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We consider the large-body limit of the Landau-Lifshitz minimization problem intro-
duced by DeSimone in 1993: Find a minimizer m : Ω → Rd with |m| ≤ 1 a.e. of the
bulk energy

E(m) =
1

2

∫
Rd

|∇u|2 dx+

∫
Ω
φ∗∗(m) dx+

∫
Ω
f ·m dx.

Here, Ω ⊂ Rd, for d = 2, 3, is the spatial domain of the ferromagnetic material, φ∗∗ is
the (convexified) anisotropy density, and f : Ω → Rd is an applied exterior field. The
magnetic potential u : Rd → R is related to the magnetization m by the magnetostatic
Maxwell equation

div(−∇u+ χΩm) = 0 in D′(Rd). (1)

The numerical treatment of this problem requires us to adress several points, in par-
ticular the handling of the side constraint |m| ≤ 1, how the full space problem for the
potential u is dealt with, and the choice of the discretization.

We treat the side constraint |m| ≤ 1 with a penalty approach. The magnetostatic
Maxwell equation (1) is incorporated into the formulation with a Lagrange multiplier.
The discretization of the resulting saddle point problem requires care. Stability of the
method is ensured with an appropriate consistent stabilization term. While we will
focus primarily on the lowest order discretization for which we will present an a priori
error analysis, the consistency of the method implies that higher order variants can be
formulated and analyzed.

We illustrate the procedure in detail in a setting where the full space Rd is replaced
with a finite domain and the magnetic potential u is approximated with a finite element
method. In this setting, we will discuss residual-based a posteriori error estimation and
adaptivity. Finally, we will discuss how the full space problem (1) can be realized in our
framework with the aid of a FEM-BEM coupling.


