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Zusammenfassung

Das menschliche Wahrnehmungssystem ist ständig einer riesigen Menge sensorischer

Daten ausgesetzt, die in eine adäquate Form transformiert werden müssen, um wei-

terverarbeitet werden zu können. Diese Arbeit beschäftigt sich mit der perzeptuellen

Anforderung, eine kompakte Repräsentation dieser Daten zu finden und versucht,

eine bekannte mathematische Methode in Beziehung zu setzen zu biologischen und

psychologischen Erkenntnissen über das Nervensystem und Wahrnehmungprozesse.

Die statistische Prozedur Hauptkomponentenanalyse (PCA), die eine Varianzmaxi-

mierungstechnik darstellt mit dem Ziel der Reduktion der Dimensionalität multi-

variater Datensätze, wird untersucht unter Berücksichtigung zweier Hauptziele: Zum

einen werden Versuche unternommen, diesen Algorithmus in einem neuronalen Net-

zwerk zu implementieren unter Anwendung von Mechanismen, die zumindest bio-

logisch möglich sind. Dazu wird ein neuer Algorithmus entwickelt, der Temporally

Serializing PCA (TSPCA) genannt wird. Zweitens wird versucht, die biologische

Plausibilität des resultierenden Modells zu erhöhen, und die Frage wird erörtert, wie

das menschliche Nervensystem eine Dimensionalitätreduktion durchführen könnte

in einer der PCA ähnlichen Weise. Um ein biologisch plausibleres Modell zu kon-

struieren, werden mathematische Voraussetzungen für die PCA gelockert, was zu

einem neuen Algorithmus führt, der ähnlich wie die PCA arbeitet, aber nicht mit

ihr identisch ist und ClusterPCA genannt wird. Die beiden neuen Algorithmen wer-

den evaluiert durch Computersimulationen. TSPCA erweist sich als signifikant nicht

schlechter als der beste existierende neuronale Netzwerkalgorithmus zur PCA bei der

Extraktion der ersten Hauptkomponenten von Zufallsdaten. ClusterPCA, PCA und

Clusteranalyse werden verglichen durch Anwendung auf eine psychologisch relevante

Aufgabe: die optische Erkennung handgeschriebener Zahlen. Es kann gezeigt wer-

den, dass die ClusterPCA die konkurrierenden Algorithmen signifikant überbietet.



Summary

Human perceptual system is permanently confronted with a vast amount of sensory

data which need to be transformed into an adequate arrangement allowing further

processing. This work deals with the perceptual task of finding a compact represen-

tation of these data and tries to relate a popular mathematical method to biological

and psychological knowledge about the nervous system and perception. The statisti-

cal procedure Principal Component Analysis (PCA) which is a variance maximizing

technique used for the reduction of the dimensionality of a multivariate data set is

examined pursuing two main goals: Firstly, attempts are made to implement this

algorithm in a neural network applying mechanisms that are biologically at least

possible. A new algorithm is developed achieving this that is called Temporally Seri-

alizing PCA (TSPCA). Secondly, it is tried to increase the biological plausibility of

the resulting model, and the question is raised how the human nervous system might

perform dimensionality reduction in a way similar to PCA. In order to construct

a biologically more plausible model, mathematical conditions for PCA are relaxed

which results in a new algorithm inspired by but not identical to PCA that is called

ClusterPCA. The two new algorithms are evaluated by means of computer simu-

lations. TSPCA proves to be not significantly worse than the best existing PCA

neural network algorithm with respect to extracting the first principal components

of random data sets. ClusterPCA, PCA, and Cluster Analysis are compared by an

application to a psychologically relevant task: the optical recognition of handwritten

numbers. It can be shown that ClusterPCA outperformes the competing algorithms

significantly.
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Notation and Abbreviations

Symbol Description

x a scalar value

v a column vector composed of elements vi

M a matrix composed of elements mij

mi• (m•i) ith row (column) of Matrix M

||v|| Euclidian (length) norm of v: ||v|| :=
√∑

i v
2
i

vT , MT transpose of v, M

M−1 inverse of M

I the identity matrix (dimension follows from context)

0 the matrix composed of elements 0 (dimension follows from context)

v\ diagonal matrix with diagonal v

MM “lower triangular” matrix (setting all elements above the diagonal 0)

MO “upper triangular” matrix (setting all elements below the diagonal 0)

MN / MH correspond to MM / MO, but exclusive of diagonal

E [x] the expected value of x

v ·wT , M ·N the matrix product (operator can be omitted)

x ·M a matrix composed of elements xmij (operator can be omitted)

M ◦N a matrix composed of elements mijnij (product of elements)

det(M) determinant of M

tr(M) trace of a square matrix: tr(M) :=
∑

imii

If possible, all relations are defined on both scalars and vectors. For example: v > w

means:

∀i : vi > wi.

However, v 6= w means

∃i : vi 6= wi.
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Chapter 1

Motivation of this Work and

Introduction to Principal

Component Analysis

1.1 Motivation of this work

A core problem in understanding psychological phenomena in perception, memory

and attention as well as in neural information processing is finding an adequate rep-

resentation of the data. Human perception is able, for instance, to learn complicated

patterns and to store them in a way that they can be recognized long time later.

Another example is the separation of different voices or words during the recognition

of speech: Diffuse signals have to be analyzed and therefore transformed into the

optimal representation.

Our perceptual system is permanently confronted with a vast amount of data.

Thus systems of neural networks have to be able to find a more compact representa-

tion for further processing. In mathematical data analysis and statistics numerous

methods to achieve such objectives have been developed. This work focusses on the

Principal Component Analysis (PCA) which is a variance maximizing method used

for the reduction of the dimensionality of a multivariate data set without a significant

“loss of information”. It will be studied how this method could be “implemented”

in the brain, i. e. realized by a biologically plausible neural network.

First of all, after a short introduction of the PCA procedure it will be tried to

gather information about existing neural network models of PCA and to set up a

classification emphasizing their common features as well as their differences. The

existing models will have to be examined for their biological plausibility, and it will

be attempted to construct biologically more plausible models on the basis of them.

In particular, two main goals will be pursued:

7



1. Motivation of this Work and Introduction to Principal Component Analysis 8

1. It will be tried to construct a neural network which performs a mathematical

PCA and is as biologically plausible as possible. A new PCA algorithm will

be developed that uses exclusively mechanisms which could be performed by

the human nervous system.

2. If the resulting algorithm proves to be too artificial (despite its biological pos-

sibility) then attempts will be made to increase the biological plausibility of

this network without confining to the exact PCA procedure. It will be tried

to construct a biologically highly plausible network implementing a mecha-

nism for generating a compact data representation that is inspired by but not

necessarily identical to PCA.

If the resulting biologically motivated network implements a new mathematical

method then its forte is supposed to be on the field of psychological phenomena

such as perception. Therefore it will be evaluated by applying it to a psychologi-

cally relevant task (recognition of handwritten numbers).

1.2 Mathematical background

1.2.1 Introductory definitions and theorems

Theorem 1 Let P ∈ Rn,m, Q ∈ Rm,n. Then

tr(PQ) = tr(QP).

Proof:

tr(PQ) =
n∑

i=1

 m∑
j=1

pijqji

 =
m∑

j=1

(
n∑

i=1

qjipij

)
= tr(QP).

�

Def. 1 (Covariance) Let x be a random vector of n elements with mean

x̄ := E [x] = (E [x1], ..., E [xn])T .

The covariance rij of each pair of elements is defined by

rij := E [(xi − x̄i)(xj − x̄j)].

The covariances form a covariance matrix Rx:

Rx = E [(x− x̄)(x− x̄)T ].
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Def. 2 (Eigenvectors and eigenvalues) Let M ∈ Rn,n be a real square matrix.

If a nonzero, complex vector x 6= 0 and a complex scalar λ satisfy the equation

Mx = λx, (1.1)

then x is an eigenvector and λ an eigenvalue of M.

From eq. 1.1 and x 6= 0 follows

(λI−M)x = 0 ∧ det(λI−M) = 0.

The roots of the right hand equation are the eigenvalues of M. Because of the

fundamental theorem of algebra, M must have exactly n complex eigenvalues.

Def. 3 (Spectrum, spectral factorization) Let M ∈ Rn,n. The set of all eigen-

values of M is called the spectrum of M. If M has n linearly independent eigenvec-

tors x1, ...,xn corresponding to the eigenvalues λ1, ..., λn, then the spectral factoriza-

tion of M is definied by

M = XΛXT , (1.2)

where X = (x1 ...xn) and Λ =
(
(λ1, ..., λn)T

)\
.

It can be shown that every symmetric matrix M has a spectral factorization (Spectral

Theorem).

Def. 4 (Orthogonal matrices) Let M ∈ Rn,n. M is called orthogonal if

MMT = MTM = I.

Def. 5 (Stochastic matrices) Let M ∈ Rn,n. M is called column (row) stochastic

if

∀i, j : mij ≥ 0

and

∀j :
n∑

i=1

mij = 1

∀i :
n∑

j=1

mij = 1

 .
M is doubly stochastic if it is column stochastic and row stochastic.

Let P ∈ Rm,n. P is strictly column (row) stochastic if it is column (row) stochas-

tic, m > n (m < n) and

∀i :
n∑

j=1

pij ≤ 1

(
∀j :

m∑
i=1

pij ≤ 1

)
.

Theorem 2 Let M be an orthogonal matrix. The matrix M◦M is doubly stochastic.
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Proof:

MMT = I ⇒ ∀i : mi•m
T
i• = 1.

Therefore, M ◦M is row stochastic.

MTM = I ⇒ ∀i : m•im
T
•i = 1.

That means, M ◦M is column stochastic, too.

�

Def. 6 (Row / column selection matrices) Let S ∈ {0, 1}m,n. S is a row (col-

umn) selection matrix if m ≤ n (m ≥ n) and

∀i : tr(s
\
i•) = 1 ∧ ∀j : tr(s

\
•j) ≤ 1

(
∀i : tr(s

\
i•) ≤ 1 ∧ ∀j : tr(s

\
•j) = 1

)
Example of a row selection matrix Sr:

Sr =

 0 0 1 0

1 0 0 0

 .
Later in this work, we will need the following theorem, taken from Diamantaras and

Kung (1996):

Theorem 3 Let M ∈ Rm,n. M is strictly row stochastic if and only if it can be

written as a convex combination of some row selection matrices S1, ...,SN ; i. e.

∃α ∈ RN : α > 0 ∧ tr(α\) = 1 ∧M =
N∑

i=1

αiSi.

(This theorem is proven in Diamantaras and Kung (1996), p. 43.)

The following definitions include vectors as elements of vector spaces. These

vectors need not be vectors in the meaning of an ordered tupel of scalars but are

regarded in a more general form. Therefore, they are not printed in bold face letters.

Def. 7 (Convex set) Let V be a vector space and S a subset of V , 0 ≤ α ≤ 1. S

is a convex set if

∀x, y ∈ S : αx+ (1− α)y ∈ S.

Def. 8 (Convex combination) Let α ∈ Rn. A convex combination of vectors

x1, ..., xn is a linear combination
n∑

i=1

αixi,

where α ≥ 0 and tr(α\) = 1.
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Def. 9 (Extreme point) Let S be a convex set. v ∈ S is an extreme point of S

if it cannot be written as a convex combination of any other points in the set except

v itself:

v = αx+ (1− α)y ∧ 0 ≤ α ≤ 1⇒ v = x = y.

Finally, another theorem is taken from Diamantaras and Kung (1996) (p. 239) which

is needed for an optimization process later in this work.

Theorem 4 If f is a linear function defined on a convex set S, then the minimum

and maximum are attained at extreme points of S.

1.2.2 The method

The Principal Component Analysis (PCA) tries to reduce the dimensionality of a

multivariate data set with a minimum loss of information. The method has already

been described more than 100 years ago by Pearson (1901) who tried to fit planes in

the least-squares sense. Some decades later, Hotelling (1933) applied this procedure

to the analysis of the correlation structure between random variables and coined

the term PCA. In the following the mathematical background of this technique is

outlined – for a detailed description cf. Jolliffe (2002). There are different ways to

introduce this procedure – the following description is taken from Diamantaras and

Kung (1996).

PCA identifies the dependence structure behind a data set with the goal of

obtaining a compact description of it: If there are nonzero correlations between the

n variables of the set, n is higher than the number of variables m being necessary

to describe the data (where this “necessity” depends on the needs of the user).

Following conventions of data analysis, these m variables are called features of the

multivariate random signal in the following.

Let x be a random vector of n elements with mean x̄ = 0. Therefore, the

covariance matrix (cf. def. (1), p. 8) is

Rx = E [xxT ].

The goal of PCA is to find a linear transformation yielding the vector formed by the

features. Thus, consider an orthogonal, linear transformation y:

y = W · x,

where

WWT = I. (1.3)

The reconstruction x̂ of x from y is

x̂ = WTy = WTWx. (1.4)
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The mean square reconstruction error

Je := E
[
||x− x̂||2

]
is to be minimized in order to retain as much of the original information as possible.

It can be shown (cf. Diamantaras & Kung, 1996, p. 45) that

E
[
||x− x̂||2

]
= tr(Rx)− tr(WRxW

T ).

The term tr(Rx), i. e. the sum of the diagonal of the covariance matrix, is per def.

the variance of x and tr(WRxW
T ) =: Jv the variance of y. Since y is considered

to contain the m feature variables of the data, this yields

Jv = tr(WRxW
T ) = E

[
tr(yyT )

]
=

m∑
i=1

y2
i . (1.5)

Due to tr(WRxW
T ) = tr(WTWRxW

TW) (cf. theorem 1, p. 8 and eq. (1.3)),

one can see that

Jv = E
[
tr(x̂x̂T )

]
=

n∑
i=1

x̂2
i . (1.6)

Consequently, the variance of y is equal to the variance of the projection x̂. Minimiz-

ing the least mean square reconstruction error is therefore equivalent to maximizing

the projection variance. Thus PCA is not only a least-mean-squares minimization

technique but also a variance maximization technique. In the following the optimal

structure of the matrix W is to be examined in order to find an optimized Wopt.

Let λ1, ..., λn (λ1 ≥ ... ≥ λn) be the eigenvalues (see def. 2) of Rx and q1, ...,qn

their corresponding normalized eigenvectors.

Obviously, Rx is symmetric. Let UΛUT be the spectral factorization (def. 3) of

Rx, where U = (q1, ...,qn) and Λ =
(
(λ1, ..., λn)T

)\
.

From theorem 1 and def. 4 follows:

Jv = tr(TTWRxW
TT) = tr(TTWUΛUTWTT). (1.7)

for any orthogonal T ∈ Rm,m. Let W̃ := TTWU and M := W̃ ◦ W̃, then

Jv = tr(W̃ΛW̃
T
) =

m∑
i=1

λj

n∑
j=1

w̃2
ij =

m∑
i=1

λj

n∑
j=1

mij. (1.8)

In order to comprehend these equations, one should pay attention to the different

dimensions (m,m) and (n, n) in eq. (1.7). Such products as in the definition of

W̃ have not been defined yet. Therefore, W̃ is the product of T and the matrix

consisting of only the first m rows of WU. The dimension of W̃ is consequently

(m,n). This yields eq. (1.8).

Since the eigenvectors are normalized, because of (1.3) and the orthogonality of

T, M is strictly row stochastic. From theorem 3 (p. 10) the set of strictly row
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stochastic matrices is convex. Jv is obviously a linear function with respect to M.

From theorem 4 the optimum is attained at an extreme point (def. 9) of the set

of the matrices M. The only row stochastic matrices that cannot be written as a

convex combination of any other row stochastic matrices except themselves are row

selection matrices (def. 6). Therefore the optimal M is a row selection matrix S

and ∀i, j : w̃ij = ±√sij. Thus W̃U
T

is “selecting” m eigenvectors multiplied by 1

or −1:

W = TW̃U
T

= T(±qi(1) ... ± qi(m))
T

for some set of indices i(1), ..., i(m). Hence

J − v =
m∑

k=1

λi(k).

Obviously this is maximal for i(1) = 1, ..., i(m) = m and

Wopt = T(±q1 ... ± qm)T .

Moreover,

max Jv =
m∑

i=1

λi, min Je =
n∑

i=m+1

λi.

Usually one chooses T = I. The features y1, ..., ym are the principal components

of x. Their variances are equal to the eigenvalues of Rx and are therefore ordered

decreasingly. Hence PCA can be considered as an output variance maximizing tech-

nique.

1.3 Geometric interpretation

In order to illustrate how PCA works consider a set of 500 points x ∈ R2 which can

be plotted easily.

Figure 1.1 shows these points (left) and the normalized eigenvectors of their co-

variance matrix (right), i. e. the rows of the optimal transformation matrix. Figure

1.2 shows the principal axes (i. e. the lines including the respective eigenvector and

the coordinate origin) and the principal components of the data. Obviously, the

principal components correspond to a rotation of the data around the origin with

respect to the principal axes.

1.4 Independent Component Analysis (ICA)

Although being not the primary subject of this work, the Independent Component

Analysis (ICA) should be mentioned here due to its increasing popularity in neu-

roscience and its relationship to PCA. ICA is not a special procedure but rather
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Figure 1.1: Left: 500 data points, right: eigenvectors of the covariance matrix of these
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Figure 1.2: Left: data points and their principal axes, right: principal components of

these points

a family of techniques. Examining the literature about component analyses in bi-

ological neural systems can lead to the impression that ICA models have replaced

PCA models since the late 1990s. Are these techniques closely related? There are

different points of view concerning this. On the one hand, Jolliffe (2002) devotes

in his substantial compendium of PCA only two pages to ICA. He states (p. 395):

“Although it [ICA] is sometimes presented as a competitor to PCA, the links are

not particularly strong [...]”.

This cannot be doubted concerning the mathematical background: While PCA

yields a maximization of variance, ICA tries to separate components. For PCA

components need to be uncorrelated and orthogonal; ICA however assumes that the

signals to be separated are statistically independent.

On the other hand, these two constraints, uncorrelatedness and independence,

are equivalent for normal (Gaussian) random variables. Therefore ICA can be con-
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sidered as a generalization of PCA to non-normal data.

It will be described later in this work that despite the mathematical distinctness

there are strong relationships between neural networks for PCA and ICA. Hence,

and because of the fact that ICA generalizes PCA, this work is to be understood as

an examination of component analyses in general, but concentrated on the math-

ematically easier method of PCA. As far as possible, links to ICA procedures are

mentioned.



Chapter 2

Essentials of Neural Networks

The human central nervous system consists of different types of cells, but the most

important components for psychological research are the neurons which are consid-

ered as processing units for the interaction of the individual with its environment.

Neurons connected to networks are in the focus of science from many different per-

spectives, and their computational simulation promises insight into fundamental

cognitive functions. In the following an overview of different approaches, both com-

putational and biological, is presented.

2.1 Biological neurons

Biological neurons are components of the central nervous system. Although the

cortex consists of more types of cells, e. g. a large number of glia cells supplying

energy and structural stability of the brain, this work concentrates solely on neurons

because they are regarded as essential for biological information processing. They

are of research interest for more than 100 years now. Biological neurons are complex

objects, therefore introducing them requires a certain level of abstraction. The

functional division into three parts described in the following is considered to be

important for a fundamental understanding of what a neuron is (cf. e. g. Gerstner

& Kistler, 2002).

One distinguishes dendrites, the soma, and the axon. The dendrites receive

signals from other neurons transmitting them to the soma. The soma itself is a kind

of “CPU” controlling the “output”: If the overall input exceeds some threshold

value, then an output signal is generated. This signal is transmitted by the axon to

other neurons (cf. Fig. 2.1).

A singe neuron is connected to numerous other neurons (in the human cortex

often more than 104). The junction of these connections are called synapses. Fo-

cussing on the transmission of signals, one distinguishes between presynaptic and

16
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Figure 2.1: A. Drawing of a single neuron distinguishing between the three functional

parts dendrites, soma and axon. In the inset an example of a neuronal action potential

(a short voltage pulse of 1-2 ms duration and an amplitude of about 100 mV) is shown.

B. Signal transmission from a neuron j to another neuron i. Taken from Gerstner &

Kistler (2002)

postsynaptic neurons.

2.2 Action potentials (Spikes)

As mentioned above biological neurons transmit signals. These signals are short

electrical pulses observable by electrodes (see Fig. 2.1). The pulses lasting about

one or two ms with an amplitude around 100 mV are called action potentials or

spikes. Spikes are the elementary units of neural signal transmission and can be

received by presynaptic neurons, propagated along the axon and transmitted to

further neurons.

The generation of spikes occurs as a result of currents through ion channels in

the selectively permeable cell membrane. There are several models describing this

generation and the processes it is based on, e. g. the popular Hodgkin-Huxley

model (Hodgkin & Huxley, 1952) which explains spikes as a result of the different

concentrations and permeabilities of the ions Na+ and K+ inside and outside the cell,

different types of synapses and the spatial structure of neurons, providing differential

equations (for details cf. e. g. Dayan & Abbott, 2001, Gerstner & Kistler, 2002).

The typical shape of an intracellularly recorded action potential is shown in Fig.

2.2. Without excitation the state of the potential of the neuron is called resting

potential which is intracellularly negative (in the Figure at time 0). When the

neuron is excited it depolarizes (the voltage inside the cell increases). When reachin

a certain threshold, the neuron “fires”, i. e. the voltage increases rapidly to positive

value and decreases rapidly again. Typically the voltage decreases to a value smaller
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4 Neural Encoding I: Firing Rates and Spike Statistics
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Figure 1.2: A) An action potential recorded intracellularly from a cultured rat
neocortical pyramidal cell. B) Diagram of a synapse. The axon terminal or bou-
ton is at the end of the axonal branch seen entering from the top of the figure.
It is filled with synaptic vesicles containing the neurotransmitter that is released
when an action potential arrives from the presynaptic neuron. Transmitter crosses
the synaptic cleft and binds to receptors on the dendritic spine, a roughly 1 µm
long process extending from the dendrite of the postsynaptic neuron. Excitatory
synapses onto cortical pyramidal cells form on dendritic spines as shown here.
Other synapses form directly on the dendrites, axon, or soma of the postsynaptic
neuron. (A recorded by L. Rutherford in the laboratory of G. Turrigiano. B adapted
from Kandel et al., 1991.)

Action potentials are of great importance because they are the only form
of membrane potential fluctuation that can propagate over large distances.
Subthreshold potential fluctuations are severely attenuated over distances
of 1 mm or less. Action potentials, on the other hand, are regenerated
actively along axon processes and can travel rapidly over large distances
without attenuation.

Axons terminate at synapses where the voltage transient of the action po-synapse
tential opens ion channels producing an influx of Ca2+ that leads to the
release of a neurotransmitter (figure 1.2B). The neurotransmitter binds to
receptors at the signal receiving or postsynaptic side of the synapse caus-
ing ion-conducting channels to open. Depending on the nature of the ion
flow, the synapses can have either an excitatory, depolarizing, or an in-
hibitory, typically hyperpolarizing, effect on the postsynaptic neuron.

Recording Neuronal Responses

Figure 1.3 illustrates intracellular and extracellular methods for recording
neuronal responses electrically (they can also be recorded optically). Mem-
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Figure 2.2: A typical action potential. Taken from Dayan & Abbott (2001).

than the resting potential and recoveres slowly until re-reaching the value that it

had before spiking. This period is called refractory period; it can be divided into an

absolute and a relative refractory period. During the absolute refractory period the

neuron cannot spike at all, during the relative refractory period the firing threshold

is increased.

2.3 The Integrate-and-Fire model

Simulating single neurons as biologically plausible as possible is a mathematically

demanding task. In biological research sometimes numerous compartments are mod-

eled as single electrical circuits, and many co-dependent parameters have to be taken

into account. Studying a considerable number of single neurons will not be possi-

ble this way due to the high computational complexity. Therefore one has to find

acceptable simplifications.

Now it is time to turn to such simplified models of single neurons. A very popular

one is the integrate-and-fire model, whereas one should rather refer to it as a class

of models. The history of this type of models dates back to almost 100 years ago

(Lapicque, 1907). Integrate-and-fire models simulate the key aspects of biological

neurons, i. e. the passive integration of external input until a certail threshold and

then the abrupt, almost digital firing, in an amazingly simple way: Imagine a bucket

filling with water. At the beginning the bucket is empty (resting potential); when

excitatory input arrives, the bucket is filled slowly drop by drop. When the bucket
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is full, it is emptied at once (firing). The output of such neurons over time can be

treated as a series of delta (pulse) functions. The height or width of the biological

action potentials are neglected – the only thing that counts is firing or not firing.
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V

t ref
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V

Perfect Integrate-and-Fire Unit 

Leaky Integrate-and-Fire Unit 

Adapting Integrate-and-Fire Unit 
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V
I(t)

Σ δ (t-t i)
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Figure 2.3: Circuit diagrams of the three types of integrate-and-fire neurons. Taken

from Koch (1999).

Koch (1999) distinguishes three types of integrate-and-fire models: the perfect,

the leaky, and the adaptive integrate-and-fire model. The first two types can be

explained taking up the metaphor of the bucket again: In the first case (perfect) the

bucket is watertight; every drop (input) contributes to a slight depolarization. They

are modeled using a simple capacitance C. If the threshold value Vth is reached, it is

discharged. In the second case (leaky) the bucket has holes and water is running out

permanently. So if there is no input for a longer time the neuron reaches its resting

potential again without firing. This is realized by incorporating a leak resistance R.

Perfect integrate-and-fire neurons are mathematically more tractable but bio-

logically implausible. Leaky integrate-and-fire neurons are a compromise between

computational complexity and biological plausibility. Adapting integrate-and-fire

neurons are used relatively seldom; they take specific properties of biological neu-

rons into account simulating the adaptation of firing rates. The circuit diagrams of

the three types are shown in Figure 2.3. It is easy to include refractory periods into
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such models.

Leaky integrate-and-fire neurons play an important role in modeling biological

neurons. The time course of the membrane potential V < Vth exposed to a constant

input current I can be obtained by the following function:

V (t) = IR(1− e−
t

RC ) + V (t = 0)e−
t

RC .

Figure 2.4 shows the voltage course of a leaky integrate-and-fire neuron exposed to

a constant current.
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Figure 2.4: Voltage course of a leaky integrate-and-fire neuron exposed to a constant

current. Taken from Koch (1999).

2.4 Artificial Neural Networks

Artificial Neural Networks (ANN) are a types of mathematical algorithms originating

in the simulation of networks of biological neurons. Their contemporary ranges of

application are many and diverse, e. g. optimization problems, the forecast of stock

market prices or optical character recognition. Of course, ANN are still used for

modelling biological and psychological processes, especially brain functions.

An Artificial Neural Network consists of nodes (called neurons) and edges (called

synapses). Input data is transmitted through the weighted synapses to the neurons

where calculations are processed and then either sent to further neurons or represent

the output.

Artificial Neural Networks models date back to the 1940s (McCulloch & Pitts,

1943). On an abstract level the neurons of such models can be described as follows:

The input is represented as a vector x where the xi arrive from different synapses

with different weights wi. The weights can thus be represented as a vector w. If

a synaptic weight wi > 0 the synapse is called excitatory, if wi < 0 it is called
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inhibitory. The output is a scalar value y given by

y = f(wTx). (2.1)

A simple choice for the function f is the identity function f(p) = p. However, due to

the “digital” character of spikes such a choice is biologically implausible. Modeling

a single neuron one should rather use a function with binary output, such as

f(p) =

 1 if p ≥ pth

0 else

Figure 2.5 shows such an artificial neuron with five inputs.
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Figure 2.5: An artificial neuron.

2.5 Hebbian learning

In the previous section synapses were introduced as static weights. This concept is

not fruitful at all trying to model dynamical cognitive functions, and it is biologically

untenable. Indeed, in the nervous system any kind of learning is realized by synaptic

placticity, i. e. modifications of the synaptic weights over time.

Such modifications can be both increases or decreases of the synaptic strength.

Furthermore one can classify them by their duration (cf. Maass & Zador, 1999).

Table 2.1 shows a common categorization which has been neurobiologically justified.

The first approach to synaptic plasticity was given by Hebb (1949) with the

so-called Hebb Rule: “When an axon of cell A is near enough to excite cell B or

repeatedly or persistently takes part in firing it, some growth process or metabolic

change takes place in one or both cells such that A’s efficiency, as one of the cells

firing B, is increased.” In the contemporary literature this is commonly understood
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Phenomenon Duration Locus of Induction

Short-term Enhancement

Paired-pulse facilitation (PPF) 100 msec Pre

Augmentation 10 sec Pre

Post-tetanic potentiation 1 min Pre

Long-term Enhancement

Short-term potentiation (STP) 15 min Post

Long-term potentiation (LTP) >30 min Pre and post

Depression

Paired-pulse depression (PPD) 100 msec Pre

Depletion 10 sec Pre

Long-term Depressions (LTD) >30 min Pre and post

Table 2.1: Different forms of synaptic plasticity. Taken from Maass & Zador (1999).

as Gerstner and Kistler (2002) express it: “modifications in the synaptic transmis-

sion efficacy are driven by correlations in the firing activity of pre- and postsynaptic

neurons.”

This implies that synaptic weight changes depend only on information available

at the site of the synapse, but not on the activity of other neurons. Moreover, the

pre- and the postsynaptic neuron have to be active simultaneously.

Hebbian learning corresponds to synaptic potentiation (cf. table 2.1). If a firing

behavior as described by Hebb leads to synaptic depression it is called Anti-Hebbian

learning. Both Hebbian and Anti-Hebbian learning play an important role in artifi-

cial neural network models. Usually it is used as follows: The stronger the product

of input and weight xiwi of a synapse i, the stronger is the change of its efficacy.

Is it possible that the sign of a synaptic weight, i. e. its character as inhibitory

or excitatory, can be changed during Hebbian learning? In the 1930’s a principle

was formulated that each neuron releases the same transmitter at all its terminals.

It was called after the neuroscientist Henry Dale Dale’s Law. Although recently

several exceptions have been shown (e. g. Jonas, Bischofberger, & Sandkühler,

1998), computational neuroscientists commonly assume that “neurons make either

excitatory or inhibitory synapses (Dale’s principle), and the synapses from a specific

presynaptic neuron cannot change its specific characterstics.” (Trappenberg, 2002,

p. 163).



2. Essentials of Neural Networks 23

2.6 Neural coding

In the previous sections details of neurons as elementary processing units have been

presented. Moreover, their ability to interact with each other has been outlined.

However, how do they exchange information, what is the actual neural code? This

problem is far from being solved in neuroscience, yet there are different approaches

with more or less plausibility as outlined in the following.

10 Neural Encoding I: Firing Rates and Spike Statistics

Figure 1.4 compares a number of ways of approximating r(t) from a spike
sequence. Figure 1.4A shows three seconds of the response of a neuron
in the inferior temporal cortex recorded while a monkey watched a video.
Neurons in the region of cortex where this recording was made are selec-
tive for complex visual images including faces. A simple way of extracting
an estimate of the firing rate from a spike train like this is to divide time
into discrete bins of duration 
t, count the number of spikes within each
bin, and divide by 
t. Figure 1.4B shows the approximate firing rate com-
puted using this procedure with a bin size of 100 ms. Note that, with
this procedure, the quantity being computed is really the spike-count fir-
ing rate over the duration of the bin, and that the firing rate r(t) within a
given bin is approximated by this spike-count rate.
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Figure 1.4: Firing rates approximated by different procedures. A) A spike train
from a neuron in the inferior temporal cortex of a monkey recorded while that
animal watched a video on a monitor under free viewing conditions. B) Discrete-
time firing rate obtained by binning time and counting spikes with 
t = 100 ms.
C) Approximate firing rate determined by sliding a rectangular window function
along the spike train with 
t = 100 ms. D) Approximate firing rate computed
using a Gaussian window function with σt = 100 ms. E) Approximate firing rate
for an α function window with 1/α = 100 ms. (Data from Baddeley et al., 1997.)

The binning and counting procedure illustrated in figure 1.4B generates
an estimate of the firing rate that is a piecewise constant function of time,
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Figure 2.6: (from Dayan & Abbott, 2001, Chapter 1:) “Firing rates approximated by

different procedures. A) A spike train from a neuron in the inferior temporal cortex of

a monkey recorded while that animal watched a video on a monitor under free viewing

conditions. B) Discrete-time firing rate obtained by binning time and counting spikes

with ∆t = 100 ms. C) Approximate firing rate determined by sliding a rectangular

window function along the spike train with ∆t = 100 ms. D) Approximate firing rate

computed using a Gaussian window function with σt = 100 ms. E) Approximate firing

rate for an α function window with 1/α = 100 ms.”

An idea dating back to the 1920s (Adrian, 1928) which almost immediately

suggests itself is that of a mean firing rate, i. e. the number of spikes occuring in a

certain time window divided by the length of this window, where related statistical

processing is possible (cf. Fig. 2.6 for examples). However, during the last years it

has been shown repeatedly that this model neglects too much information. A fly for

example is able to escape from a threatening stimulus (such as an approaching hand)

in a time shorter than the period that would have been necessary to calculate a mean

firing rate. Similar effects have been reported concerning human perception as well.
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Thorpe, Fize, and Marlot (1996) for example have shown that human response times

to visual stimuli can be too short for calculating mean firing rates.

All the same, firing rate coding is the concept that is used most frequently – be it

due to its simplicity or the lacking of alternatives. It is associated with the idea that

neurons transform input information into a single continuous output variable (the

firing rate). The latter (φ) can be described by a sigmoidal function g of synaptic

strength of the input I (cf. Gerstner & Kistler, 2002, Chapter 15):

φ = g(I). (2.2)

Figure 2.7 shows the course of the gain function g. Modeling a considerable number

I

φ

Figure 2.7: Gain function, schematic.

of neurons one can average the mean firing rate over several neurons (population

coding). Averaging over pools of identical neurons one need not calculate firing rates

of single neurons anymore; the population activity can be definied as (cf. Gerstner

& Kistler, 2002, Chapter 15):

A(t) =
1

∆t

nact(t; t+ ∆t)

N

where N is the size of the population, nact(t; t+ ∆t) the number of spikes (summed

over all neurons in the population) that occur between t and t+∆t (∆t a small time

interval).



Chapter 3

Existing Neural Network

Approaches to Component

Analyses

This Chapter is devoted to existing neural networks performing component analyses

(mainly PCA). Their mathematical background as well as their biological plausibility

are reviewed.

3.1 Oja’s rule and Sanger’s algorithm

3.1.1 A simplified neuron model as a principal component

analyzer

The headline of this section, “A simplified neuron model as a principal component

analyzer”, is the title of an influential article by the Finnish mathematician Erkki

Oja written in the 1980s (Oja, 1982). While Oja used an abstract neuronal unit,

this section (based on Gerstner & Kistler, 2002 Chapter 11) tries to explain the

concerning phenomena as biologically as possible.

Hebbian learning and principal components

Consider a set of p n-dimensional input patterns X = {xk; 1 ≤ k ≤ p}. These

patterns could be visually presented different characters of an alphabet the subject

does not know yet or a set of spoken words for example. They are inputs of a neuron

in a random order. Using rate coding (cf. Section 2.6, p. 23) that means: When a

pattern x is presented, the neuron receives n different firing rates x1, ..., xn as inputs

and transforms them via a function g into a single scalar output value y (cf. eq.

(2.2)).

25
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Let the inputs be normalized (distributed around the origin), i. e. x̄ := E [x] = 0.

This seems not to correspond with rate coding since firing rates cannot be negative.

However, as Gerstner and Kistler (2002) (Chapter 11) show, this problem can be

solved by learning rules based on the deviation of the rates from a certain mean

firing rate. Thus this assumption can be maintained.

Furthermore, let the synaptic weights w of the input synapses be modified via

Hebbian learning (cf. Section 2.5, p. 21). That means, during each presentation the

weights are changed in the following manner:

∆w = η · y · x, (3.1)

where η is a small positive parameter called learning rate. The output y follows eq.

(2.2):

y = g(wTx). (3.2)

The function g is usually sigmoidal (cf. Fig. 2.7, p. 24), but for the sake of

simplicity in the following the identity function g(z) = z is chosen, i. e. the neuron

is “linearized”, so that

y = wTx. (3.3)

Equations (3.1) and (3.3) yield the iteration

wi(k + 1) = wi(k) + η
∑
j

wjxjxi.

Investigating the long-term behavior of w one has to observe its convergence. For a

large k < p one can calculate with expectation values for w:

E [wi(k + 1)] = E [wi(k)] + η
∑
j

E [wjxjxi].

The input patterns are to be chosen independently in each k, therefore

E [wi(k + 1)] = E [wi(k)] + η
∑
j

E [wj]E [xjxi].

Considering def. 1 (covariance matrix Rx), p. 8) follows

E [w(k + 1)] = E [w(k)] + ηRxE [w(k)]

= (I + ηRx)E [w(k)]

= (I + ηRx)
k+1E [w(0)].

Let qi be the eigenvectors of Rx corresponding to the eigenvalues λi in decreasing

order. One can express the weight vector w in terms of qi:

E [w(k)] =
∑

i

ai(k)qi.



3. Existing Neural Network Approaches to Component Analyses 27

This leads to an explicit expression for any given initial condition ai(0):

E [w(k)] =
∑

i

(1 + λi)
kai(0)qi, (3.4)

where the real and positive value λi is the corresponding eigenvalue to qi. Although

w is growing exponentially its growth will be dominated by the first (i. e. largest)

eigenvalue:

lim
k→∞
E [w(k)] = (1 + λ1)

ka1(0)q1. (3.5)

However, Gerstner and Kistler (2002) (Section 11.1.2.1) show that such explicit

averaging is not necessary provided that η is small enough: The weights are then

“self-averaging”.

Therefore simple Hebbian learning yields the first principal component (multi-

plied by a real value) of random input data. However, analyzing eq. 3.5 one will

realize the exponential growth of the norm of w. This is not only computationally

problematic but also biologically implausible: The neurons would be fried with in-

puts of that extent. There are several ways of solving this problem; one of them is

presented in the following in detail.

Weight normalization

Miller and MacKay (1994) distinguish two different possibilities to normalize such

weight vectors as introduced above: Firstly, all weights can be multiplied by a

common factor (multiplicative normalization), secondly, a common constant is sub-

tracted (subtractive normalization). In the following a popular multiplicative nor-

malization method introduced by Oja (1982) is described, also known as Oja’s rule.

Its general idea is that the sum of the squared weights ||w||2 remains constant. This

is achieved by a normalization of the weight vector in each time step k. Considering

the Hebbian update rule (eq. 3.1) this means:

w(k + 1) =
w(k) + η(w(k)Tx)x

||w(k) + η(w(k)Tx)x||
. (3.6)

This is realized neuronally by including a decay term (i. e. Anti-Hebbian learning).

Oja (cf. Oja, 1982, sec. 4) shows that – provieded η is small enough – eq. 3.6 can

be expanded as a power series in η so that

w(k + 1) = w(k) + ηw(k)Tx(x− (w(k)Tx)w(k)) +O(η2).

Thus the weights change in the following manner (Oja’s rule):

∆w = ηy(x− yw) (3.7)

with a random initial w. It can be shown in an analogous way as above that w

converges to the largest eigenvector of the covariance matrix, but this time the
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eigenvector is normalized. Therefore Oja’s rule performs an extraction of the first

principal component of X. Figure 3.1 shows an example of Oja’s rule and Hebbian

learning without normalization applied to 500 random data points.
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Figure 3.1: Example of Oja’s rule and Hebbian learning without normalization applied

to 500 random data points. Initial weights: (5, 4). Circles (◦) show the course of the

weight vector without normalization (leading out of the canvas), crosses (×) updating

due to Oja’s rule. The line connects the origin with the last update of Hebbian learning

without normalization, i. e. it shows the direction of the first principal eigenvector. One

can recognize that Oja’s rule yields the same direction as this vector, but the length

converges to 1.

Derivation of Oja’s rule

For it might not be clear how equation (3.6) leads to (3.7) , this paragraph provides

a derivation of Oja’s rule applying simple mathematical means. η has to be chosen

so small that higher potentials of it can be neglected. Let us consider ||ηyx + w||
first, assuming a normalized vector w:

||ηyx + w|| =
√∑

i

(ηyxi + wi)2

=
√∑

i

(ηyxi)2 +
∑

i

(2ηyxiwi) +
∑

i

w2
i

≈
√

0 + 2ηy
∑

i

xiwi + 1

=
√

2ηy2 + 1

≈
√

1 + 2ηy2 + (ηy2)2
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= 1 + ηy2

=
(1 + ηy2)(1− ηy2)

1− ηy2

=
1− (ηy2)2

1− ηy2

≈ 1

1− ηy2
.

Using this in (3.6) yields

ηyx + w

||ηyx + w||
≈ (ηyx + w)(1− ηy2) = ηyx + w − η2y3x− ηy2w ≈ ηyx + w − ηy2w

which is obviously Oja’s rule.

�

Further considerations

It should be mentioned that there are alternative approaches to extracting the first

PC with one neuron, such as the model proposed by Yuille, Kammen, and Cohen

(1989) in which the following update rule is used:

∆wi = η(yxi − wi||w||2)

converging to ±
√
λ1q1 (where q1 is the first eigenvector of the covariance matrix).

However, in contrast to Oja’s, this rule is not local, i. e. updating each synap-

tic weight requires information not only of the respective synapse but also global

synaptic weight information contained in the term ||w||2.
Now it has been shown how to extract the first principal component with one

single neuron. How is it possible to perform a PCA receiving more than one PC?

One way could be to apply Oja’s rule recursively, viz. to subtract the respective PC

after each extraction and to apply the algorithm to the difference. However, this

seems not to be biologically plausible: How should the single neuron distinguish

between this “difference input” and the “usual” input arriving permanently? And

how do other neurons “know” whether the output is a difference of the nth PC?

Obviously one needs more than one neuron to achieve this goal, at least as many

neurons as components one wants to extract. Therefore in the following networks

with more than one neuron are introduced.

From the end of the 1980s on numerous neural network models for the extraction

of m > 1 PCs have been developed. In the following a selection of them is outlined.

The models are examined for their biological plausibility with regard to their locality

(synaptic weight changes depend only on information available at the site of the

synapse, but not on the activity of other neurons).
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The following notation is used in all models given below:

η learning rate (can vary in each updating step)

n dimension of input space

m number of output neurons (i. e. components to be extracted)

x ∈ Rn input vector

y ∈ Rm output vector

W ∈ Rn,m weight matrix

3.1.2 Oja’s subspace rule

Oja’s subspace rule was first proposed by Karhunen and Oja (1982) as a PCA

method without any direct link to neural networks. Later Oja (1989) developed it

into a multineuron extension of his single neuron learning rule (eq. (3.7)). Both

output calculation and weight updating correspond to Oja’s rule:

y = Wx,

∆W = η(yxT − yyTW) = ηy(x−WTy)T .

Obviously, m = 1 yields Oja’s rule. However, unlike the latter the weight matrix W

in the subspace rule does not converge to the exact eigenvectors of the covariance

matrix but returns the subspace spanned by them (cf. Williams, 1985).

Chen (1997) modified Oja’s subspace rule as follows:

∆W = η
(
xyT −WyyT + β(I−WWT )W

)
,

where β is a constant. This modified equation can extract minor subspace just by

changing the sign of the first term.

Three years after the publication of his subspace rule, Oja (e. g. Oja, 1992)

modified this rule to a “weighted subspace rule” incorporating a vector θ with

0 < θ1 < θ2 < ... < θm

and

∆W = η(yxT − θ\(yyTW)).

Using this rule the weight matrix W converges to the exact eigenvectors. The

weighted subspace rule perfoms a “real” PCA.

What about the biological plausibility of Oja’s subspace rule? Oja (1992) states:

“[...] learning at an individual connection weight wji is local as it only depends on

yi, xj and zj [= xj −
∑m

i=1 yiwji], all of which are easily accessible at that position in

a hardware network.” (p. 930). However, Oja’s definition of locality differs from the
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definition given above (synaptic weight changes depend only on information avail-

able at the site of the synapse); applying the latter, one can realize that
∑m

i=1 yiwji

depends on the activities of other neurons and is therefore not local.

On the other hand, it is possible to interpret Oja’s subspace algorithm as a two

layer recurrent network in which the weighted output
∑m

i=1 yiwji is projected back

to the input layer, subtracted, and acts as new input again. In this case locality is

guaranteed.

3.1.3 Sanger’s Generalized Hebbian Algorithm (GHA)

The probably most cited work dealing with principal component neural networks was

published by Terence Sanger (Sanger, 1989). It is similar to Oja’s subspace network

but the feedforward weights converge to the exact eigenvectors of the covariance

matrix. The output calculation is identical to the calculation in Oja’s subspace

network:

y = Wx.

The weight update rule is slightly different (Sanger’s rule):

∆W = η(yxT − (yyTW)M).

As for the learning rate, Sanger demands that

lim
t→∞

η(t) = 0 and
∞∑

t=0

η(t) =∞.

The algorithm outlined above is called Generalized Hebbian Algorithm.

Obviously, Sanger’s rule is not local (for the same reasons as Oja’s subspace rule).

However, Sanger himself suggests a local implementation of the GHA (Sanger, 1989,

Section 5). He regroups the terms of Sanger’s rule yielding

∆wij = ηyi

xj −
∑
k<i

wkjyk

− ηy2
iwij.

When modifying the input to

x(i) = x−
∑
k<i

wk•yk, (3.8)

the local GHA learning rule is equivalent to performing Oja’s rule (eq. (3.7)). The

modified input driving yi is received by subtracting all i− 1 extracted components.

Such a technique is called deflation. Using this modified input, the local GHA

rule is obviously local according to the definition given in this work. Figure 3.2

shows a network implementation of the local GHA. However, the problem how this

subtraction is implemented in a biologically plausible way is to be solved.
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Figure 3.2: Network implementation of the local GHA. Adapted from Sanger (1989), p.

465. “A given input x1 is connected to several outputs. As each output yi is activated, it

inhibits the input unit x1 by an amount proportional to the output activation.” (Sanger

1989, p. 465.)

3.2 Networks with lateral inhibition

3.2.1 Földiák’s rule

Knowing Oja’s subspace rule and criticizing its lack of locality, Földiák (1989) pro-

posed a combination of two local rules: Oja’s rule (eq. (3.7)) and a decorrelation

procedure. The network performing the decorrelation is shown in Fig. 3.3: Con-

sider a neural network with an input vector x̂ and an output vector ŷ. The output

units are anti-Hebbian connected. Let Ĉ be the matrix representing these lateral

connections (initially Ĉ = 0). Then the output depends on the input and the lateral

feedback:

ŷ = x̂ + Ĉŷ,

and

∆ĉij = −βŷiŷj (i 6= j),

where β a learning rate.
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Figure 3.3: Decorrelating network of three output neurons with anti-Hebbian connec-

tions. Adapted from Földiák (1989), p. 402. During training cross-correlations between

the outputs become zero.

Now Földiák combines such a decorrelation network with Oja’s rule (cf. Fig.

3.4): The feedforward connections (between x and y, weight matrix W) correspond

to Oja’s rule, the lateral connections (weight matrix C) to the decorrelation network

described above; the output y is determined by

y = Wx + Cy, (3.9)

which yields

y = (I−C)−1Wx. (3.10)

The update rules are taken from the two combined models:

∆cij = −βyiyj (i 6= j), (3.11)

and

∆wij = η(yixj − y2
iwij). (3.12)

Like Oja’s subspace network, Földiák’s network model does not extract the exact

principal components but only the principal component subspace.

As for locality, Földiák states: “The modification rules are purely local. All

the information necessary for the modification of connection strength is available

locally at the site of the connection, and there is no need for the propagation of

values from other units.” (p. 402). This is obviously true concerning the weight

updates given in equations (3.11) and (3.12). However, examining the calculation

of the output (equations (3.9) and (3.10)) which is necessary for the updates, it is
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Figure 3.4: Földiák’s network model. Adapted from Földiák (1989), p. 402.

not as straightforward as Földiák suggests. Diamantaras and Kung (1996) analyze

these equations and reach the conclusion (p. 86):

The symmetric lateral coupling of the output units proposed by Földiák

has the disadvantage of introducing feedback, so in order to compute

y one has to perform matrix inversion (I + C)−1. This destroys the

appealing property of performing only local computations. The recursive

computation of y through the equation yi+1 = Cyi + Wx is not really

an alternative: in order for this iteration to be stable, C must have all

eigenvalues less than 1, a condition not guaranteed by the algorithm [...].

3.2.2 Rubner’s model

Jeanne Rubner and her colleagues (Rubner & Tavan, 1989, Rubner & Schulten, 1990)

proposed a network model similar to Földiák’s but extracting the exact principal

components. Like in Földiák’s model not only feedforward connections W but also

lateral connections C exist. Yet the lateral connections are not symmetrical but

hierarchical: Output unit 1 drives all other units, unit 2 all other units except 1,

unit i all other units except units 1 to i− 1 (cf. Fig. 3.5).

Like in Földiák’s model the lateral feedback connections are anti-Hebbian, and

the output consists again (cf. eq. (3.9)) of

y = Wx + Cy, (3.13)
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Updating the lateral weights occurs analogously to Földiák’s model (cf. eq. (3.11)):

∆cij = −βyiyj (i < j), (3.14)

Rubner and her colleagues they did not apply Oja’s rule updating the feedforward

weights W but used a renormalization after each step after Hebbian updating. As

discussed in 3.1.1, Oja’s rule performs exactly this. The authors did not know

Földiák’s model but developed their model independently, otherwise it would have

been plausible to proceed like Földiák and use Oja’s rule, since Rubner’s model can

be considered as an extension of Földiák’s.

Using Oja’s rule instead of normalized Hebbian updating, Rubner’s model (unlike

Földiák’s) becomes local.

3.2.3 The APEX model

Kung and Diamantaras (1990) proposed a modification of Rubner’s model of remark-

able simplicity concerning the learning rules called Adaptive Principal components

EXtraction (APEX). The formal structure is identical to Rubner’s model (cf. Fig.

3.5), but updating of both the feedforward connections W and the lateral feed-

back connections C is achieved by Oja’s rule (eq. (3.7)). Therefore the network is

described by

y = Wx−Cy,

and

∆wij = η(yixj − y2
iwij), (3.15)

∆cij = η(yiyj − y2
i cij), (i < j). (3.16)

Let y(i) be the vector containing the previous outputs from 1st to (i− 1)th and c(i)

analogously the vector of the lateral connections to the previous i − 1 outputs, we

can reformulate APEX as a sequential algorithm extracting one PC after the other:

yi = wT
•ix− (c(i))Ty(i),

and

∆w•i = η(yix− y2
iw•i), (3.17)

∆c(i) = η(yiy
(i) − y2

i c
(i)). (3.18)

Obviously, all update equations are local. The authors proof (cf. Diamantaras

& Kung, 1996, p. 91f.) that w•i → ±qi and C→ 0. Therefore, APEX extracts the

exact principal components.
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Figure 3.5: Network implementing APEX. Adapted from Diamantaras and Kung (1996),

p. 91. The formal structure of this network is identical to Rubner’s model (cf. Rubner

& Schulten, 1990, p. 194).

Fiori and colleagues (Fiori, Uncini, & Piazza, 1998, Fiori & Piazza, 2000) gen-

eralized APEX like PCA procedures and proposed modified APEX algorithms op-

timized for special purposes. They introduced a new class of learning rules called

ψ-APEX class. The ψ-APEX learning rule can be described following the formu-

lation of Costa and Fiori (2001), considering (3.17) and (3.18) and the definitions

above:

zi = wT
•ix,

yi = zi − (c(i))Ty(i),

and

∆w•i = ηyix + w•i(1− ηyizi), (3.19)

∆c(i) = ηρyiy
(i) + c(i)(1− ηψi), (3.20)

where ρ is a magnifying factor and ψi are arbitrary functions guaranteeing at least

the stability of the network. Fiori and colleagues discuss several ψ-functions such
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Model s C G(X) F (X) H(X)

Oja’s subspace rule 0 0 0 X 0

GHA 0 0 0 XM 0

Földiák’s rule 1 offdiag(C) offdiag(X) diag(X) 0

Linearized Rubner model 1 CH XH diag(X) 0

APEX 1 CH XH diag(X) diag(X)

Table 3.1: Special cases of the general neural network PCA model (for non-sequential

models only)

as ψ(y) = y2 (which is similar to APEX), ψk(yk) = 0 or ψk(yk) = |yk| (cf. Costa &

Fiori, 2001).

The learning rate in APEX models has to be chosen heuristically or on the basis

of prior knowledge of eigenvalues which is a disadvantage of this class of algorithms

(cf. Costa & Fiori, 2001).

3.3 A general model of PCA neural networks

Diamantaras and Kung (1996) (Section 4.3) proposed a gereral formulation of unit

activations and learning rules of the PCA neural networks outlined above which is

introduced in the following.

Unit activation

y = Wx− sCy,

where s ∈ [0, 1].

Learning rule

∆W = η
(
yxT − F (yxTW)

)
,

∆C = β
(
G(yyT )−H(yyT )C

)
,

where F , G, and H are functions to be specified in Table 3.1, where diag(X) and

offdiag(X) are the diagonal and off-diagonal parts of the matrix X.

3.4 Convergence optimization

The modifications and innovations introduced in this Section do not essentially

concern the network structure; rather the convergence behavior of the existing al-

gorithms is optimized, i. e. the calculation of the learning rate is specified.
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3.4.1 The autoencoder network and the SAMHL algorithm

Abbas and Fahmy (1993) proposed a modification of the local GHA called SAMHL

(“Successive Application of Modified Hebbian learning rule”). The formal structure

of the network they introduce differs from Sanger’s local GHA; rather they use a

network type that is referred to as autoencoder in the literature (cf. Fig. 3.6).

It is characterized by a strictly sequential structure, i. e. the PCs are extracted

successively: The weights of one neuron have first to converge before the weights of

the next one are trained. The authors define:

ei := x−
i−1∑
k=1

ykw•k (i ≥ 2), (3.21)

with

e1 := x, (3.22)

with the output

yi = wT
•iei (3.23)

and the updating rule

∆w•i = η(yiei − y2
i w•i). (3.24)

Obviously, this is an implementation of Sanger’s local GHA (although Sanger him-

self did not provide an explicit formulation of the output as it is done in eq. (3.23)).

However, extending the algorithm of Sanger (1989), Abbas and Fahmy (1993) pro-

posed an explicit calculation and adaptation of the learning rate.

Let n be the number of input samples. The learning rate is specific for each

neuron j of the output layer. The initialization of ηj depens on the variance of the

whole original input sequence σ2
all and the set of eigenvalues λi corresponding to the

previous eigenvectors:

ηj(0) =
1

σ2
all −

∑j−1
i=1 λi

,

where

λi =
1

n

n∑
k=1

yi(k)
2.

The authors chose to update the learning rate after some specified number of itera-

tions q and not continuously because of their computationally demanding adaptation

equation requiring the computation of current signal variances σ2 and ∆W(k) over

the whole input set:

ηj(qk+1) = ηj(qk) + cn
(
1− ηj(qk)σ

2(qk)
)(

σ2(qk) +
2

n

n∑
i=1

yi(ej(qk)∆w•j(qk))

)
,

where c a heuristic constant.

From a biological point of view this calculation of the learning rate can be criti-

cized for it is not plausible that the network “knows” such parameters as the variance
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Figure 3.6: Autoencoder network used to implement SAMHL. From Costa and Fiori

(2001), p. 652

of the whole original input sequence even at the time of the first update. Moreover,

it is not plausible that the weights of each neuron have to be converged before

its successor is trained: How should the biological neurons “know” when they are

converged?

3.4.2 PCA via Recursive Least Square learning (RLS)

Bannour and Azimi-Sadjadi (1995) suggested using Recursive Least Square learning

(RLS) as a method for performing PCA. They showed that the least squares solution

for the optimal weights of a general auto-associative network structure consists of

linear combinations of the principal eigenvectors of the input process covariance

matrix. Their network model is an autoencoder similar to the one applied in SAMHL

(cf. Fig. 3.7). As SAMHL it is a sequential model, too. However, the new input

sequence, defined in 3.1.3 as x(i) (eq. (3.8)) or in 3.4.1 as ei (eq. (3.21)) is not used

for deflation but only for updating procedures.

The learning equations of this model are as follows:

y = wT
•ix, (3.25)

Ki =
Piyi

1 + y2
i Pi

, (3.26)

∆w•i = Ki · (ei − yiw•i), (3.27)

Pi ← (1−Kiyi)Pi, (3.28)
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Figure 3.7: Autoencoder network performing RLS-PCA. From Costa and Fiori (2001),

p. 653

where ei is the same as in eq. (3.21); the authors define Pi(0) = 0.5. So-called

“Kalman gain” Ki (cf. Iiguni & Sakai, 1992) is the analogue to η and Pi originates

from the inverse of the covariance of the ith neuron’s output.

A drawback of this method is that when increasing numbers of PCs are extracted

then the extraction error accumulates impeding the exact extraction of further PCs.

Therefore Wong, Wong, and Leung (2000) suggested that the initial weight vector

for the extraction of each following component should be orthogonal to the eigen-

subspace spanned by the already extracted weight vectors.

Taking account of the fact that ei is used for weight updating only (not for the

calculation of y) one will realize that the RLS algorithm is not local.

3.4.3 The CRLS rule

Cichocki, Kasprzak, and Skarbek (1996) tried to combine the advantages of SAMHL

(3.4.1) and RLS (3.4.2) proposing an algorithm called “Cascade Recursive Least

Square” (CRLS). The formal structure of the network they introduce is similar to

Sanger’s local GHA shown in Figure 3.2. However, in contrast to the latter, the

neurons are activated one after the other: The nth neuron is not stimulated at all

before all n−1 predecessors have converged. Its sequential character is illustrated in

Fig. 3.8. Output and update equations correspond to SAMHL (equations (3.21) –

(3.24)) which is why the authors avoid the nonlocality of the RLS model, i. e. they

use eq. (3.23) instead of eq. (3.25). However, Cichocki et al.. (1996) did not use the

complicated learning rate of SAMHL. Instead, they transformed the Kalman gain
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Figure 3.8: CRLS network. From Cichocki et al.. (1996), p. 1016

equation of the RLS model (eq. (3.26)) to an equivalent, but simpler formula:

∆θj = y2
j ,

where

θj(0) =
1

n

dim(x)∑
i=1

n∑
t=1

e2j(it)

(n: number of input patterns) and

ηj =
1

θj

.

For the equivalence of the learning rate behavior to the RLS model is not ob-

vious and not clarified in Cichocki et al.. (1996), it should be explained in detail:

Comparing the model of Bannour and Azimi-Sadjadi (1995) and Sanger’s GHA, one

observes that the product of Sanger’s learning rate η and the output y corresponds

to the Kalman gain Ki of the latter model (cf. eq. (3.26)). Assuming different

learning rates for each PC, this yields therefore

ηiyi = Ki.

The Kalman gain Ki is calculated using a parameter Pi (cf. eq. (3.26)) which is

updated seperately. From eq. (3.26) follows:

ηi(k) =
Pi(k − 1)

1 + yi(k)2Pi(k − 1)
.

Cichocki et al.. (1996) (p. 1017) observed that

ηi = Pi.

Applying the conditions of the CRLS model ηi = 1
θi

and θi(k) = θi(k − 1) + yi(k)
2

this yields

ηi(k) =
ηi(k − 1)

1 + yi(k)2ηi(k − 1)
=

1
1

ηi(k−1)
+ yi(k)2

=
1

θi(k − 1) + yi(k)2
=

1

θi(k)
.

Obviously, the updates of the learning rates in the two models are identical.

Wang, Lee, Fiori, Leung, and Zhu (2003) modified the CRLS algorithm applying

the suggestion of Wong et al.. (2000) (cf. 3.4.2) to CRLS with the result of a faster

convergence.
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3.5 Classifications and generalizations

3.5.1 Network architectures and properties

In the following it is tried to classify the PCA neural network models introduced in

the previous sections concerning their architecture, their seriality resp. parallelism

in the firing of the output layer, and finally their seriality in updating their weights.

W W
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y

x

y
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y

-WT

W -WT
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W -WT

id

lateral feedforward / symmetric lateral feedforward / asymmetric

hierarchical feedforward

recurrent
e   = x1

e2
e3

y1 y2

A B

C D

Figure 3.9: The four different network architectures that could be identified examining

the existing PCA neural network algorithms.

As for the network architectures, four different types could be identified which are

shown in Fig. 3.9: A is a simple feedforward network with a decorrelation procedure

in the output layer which can be found in Földiák’s model. B modifies the lateral

connection structure of the output incorporating an asymmetry which results in a

hierarchy (Rubner’s model and APEX). C represents a cascading structure on which

local GHA is based and which is explicitely shown in the introduction of CRLS by

Cichocki et al.. (1996). D is the network type introduced as “autoencoder” (cf.

SAMHL model) that provides feedback of the output layer which is subtracted from

the input.

The firing behavior of the neurons of the output layer can be subdivided into the

possibilities seriality (one neuron fires after the other) and parallelism (all output

layer neurons fire simultaneously). The latter is the case in Oja’s subspace algo-
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rithm, Sanger’s local GHA, Földiák’s model and (presumably) the RLS PCA neural

network. All the other models require a serial firing behavior.

Seriality and parallelism occur not only concerning the firing behavior but also

concerning the updating of the weights. One can distinguish between online learning

and batch learning. The latter means that the learning of the weights of one neuron

starts first after the convergence of the weights of all its predecessors, i. e. it

is necessary to present all input patterns during the learning of each component.

Online learning means that when one single pattern is presented all the weights are

updated simultaneously, viz. the patterns need to be presented only once (which is

biologically much more plausible). The only unambiguous cases of online learning

are Földiák’s model and APEX. Sanger did not specify whether his local GHA

is an online algorithm; he could have intended it to be but this would require a

specification of the learning rate behavior in order to ensure the convergence of

the weights in the correct order. An online implementation of local GHA does not

exist – Cichocki et al.. (1996) and Costa and Fiori (2001) for example use batch

implementations.

Table 3.2 summarizes the architectures and properties of the existing PCA neural

networks.

3.5.2 Temporal vs. spatial serialization

In order to construct a neural network PCA algorithm it is necessary to guarantee

that the weights converge in the desired order, i. e. the weights of the output neu-

rons learn a special component each. Each of the existing models uses one of two

possible mechanisms that are called here temporal vs. spatial serialization. Temporal

serialization means that the weights of all neurons are not updated simultaneously

(in parallel), i. e. the serialization procedure is based on different times instead

of connection structures. In all existing models this results in batch learning (cf.

Table 3.2). The existing neural network models that perform a PCA (not only the

principal component subspace) that allow online learning require another type of

serialization which is called spatial serialization here: The desired order is achieved

by the connection structure of the respective network (cf. Fig. 3.9) which shows ei-

ther hierarchical lateral connections between the output layer neurons or a cascading

shape.

The authors of SAMHL do not specify whether this algorithm uses batch or

online learning, but there is no reason to assume that online learning was intended.

The structure of the RLS neural network is inconsistent (cf. Table 3.2). In all

other cases temporal serialization comes with a hierarchical feedforward structure

ensuring that one weight converges after the other. Attempts to combine temporal
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Model Architecture Seriality of the

output layer

Seriality of the

weight learn-

ing (online vs.

batch)

PCA

Oja’s Sub-

space Algo-

rithm

recurrent parallel online only

sub-

space

local GHA hier. ff. serial both possibili-

ties (probably

parallelism in-

tended, but then

problems with

η)

yes

Földiák lat. ff. / symm. parallel online only

sub-

space

Rubner /

APEX

lat. ff. / asymm. serial online yes

SAMHL recurrent serial (?) yes

RLS ambiguous: ff.

network, but re-

cursive learning

parallel (?) batch yes

CRLS hier. ff. serial batch yes

Table 3.2: Architectures and properties of the existing PCA neural networks
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serialization with online learning have not been made yet.

3.5.3 Nonlinear PCA and ICA

In 3.1.1 it was shown that in order to obtain a strictly mathematical PCA the gain

function g had to be linearized (cf. eq. (3.2), p. 26). This is a simplification since

the biological gain function of a neuron is not linear.

Introducing nonlinear functions g one receives a method which is called non-

linear PCA. Karhunen and Oja (1995) examined such networks and emphasized

their necessity: Nonlinear data processing is usually more efficient; including non-

linearities, one can introduce higher-order statistics into the computations, and the

independence of the outputs is increased.

This suggests that there are strong relationships between neural PCA and ICA.

Indeed, Hyvärinen and Oja (1998) showed that ICA can be performed by simple

Hebbian or anti-Hebbian learning rules; moreover, under certain conditions virtually

any non-linear function can be used in the learning rule. Therefore the PCA models

introduced above can be transformed into ICA models without much effort.

3.6 Biopsychological relevance of neural compo-

nent analyses

Besides all functional plausibility of component analyses: Is the assumption justi-

fied that biological neurons perform such methods? There are several indications

supporting this.

It is known for decades that there are neurons in visual cortex showing line and

edge selectivity (e. g. Hubel & Wiesel, 1968). Field (1994) suggested that such

neurons form a sparse representation of natural scenes. Bell and Sejnowski (1997)

showed that such a sparse representation is closely related to ICA. Thus it is probable

that there are neurons in visual cortex performing such a technique. Lewicki (2002)

proposed the same mechanisms for the auditory cortex. Hateren and Ruderman

(1998) worked the other way round and showed that ICA yields spatio-temporal

filters similar to simple cells in primary visual cortex.

Lőrincz (1998) proposed a model of the hippocampus where ICA is a main feature

of the computations performed by this region of the brain. Independent components

act as memory traces forming internal representations in this model. Based on this

model, Lőrincz, Szirtes, Takácz, and Buzsáki (2001) showed that place cells can be

formed by ICA. Kempermann and Wiskott (2003) proposed ICA as an orthogonal-

ization mechanism performed by the dentate gyrus (a part of the hippocampus) to
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increase storage capacity and to reduce interference between different patterns.



Chapter 4

Considerations Concerning a

Biologically Plausible PCA Neural

Network

The focus of this Chapter is the connection between mathematical models and neu-

robiology. Analyzing the existing PCA neural network models described in Chapter

3, this Chapter discusses biological and psychological considerations. Both the draw-

backs of the existing models will be exposed and possible solutions to these problems

will be suggested.

The goal is to constuct a neural network that could consist exclusively of spiking

(i. e. integrate-and-fire) neurons as introduced in 2.3 (p. 18) together with prevalent

biological mechanisms.

4.1 Locality

Locality as defined in 3.1.1 is a Conditio sine qua non for a biologically plausible

neural network. According to this criterion, the local implementation of GHA as

well as APEX are imaginable. The other models are modifications of local GHA

and therefore local (with the exception of RLS that avoids a recursive subtraction

of the components but intruduces an error term in the learning rate update rule).

Oja’s subspace rule and Földiák’s rule are no PCA neural networks but extract only

the principal component subspace and need not be considered here.

47
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4.2 Towards a suitable network structure: The

concept of recurrence

4.2.1 Architectonic issues

The next question to be raised is that of the formal structure of the preferred neu-

ral network. The different network architectures used in the existing PCA neural

network models were shown in Fig. 3.9 (p. 42). Type A of this figure (lateral feed-

forward / symmetric, Földiák’s model) does not describe a PCA network but only

a network extracting the PC subspace. Type B (lateral feedforward / asymmetric,

Rubner, APEX) is biologically possible. However, it is characterized by a compli-

cated hierarchical connection structure between the output layer neurons: If one

assumes that the synapses are not genetically arranged then the first neuron has to

develop connections to all other neurons, the second one to all other neurons except

for the first one etc., and each neuron has to “know” to what other neurons it may

develop a connection and to what it may not. One cannot rule out the possibility

that such a structure exists, but it is not probable.

Type C of Fig. 3.9 shows another complicated connection structure. This archi-

tecture does not consist of two layers but actually of as many layers as components

are to be extracted. Regarding the mammal cortical structure consisting of fixed

layers such a network seems not to be probable for new network layers cannot be gen-

erated ad hoc which is why the number of extractable components would be fixed.

Moreover, compared to the other models, the high number of necessary neurons is

not economical.

Type D, strict recurrence in a two-layer neural network with symmetric connec-

tions as in the autoencoder, seems to be the easiest concept in terms of biological

plausibility: The input is sent to the input layer once, then the signals cycle be-

tween the two layers until all principal components are extracted due to recursive

subtraction. This is an economical principle: The same network layers can extract

different information from the same data using only one technique. The “most im-

portant” information is extracted at first (it needs least time), and with an increase

in time the accuracy of the representation of the data increases. Hence it is useful

to examine the idea of neuronal recurrence in detail.

4.2.2 Evidence from physiology

Recurrence is a widespread mechanism in the nervous system. In the brain there are

by far more interneurons (neurons connecting other neurons) than neurons trans-

mitting signals to and from external resources, therefore the existence of numerous
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recurrent cycles is probable. For example, it is well known that information of the

retina is transmitted via the lateral geniculate nucleus (LGN) to the central visual

system of the brain. However, more than 80% of the excitatory synapses of the LGN

does not originate in the peripheral sensory organs but in the central visual system

(cf. e. g. Bear, Connors, & Paradiso, 2001).

V1

Pulvinar

LGN

claustrum

nucleus
paracentralis

raphe system

locus
coeruleus

nucleus basalis
of Meynert

V2

V3 V4

FEF

MT

MST

Figure 4.1: Attempt to integrate different investigations concerning feedforward and

feedback connections of the primary visual system (V1) using data given on Webvision

(http://webvision.med.utah.edu/).

The primary visual system is thoroughly investigated, and numerous works deal

with its feedforward and feedback connections to other cortical and subcortical ar-

eas. Figure 4.1 tries to integrate different investigations concerning feedforward and

feedback connections of the primary visual system (V1) using a summary of differ-

ent studies given online on Webvision (http://webvision.med.utah.edu/). Obviously,

many recurrent connections exist.

Several populare models of psychological information processing using recurrence

as a central mechanism exist. One example is the LAMINART model introduced

by Stephen Grossberg and Rajeev Raizada (cf. for instance Grossberg & Raizada,

2000 and Raizada & Grossberg, 2001). The authors investigated the connection

structure in the primary visual cortex (V1 and V2) and LGN with the goal to

explain perceptual groupings over positions that do not receive contrastive visual

inputs. They proposed a highly recurrent structure (cf. Fig. 4.2) explaining existing

neurophysiological data about how grouping and attention occur and interact in V1.
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Figure 4.2: LAMINART model describing the connection structure in the primary visual

cortex and LGN. From Grossberg and Raizada (2000).

4.2.3 Functional Theories

Theories that emphasize the role of not only bottom-up information processing but

also top-down feedback realizing perceptual phenomena are referred to as functional

theories of recurrence in this work. Two examples of psychological relevance will

be introduced in this Section. As Kersten, Mamassian, and Yuille (2004) point out,

there is a long tradition of such theories concerning object recognition. MacKay

(1956) coined the term “analysis by synthesis” describing their concept: An object

is recognized by the interaction (synthesis) of the raw data (in psychological terms

the data of the peripheral sensory organs) and some kind of templates or prototypes

stored in memory.

In general, higher cortical areas such as the lateral occipital complex (cf. for

instance Grill-Spector, Kourtzi, & Kanwisher, 2001) generate hypotheses concerning

object properties which are supposed to be used to resolve ambiguities in the bottom-

up data. There are different models that take these ideas into account; two of them

are sketched in the following.

Enhancing feedback

In the 1970s and 1980s, Stephen Grossberg and his colleagues studied how sensory

features could be categorized by a neural system. They worked with two-layer neural

networks with one input layer (called feature layer) and one output layer (called
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category layer). The correct category was intended to be selected by competition

of the neurons in the category layer: The neuron that gets the strongest input fires

and inhibits its competitors – the category is supposed to be found.

However, the idea of this strictly feedforward network type has a strong disad-

vantage: Grossberg (1976) demonstrated that it can lead to instabilities if the same

set of input patterns is presented repeatedly. A popular solution of this problem is

the so-called Adaptive Resonance Theory (ART) developed by Carpenter and Gross-

berg (1987). They introduced an excitatory feedback of the winner of the category

layer to the input layer. If the category “fits” then the neurons of the input layer

are excited to an extent that resonance occurs. The theory is adaptive because the

respective category neuron is updated according to each new input.

Fig. 4.3 outlines the central idea of ART demonstrating the similarity to the

PCA neural network type preferred in this work. As the autoencoder, the ART

model requires the selection of only one neuron of the output layer that sends its

output back to the input layer. However, unlike SAMHL (cf. 3.4.1, p. 3.4.1) where

this output is subtracted, the latter one leads to an enhancement of the input layer

(provided a good fitting). A similar enhancement of the input provide interactive-

activation models (cf. McClelland & Rumelhart, 1981).

There are numerous neurobiological studies supporting the idea of an enhance-

ment of early visual processing by higher-level feedback, for instance Lamme (1995),

Lee and Nguyen (2001) or Lee, Yang, Romero, and Mumford (2002). Lee et al..

(2002) for example found out that cells in the earlier cortical areas V1 and V2 of

macaque monkeys respond to high-level tasks (shape-from-shading stimuli), and the

responses changed with the animal’s behavioral adaptation to stimulus contingen-

cies. Thus, experience and habituation (which are commonly regarded as influence

of higher cortical areas) influence even V1 (which provides an explicit representation

of the visual stimuli).

Suppressing feedback

Kersten et al.. (2004) report on a number of fMRI works by different research

groups that show that when local visual information is organized into whole objects,

activity in V1 decreases, while activity in higher cortical areas (lateral occipital

complex) increases to the same extent. This result contradicts the hypotheses of

an enhancement or even a resonance (otherwise activity in the early areas would

have to rise). It could be argued instead that high-level areas take over the role

of interpreting the data and suppress earlier areas totally (in the words of Kersten

et al.., 2004 the higher levels tell the earlier ones to “shut up”) which would be

consistent with the high metabolic cost of neuronal spikes (Lennie, 2003).
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Figure 4.3: Outline of the central idea of the ART theory showing the parallels to the

autoencoder PCA network.

There are different explanations for this. One central idea proposed by Mumford

(1992) is that the hypotheses generated by higher levels “predict” the bottom-up

data through their feedback. Then the hypotheses would be evaluated by the com-

putation of a difference signal or residual. This would mean: The better the fit, the

smaller the activity in earlier levels of processing such as V1. The higher cortical

areas reinforce the responses of early, bottom-up influenced areas by reducing activ-

ity being inconsistent with the high level hypothesis – i. e., as Kersten et al.. (2004)

express it: higher cortical areas tell lower areas to “stop gossiping”.

A similar approach is taken in the predictive-coding model introduced by Rajesh

Rao and Dana Ballard (e. g. Rao & Ballard, 1997 or Rao & Ballard, 1999). In this

hierarchical model – which is based on the principle of Kalman filtering – feedback

connections from higher areas carry predictions of lower-level neural activities and

feedforward connections carry the residual errors between the predictions and the

actual lower-level activities (cf. Fig. 4.4). This occurs not only between two isolated

areas but in a chain of connected fields. The different levels introduced in this model

reflect cortical areas.
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Figure 4.4: Architecture of the hierarchical network for predictive coding (Rao & Ballard,

1999).

Lee and Mumford (2003) proposed a Bayesian theory of hierarchical cortical

computation which is based not only on neurophysiological data but also on com-

putational ideas of computer vision and pattern theory, namely particle filtering.

Their hierarchical structure is similar to the one shown in Fig. 4.4. They review a

number of neurophysiological studies using this model.

Obviously, the idea of suppressing feedback that subtracts errors recursively

from the input is implemented in the PCA neural networks applying deflation. To

sum up, a recurrent neural network realizing a data reduction mechanism such as

the mathematical PCA by subtractive feedback appears to be neurophysiologically

plausible.

4.3 The problem of negativity

As described above, PCA requires centered data, i. e. the mean of the input

data must be zero. However, when firing rate coding is applied, the coding of

negative values is not possible using spike frequencies since negative frequencies are

not defined. Furthermore, working with a recurrent model requires some kind of

recursive subtraction of each PC after its extraction. For achieving this aim an

inhibition procedure is imaginable. Yet, if the extracted PC containes negative

values, the corresponding values in the input layer must be increased instead of

attenuated. This means that the same synapse that connects an output layer neuron

with an input layer neuron would have either to inhibit or to excite the latter

depending on the sign of the transmitted signal. This contradicts Dale’s Law (cf.

2.5).

One solution to this problem is to introduce a reference firing rate θ. Positive

and negative values are coded as differences from θ, where negative valus are positive
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firing rates smaller than θ. Bienenstock, Cooper, and Munroe (1982) introduced an

alternative to Hebb’s Rule called BCM Rule, presented as a differential equation:

τw
dw

dt
= yx(y − θ) (4.1)

where τw is a time constant describing the weight changes. The application of such

a rule makes the permanent firing of all neurons with rate θ necessary. This way

even the subtraction can be implemented: The neurons of the output layer inhibit

the input layer in the absence of input with rate θ. If a negative PC value has to be

subtracted the strength of this inhibition is decreased.

4.4 The problem of serialization

After the demonstration of the advantages of a recurrent network structure it has

to be decided how the different principal components can be extracted by an au-

toencoder. The case of the first component is simple: The output layer consists of

one neuron which fires in every update step and whose weights converge according

to Oja’s rule (eq. 3.7, p. 27) to the first eigenvector of the covariance matrix of the

data.

However, how are higher order components to be extracted? Obviously, there

is one core problem: How can the network “know” which of the neurons of the

output layer extracts the respective component? This problem is called here the

problem of serialization which has to be solved for the desirable recurrent network

architecture. The spatial serialization described in 3.5.2 is not a possible technique

for an autoencoder, thus a kind of temporal serialization has to be used.

4.4.1 Reasons for the inapplicability of the existing models

The essential network properties of the existing models were presented in Table 3.2

(p. 44). As already mentioned it is highly desirable that the network learns online

so that each pattern has to be presented only once. The only PCA neural network

models allowing this are Rubner’s model, APEX, and local GHA. However, none of

them is a recurrent network, in other words: They perform a spatial instead of a

temporal serialization.

Thus, none of the existing models is satisfactory concerning the biological plausi-

bility. It is necessary to construct a recurrent network that is serializing temporally.

To sum up, the mathematical procedures applied in the existing models ignore

a core problem of biological plausibility which cannot be solved just by marginal

modifications of the existing algorithms.
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4.4.2 The Temporally Serializing PCA (TSPCA): A new al-

gorithm describing a recurrent network with temporal

serialization

In order to overcome these difficulties, it is proposed to combine an autoencoder

network with a strictly sequential firing of all neurons of the output layer one after

the other, i. e. with each presentation of a new input pattern at first the first

neuron of the output layer fires, projects its output back to the input layer, where it

is subtracted, and this difference is sent as input to the second neuron and so forth.

If a biological mechanism exists that provides such a successive firing in a certain

order then both problems described above would be solved: Firstly, the network

needs not “decide” anymore what neuron has to be chosen to become active in each

update step, since one neuron fires after the other in a certain, fixed order. Secondly,

it is not relevant anymore whether any of the weights has converged or not.

A fixed number m of output neurons exists so that it is determined how many

components will be extracted.

However, is there a biological procedure achieving this goal? It is possible to

ensure that a layer of neurons fire in a fixed order which is maintained over a period

of time. Lisman and Idiart (1995) introduced a neural network model simulated by

spiking neurons implementing a mechanism that can be interpreted as the human

short term memory. Their model combines three biologically demonstrable effects:

firstly, so-called afterdepolarization (ADP) meaning that the membrane potential

of a neuron after its excitation is higher than its resting potential, secondly, a sub-

threshold input inducing the membrane potential to oscillate at theta frequency

(5 – 12 Hz), and thirdly, a feedback inhibition. The combination of these effects

causes up to about seven neurons to fire in a fixed order over the cycles of the theta

frequency.

How is this realized? The mechanism is outlined in Fig. 4.5: Each of the neurons

receives a suprathreshold informational input as well as a subthreshold input that

induces the membrane potential to oscillate at theta frequency. After the induction

of the informational input the neuron begins to spike whenever the wave of the

theta frequency increases and reaches a certain value. Each neuron is connected

to an inhibitory interneuron producing feedback inhibition so that the firing of the

other neurons is delayed (cf. Fig. 4.6). Therefore the neurons fire one after the

other in a gamma frequency (≈ 40 Hz). When the membrane potential due to the

slower theta oscillation rises again, this procedure restarts: The order of the firing

is fixed.

This model provides a strictly temporal serializaiton – however, it cannot be
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Figure 4.5: Network model proposed by Lisman and Idiart. From Lisman and Idiart

(1995), p. 1513.

applied to the output layer of an autoencoder PCA network without modifications:

The order of firing corresponds to the order of the activation strengths of the neurons.

Every new data pattern presented to the network would be a new suprathreshold

informational input possibly resulting in a new order of firing. Thus it is proposed

here to introduce a third layer of neurons (the “timing layer”) connected to the

output layer consisting of the same number of neurons m as the output layer. This

timing layer works in the fashion described by Lisman and Idiart’s model, i. e. its

neurons fire in a fixed order. It could constist either of inhibitory neurons connected

to all neurons of the output layer except one (each timing neuron omits another

output layer neuron) so that with the firing of each timing neuron exactly one output

layer neuron can be activated by the input, or of excitatory neurons each of which

is connected to one certain output layer neuron activating it with a subthreshold

input. In the latter case the informational input would have to be suprathreshold so

that all the output layer neurons not receiving the subthreshold timing layer input

could not fire.

It is necessary that not only the timing layer but also the input layer receives the

theta driving in order to ensure synchronous activations. However, the input layer

neurons do not receive feedback inhibition and fire therefore virtually simultaneously.

The resulting network introduced here will be called Temporally Serializing PCA

(TSPCA). The computational algorithm formed by the behavior of such a network

will be modeled in a simulation later in this work. It will be shown that it implements

indeed a mathematical PCA.
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Figure 4.6: Feedback inhibition in the model of Lisman and Idiart. From Lisman (1998),

p. 133.

4.4.3 The ClusterPCA: A new biologically motivated pro-

cedure

The TSPCA network structure presented in Section 4.4.2 uses biologically possible

mechanisms. However, obviously a number of artificial assumptions were necessary

in order to construct it. Moreover, the focus of this work is to combine a mathemat-

ical procedure of data reduction with neurophysiological plausibility. This raises the

question whether the rigorous fixation on the mathematical PCA is necessary. This

Section pursues the opposite direction: Concessions are made as regards the strict

mathematical procedure in order to realize a better biological plausibility.

Besides the necessity of a number of additional biological mechanisms (ADP,

theta driving, feedback inhibition), the main drawback of the TSPCA is its com-

plicated three layer network structure. It serves exclusively the realization of the

fixed firing order of the output layer neurons. However, what will happen if this

condition is violated? What mathematical procedure will an autoencoder neural

network perform without a fixed firing order of the output layer neurons?

The network structure providing such a procedure is a simple two-layer autoen-

coder. When a data pattern from the input layer is transmitted to the output layer,

the most strongly excited output layer neuron fires and projects its output back to

the input layer where the respective component is subtracted. The other output

layer neurons are inhibited via feedback inhibition according to Lisman and Idiart’s

neural network (cf. 4.4.2). The output neurons that have already fired are in their
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refractory periods and therefore unexcitable for further input.

The difference of the original input and the first component is then the new input

of the output layer – now the strongest activated neuron of the remaining neurons

that have not fired yet is activated projecting the second component back to the

input layer and so forth.

If the recursive subtraction of the components is omitted then this network re-

sembles the ART network introduced in 4.2.3 performing a clustering algorithm.

Hence the new network introduced in this Section performs a mixture of PCA and

a kind of Cluster Analysis and is therefore named ClusterPCA1.

An existing algorithm performing this procedure could neither be found in the

statistical nor in the neural networks literature. Similarities can be found in a

biologicalally motivated algorithm performing hierarchical clustering proposed by

Ambros-Ingerson, Granger, and Lynch (1990). The authors used a recurrent hi-

erarchical neural network with an input layer representing the olfactory bulb. In

contrast to the autoencoder network of ClusterPCA, no homogeneous output layer

exists but a structure of H hierarchal organized single output neuron networks Sh

with connection weights C. Their algorithm reads (p. 1346):

Step 1. Do steps 2 to 5 vor each input X to be learned.

Step 2. Do steps 3 to 5 for each hierarchical level h ∈ {1, 2, ..., H}.

Step 3. Identify winning cells (column vectors) in subnet Sh for input

X: win(X, Sh).

Step 4. Train each of the winning cells C ∈ win(X, Sh) identified in step

3: C← C + γc(X−C).

Step 5. Subtract winners from input: X← X− mean[win(X, Sh)].

where H is the depth of the hierarchy; win(X, Sh) = {C ∈ Sh : [X ·C =

maxCi∈Sh
(X·Ci)]∧X·C > 0} is the set of weight vectors within a subnet

Sh that wins the competition on the input X; and γc is the learning rate

[...].

The ClusterPCA however uses a much simpler network type where all output

neurons compete (not only a subset Sh specified in each update step); moreover,

instead of the very simple update rules in step 4, Oja’s rule is applied.

Although this new algorithm is biologically more plausible than the existing

ones, there are still problems with the ClusterPCA: The firing of the output layer

neurons occurs as single spikes while both the Oja rule and possible subtraction

1The idea for this procedure was uttered by the advisor of my diploma thesis, Dr. Raul Kompaß,

during an oral discussion.
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Model Architecture Seriality of the

output layer

Seriality of the

weight learn-

ing (online vs.

batch)

PCA

Oja’s Sub-

space Algo-

rithm

recurrent parallel online only

sub-

space

local GHA hier. ff. serial both possibili-

ties (probably

parallelism in-

tended, but then

problems with

η)

yes

Földiák lat. ff. / symm. parallel online only

sub-

space

Rubner /

APEX

lat. ff. / asymm. serial online yes

SAMHL recurrent serial (?) yes

RLS ambiguous: ff.

network, but re-

cursive learning

parallel (?) batch yes

CRLS hier. ff. serial batch yes

TSPCA recurrent serial online yes

ClusterPCA recurrent serial without

fixed firing order

online new al-

gorithm

Table 4.1: Architectures and properties of both the existing PCA neural network models

and the new algorithms.
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methods expect firing rates. Thus it is proposed that the output layer works with

rate coding, too. That means that the most excited neuron p fires not only once

but continuously while inhibiting the other output layer neurons with short total

inhibition (i. e. making them insensitive to input) after each spike. The output

firing rate is simultaneously subtracted from the input layer causing a decrease of the

input of p and therefore a decrease of its output as well. When the whole output of

p is subtracted the input is too weak to make p spiking fast enough for maintaining

the inhibitory effect, hence the second most excited neuron takes over p’s role and so

forth. This way the general idea of the ClusterPCA algorithm remains unchanged

except for the fashion of the subtraction.

One can therefore distinguish between an ideal ClusterPCA (with “real” sub-

traction) and modified versions providing biological mechanisms simulating “real”

subtraction. It is in particular important that the transition of the firing from one

neuron to the other occurs as sharp as possible preventing the simultaneous firing

of two neurons and that the amount of subtraction corresponds to the respective

component (not too little or too much).

In conclusion the two new algorithms proposed here can be inserted in Table

3.2 describing the architectures and properties of the existing PCA neural networks

which has been realized in Table 4.1.

4.5 The problem of subtraction

For the realization of the complicated subtraction mechanism outlined in 4.4.3 a sim-

ple subtractive inhibition is not flexible enough. This Section describes a biological

mechanism providing an “indirect” subtraction by modifying the input sensitivity

of a neuron.

4.5.1 Gain control due to synaptic short-term depression

One important question concerning the simulation of biological neurons is how to

change the synaptical weights, resp. the “efficacy”. Usually, the simple spiking

neuron models (cf. 2.3) assume a relatively slow change by the means of synaptical

learning evoked by such modifications as the Hebbian rule. It has been found out

decades ago that this assumption is a simplification neglecting the fact that synaptic

strength changes with activity (cf. for example Katz, 1966). However, taking this

into consideration can provide interesting mechanisms for modelling.

Abbott, Varela, Sen, and Nelson (1997) for example demonstrate gain control

due to short-term depression (reduction in synaptic efficacy) developing over the

first few action potentials and recovering in less than a second. Fig. 4.7 shows the
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decrease of synaptic efficacy during repetitive stimulation.
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Figure 4.7: Short-term depression during repetitive stimulation. From Abbott et al.

(1997).

For firing rates r ≥ 10 Hz the relative synaptic amplitude A(r) per impulse is

approximately inversely proportional to r:

A(r) ≈ C

r

with a constant value C. Thus, the postsynaptic response is the following:

r · A(r) ≈ r · C
r
≈ C,

i. e. the steady-state synaptic response is independent of r. That means for changes

of the stimulus rate, ∆r:

∆r · A(r) ≈ r · C∆r

r
≈ C.

Increasing for example the firing rate r from 25 to 100 Hz will have the same effect

as from 50 to 200 Hz. Therefore, the neuron provides a kind of Fechner scaling since

this behavior is reminiscent of the Weber-Fechner law of psychophysics (Fechner,

1880) according to which the perceived magnitude of a change ∆I in the intensity

I of a stimulus is proportional to ∆I
I

.

To conclude, short-term depression can be regarded as a possible gain control

mechanism for biological neurons. Thus, attempts should be made to add it to

networks of spiking neurons. The following section describes some of these efforts.

4.5.2 A subtraction mechanism using gain control

What is the possible benefit of the gain control mechanism with respect to the

recursive subtraction of the components? It is possible that the output of the output
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neuron layer is not subtracted but rather has an exciting effect on the input layer.

If the input layer neurons are subject to gain control, their synaptic efficacy will be

decreased relative to their excitation increase due to the output layer’s projection,

that is the input neurons representing the following component have stronger firing

rates relative to the neurons representing the current component. The input of the

output layer neuron currently firing decreases to a stronger extent and the input of

the neuron that had the second most activation so that the latter can take over the

role of the former.

In contrast to subtractive inhibition, gain control provides an exponential decay

of synaptic efficacy that is fast enough to provide sharp transitions of the firing from

one neuron to the other.



Chapter 5

Computer Simulations of the

Models

In this Chapter the two new models TSPCA and ClusterPCA will be examined.

Their behavior is to be compared with the classical mathematical PCA method

with regard to possible advantages. The focus of attention will not be biological

plausibility which has been discussed in the previous Chapter but rather the compu-

tational power of the new algorithms. Hence not single spikes of integrate-and-fire

neurons will be simulated but firing rates represented by real numbers. The sub-

tractive inhibition is assumed to be ideal, viz. the respective biological mechanism

(e. g. gain control) has the effect of a simple subtraction.

5.1 TSPCA

The aim of the Temporally Serializing PCA (TSPCA) introduced in 4.4.2 was to

implement the mathematical procedure PCA in a manner that increases its biological

plausibility. Therefore it has to be examined whether the new algorithm performs

indeed a mathematical PCA.

5.1.1 Formulation of the algorithm

The neural network PCA algorithm known to have the best convergence behavior

of all algorithms introduced in this work is the CRLS rule (cf. 3.4.3, p. 40) (for a

comparison cf. for example Costa & Fiori, 2001). Thus it suggests itself to modify

this algorithm in order to construct the TSPCA procedure.

One drawback of the CRLS algorithm from a biological point of view is that the

initial learning rate is set to the reciprocal of the overall input variance which the

network cannot know before the presentation of all input patterns. However, if an

ensemble of biological neurons is repeatedly exposed to the same kind of input (e.

63
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g. due to the recognition of letters) one can assume that it has an estimation of this

overall variance. Therefore TSPCA adopts this idea.

The most important shortcoming of CRLS is that a neuron extracting the ith

PC can be activated first if all PCs < i have been extracted (i. e. the respective

weights have been converged). The network “switches” to a new neuron after it

has “detected” this convergence. As discussed in the previous chapter, this can be

overcome if all neurons of the output layer fire in a fixed order (therefore it is a

temporally serializing procedure). However, CRLS initialized the learning rate of

the ith neuron according to the overall variance of its input which was calculated

by recursively subtracting all i− 1 PCs of the original input.

Obviously this is not feasible applying temporal serialization. In order to ensure

that the ith neuron learns the ith PC the learning rates should decrease from one

neuron to the other. Therefore it is proposed to initialize the learning rate η1 of

the first neuron according to CRLS and then to determine the rates of the following

neurons in this manner:

ηi+1 = αηi,

where 0 < α < 1 is a constant. This is not the result of an optimization proce-

dure, but it is easily implementable, so it has to be tested whether this assumption

is sufficient. The decrease of all ηi from one presented pattern to another depends

on the output of each output layer neuron in the CRLS model; this is biologically

possible and can be adopted. The resulting algorithm reads in C style pseudo code:

W = 1 (weight matrix initialization)

E = X (error matrix initialization)

η1 = 1
n

∑
all elements(X ◦X) (overall variance)

ηi = αηi−1 (1 < i ≤ m)

for all patterns i = 1, ..., n

{
for all output neurons j = 1, ...,m

{
y = Wj• · (Ei•)

T

ηj+ = y2

Wj•+ = y
ηj
· (Ei• − y ·Wj•)

Ei•− = y ·Wj•

}
}
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PC Mean Lower 95% CI Upper 95% CI

TSPCA1 .00046844 .00034098 .00059589

CRLS1 .00055561 .00033850 .00077273

TSPCA2 .00237411 .00160186 .00314635

CRLS2 .00325392 .00053359 .00704144

TSPCA3 .00383299 .00239009 .00527589

CRLS3 .00445114 .00071569 .00818659

TSPCA4 .00177022 .00079349 .00274695

CRLS4 .00189843 .00018147 .00361539

TSPCA5 .00273771 .00108954 .00438588

CRLS5 .00006875 .00005126 .00008624

TSPCA6 .07128860 .06070823 .08186897

CRLS6 .00003082 .00002220 .00003943

Table 5.1: t-test with confidence interval 95% comparing the mean of the mean errors

over 100 trials of each of the six PCs for the algorithms TSPCA and CRLS respectively.

Italic: significant differences.

where X is the input pattern matrix (each row represents one input pattern), n

the number of input patterns and m the number of output layer neurons.

5.1.2 Simulation and comparison

Computer simulations have been performed with the goal to compare TSPCA with

CRLS. As mentioned above, the latter algorithm proves to have best convergence be-

havior of all models introduced in this work, i. e. applied to a sufficiently large data

set, the weight vectors should converge to PC estimations with minimal deviations

of the “real” PCs.

Both algorithms, TSPCA and CRLS, have been applied to 100 random data sets

of 10,000 points each. The points having 6 dimensions are chosen from a Gaussian

distribution with mean 0 and the standard deviations 6, 5, ..., 1 for the respective

dimension, where the directions are specified by six orthogonal vectors, i. e. the

resulting data can be described as a six dimensional cloud of points distributed

in 6 orthogonal directions with 6 specified standard deviations. Formalizing this:

Let s := (6, 5, ..., 1)T , S a matrix containing 10,000 colums s, P be a matrix with

6 orthogonal, normalized rows chosen from a uniform distribution in each trial,

and R be a matrix with 6 rows containing 10,000 random points from the normal

distribution (mean 0, standard deviation 1), then the input data X are calculated
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Figure 5.1: Error bars corresponding to the values of Table 5.1.

in the following manner:

X := S ◦R · p.

For each of the 100 trials the results of both algorithms were compared to the

algebraically determined PCs, and mean square errors for each of the 6 PCs were

calculated. The results are examined for significant differences between the perfor-

mance of both algorithms.

α = 1
2

was chosen heuristically. Table 5.1 shows the results of a t-test of the

means of each of the 6 respective PCs of both algorithms over the 100 trials, Fig. 5.1

the corresponding error bars. Obviously, the performance of TSPCA is significantly

worse for the last and last but one PC. However, PCA is considered to be a data

reduction procedure so that the number of PCs necessary for further calculations is

usually smaller than the number of dimensions of the input. Thus the result that the

first two thirds of the PCs can be extracted by TSPCA with an accuracy that is not

significantly different from the best existing batch PCA algorithm (CRLS) is really

satisfying. Moreover, further optimizations could improve the TSPCA algorithm.
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5.2 ClusterPCA

The ClusterPCA (cf. 4.4.3, p. 57) is a biologically motivated modification of the

TSPCA algorithm. In contrast to the latter, ClusterPCA does not require the

fixed firing order of the output layer neurons which had proven not to be easily

implementable discussing the biological plausibility of TSPCA (cf. 4.4.2). Except

for omitting this condition, both algorithms are identical. This raises the question

whether the recursive subtraction of each extracted component provides any advan-

tages. Leaving out this subtraction the network would become a simple feedforward

network needing fewer processing time and one needs not care about a biological

subtraction mechanism. The resulting algorithm (ClusterPCA without subtraction)

is called ClusterPCAnosub. Furthermore, it is interesting to compare the ClusterPCA

and the classical mathematical PCA with regard to their capabilities of “extracting

information” of real life data (not just randomly chosen clouds of points). Finally,

a comparison of the algorithms ClusterPCA and ClusterPCAnosub with a popular

clustering algorithm such as cluster analysis would be useful.

5.2.1 Formulation and clarification of the algorithm

Analogous to 5.1.1, ClusterPCA can be described by C style pseudo code:

W = 1 (weight matrix initialization)

E = X (error matrix initialization)

ηi = 1
n

∑
all elements(X ◦X) (1 ≤ i ≤ m) (overall variance)

for all patterns i = 1, ..., n

{
a = 1 (vector indicating what output layer neurons are active)

for all output neurons j = 1, ...,m

{
z = W · (Ei•)

T

r = z ◦ z ◦ a + (min(z ◦ z)−1) · (!a)

p = maxpos(r)

y = zp

ηp+ = y2

Wp•+ = y
ηp
· (Ep• − y ·Wp•)

Ei•− = y ·Wp•

ap = 0

}
}
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where X is the input pattern matrix (each row represents one input pattern), n

the number of input patterns and m the number of output layer neurons, maxpos(v)

a function returning the first position of the maximum element of vector v, and !a

the negation of the binary vector a. As mentioned above, ClusterPCAnosub omits

the recursive subtraction.

How can these two algorithms be illustrated in comparison to PCA? Fig. 5.2

shows two cases of input data of two dimensions illustrating both the advantages

(upper row) and shortcomings (lower row) of each of the algorithms PCA and

ClusterPCAnosub.
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Figure 5.2: Illustration of PCA and ClusterPCAnosub. See text for details.

PCA is a variance maximization technique which is useful for the application to

such data as shown in the upper left plot of Fig. 5.2. In this case the principal compo-
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nents extract essential information about the structure of the data. ClusterPCAnosub

is a clustering algorithm whose purpose is shown in the upper right plot. It is capa-

ble of recognizing that there are two different clouds of points and gives information

about their orientations, but it cannot find the maximum variance of the overall

input.

The lower left plot of Fig. 5.2 depicts the application of PCA to the combination

of two different points of clouds. The procedure finds the maximum variance of the

overall input, but the important information that there are two clusters is lost.

When applying ClusterPCAnosub to one single cloud of point (lower right plot), only

the orientation of this cloud of points (corresponding to the first PC) is returned,

the second PC cannot be found.

Hence, both algorithms extract useful information in only one of the two shown

cases. The ClusterPCA is a combination of these two procedures. In the case of one

single cloud of points like in the upper left plot of Fig. 5.2 it performs a simple

PCA, while in the case of two (or more) clouds of points the weights of the output

layer neurons with the strongest overall activations will converge to the orientations

(viz. the respective first PCs) of the single clouds of points. An ideal ClusterPCA

should even be able to find lower order PCs of each of the clouds of points (however,

the algorithm given above fails to do this under “real world conditions” and needs

therefore to be optimized).

5.2.2 Simulation and comparison

In this Section PCA, ClusterPCA, ClusterPCAnosub, and Cluster Analysis are com-

pared with regard to their performance on a task the human perceptual system is

confronted with frequently: The optical recognition of handwritten numbers. For

this purpose the algorithms were exposed to 7,000 different bitmap pictures of 16×16

pixels each containing handwritten digits. The pictures were represented as a matrix

of 7,000 lines and 256 columns of floating point numbers representing the different

patterns. The floating point numbers were limited to the interval [−0.5, 0.5] (i. e.

the interval limits represent black and white respectively; 0: 50% gray).

Each of the four algorithms calculated 20 “components” regarded as a more

compact representation of the input data. As a Cluster Analysis algorithm the

iterative approach k-means (cf. Moody & Darken, 1989) was used. k-means assigns

each input pattern to one of the k clusters which are initially formed arbitrarily

according to the first k patterns. Each subsequent input pattern is assigned to

the nearest cluster. The centroids of the clusters are returned. In this work these

centroids were normalized for further computations.

After the extraction of the 20 “components” an assignment of them to the 10
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Figure 5.3: Sketch of the optical recognition procedure with examples of the images.

The numbers of elements of the respective vectors are shown in brackets.

digits (from 0 to 9) had to be found. To realize this a method similar to the one

proposed by Grother (1992) who describes optical character recognition using PCA

was applied: The assignment is achieved by a backpropagation network. Backprop-

agation is a technique of supervised learning applied to feedforward networks. The

network used here consists of three layers (input, hidden, and output layer). The

input patterns to the first layer were the products of a picture to be recognized

and the 20 components of the respective algorithm. The weights were initialized

randomly, and the learning performed a gradient descent on the error considered

as a function of the weights. The error is defined as the vectorial distance of the

ouput vector to the expected class vector. Based on this error, the weights are up-

dated from the output layer back to the input layer. As a training algorithm of the

backpropagation network Resilient Backpropagation (Rprop) (Riedmiller & Braun,

1996) was chosen here in which only the direction of the change of the weights is

taken into account. The optical recognition procedure applied here is outlined in

Fig. 5.3. Fig. 5.4 shows the 20 “components” of each of the four algorithms.

After the computation of each of the 20 “components” shown in Fig. 5.4 the

backpropagation network has been trained with 500 new digit images (i. e. images

not contained in the set of 7,000 images used to compute the components) in order

to determine the assignment of the components to the 10 classes representing the

digits. The convergence criterion was reaching a certain minimal gradient (10−5

resp. 10−8) which means that the weight changes of the backpropagation network
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A B

C D

Figure 5.4: “Components” of each of the four algorithms: A Cluster Analysis (normal-

ized k-means), B PCA (first 20 PCs, ordered from left to right), C ClusterPCAnosub, D

ClusterPCA.

from one training step to the other are minimal.

After the training of the backpropagation network tests were performed with

another (new) set of 500 images, and the recognition was measured, i. e. the

number of recognition errors was counted. Because of the random initialization of

the weights of the backpropagation network the number of recognition errors differed

from trial to trial, therefore 100 trials were performed for each of the two minimal

gradients (10−5 resp. 10−8). Since the Cluster Analysis needed a multiple of the

time for convergence compared to the other three procedures it had to be omitted for

the second case (min. grad. 10−8). The results of t-tests which have been applied in

order to detect possible significant differences of the means of the recognition errors

are shown in Table. 5.2, the corresponding error bars in Fig. 5.5.

Obviously, ClusterPCA shows not only a significantly better recognition perfor-

mance than both “classical” algorithms PCA and Cluster Analysis. Moreover, it



5. Computer Simulations of the Models 72

Minimal Gradient 10−5

PC Mean Lower 95% CI Upper 95% CI

PCA 71.99 (14.40%) 70.75 73.23

Cluster Analysis 76.73 (15.35%) 75.17 78.29

ClusterPCA 66.95 (13.39%) 65.79 68.11

ClusterPCAnosub 70.01 (14.00%) 68.76 71.26

Minimal Gradient 10−8

PC Mean Lower 95% CI Upper 95% CI

PCA 72.57 (14.51%) 71.28 73.86

ClusterPCA 68.92 (13.78%) 67.54 70.30

ClusterPCAnosub 73.31 (14.66%) 71.89 74.73

Table 5.2: t-tests with confidence interval 95% comparing the means of the absolute

recognition errors of the tested algorithms applied to 500 handwritten digits over 100

trials. Relative errors in brackets.

could be shown that the expensive recursive subtraction of each component pays

off for omitting it (which leads to ClusterPCAnosub) results in a significantly worse

performance.

To sum up, it can be stated that ClusterPCA is not only biologically more

plausible than the PCA neural networks described in this work but also superior to

these when applied to a psychologically relevant task.
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Figure 5.5: Error bars corresponding to the values of Table 5.2. CL: Cluster Analysis,

CLPCA: ClusterPCA, NOSUB: ClusterPCAnosub. A Gradient 10−5, B Gradient 10−8.



Chapter 6

Discussion and Suggestions for

Further Research

This work that was positioned in the area where mathematical data analysis and

neurobiology or biopsychology meet dealt with the perceptual task of creating an

appropriate and compact representation of sensory data. The statistical proce-

dure Principal Component Analysis used for a reduction of the dimensionality of

data was examined pursuing two main goals: Firstly, it had to be studied whether

this algorithm is implementable in a neural network applying biologically plausi-

ble mechanisms. Secondly, the question was raised how the human nervous system

might perform dimensionality reduction in a way similar to PCA, i. e. the biological

plausibility was to be increased relaxing the mathematical conditions.

In order to achieve the first aim it was necessary to focus on existing neural

network approaches of PCA – as it was realized in Chapter 3 – and to examine

them for their biological implementability.

It could be shown that the concept of recurrence is fruitful for biologically moti-

vated neural network models in general and PCA neural network models in partic-

ular since this concept is supported by both the cortical architecture and functional

considerations. Therefore it was focussed to a two layer recurrent neural network

(autoencoder) model in which the components extracted by the output layer are

subtracted from the input layer. Such types of models existed – however, it was

realized that they had severe shortcomings in terms of their biological plausibility.

Biologically possible solutions have been discussed with respect to the problems

that firing rates of biological neurons cannot be negative and how the components

are to be subtracted from the input layer. The crucial problem, however, that the

autoencoder network required a temporal serialization mechanism instead of the

spatial one performed by the existing models, demanded the construction of a new

algorithm: the Temporally Serializing PCA (TSPCA). It could be shown that there

74
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are biological mechanisms by means of which TSPCA is implementable. However, it

had to be admitted that the concerning considerations used quite artificial assump-

tions.

For this reason the focus of attention had to be turned to the second main goal,

the increase of biological plausibility relaxing the mathematical conditions. The

core condition of TSPCA, the firing of the output layer neurons in a fixed order,

was given up. The resulting algorithm that turned out to be a mixture of a clustering

algorithm and PCA was named ClusterPCA.

Both new algorithms were tested and compared to existing models. TSPCA

proved to be not significantly worse than the best known batch PCA algorithm

(CRLS). ClusterPCA even outperforms the existing related procedures PCA and

Cluster Analysis when applied to a psychologically relevant task (optical recognition

of handwritten numbers).

What research work should be done succeeding this study? First of all, the

algorithms TSPCA and ClusterPCA have to be optimized as for their learning rate

behavior. Furthermore, ClusterPCA is intended to implement the biologically and

psychologically relevant concept of sparse coding which could not be shown in this

work. A possible reason for this is the usage of centralized data in this work which is

why it could be tried to construct a ClusterPCA implementation using non negative

data (which would solve the problem that firing rates must be positive as well).

In general, this work is to be understood as an approach to a much more pro-

found combination of biological and mathematical neural network models that often

only coexist instead of cooperate. Both scientific subjects would benefit of such a

combination.
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traitée comme une polarization. Journal de Physiologie et de Pathologie

générale, 9, 620–635.

Lee, T. S., Mumford, D. (2003). Hierarchical bayesian inference in the visual cortex.

Journal of the Optical Society of America A, 20, 1434–1448.

Lee, T. S., Nguyen, M. (2001). Dynamics of subjective contour formation in the

early visual cortex. Proceedings of the National Academy of Science USA, 98,

1907–1911.

Lee, T. S., Yang, C. F., Romero, R. D., Mumford, D. (2002). Neural activity in

early visual cortex reflects behavioral experience and higher-order perceptual

saliency. Nature Neuroscience, 5, 589–597.

Lennie, P. (2003). The cost of cortical computation. Current Biology, 13, 493–497.

Lewicki, M. S. (2002). Efficient coding of natural sounds. Nature Neuroscience, 5,

356–363.

Lisman, J. E. (1998). What makes the brain’s tickers tock. Nature, 394, 132–133.



References 79

Lisman, J. E., Idiart, M. A. P. (1995). Storage of 7 ± 2 short term memories in

oscillatory subcycles. Science, 267, 1512 – 1515.
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Lőrincz, A., Szirtes, G., Takácz, B., Buzsáki, G. (2001). Independent component

analysis of temporal sequences forms place cells. Neurocomputing, 38–40, 769–

774.

Maass, W., Zador, A. M. (1999). Computing and learning with dynamic synapses.

In W. Maass C. M. Bishop (Eds.), Pulsed neural networks (pp. 321–336).

Cambridge, Massachusetts: The MIT Press.

MacKay, D. M. (1956). The epistemological problem for automata. In C. E. Shannon

J. McCarthy (Eds.), Automata studies (pp. 235–250). Princeton: Princeton

University Press.

McClelland, J. L., Rumelhart, D. E. (1981). An interactive activation model of con-

text effects in letter perception: I. an account of basic findings. Psychological

Review, 88, 375–407.

McCulloch, W. S., Pitts, W. (1943). A logical calculus of the ideas immanent in

nervous activity. Bulletin of Mathematical Biophysics, 5, 115–133.

Miller, K. D., MacKay, D. J. C. (1994). The role of constraints in hebbian learning.

Neural Computation, 6, 100–126.

Moody, J. E., Darken, C. (1989). Fast learning in networks of locally-tuned

processing units. Neural Computation, 1, 281–294.

Mumford, D. (1992). On the computational architecture of the neocortex. ii. the

role of cortico-cortical loops. Biological Cybernetics, 66, 241–251.

Oja, E. (1982). A simplified neuron model as a principal component analyzer.

Journal of Mathematical Biology, 15, 267–273.

Oja, E. (1989). Neural networks, principal components, and subspaces. International

Journal of Neural Systems, 1, 61–68.

Oja, E. (1992). Principal components, minor components, and linear neural net-

works. Neural Networks, 5, 927–935.

Pearson, K. (1901). On lines and planes of closest fit to systems of points in space.

Philosophical Magazine, Ser. 6, 2, 559–572.

Raizada, R. D. S., Grossberg, S. (2001). Context-sensitive bindings by the laminar

circuits of v1 and v2: A unified model of perceptual grouping, attention, and

orientation contrast. Visual Cognition, 8, 341–466.

Rao, R. P. N., Ballard, D. H. (1997). Dynamic model of visual recognition predicts

neural response properties in the visual cortex. Neural Computation, 9, 721–



References 80

763.

Rao, R. P. N., Ballard, D. H. (1999). Predictive coding in the visual cortex: a

functional interpretation of some extra-classical receptive-field effects. Nature

Neuroscience, 2, 79–87.

Riedmiller, M., Braun, H. (1996). A direct adaptive method for faster backpropa-

gation learning: The RPROP algorithm. In H. Ruspini (Ed.), Proceedings of

the IEEE international conference on neural networks (ICNN) (pp. 586–591).

San Francisco: IEEE Press.

Rubner, J., Schulten, K. (1990). Development of feature detectors by self-

organization: A network model. Biological Cybernetics, 62, 193–199.

Rubner, J., Tavan, P. (1989). A self-organizing network for principal-component

analysis. Europhysics Letters, 10, 693–698.

Sanger, T. D. (1989). Optimal unsupervised learning in a single-layer linear feed-

forward neural network. Neural Networks, 2, 459–473.

Thorpe, S., Fize, D., Marlot, C. (1996). Speed of processing in the human visual

system. Nature, 381, 520–522.

Trappenberg, T. P. (2002). Fundamentals of computational neuroscience. New York:

Oxford University Press.

Wang, Z., Lee, Y., Fiori, S., Leung, C.-S., Zhu, Y.-S. (2003). An improved sequential

method for principal component analysis. Pattern Recognition Letters, 24,

1409–1415.

Webvision. (http://webvision.med.utah.edu/).

Williams, R. J. (1985). Feature discovery through error-correction learning (Tech.

Rep. No. 8501). San Diego, CA: University of California, Institute of Cognitive

Science.

Wong, A. S.-Y., Wong, K.-W., Leung, C.-S. (2000). A practical sequential method

for principal component analysis. Neural Processing Letters, 11, 107–112.

Yuille, A. L., Kammen, D. M., Cohen, D. S. (1989). Quadrature and the de-

velopment of orientation selective cortical cells. Biological Cybernetics, 61,

183–194.
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