
Computing with D-Modules
MPI Leipzig, August 9, 2019

Some hands-on activities suggested by Bernd Sturmfels

(1) Find bases of solutions for the following three second-order linear differential equations:

xf ′′ + f ′ = 0 and f ′′ = 4x2f and x2f ′′ − 3xf ′ + 4f = 0.

(2) For each of the following three functions fi in one variable x, find a linear ordinary
differential equation with polynomial coefficients that is satisfied by fi:

f1 = x3/5 · log(x)2, f2 = sin(x)5, f3 = (1 + x4) · exp(x)

(3) A C-basis of the Weyl algebra Dn = C〈x1, . . . , xn, ∂1, . . . , ∂n〉 consists of the elements
xa∂b, where a, b ∈ Nn. Determine the expression for the operator ∂bxa in that basis.

(4) In your own words, what is Gauss’ hypergeometric function and why is it important?

(5) Under what condition is the reciprocal of a holonomic function in one variable also a
holonomic function? Show that 1/sin(x) is not holonomic. Hint: [Harris-Sibuya 1985].

(6) Let n = 6 and let ∆12,∆13,∆23 be the 2× 2-minors of the 2× 3-matrix

(
x1 x2 x3
x4 x5 x6

)
.

For various choices of rational numbers s12, s13, s23, compute the annhilator in D6 of

f = ∆s12
12 ·∆s13

13 ·∆s23
23 .

This is a left ideal in D6 that depends on s12, s13, s23. What do you observe?

(7) True or false: Every left ideal in a Weyl algebra Dn is generated by two elements.

(8) Let n = 2 and consider the left ideal I = D2

{
3x21∂2 + 2x2∂1 , 2x1∂1 + 3x2∂2 + 6

}
.

Show that I is holonomic. Compute the characteristic variety and singular locus of I.
Hint: Exercise 3.4 in Oaku’s 2015 lecture notes.

(9) Who wrote the HolonomicFunctions package in Mathematica? What does this do?

(10) Let n = 3, set θi = xi∂i, and compare the following two holonomic systems of PDE:

I1 = D3

{
∂21 , ∂

2
2 , ∂

2
3 , ∂1∂2 + ∂1∂3 + ∂2∂3

}
,

I2 = D3

{
θ21, θ

2
2, θ

2
3, θ1θ2 + θ1θ3 + θ2θ3

}
.

Discuss the similarities and the differences. What is the solution space in each case?
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(11) The ordinary linear differential equation f ′′ = x · f is known as Airy’s equation. Give
an integral representation of its solutions. Use the Fourier transform of the equation.

(12) Consider the general algebraic equation of degree five in one variable:

x5t
5 + x4t

4 + x3t
3 + x2t

2 + x1t+ x0 = 0.

Write the roots t1, . . . , t5 as a holonomic function of the coefficients xi. Now restrict
your holonomic system to a two-dimensional linear subspace in the C6 of coefficients.

(13) Let n = 4 and let I the left ideal in D4 that is generated by the four operators

3x1∂1+2x2∂2+x3∂3−3, (3x2∂1+2x3∂2+x4∂3)
4, x1∂2+2x2∂3+3x3∂4, x2∂2+2x3∂3+3x4∂4

Show that I is regular holonomic and determine its rank. Compute the characteristic
variety and the singular locus. Explain the irreducible components of these varieties.

(14) Compute a homogeneous linear ordinary differential equation satisfied by

f(x) =

∫ +∞

0

ex·y · sin y

1 + y2
dy

Is maple recommended for this? Hint: [Chyzak 1999]

(15) Let n = 9, where xij, ∂ij are entries of 3 × 3 matrices. Let P be the prime ideal in
C[xij] that defines the group SO(3) in C3×3. Let I be the D9 ideal generated by P and{ 3∑

k=1

(xki∂kj − xkj∂ki) : 1 ≤ i < j ≤ 3

}
.

(a) What is the Lie algebra of SO(3) and how can you see it in D9 ?

(b) Show that I is holonomic. Compute its rank and characteristic variety.

(c) What is the Schwartz distribution associated with the Haar measure on SO(3)?

(d) The Fourier transform Î of I annihilates the Fisher integral. Hint: [Koyama 2018]

(e) Show that Î is holonomic. Compute its rank and characteristic variety.

(f) What are the Fisher distributions on SO(3) and why are they useful in statistics?

(g) Given a sample of 100 matrices in SO(3), how would you compute their MLE?
Hint: [Sei et al. 2012]

(16) What is a D-module on an abelian variety? How to input it in D-Macaulay or Plural?
Is there a meaningful relationship between abelian varieties and Gaussian distributions?

(17) Gaussian distributions on the plane R2 depend on five parameters, namely the mean

vector (x1, x2) and the covariance matrix

(
σ11 σ12
σ12 σ22

)
. Consider the probability of

a random point lying in the quadrant R2
≥0. This is a holonomic function in xi, σij.

Encode it by an explicit holonomic D5 ideal. Hint: [Koyama-Takemura 2013]
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