativesg? 2 [gf] and g} 2 [g}] such that f g)g and f glg are equivalentdy -Cauchy
sequences.

To do this, select representativesg? 2 [g7] as guaranteed by the rst statement of the
proof, so that in particular fgg is dy -Cauchy. Next, for eachk 2 N, choose a path  in
N =Dg from [g{] to [g}] such that

L( k) 2 ([92); [ge)):
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Let ~ be the horizontal lift of  to N with ~(0) = €2, and de ne gt := ~(1) 2 [gi].
Then
du (8080 L(=)= LK) 2 (9] [gD):
From the above inequality, the fact that fgﬁg is dy -Cauchy, and the fact that f[gg]g and
f[gi]g are equivalent Cauchy sequences, it is easy to see thagig is dy -Cauchy and that
fgf(’g and fgl}g are equivalentdy -Cauchy sequences.
To prove the last statement, note that sincef [gE]g and f [g&]g are inequivalent, we have

= lim - ([ge]; [g6) > O
By de nition, we also have
([9e]; [o]) = inf o (g; &%) J & 2 [0k]; &k 2 [gelo:
Thus, no matter what representatives g 2 [g0] and g 2 [gi] we choose,
; 0. ol .
kl!llm dv (8 6) > O
So Theorem 5.25 implies the statement immediately.

We have thus given one interesting application of our main result. We close the thesis
with some brief comments about the above theorem. Of course, this theorem is consider-
ably weaker than the picture for hyperbolic metrics in two regards. Firstly, the convergence
notion that one takes for hyperbolic metrics (which we have not given explicitly here) is
stronger than ! -convergence. Secondly, the class of limit metrics is very bad|our results
do not rule out that a Cauchy sequence of metrics degenerates anywhere on the surface
M, whereas a Cauchy sequence of hyperbolic metrics can degenerate only on a nite set
of simple closed curves, as we saw above. We hope that by exploiting knowledge about
the conformal structure induced by a sequence of metrics ilN, one should be able to
constrain these degenerations in the limit of a Cauchy sequencelideally, for well-behaved
N, restricting degeneration to the \nodes," as the limits of these closed curves are known
in Teichmaller theory. Limitations on degenerations also arise from the D-invariance of
N and the fact that only horizontal paths in N |and not vertical paths, coming from
families of di eomorphisms|matter for the quotient N =Dg. However, going deeper into
these aspects is beyond the scope of this thesis and must be regarded as a future direction
for study.

Despite the shortcomings of the above result, we see it as quite useful, as it gives
relatively strong information about a new class of metrics on Teichmuller space|namely,
that their completions can consist only of nite-volume metrics. Furthermore, it illustrates
the potential for applications of our main theorem and provides a starting point for further
investigations.






Metrics and convergence notions

Riemannian metrics and the distance functions associated to them

Manifold Metric Distance function

M () d
uY () du
NY (;) dn
M « h;i dy
M x h; i g

Y Here, U represents an amenable sub-
setandN represents a modular section.

Relations between various notions of convergence and Cauchy sequences

In the following chart, we illustrate the relationships between the di erent notions of
Cauchy and convergent sequences ol . We let fgcg be a sequence irM and g2 M ;.
A double arrow (\=) ") between two statements means that the one implies the other. A
single arrow (\! ") means that one statement implies the other, assuming the condition
that is listed below the chart.

f 40 convergej
WeakIyKE) g

fgkgis a.e.l,,1 fgkg is fgkg |s - 4 fokg ! -convergej
J-Cauchy ~ v -Cauchy S to g

foeg L2-converge51 Vol(Y;g) ! Vol(Y:g)
to g for Y measurable

(1) After passing to a subsequence

(2) If there exists an amenable subsetU such that fgcg U , then there exists some
g 2 U° such that the implication holds

(3) If there exists a quasi-amenable subseU such that fgcg U

(4) After passing to a subsequence, there exists sonmge2-M ; such that the implica-
tion holds
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List of frequently used symbols

Symbol  Meaning Location in text

A The pull-back action S D!S p. 6.1.2

A The linear map A(;"): S!S p. 6.1.2

cl(V) The closure of the subsetU M in the C! p. 101
topology of S

d The Riemannian distance function of M ;(; )) De nition 2.36, p. 41

du The distance function induced by d on the com- De nition 4.38, p. 89
pletion of an amenable subselJ

dy The Riemannian distance function of M 4;h; i) De nition 4.8, p. 75

End(M) The endomorphism bundle of the manifold M p. 23

g From Section 2.6 of Chapter 2 onwards, a xed, Convention 2.51, p. 51
smooth reference metric

Hg The horizontal tangent space for the bundle p. 114
M 1 I'M 1:D0 at g

4 The horizontal tangent space for the bundleM ! p. 114
M =Dg at g

Hg‘ The horizontal tangent space for the bundleN ! p. 6.2.2
N=Do at g

i A dieomorphism M P IM Equation 2.32, p. 43

Lh:i(a)) The length of the path a; in M y with respect to De nition 4.8, p. 75
the Riemannian metric h; i

LN:i%a;) The length of the path a in M x with respect to De nition 4.8, p. 75
the Riemannian metric h; i°

M The base manifold, a smooth, closed, nite- Convention 2.8, p. 23
dimensional manifold.

M The Fechet manifold of smooth Riemannian p. 38
metrics on M

M S The Hilbert manifold of Riemannian metrics on p. 38
M with H*S coe cients (for s >n=2)

M © The set ofL?-sections ofS?T M that are a.e. pos- De nition 3.18, p. 65
itive de nite

M ¢ The set of measurable semimetrics orM with De nition 2.60, p. 2.60

nite volume
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LIST OF FREQUENTLY USED SYMBOLS

Symbol Meaning Location in text
o The quotient of M ¢ formed by identifying semi- De nition 4.26, p. 84
metrics that di er only on their degenerate sets
and a nullset
M m The set of measurable semimetrics oM De nition 4.4, p. 74
M The quotient of M , formed by identifying semi- De nition 4.4, p. 74
metrics that di er only on their degenerate sets
and a nullset
M The Fechet manifold of metrics inducing the vol- Equation (2.26), p. 42
ume form
M x The manifold of positive-de nite symmetric Equation (2.25), p. 40
(0; 2)-tensors atx 2 M
M 3 In Chapter 6, the manifold of hyperbolic metrics p. 113
on M
MCG In Chapter 6, the mapping class groupD=Dg of p. 6.1.1
M
n The dimension of the base manifoldM Convention 2.8, p. 23
N A xed modular section Convention 6.13, p. 120
In Chapter 6, the genus of the Riemann surface Convention 6.1, p. 111
M
P The Fechet manifold of smooth, positive func- p. 27
tions on M
R The moduli space of a Riemann surface of genusp. 112
p 2
S The Fechet space of smooth, symmetric (02)- p. 38
tensor elds on M
Ss The Hilbert space of symmetric (Q 2)-tensor p. 38
elds on M with H*® coe cients
Sy The vector space of symmetric (02)-tensors at p. 2.5.2
X2 M
Stog The singular set of a sequencégcg M De nition 2.58, p. 52
Sg The set of pure trace tensors (w.r.t.q) p. 44
SJ The set of g-traceless tensors p. 43
SgT T The set of traceless, divergence-free tensorg. 114
(w.rt. g
T The Teichmuller space of a Riemann surface of p. 112
genusp 2
trg The g-trace of a tensor or product of tensors De nition 2.34, p. 40
U Usually denotes an amenable or quasi-amenableDe nition 3.10, p. 60;
subset ofM De nition 5.10, p. 101
o The L2-completion of the setU M (i.e., the De nition 3.18, p. 65

completion with respect to k k)
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Symbol Meaning Location in text
Vg The vertical tangent space for the Dg-action at p. 114
g2M
XP®  The precompletion of a metric spaceX p. 14
X The completion of a metric spaceX p. 14
Xg The degenerate set o2 M De nition 2.57, p. 52
Xtqg  The degenerate set of a sequendegyg M De nition 2.58, p. 52
Xg A local submanifold passing throughg forming a Theorem 6.5, p. 114
nonlinear chart for M 1=Dg
- For ann-formand a volume form, the unique Equation (2.14), p. 27
function with the property that = -
@Y The boundary of M in the C! topology of S p. 101
g The volume form induced by a metric g Equation (2.16), p. 28
In Chapter 6.1, the projection M 1! p.113
M 1=Do
N In Chapter 6.1, the projection N :NIN =Dg p.6.2.2
J A metric (in the sense of metric spaces) de ned De nition 3.4, p. 57
on M 4 as the distance function induced byh; i°
M A metric (in the sense of metric spaces) onrM De nition 3.5, p. 57
given by integrating ¢ over M
Y A pseudometric on M given by integrating { De nition 3.5, p. 57

()
(;)g

K kg

h;ig
h;i©

overY M

The mapping M! M  sending an equivalence Theorem 4.47, p. 95

class of Cauchy sequences to the semimetric they
! -subconverge to

The L2 weak Riemannian metric onM and its De nition 2.36, p. 41
submanifolds

The L2 scalar product on functions and tensors De nition 2.36, p. 41,
induced from a metric ¢ Equation (2.40), p. 53

The norm induced from the L? scalar product De nition 2.36, p. 41
The Riemannian metric on M 4 given by the trace Lemma 2.35, p. 40
The scalar product on Sy given by the g-trace De nition 2.34, p. 40

A Riemannian metric on M 4 related to h; i by De nition 3.4, p. 57
hh; ki = hh;kigdetG
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List of Corrections

The following is a list of the changes that have been made from the version that was
submitted in September 2008 to the Mathematical Institute of the University of Leipzig.

We have not listed the corrections of minor typos that did not a ect the mathematical
consistency of the text.

p. 25:
p. 51:

p. 74
p. 82:

p. 85:

p. 86:

p. 107:

p. 108:

p. 120

Corrected typo in the set notation for the maximal atlas.

Added condition that = jU to de nition of amenable atlas; ad-
justed proof of Lemma 2.54 to re ect this.

Added remark on dependence of conditions fol -convergence.

Corrected typos in second paragraph of proof of Theorem 4.20|all ap-
pearances ofX O, changed toxfgklg.

Added Lemma 4.28 and Remark 4.30; improved statement and corrected
proof of Proposition 4.29.

Corrected typo in proof of Proposition 4.29: in second to last paragraph,
gk changed tog,.

Changed statement to re ect that an element of B ; may have both
bounded and unbounded representatives.

Changed ( k) and ( k+1)in(5.14)to ¢ and 41, respectively.
Corrected de nition of \ L2-orthonomal" in Example 6.12.
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