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Typical panel clustering methods for the fast evaluationntégral operators are
based on the Taylor expansion of the kernel function andfoer usually require
the user to implement the evaluation of the derivatives o thnction up to an
arbitrary degree.

We propose an alternative approach that replaces the Texpansion by simple
polynomial interpolation. By applying the interpolatiotiea to the approximating
polynomials on different levels of the cluster tree, the nratector multiplication
can be performed in onlY(np?) operations for a polynomial order gfand an
n-dimensional trial space.

The main advantage of our method, compared to other mettsitls simplicity:
Only pointwise evaluations of the kernel and of simple pomals have to be
implemented.

1. Introduction

We consider an integral equation on a submanifolof R? for d € N, namely

Find« (in a suitable space) satisfying

Mu(z) + / ke, y)u(y)dy = f() 1)

forallz € T
for a right hand sidg, a parameteh € R and kernel function
k:RYxRY - R
that has the asymptotic smoothness (cf. (18)) typical foMB&rnels.

We use a Galerkin approach for the discretization of the muél), i.e., we choose a family
(,)er of suitable basis functions, s&t := span{V; : i € I} and get the discrete problem



Finduy, € V}, satisfying

)\/Fuh(w)vh(x)dw—i—/F/Fk(x,y)uh(y)vh(m)dy dx
= [ s@una)a @

for all vy, € V.

We introduce matriced/ € R/*!, K € R’*! and vectorsi € R!, f € R! by setting
M;; = /F\Ifj(m)\lli(x)dx, fj = /Ff(x)\llj(x)dx,
w:Zm%aMI%://WwWMNMer
rJr

i€l
for all i, 5 € I, which allows us to rewrite (2) in the form

(AM + K)ia = f. ©)

In typical applications, the basis functio(; );cr have local support, so the mata is sparse,
i.e., forn := |I|, the construction of the matrix and its multiplication wélgiven vector can be
accomplished i©O(n) operations.

Since the support of the integral kerrigl, -) is not local, the matrixs is not sparse, so a
straightforward computation of its entries requires ast€x(n?) operations, and a multiplica-
tion of a vector with this matrix will require the same amouhtvork.

There are different approaches for reducing the complexftthe domain is very regular,
the resulting matrix has a Toeplitz-type structure and banefore be evaluated efficiently by
performing fast Fourier transformations. If the domainnsosth, it is possible to use Wavelet
compression, and this approach can be extended to piecewisath domains [1]. In this article,
we will consider a variant of the panel clustering methoddBf the mosaic skeleton matrix
approach [10] by using the framework &f-matrices introduced in [7].

The idea of our variant is to replade€ by a suitable approximation and thereby to reduce the
complexity toO(np?), wherep is a parameter corresponding to the “quality” of the appras
tion andd, as above, is the dimension of the space in which the marifidgdembedded.

We will approximate the kernel functidi(-, -) by an interpolant. Sinck(-, -) will usually not
be smooth on the entire domdihx I', we do not use a global interpolant, but choose subsets
I'; x I', wherek(-, -) is smooth and interpolate on each of these subsets.

If we organize the subsels; in a hierarchical way, we end up with a multilevel block natri
where each block has a rarkp?. The structure is that of ar-matrix described in [4, 5].

In this form, the approximating matrix requires ofh(np? log n) units of storage, construct-
ing it and multiplying it with vectors require® (np® log n) operations.

If we exploit the fact that the kernel is locally approxim@tby polynomials that depend
only onT; andT', and have a fixed degree, we find that the structure resemladesfth(-
matrices described in [7]. Using an algorithm similar to Bast Fourier Transformation, but



not as limited in scope, we can reduce the storage requittsraed the number of operations to
O(np?).

Since only quadrature and polynomial interpolation arededen our algorithm, its imple-
mentation is very simple as compared to Wavelet compregeicmiques or panel clustering
approaches based on Taylor expansion.

In typical applications, the orderwill be chosen to be proportional tog », so the complexity
will be O(nlog?n), i.e., not optimal. In [2], the use of anisotropic intergia on domains
adapted to the boundary is suggested in order to reduce thplexity to O(n log®! n). We
propose a different approach, namely the variable ordearesipn along the lines of [9]. This is
only a very minor modification of the original constant-ar@égorithm and allows us to attain
optimal complexity.

2. Cluster Tree, Block Partitioning and Types of H-Matrices

In order to keep the selection of the subsBtsx I', mentioned above algorithmically man-
ageable, we base them on a hierarchical splitting of thexiiseéel corresponding to the basis
functions: Let7 (I) be a binary tree and |1&t(7) be the set of its nodeq§. (1) is called abinary
cluster treeff it satisfies the following conditions:

1. T(I) CP(I),i.e., each node df () is a subset of the index sét
2. I istheroot of7 (I).

3. If 7 € T(I) is a leaf, thenr| < Cieatp?, i.€., the leaves consist of a relatively small
number of indices.

4. If 7 € T'(I) isnota leaf, then it has exactly two sons and is their disjoint nnio

For eachr € T'(I), we denote the set of its sons Byr) C T'(1).
We assume that > C]eafpd, i.e., that the cluster tree has at least depth
Thesupportof a clusterr € T'(I) is given by the union of the supports of the basis functions
corresponding to its elements, i.e.,
T, = U I,

1ET
wherel’; := supp ¥, forall i € I.
Next, we need aadmissibility conditiorthat allows us to select paifs, o) € T'(I) x T(I)
such that the kernél(-, -) is smooth enough on the domain associated Withx I',,.
We are going to define our interpolants on axiparallel ba?egontaining the seff'-, so we
need the kernel to be smooth &3 x B, if we want a good approximation.
This can be expressed in quantitative terms by the inegualit

max{diam(B;),diam(B,)} < 2ndist(B;, By), 4)

wheren €]0, 1 is some parameter controlling the trade-off between thebaurof admissible
blocks, i.e., the algorithmic complexity, and the speedaivergence, i.e., the quality of the
approximation.



The condition (4) is especially suited for kernel functiavigh the property (18).
Figure 1 contains a cluster splitting of the unit circle. Bome clusters, the corresponding

boxesB. are highlighted in grey.

Figure 1: Dyadic clustering of the unit circle.

The index sefl x I corresponding to the matrik € R’*! is partitioned into blocks x o
by the algorithm shown in Table 1:

Table 1: BuildPartitioning algorithm

pr ocedur e BuildPartitioningf, o, var P);
begi n
i f (7,0) meets condition (4) hen
P:=PU{r x o}
el se
if S(r)#0and S(o) #0then
for 7 € S(r),0’ € S(o) do
BuildPartitioning¢’, o', P)
el se
P:=PU{r xo}
end

Calling this procedure with = o = I andP = () creates a block partitioning d@fx I consisting
of admissible blocks and non-admissible blocks corresiponit leaf clusters of (1).

An example of an admissible partitioning correspondinghtodplitting outlined in Figure 1
can be found in Figure 2.

The complexity of algorithms for the creation of suitablastér trees and block partitionings
has been analysed in detail in [3]: For typical quasi-umifgrids, a “good” cluster tree can be
created in0(n log n) operations, the computation of the block partitioning cambcomplished
in O(n) operations.

Based on the cluster tree and the block partitioning, we ddfie following three types of
data-sparse matrices:

Definition 2.1 (H-matrices) Let A € R’*! be a matrix andP be a block partitioning of x I
consisting of admissible blocks and leaf blocks.
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Figure 2: Block partitioning for the unit circle with dyaditustering.

1. Letk € N. A is called’H-matrix of rankk, if
rank(A|;x,) < k (5)
holds for eachr x o € P.

2. AfamilyV' = (V;),cr(r is called acluster basisif there is ak, € N for eachr € T'(I)
such thatV, € R7*kr .

LetV,, V, be cluster basesd is calleduniform H-matrix with respect td/. andV,., if for
eachr x o € P there is a matrixS, «, satisfying

A‘TXO’ - ‘/C,TSTXU‘/;:Z:U' (6)
In this context)V.. is calledcolumn basis of4, V,. is calledrow basis ofA.

3. A cluster basid” = (V;).cr(r) is called nested if there are transfer matrice®, . €
RF-Fr for all 7 € T(I) with S(7) # () and 7’ € S(7) satisfying

VT|T/><kT = VT/BT/aT' (7)

A is called H?-matrix with respect td/, andV/,, if it is a uniform-matrix with respect
to these cluster bases and if both bases are nested.

3. H? Construction

3.1. Approximation of the Kernel

For each cluster € T'(I), we fix a family (z7),c;. of interpolation points (e.g. tensor prod-
ucts of the zeroes of Chebyshev polynomials)sipand the family(p]),c;. of corresponding
Lagrange polynomials.



On a given admissible block x o € P, we approximate the kernel functide(-, -) by its
interpolant

Frxo(,y) =Y > k(=] y2)pl (#)pf(v)- ®)

el KEI,

3.2. Approximation of the Discrete Operator

The discrete Galerkin operator is given by
K= [ [ k), W)y ds
r; JT,

for finite element basis functioW;, ¥; having their supports ifi;, I';.
Fori € 7 andj € o, we can replacé(-, -) with (-, -) and find

Ryom [ [ Raa)wie)w, )y do
=3 k) | rr@n@ds [ v

el KEI, L

Introducing matriced’” € R™*!= V7 ¢ R7*le andS7*7 € RI=*!> with

V= /F P () Wi(x)dr,  VE = /F P2(5) 05 (y)dy, ©)
i J
STX7 = k(a],y2), (10)
we get
Rij — <V’T’ST><O’VO’T> o (11)
ij

i.e., arepresentation as a unifoffxmatrix.

3.3. Nested Bases

Let @, be the space of polynomials spanned by tensor products yrigmiials of a degree up to
p. The interpolation operator is a projection onto this spaoef we use),, as the interpolation
polynomials orall clusters, we can express polynomials corresponding terfatbsters in terms
of polynomials corresponding to son clustenishout lossi.e., for a cluster- € T'(I) with a son
7 e T(I), we find

(@)=Y v (@35 (). (12)

)\GIT/
By introducing a matrixB™ ™ € R~ %I~ by setting

/

B}, = p] (2), (13)



we get

Vi = [ si@wide = 3 (e [ 5@

T )\GI / Ly
=3 BLVE =(vTBT), (14)
AET

foralli € 7 C 7, so the bases are nested in the way require@ffomatrices.

4. Algorithms and Complexity

We require the block partitionind® to be sparsein the sense of [3], i.e., that there exists a
constantCy, satisfying

mj@x HoeT(I) : 7xoe P} <Cy, (15)
TE

max [{re€T(I) : Txoe€ P} <Cq. (16)
oc€T(I)

For standard situations with quasi-uniform meshes, thimage has been established in [3].
We further assume that there is a constaptsatisfying

S(r) =0= || < 7| < CL|I7] (17

forall T € T(I), i.e., the size of a leaf cluster is comparable to the numbpolgnomials used
in the interpolation on this cluster.

Note that, due to the requirement of subsection 3.3, we hiaye= p? for all clustersr ¢
T(I).

4.1. Matrix-Vector Multiplication

We split the matrix-vector multiplication := Kz into three steps: First, the products of the
input vector with the matrice¥°” are computed by recursively applying the equation (14).
Then, the resulting coefficients are multiplied 8%?. In the last step, the result is transformed
back from the coefficients of the cluster bases into the stahldasis.

4.1.1. Forward Transformation

In this first step, we want to compuig := VUTx|U forall o € T(I). If o is not a leaf, i.e., if
S(o) # 0, we have

VUTI"U _ Z Bo Neg Vcr o = Z Bo cr

o'eS(o) o’eS(o)

so the algorithm shown in Table 2 can be used to compute dfideats.



Table 2: ForwardTransformation algorithm

pr ocedur e ForwardTransformation);
begin
i f S(c)=0then
Ty :=VTlz|,
el se begin
Ty = 0;
for ¢’ € S(o)do begin

ForwardTransformation();

r T
Ty = To + B77 x4

end
end
end

Now we want to analyse the complexity of this algorithm. Faxter < T'(I), we havel,| = p?
and find thaiO(p>?) operations are required for the computation:gf Due to the lower bound
in condition (17), there are no more tharip? leaves in7 (I), so there are less tham /p?
nodes.

Therefore, the full forward transformation tak@np?) operations to complete.

4.1.2. Multiplication

In the second step, we want to compute

Yr = Z STXO'xO'

oeP;

forall 7 € T'(I), where
P.:={oeT() : 7xoe€ P}

Due to the sparsity condition (15), we ha\@.| < Cs,, so the computation of, requires
O(Cspp??) operations.
The cluster tree has at mast/p? nodes, so the second step tak¥sp?) operations.

4.1.3. Backward Transformation

In the last step, we transform the result from the clusteedasto the standard basis. The
procedure shown in Table 3 is the adjoint of the Forward Tansation.

By the same arguments as in the case of the Forward Trangformae find that onlyO (np?)
operations are required for the Backward Transformatiorihe complete matrix-vector multi-
plication can be completed i(np?) operations.



Table 3: BackwardTransformation algorithm

pr ocedur e BackwardTransformation{;

begi n
if S(r)=0then
y"r =VTy,
el se

for 7/ € S(r)do begin
Y 1= Yp + BT”T%J
BackwardTransformatiomn()
end
end

4.2. Discretization
4.2.1. Basis Transformation Matrices

We first consider the computation of the matrid@s-". We are using tensor product interpola-
tion, so the polynomialg] and the corresponding interpolation poinfscan be written in the
form

p(T1,...,2q) = pzl’l(xl) .. .pz;d(md),
o = (]t el

for one-dimensional Lagrange polynomi;(m%’i) and corresponding interpolation poinjts;’i)
on the real line.
The equation (13) takes the form

/7 / 71 /,1 ,d /,d
By =pl(y) =p} (@37) .00 (@)),
so it has the tensor product structure
BT’,T _ BT’,T,l R...® BT’,T,d

with
7' T T/,Z')

JR— T7Z
B)\,’,Li - pLi ('IA

1

The computation of one of these latter matrices requi?és’) operations, the computation of
all of them require€)(dp?). This means that, since there arg? leaves and each leaf requires
O(dp®) units of storage, the matricé8” " can be stored in the form of tensor products in
O(dnp®~?) units of storage.

Of course, we can also construct the full matfX ™ from the tensor product form. This
requiresO(dp? + p>?) operations and leads to a total@fdnp®~¢ + np?) operations.



4.2.2. Leaf Basis Matrices

The computation of the matricd$™ for leavesr € T'(I) corresponds to the computation of the
integrals

Vi = [ @i

K3

whereV; is some finite element basis functiqsj, a tensor product polynomial i}, and where

i € 7and. € I,. The computation of each of th@(p??) entries using Gauss quadrature of
orderq requires®(p*?q?) operations, so all leaf basis matrices can be computed @¥ing?q?)
operations and stored @(np?) units of memory.

4.2.3. Admissible Blocks

According to (10), the coefficient matricé$ > corresponding to admissible blocks are defined
by

SZHXJ = k(xz—v 1’;:),

so building one of these matrices requit@§??) operations. By the same arguments as before,
we get a total of?(np?) operations for the process of building the coefficients floadmissible
blocks.

4.2.4. Non-admissible Blocks

To compute the matriceS™ *“ for non-admissible blocks, we have to approximate the nateg
577 = [ [ K@y i
i J

As before, we use quadrature of orgeand find that we nee@(np?q?) operations and (np?)
units of memory.

5. Error Analysis

We assume that the kerrigl, -) is asymptotically smooth.e., that there are constarttss(n, m)
satisfying
050 k(x, y)| < Cas(lal, 18D |z =yl Pk, )| (18)

for all multi-indicesa, 8 € Ng and allz, y € R¢ with = # y.

Lemma 5.1 (Kernel approximation) Letr x o € P be an admissible block and assume that
(18) holds fork(-, -). Then the kernet, ., (-, -) from (8) satisfies the estimate

Ik = krxolloo,B.x B, < Capx(P)P T 1k lloo,B. x B, (19)
with the constant

\/id(CaS(O,p + 1) + Cas(P + 170)) (C 10g(p + 1))2d71
(p+1)! 2r/2
The behaviour of this constant will be discussed in Rem&k 5.

Capx (p) ==

(20)

10



Proof. The interpolated kerndi(-, -) can be written in the form

k= IngBak

by using the tensor product interpolation operator. Apmythe error estimate of Lemma A.1,
we find

Hk - kHOOyBTXBo' = Hk - I%TXBO.]CHOO,BTXBO'
4P

2d
< m(c log(p + 1))2d—1 diam(B;, x BO)P-H ; Hajﬂrlku

00,Br X By
By using the admissibility condition (4), we find

diam(B; X B,) = max{||p1 — p2|l2 : p1,p2 € Br X Bs}
= max{||(x1,y1) — (x2,92)|l2 : (w1,91), (v2,32) € By X B,}

= \Jmax{|[(@1,31) — (£2,0)[3 + 71,72 € By, y1,9> € By}

= \/maX{H361 —aoll3 + [ly1 — yall3 : z1,22 € Br, y1,92 € By}
< /diam(B;)? + diam(B,)? < V2 max{diam(B,), diam(B,)}
< 2nv2dist(B;, By),

and therefore

Ik — Klloo,5, B,

V2 (Clog(p +1))*"
~(p+ 1) 2r/2

1 2d
1 dist(B,, B, )P Ha’?“ku .

77p 1S ( ) o) ]Z; 7 00, By x By
The partial derivatives can be estimated by using the asytinmoothness (18) as follows:

8 (2, y)| < Cas(p+1,0) | — yl| ="V [k, )|
< Cas(p 4 1,0) dist(By, B,) ™V |k(z, )|

for j < dand

07 k(2 y)| < Cas(0,p + 1) dist(By, By) "V k(x, y)|

for j > d, so we can use

2d
+1
> [lo5 4|
= Hﬁ? 00,Br X By

< d(Cas(p +1,0) + Cas(0,p + 1)) dist (B, By) ™ P*V||k| 0.5, x 5,

11



to get the desired result

1k — Elloo,5, B,

D) 1 1 2d—1 2d
V2 (Clog(p+1)) 1 dist(BT’Bo)pﬂzHgﬁmkH
j=1

N (p+1)! 2p/2 00,Br X Bs
V2 _(Clog(p+ )",y dist(Br, By)"™!
~ (p+ 1) 2r/2 dist(B,, B,)~(P+1)

(d Cas(0,p + 1) +d Cas(p + 1,0)) ||kl B, x B,
dist(B;, B,)P*!
< p+1 T g kj
=~ Capx(p)n dist(BT,Bo—)erl || HBTXBO‘

< Capx ()P | B, xB,

Remark 5.2 (Convergence)For typical kernels, an estimate of the type
Cas(n,m) < clcg+m(n +m)!

holds, leading to
(Clog(p + 1)*" )11

Capx(p) < 2\/§Cld op/2 0

If con < 1, the approximatiork(-, -) will converge tok(-, -) faster than(con)?*!.

If the continuous operator 8 -elliptic for some Hilbert spac®” with W}, := span{¥; : i €
I} C W, then we can proceed as in [6, Lemma 3] to prove the estimate

= @nllw
§c< in Hu—vhuw+capx<p>np“uf%uwﬁw;buuuw)-
UhEWh

6. Extensions

Our construction can be extended to other integral opexatiod other discretization techniques
by simple modification of the definition af":

6.1. Collocation

If we want to discretize by the collocation method, we havedditional family(¢;) of colloca-
tion points and the discrete operator is given by

Kiji= [ k)W),

J

12



Replacing once mork(-, -) by k(-, -), we find

)dy

—sz uynpbﬁz)/ 7 (1)Y5(y),

el KEIL,

\
Wl
@”f

so we can defin& ™!l ¢ R™</ py setting
..
V=l (&)

and get
R“ _ (VT,COHSTXUVUT)
LV .
)
i.e., the same result as in (11) with orly” replaced byl ™!, As before,V"<! can be
expressed in terms of the matriceés -<°!! corresponding to the son$ of 7.

6.2. Double Layer Potential

If we want to discretize the double layer potential (using @alerkin approach again), we have

to compute
K;; - —/ / <a—nyk: x,y ) U, (y)V;(x)dy dx.

Replacingk(-, -) by its approximatiork(-, -), we get

Kij: —/ / (a—nyk::cy>\lf (y);(2)dy da

=30 S et [ fweas [ (Ge) vt

-\ on
eI k€I, Lj Y

so by definingl>PLP ¢ R7x/o ag

g. a (o2
VPP !Z/F (—pn(y)> U,(y)dy,

Ony
we once more get the representation
KZ] — <VTST><0’V0’,DLPT) .,
j
similar to (11).

This means that for the typical variants of the integral afmr(single layer potential, dou-
ble layer potential and its transposed, hypersingularaip8rand for the typical discretization
methods (collocation and Galerkin) the matri8&® andB™" stay the same, only the matrices
V™ corresponding to the leaves of the cluster tree have to béfiethd

The construction leads directly ty2-matrices, so if tensor products of polynomials of a
degree up te are used for a kernel function defined®{, the rank will bek = p? and the
complexity of the matrix-vector multiplication will b€ (nk) = O(np?).

13



6.3. Variable Order Approximation

In [9], a variation of theH>-technique is investigated that varies the polynomial ombere-
sponding to the size of the clusters: For small clustersyail@rder approximation is sufficient,
while larger clusters require a higher order.
The same approach can be used in the context of our methdue ffdlynomial order corre-
sponding to a son clustet is lower than that of its father, the equation (12) yields only an

approximation

pl(x) ~pl(x) ==Y pl(a} )P} ()

el

of the possibly higher-order polynomig] by lower-order polynomialﬁg’.

If the growth of the polynomial order is “slow enough”, e.gnly polynomial with respect to
the level of the clusters, then the storage requirementghendomplexity of the discretization
and the matrix-vector multiplication can be reduce®t®), i.e, to optimal complexity.

7. Numerical Experiments

We applied our technique to a simple model problem: The diation of the single layer
potential on the unit circle by a Galerkin approach usinggula grid of piecewise constant
functions. The results are reported in Table 4.

Table 4: Unit circle, single layer potentiaj,= 0.8, p(¢) = 1 + (¢ax — £)-

n | Build/s | MVM /s | ||[A — A|2/||A|l2 | Memory per DoF
1024 1.05 0.02 | 0.000483583 4171
2048 2.30 0.06 | 0.00026483 4605
4096 4.97 0.14 | 0.000140073 4929
8192 10.12 0.31 | 0.0000725354 5162

16384 21.01 0.62 | 0.0000370742 5324
32768 40.96 1.22 | 0.0000187955 5434
65536 83.54 2.54 5507
131072 | 167.79 5.16 5554
262144 | 338.22 10.27 5584
524288 | 675.67 20.81 5602

We can see the linear growth of the time for the constructibth® matrix and for the ma-
trix vector multiplication. The relative approximationrer appears to be proportional to the
approximation error. The memory requirements per degréeeflom are bounded.

14



A. Multidimensional Interpolation Estimate

We denote the Chebyshev points in the intefval, 1] by (¢;)?_,, i.e., we have

21 +1
& = cos T,
2p+2

and the corresponding Lagrange polynomials(py”_,. The one-dimensional interpolation
operator is given by

P
P C[-1,1] = PP, wum— Zu(gz)pZ
=0

This operator satisfies the error estimate

<
=11 = (p+1)!

7w — ulloo

Hu(erl)Hoo,[fl,l] (21)
and the stability estimate

177U o —1,1) < Clog(p + 1)[|ull o, [—1.1)- (22)

We are interested in a result for tHedimensional tensor product interpolation operatyon a

box
d
H [a;, b

The interpolation error can be bounded as follows:

Lemma A.1 (Tensor product interpolation) We have

1,0 = ulloo, Bd

A\ ptl
<SSt (), e

4P

d
= Q(TJrl)!(Clog(p +1))% ! diam(Bgy)P*+! ]Zl Haﬁ’)H“H

OO,Bd
for u € CP*1(B).
Proof. We denote by
1
©j: [FL A = fa bl t 5 (L+6)b) + (1= t)ay)

the transformation from the unit interval fo;, b;].
For eachy € {1,...,d}, we introduce the operator

7 :0(B) — C(B),

15



p
U = (.I = Zu(xla ceey L1, q)j(gi)’xj+1, s >xd)pl(q)]_1(x]))>
1=0

interpolating functions in the-th coordinate direction only.
The estimates (21) and (22) can be appliedftand take the form

2—p b: — a. p+1 L
1170 = o, < b i) ( — ]> 107 |, 5, (24)
12l oc,5 < (Clog(p + 1))|ufloc,5- (25)

The tensor product interpolation operator can be written as

n=n.n=1[r

i=1 00,B
d—1 k k

d k k-1 d b1

k=1 \j=1 Jj=1 op k=1 i y

d k—1
(25)
<> | TICrogw+1) | [ 7Fu—ul

i - +1
(24) . 27p b — ay \? o
<" S (Clog(p + 1))k < > -
B ;( sl +1) (p+1)! 5 10, ulloo,B

n
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