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Dynamical Networks

Jürgen Jost

Summary. The theory of dynamical networks is concerned with systems of dynam-
ical units coupled according to an underlying graph structure. It therefore investi-
gates the interplay between dynamics and structure, between the temporal processes
going on at the individual units and the static spatial structure linking them.
In order to analyse that spatial structure, formalized as a graph, we discuss an es-
sentially complete system of graph invariants, the spectrum of the graph Laplacian,
and how it relates to various qualitative properties of the graph. We also describe
various stochastic construction schemes for graphs with certain qualitative features.
We then turn to dynamical aspects and discuss systems of oscillators with diffu-
sive coupling according to the graph Laplacian and analyse their synchronizability.
The analytical tool here are local expansions in terms of eigenmodes of the graph
Laplacian. This is viewed as a first step towards a general understanding of pattern
formation in systems of coupled oscillators.

3.1 Introduction

The theory of dynamical networks is a combination of graph theory and non-
linear dynamics. It is concerned with elements or agents whose states are
dynamical quantities, following some dynamical rule, and that dynamical rule
includes interactions with neighbouring elements. These elements are consid-
ered as the nodes or vertices of a graph, and the edges connecting them with
other vertices in the graph specify with which other elements they interact.
Thus, from the point of view of dynamical systems, we have a coupled system
of dynamical equations, and the emphasis is on the resulting global dynamics
of the system emerging from the interactions between the local dynamics of
the individual elements. Graph theory then analyses the coupling structure
and its influence on those emerging global patterns. Here, one thinks about
dynamical nodes, but with a fixed topology. In contrast to this, one may also
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consider how evolution rules shape the dynamics of a network, that is, admit-
ting a dynamical topology. In that scenario, the underlying graph is not fixed,
but changing, possibly in response to the dynamics supported by it.

Thus, the emphasis can be put either on the interplay between the local
and the global dynamics or on the dynamically evolving topology. Most in-
teresting is a combination of both. Typically, such a combination involves a
coupling between two different time scales: a fast one on which the individual
dynamic takes place, and a slow one on which the network responds to that
dynamic and evolves. In neural networks, for example, one has a fast activ-
ity dynamic of the nodes, called neurons in this context, and a slow learning
dynamic that changes the weights of the connections, called synapses, in re-
sponse to the activity correlations between neurons.

Although, as discussed, the interplay between dynamic and structure is of
ultimate interest, for the exposition we first need to describe the two aspects
separately. We start with the theory of the underlying structure, that is, with
graph theory, with a view toward dynamical patterns. In particular, we shall
introduce and analyse the graph Laplacian and its spectrum. This will also
provide a link with dynamical aspects. Namely, we shall consider dynamics
at the nodes of the graph that are coupled via the graph Laplacian, or some
generalizations thereof. We shall then conclude this survey by discussing the
question of synchronization, that is, when the coupling is strong enough to
make the dynamics at the nodes identical to each other.

3.2 Qualitative Properties of Graphs

As described in the introduction, we consider networks of interacting discrete
agents or elements. Usually, these interactions follow not only some dynamical
rule, but also some underlying structural pattern that encodes which elements
interacts with which other one. This is typically specific, in the sense that the
interaction partners of each element are specific, selected other elements. This
structure may itself evolve in time, but if it does, then it will do so rather
slowly in most situations.

This interaction pattern or structure is usually formalized as a graph. The
nodes or vertices of the graph are the original elements themselves, whereas
the edges or links encode the interaction pattern. In the simplest case, the
graph is symmetric and without weights, and there is a link between the el-
ements i and j when they interact. In a dynamical evolution, the influences
need not be symmetric, however. That is, the state of i may be an input for
the computation of the next state of j, but not conversely. In that case, we
should represent this by a directed edge from i to j. Thus, we shall construct
a directed graph. Also, the interaction or influence may occur with a certain
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strength wji, and we may also encode this by assigning the weight wji to the
edge from i to j. We thus obtain a weighted graph; it is symmetric if always
wji = wij .

Examples of unweighted, symmetric graphs are the ones that describe
reciprocal social relationships like acquaintance, friendship, scientific collabo-
ration, or the ones that describe infrastructures (roads, train or flight connec-
tions between cities, power lines, Internet connections between servers, etc).
Directed graphs occur for such diverse patterns as Web links, gene regulatory
networks, food webs, and flows of payments. Extreme cases are hierarchical
or dependency, descendence structures and the like where links can only go
in one direction. Weighted graphs occur, for example, as structures of neural
networks.

A graph can be represented by its adjacency matrix. That matrix carries
an entry 1 (or wji in the weighted case) at the intersection of the ith row and
the jth column if there is a link from i to j. When there is no link, the entry
will be 0.

We are interested in qualitative properties of the interaction graph and in
quantities whose values can encode the significant such properties. Let us try
to develop some of them. We consider the symmetric case without weights.
We assume that the graph Γ is connected and finite. We say that two vertices
are neighbours if they are connected by an edge. An extreme case is the com-
plete graph of N vertices where each vertex is connected to every other one.

Excluding self-connections, we thus have N(N−1)
2 links. That graph is said

to be fully connected. In particular when N is large, this becomes unwieldy.
Typically, large graphs are rather sparsely connected, that is, most entries in
the adjacency matrix will be 0.

Another prototype that is a natural starting point is a regular graph. We
consider some regular tessellation of Euclidean space, for example by unit
cubes or simplices. We take all the corner points of this tessellation, for ex-
ample all points in Euclidean space with integer coordinates in the case of a
unit cube tessellation. We then select a regular connectivity pattern, that is,
connect any such points with all the nearest other ones, and perhaps also with
the second, third,..., nearest ones. To obtain a finite graph, we can identify
points that are obtained from each other through a shift of some fixed size in
any of the coordinate directions. Such a regular graph then possesses a tran-
sitive1 symmetry group because the connectivity pattern of all the nodes is
the same. While such a graph may describe the structure of certain crystals,
in most other cases we do not encounter so much homogeneity, but rather
some diversity and differences between the connectivity patterns of the vari-
ous nodes. To provide a pattern that is opposite to the one of a regular graph,
Erdös and Rényi introduced random graphs. Here, one starts with, say, N
nodes and each pair of nodes gets a link with some fixed probability p. That
is, we start with a fully connected graph of N nodes and delete any individual

1 On the set of nodes.
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edge with probability 1− p, of course treating all edges independently of each
other. Since this is a stochastic constructions, it then makes sense to consider
the class of all such random graphs with fixed parameters N, p and derive
typical properties, that is, properties that hold almost surely as N tends to
∞, with respect to some obvious natural measure on the space of all such
random graphs.

For nodes i, j of a graph Γ , we let d(i, j) denote their distance, that is, the
smallest number of edges that establish a connection between them. In a reg-
ular graph, the distance between randomly drawn nodes grows like a power of
the total number N of nodes. In most graphs occurring in applications, how-
ever, the average or maximal distance between nodes is much smaller. This
has been called the small-world phenomenon, and Watts and Strogatz [31]
proposed a simple algorithm for converting a regular graph into a small-world
graph. Namely, given a regular graph and some p between 0 and 1, for any
node i, select with probability p a random partner j somewhere in the graph
and add a link from i to j. One variant of the construction then deletes one
of the original links from i so as to keep the total number of edges constant.
When p exceeds some critical threshold, the small-world phenomenon sets in,
that is, the average distance between two nodes jumps to a much smaller value
than for the original regular graph.

Another class of graphs that recently found much interest is the so-called
scale-free graph. Here, the number of nodes of degree k, that is, those that
possess k links, behaves like a power k−β. That is, the number of nodes of
degree k does not decay exponentially as a function of k, as many examples
of graphs might lead one to expect, but rather only polynomially. Graphs
modeling Web links, Internet connections between servers, airline connections
between cities, and also biological networks like gene regulatory networks seem
to exhibit this type of structure. Simon [29] and Barabasi and Albert [4] pro-
posed a construction scheme for such scale-free graphs. One starts with some
small graph and then adds new nodes successively. Any new node is allowed
to make k links while any node already established has a probability propor-
tional to the number of links it already possesses for becoming the recipient
of one of those k new links. As the network grows it exhibits this type of
scale-free behaviour. However, a scale-free structure can also be generated by
completely different mechanisms, with different qualitative properties with re-
gard to other aspects.

One such important network aspect is the clustering behaviour, both on
the local and on the global scale. We start with the local aspect. For an
Erdös-Rényi random graph, given a node i0 and two of its neighbours i1, i2,
the probability that they are connected, that is, that there exists an edge
between i1 and i2, is given by the fixed number p underlying the construction
and is not influenced at all by the fact that they possess a common neighbour,
namely i0. In many networks arising in applications, this is different, however.
Namely, two nodes with a common neighbour have a higher probability of be-
ing directly connected than two arbitrary ones. Of course, it may also happen
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that that probability is lower. For example, for the regular graph formed from
the points in Euclidean space with integer coordinates, connected when pre-
cisely one of these coordinates differs by 1 between them while the other ones
coincide, that probability is 0 as the neighbours of a vertex are never directly
connected. Likewise, two neighbours of a vertex are never connected for trees,
that is, for graphs without cycles (loops), in other words, for simply connected
graphs.

The average probability for two neighbours of some vertex to be directly
connected is given by the clustering coefficient C of the graph Γ , defined as 3
times the ratio between the number of triangles in the graph (that is triples
of vertices for which each is connected to the other two) and the number of
connected triples (that is triples where one is connected to the other two).
The factor 3 arises because each triangle contains three connected triples.

One can then also consider other graph motives that are larger than trian-
gles, for example complete subgraphs of k vertices, that is, subgraphs in which
any two vertices are connected by an edge, for some k > 3 (for k = 3, we have
the triangles just discussed). Two such complete k-subgraphs are called ad-
jacent when they share a complete (k − 1)-subgraph. One can then search
for clusters defined as maximal subgraphs consisting of uninterrupted chains
of adjacent complete k-subgraph (see [12]). That means that each vertex is
contained in a complete k-subgraph, and for any two vertices i, j inside such
a cluster, we find a sequence i1 = i, i2, ..., in = j of vertices inside the cluster
such that iν and iν+1 are always contained in adjacent complete k-subgraphs.

This was the local aspect of clustering. The global one is what is also called
community structure. Here, one looks for groups of vertices with many con-
nections within a group, but considerably fewer between groups. Perhaps this
aspect is best understood by describing methods for breaking a network up
into such subgroups, also called communities. We shall exhibit two methods
that are kind of dual to each other. The first one is based on a quantity that
is analogous to one introduced by Cheeger in Riemannian geometry. Letting
ni denote the degree of the node i (the number of its neighbours) and |E| the
number of edges contained in an edge set E, that quantity is

h(Γ ) := inf

{ |E0|
min

(∑
i∈V1

ni,
∑

i∈V2
ni

)
}

(3.1)

where removing E0 disconnects Γ into the components V1, V2. Thus, we try to
break up the graph into two large components by removing only few edges. We
may then repeat the process within those components to break them up fur-
ther until we are no longer able to realize a small value of h. The other method
was introduced by Girvan and Newman [14]. They define the “betweenness”
of an edge as the number of shortest paths between vertices that contain it,
that is, run through it. The underlying intuition is that severing an edge with
a high value of that betweenness cuts many shortest paths between vertices
on different sides and therefore is conducive to breaking up the graph. Their
algorithm for breaking up a graph efficiently into communities then consists in
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the iterative removal of the (or an) edge with the highest betweenness where
of course the value of that betweenness has to be recomputed after each re-
moval. Rather obvious network parameters are the maximal and the average
distance between nodes. As already mentioned, the values of those parameters
are high for regular graphs and small for small-world ones. Random graphs
also tend to have relatively small values.

So far, we have discussed qualitative features that can be simply described.
In the next section, we shall turn to a more a technical set of invariants, the
eigenvalues of the graph Laplacian. That will then enable us in subsequent
sections to discuss the former qualitative aspects in a more profound manner.

3.3 The Graph Laplacian and Its Spectrum

So far, we have considered quantities that can be directly evaluated from
an inspection of the graph. We now turn to constructions that depend on
the choice of additional data. These data are functions on the set of vertices
of the graph Γ . Of course, any such function can be extended to the edges
by linear interpolation, and we shall occasionally assume that interpolation
implicitly. For analysing such functions, it is in turn useful to have a basis
of that function space. For that purpose, we introduce the L2-product for
functions on Γ :

(u, v) :=
∑

i∈Γ

niu(i)v(i) (3.2)

where ni is the degree of the vertex i. For purposes of normalization, one
might wish to put an additional factor 1

|Γ | in front where |Γ | is the number

of elements of the graph, but we have decided to omit that factor in our
conventions. We may then choose an orthonormal base of that space L2(Γ ). To
find such a basis that is also well adapted to dynamical aspects, we introduce
the graph Laplacian

∆ : L2(Γ ) → L2(Γ )

∆v(i) :=
1

ni

∑

j,j∼i

v(j) − v(i) (3.3)

where j ∼ i means that j is a neighbour of i.2 The idea behind this operator
is the comparison of the value of a function v at a vertex i with the average

2 There are several different definitions of the graph Laplacian in the litera-
ture. Some of them are equivalent to ours inasmuch as the yield the same
spectrum, but others are not. In the monograph [8], the operator Lv(i) :=
v(i)−P

j,j∼i
1√

ni
√

nj
v(j) is employed. Apart from the minus sign, it has the same

eigenvalues as ∆: if ∆v(i) = µv(i), then w(i) =
√

niv(i) satisfies Lw(i) = −µw(i).
While our operator ∆ is symmetric w.r.t. the product (u, v) =

P

i∈Γ
niu(i)v(i),

L is symmetric w.r.t. 〈u, v〉 :=
P

i∈Γ
u(i)v(i). The operator Lv(i) := niv(i) −
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of the values at the neighbours of i. Thus, ∆v detects local inhomogeneities
in the values of the function v. In particular, since we assume that our graph
is connected

•
∆v ≡ 0 iff v ≡ const. (3.4)

(If the graph is not connected, then ∆v ≡ 0 when v is constant on each
component.)

Other important properties of ∆ are the following ones:

• ∆ is selfadjoint w.r.t. (., .):

(u,∆v) = (∆u, v) (3.5)

for all u, v ∈ L2(Γ ).3 This holds because the neighbourhood relation is
symmetric.

• ∆ is nonpositive:
(∆u, u) ≤ 0 (3.6)

for all u. This follows from the Cauchy-Schwarz inequality.

The preceding properties have consequences for the eigenvalues of ∆:

• By (3.5), the eigenvalues are real.

• By (3.6), they are nonpositive. We write them as −λk so that the eigen-
value equation becomes

∆uk + λkuk = 0. (3.7)

• By (3.4), the smallest eigenvalue then is λ0 = 0. Since we assume that Γ
is connected, this eigenvalue is simple (see (3.4)), that is

λk > 0 (3.8)

for k > 0 where we order the eigenvalues as

λ0 < λ1 ≤ ... ≤ λK

(K = |Γ | − 1).
P

j,j∼i
v(j) that is also often employed in the literature, however, has a spectrum

different from ∆ for general graphs.
3 An operator A = (Aij) is symmetric w.r.t. a product 〈v, w〉 :=

P

i
biv(i)w(i),

that is, 〈Av, w〉 = 〈v, Aw〉 if biAij = bjAji for all indices i, j. The bi are often
called multipliers in the literature.
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We next consider, for neighbours i, j

Du(i, j) := u(i) − u(j) (3.9)

(Du can be considered as a function defined on the edges of Γ . Thus, D maps
functions on the vertices to functions on the edges.) We also introduce the
product

(Du,Dv) :=
(∑

j∼i

(
u(i) − u(j)

)(
v(i) − v(j)

)
(3.10)

where the sum is over edges4 (note that here, in contrast to (3.2), we do not
use any weights). We have

(Du,Dv) =
1

2

(∑

i

niu(i)v(i) +
∑

j

nju(j)v(j) − 2
∑

j∼i

u(i)v(j)
)

= −
∑

i

u(i)
∑

j∼i

(
v(j) − v(i)

)

= −(u,∆v). (3.11)

We may find an orthonormal basis of L2(Γ ) consisting of eigenfunctions of ∆,

uk, k = 1, ...,K.

This is achieved as follows. We iteratively define, with H0 := H := L2(Γ ) be-
ing the Hilbert space of all real-valued functions on Γ with the scalar product
(., .),

Hk := {v ∈ H : (v, ui) = 0 for i ≤ k − 1}, (3.12)

starting with a constant function u0 as the eigenfunction for the eigenvalue
λ0 = 0. Also

λk := inf
u∈Hk−{0}

(Du,Du)

(u, u)
, (3.13)

that is, we claim that the eigenvalues can be obtained as those infima. First,
since Hk ⊂ Hk−1, we have

λk ≥ λk−1. (3.14)

Second, since the expression in (3.13) remains unchanged when a function u
is multiplied by a nonzero constant, it suffices to consider those functions that
satisfy the normalization:

(u, u) = 1 (3.15)

whenever convenient. We may find a function uk that realizes the infimum in
(3.13), that is

λk =
(Duk, Duk)

(uk, uk)
. (3.16)

4 If we summed over pairs of vertices (i, j) with i ∼ j, then each edge would be
counted twice, and we would have to introduce a factor 1

2
in front of the sum.
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Since then for every ϕ ∈ Hk, t ∈ R

(
D(uk + tϕ), D(uk + tϕ)

)

(uk + tϕ, uk + tϕ)
≥ λk, (3.17)

the derivative of that expression w.r.t. t vanishes at t = 0, and we obtain,
using (3.11)

0 = (Duk, Dϕ) − λk(uk, ϕ) = −(∆uk, ϕ) − λk(uk, ϕ) (3.18)

for all ϕ ∈ Hk; in fact, this even holds for all ϕ ∈ H , and not only for those
in the subspace Hk, since for i ≤ k − 1

(uk, ui) = 0 (3.19)

and

(Duk, Dui) = (Dui, Duk) = −(∆ui, uk) = λi(ui, uk) = 0 (3.20)

since uk ∈ Hi. Thus, if we also recall (3.11),

(∆uk, ϕ) + λk(uk, ϕ) = 0 (3.21)

for all ϕ ∈ H whence
∆uk + λkuk = 0. (3.22)

Since, as noted in (3.15), we may require

(uk, uk) = 1 (3.23)

for k = 0, 1, ...,K and since the uk are mutually orthogonal by construction,
we have constructed an orthonormal basis of H consisting of eigenfunctions
of ∆. Thus we may expand any function f on Γ as

f(i) =
∑

k

(f, uk)uk(i). (3.24)

We then also have
(f, f) =

∑

k

(f, uk)2 (3.25)

since the uk satisfy
(uj , uk) = δjk, (3.26)

the condition for being an orthonormal basis. Finally, using (3.25) and (3.11),
we obtain

(Df,Df) =
∑

k

λk(f, uk)2. (3.27)

We next derive Courant’s minimax principle: Let P k be the collection
of all k-dimensional linear subspaces of H . We have
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λk = max
L∈P k

min

{
(Du,Du)

(u, u)
: u 6= 0, (u, v) = 0 for all v ∈ L

}
(3.28)

and dually

λk = min
L∈P k+1

max

{
(Du,Du)

(u, u)
: u ∈ L\{0}

}
. (3.29)

To verify these relations, we recall (3.13)

λk = min

{
(Du,Du)

(u, u)
: u 6= 0, (u, uj) = 0 for j = 1, ..., k − 1

}
. (3.30)

Dually, we have

λk = max

{
(Du,Du)

(u, u)
: u 6= 0 linear combination of uj with j ≤ k

}
. (3.31)

The latter maximum is realized when u is a multiple of the kth eigenfunction,
and so is the minimum in (3.30). If now L is any k+ 1-dimensional subspace,
we may find some v in L that satisfies the k conditions

(v, uj) = 0 for j = 0, ..., k − 1. (3.32)

From (3.25) and (3.27), we then obtain

(Dv,Dv)

(v, v)
=

∑
j≥k λj(v, uj)

2

∑
j≥k(v, uj)2

≥ λk. (3.33)

This implies

max
v∈L\{0}

(Dv,Dv)

(v, v)
≥ λk. (3.34)

We then obtain (3.29). (3.28) follows in a dual manner.

For linking the function theory on Γ with the underlying topological struc-
ture of Γ , it is important to understand how the eigenvalues of ∆ depend on
the properties of Γ . Again, we start with some extreme cases that are easy to
analyse. For a fully connected graph, we have

λ1 = ... = λK =
|Γ |

|Γ | − 1
(3.35)

since
∆v = −v (3.36)

for any v that is orthogonal to the constants, that is

1

|Γ |
∑

i∈Γ

niv(i) = 0. (3.37)
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We also recall that since Γ is connected, the trivial eigenvalue λ0 = 0 is simple.
If Γ had two components, then the next eigenvalue λ1 would also become 0. A
corresponding eigenfunction would be equal to a constant on each component,
the two values chosen such that (3.37) is satisfied; in particular, one of the
two would be positive, the other one negative. We therefore expect that for
graphs with a pronounced community structure, that is, for ones that can be
broken up into two large components by deleting only few edges as discussed
above, the eigenvalue λ1 should be close to 0. Formally, this is easily seen from
the variational characterization

λ1 = min

{∑
j∼i

(
v(i) − v(j)

)2
∑

i niv(i)2
:
∑

i

niv(i) = 0

}
, (3.38)

see (3.13) and observe that
∑

i niv(i) = 0 is equivalent to (v, u0) = 0 as the
eigenfunction u0 is constant. Namely, if two large components of Γ are only
connected by few edges, then one can make v constant on either side, with
opposite signs so as to respect the normalization (3.37) with only a small
contribution from the numerator.

The strategy for obtaining an eigenfunction for the first eigenvalue λ1

is, according to (3.38), to do the same as one’s neighbours. Because of the
constraint

∑
i niv(i) = 0, this is not globally possible, however. The first

eigenfunction thus exhibits oscillations with the lowest possible frequency.
By way of contrast, according to (3.29), the highest eigenvalue is given by

λK = max
u6=0

(Du,Du)

(u, u)
. (3.39)

Thus, the strategy for obtaining an eigenfunction for the highest eigenvalue is
to do the opposite of what one’s neighbours are doing, for example to assume
the value 1 when the neighbours have the value −1. Thus, the correspond-
ing eigenfunction will exhibit oscillations with the highest possible frequency.
Here, the obstacle can be local. Namely, any triangle, that is, a triple of three
mutually connected nodes, presents such an obstacle. More generally, any cy-
cle of odd length makes an alternation of the values 1 and −1 impossible. The
optimal situation here is represented by a bipartite graph, that is, a graph
that consists of two sets Γ+, Γ− of nodes without any links between nodes
in the same such subset. Thus, one can put um = ±1 on Γ±. The highest
eigenvalue λK becomes smallest on a fully connected graph, namely

λK =
|Γ |

|Γ | − 1
(3.40)

according to (3.37). For graphs that are neither bipartite nor fully connected,
this eigenvalue lies strictly between those two extremal possibilities.

Perhaps the following caricature can summarize the preceding: For mini-
mizing λ1—the minimal value being 0—one needs two subsets that can inter-
nally be arbitrarily connected, but that do not admit any connection between
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each other. For maximizing λK—the maximal value being 2—one needs two
subsets without any internal connections, but allowing arbitrary connections
between them. In either situation, the worst case—that is the one of a maximal
value for λ1 and a minimal value for λK—is represented by a fully connected
graph. In fact, in that case, λ1 and λK coincide.

We also have the following version of Courant’s nodal domain theorem of
Gladwell-Davies-Leydold-Stadler [15]:

Lemma 1. Let uk be an eigenfunction for the eigenvalue λk, with our above
ordering, 0 = λ0 < λ1 ≤ λ2 ≤ .... ≤ λK . Delete from Γ all edges that connect
points on which the values of uk have opposite signs. This divides Γ into
connected components Γ1, ...., Γl. Then l ≤ k + 1, where we need to order the
eigenvalues appropriately when they are not simple.

Systematic questions:

• What is the relationship between global properties or quantities (diame-
ter, clustering coefficient, Cheeger constant, community structure,...), lo-
cal quantities (pointwise clustering, upper and lower bounds for vertex
degrees,...) and eigenvalues?

• How do operations on graphs affect eigenvalues, in particular (in the case
of a connected graph) λ1 as given in (3.38)? Let us consider some examples
for the latter question:

1. We add a new node, labeled j0, with a single edge to some existing node
i0 in the graph Γ . This does not increase λ1. This is seen as follows:
Let u = u1 be a first eigenfunction; thus, u realizes the infimum in
(3.38) and satisfies the constraint

∑
i niu(i) = 0. However, on the new

graph Γ ′ obtained by adding the node j0, this constraint is no longer
satisfied, even if we put u(j0) = 0, because the degree of i0 has been
increased by 1 by the new edge from j0 to i0. We therefore construct
a new function u′ by putting u′(i) = u(i) + η for all nodes i ∈ Γ and
u′(j0) = u′(i0), for some constant η to be determined by the constraint,
which now becomes

∑
j∈Γ ′ n′

ju
′(j) = 0 where n′

j of course denotes the
vertex degrees in Γ ′. This becomes

∑

i∈Γ

ni

(
u(i) + η

)
+ 2
(
u(i0) + η

)
(3.41)

where the last term arises from the increase in ni0 by 1 and the pres-

ence of the additional node j0. This yields η = − 2u(i0)
P

ni+2 . Since we are

changing u by a global additive constant and since u′(i0) = u′(j0), the
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numerator in (3.38) is the same for u′ on Γ ′ as it was for u on Γ . We
now compute the denominator as

∑

i∈Γ

ni

(
u(i) + η

)2
+ 2
(
u(i0) + η

)2
>
∑

i∈Γ

niu(i)
2

since
∑

i∈Γ niηu(i) = 0 by the constraint condition for u and the addi-
tional contributions are squares and therefore positive (unless u(i0) = 0
in which case they vanish).

2. We add an edge between existing nodes. Here, however, the effect on
λ1 depends on the structure of Γ and where the edge is added. If Γ
has two connected components, then λ1 = 0 as noted above, and if
we add an edge that connects those two components, then λ1 becomes
positive, and so, it increases. Also, we may find graphs that are almost
disconnected and have small λ1 and if we add more and more edges
the graph eventually approaches a fully connected graph for which all
eigenvalues except λ0 are =1. Thus, again, during this process of adding
edges, we expect λ1 to increase. However, in certain situations, adding
an edge may decrease λ1 instead. Namely, if there exist nodes i1, i2 that
are not linked, but for which the first eigenfunction satisfies u1(i1) =
u1(i2), then linking them decreases λ1 by the same computation as in
1. The same then of course also holds when u1(i1) and u1(i2) are not
quite equal, but their difference is sufficiently small.

3. We rewire the graph: We choose nodes i1, i2, j1, j2 with i1 ∼ i2 and
j1 ∼ j2, but with no further neighbouring relation, that is neither i1
nor i2 is a neighbour of j1 or j2. We then delete the two edges, that is,
the one between i1 and i2 and the one between j1 and j2 and insert new
edges between i1 and j1 and between i2 and j2. Obviously, since this is
a reversible process, in general this will not have a systematic effect on
λ1. However, we may try to find such pairs i1, i2 and j1, j2 to influence
certain characteristic properties of the graph like its clustering through
systematic such rewirings, and we may then study the influence on λ1

as well.

We now derive elementary estimates for λ1 from above and below in terms
of the constant h(Γ ) introduced in (3.1). Our reference here is [8] (that mono-
graph also contains many other spectral estimates for graphs, as well as the
original references). We start with the estimate from above and use the vari-
ational characterization (3.38). Let the edge set E divide the graph into the
two disjoint sets V1, V2 of nodes, and let V1 be the one with the smaller ver-
tex sum

∑
ni. We consider a function v that is =1 on all the nodes in V1

and = −α for some positive α on V2. α is chosen so that the normalization∑
Γ niv(i) = 0 holds, that is,

∑
i∈V1

ni−
∑

i∈V2
niα = 0. Since V2 is the subset

with the larger
∑
ni, we have α ≤ 1. Thus, for our choice of v, the quotient in
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(3.38) becomes ≤ (1+α)2|E|
P

i∈V1
ni+

P

i∈V2
niα2 = (α+1)|E|

P

V1
ni

≤ 2 |E|
P

V1
ni

. Since this holds

for all such splittings of our graph Γ , we obtain from (3.1) and (3.38)

λ1 ≤ 2h(Γ ). (3.42)

The estimate from below is slightly more subtle. We consider the first
eigenfunction u1. Like all functions on our graph, we consider it to be defined
on the nodes. We then interpolate it linearly on the edges of Γ . Since u1 is
orthogonal to the constants (recall

∑
i niu(i) = 0), it has to change sign, and

the zero set of our extension then divides Γ into two parts Γ ′ and Γ ′′. W.l.o.g.,
Γ ′ is the part with fewer nodes. The points where (the extension of) u1 = 0
are called boundary points. We now consider any function ϕ that is linear on
the edges, 0 on the boundary, and positive elsewhere on the nodes and edges

of Γ ′. We also put h′(Γ ′) := inf{ |E|
P

i∈Ω ni
} where removing the edges in E cuts

out a subset Ω that is disjoint from the boundary. We then have

∑

i∼j

|ϕ(i) − ϕ(j)| =

∫

σ

]e(ϕ = σ)dσ

=

∫

σ

]e(ϕ = σ)∑
i:ϕ(i)≥σ ni

∑

i:ϕ(i)≥σ

ni dσ

≥ inf
σ

]e(ϕ = σ)∑
i:ϕ(i)≥σ ni

∫

s

∑

i:ϕ(i)≥s

ni ds

= inf
σ

]e(ϕ = σ)∑
i:ϕ(i)≥σ ni

∑

i

ni|ϕ(i)|

≥ h′(Γ ′)
∑

i

ni|ϕ(i)|

when the sets ϕ = σ and ϕ ≥ σ satisfy the conditions in the definition of h′(Γ );
that is, the infimum has to be taken over those σ < maxϕ. Here, ]e(ϕ = σ)
denotes the number of edges on which ϕ attains the value σ. Applying this to
ϕ = v2 for some function v on Γ ′ that vanishes on the boundary, we obtain

h(Γ ′)
∑

i

ni|v(i)|2 ≤
∑

i∼j

|v(i)2 − v(j)2|

≤
∑

i∼j

(
|v(i)| + |v(j)|

)
|v(i) − v(j)|

≤ 2
(∑

i

ni|v(i)|2
)1/2(∑

i∼j

|v(i) − v(j)|2
)1/2

from which
1

4
h(Γ ′)2

∑

i

ni|v(i)|2 ≤
∑

i∼j

|v(i) − v(j)|2. (3.43)
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We now apply this to v = u1, the first eigenfunction of our graph Γ . We have
h′(Γ ′) ≥ h(Γ ), since Γ ′ is the component with fewer nodes. We also have

λ1

∑

i∈Γ ′

niu1(i)
2 =

1

2

∑

i∈Γ ′

∑

j∼i

(
u1(i) − u1(j)

)2
, 5 (3.44)

cf. (3.16) (this relation holds on both Γ ′ and Γ ′′ because u1 vanishes on their
common boundary).6 (3.43) and (3.44) yield the desired estimate

λ1 ≥ 1

2
h(Γ )2. (3.45)

From (3.42) and (3.45), we also observe the inequality

h(Γ ) ≤ 4 (3.46)

for any connected graph.

3.4 Other Graph Parameters

One set of useful parameters that encode important qualitative properties
comes from the metric on the graph generated by assigning every edge the
length 1, that is, letting neighbours in the graph have distance 1. The diam-
eter of the graph (assumed to be connected, as always) then is the maximal
distance between any two of its nodes. Most graphs of N nodes have a diame-
ter of order logN . More precisely, there exists a constant c with the property
that the fraction of all graphs with N nodes having diameter exceeding c logN
tends to 0 for N → ∞. Of course, a fully connected graph has diameter 1.
However, one can realize a small diameter already with much fewer edges;
namely, one selects one central node to which every other node is connected.
In that manner, one obtains a graph of N nodes with N − 1 edges and di-
ameter 2. Of course, the central node then has a very large degree, namely
N −1. It is a big hub. Similarly, one can construct graphs with a few hubs, so
that none of them has to be quite that big, efficiently distributed so that the
diameter is still rather small. Such graphs can be realized as so-called scale
free graphs to be discussed below. Another useful quantity is the average dis-
tance between nodes in the graph. The property of having a small diameter

5 We obtain the factor 1
2

because we are now summing over vertices so that each
edge gets counted twice.

6 To see this, one adds nodes at the points where the edges have been cut, and
extends functions by 0 on those nodes. These extended functions then satisfy the
analogue of (3.11) on either part, as one sees by looking at the derivation of that
relation and using the fact that the functions under consideration vanish at those
new “boundary” nodes.
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or average distance has been called the small-world effect.
A rather different quantity that was already described in the introduction

is the clustering coefficient that measures how many connections there exist
between the neighbours of a node. Formally, it is defined as

C =
3 × number of triangles

number of connected triples of nodes
. (3.47)

The normalization is that C becomes one for a fully connected graph. It van-
ishes for trees and other bipartite graphs.

A triangle is a cycle of length 3. One may then also count the number
of cycles of length k, for integers > 3. A different generalization consists in
considering complete subgraphs of order k. For example, for k = 4, we would
have a subset of four nodes that are all mutually connected. One may then
associate a simplicial complex to our graph by assigning a k-simplex to every
such complete subgraph, with obvious incidence relations. This is the basis of
topological combinatorics, enabling one to apply tools from simplicial topol-
ogy to graph theory.

3.5 Generalized Random Graphs

A generalized random graph is characterized by its number N of nodes or
vertices and real numbers 0 ≤ pij ≤ 1 (with the symmetry pij = pji) that
assign to each pair i, j of nodes the probability for finding an edge between
them. Self-connections of the node i are excluded when pii = 0. The expected
degree of i then is

νi =
∑

j

pij . (3.48)

This construction generalizes the random graphs introduced by Erdös and
Rényi [13]; their important idea was not to specify a graph explicitly, but
rather only its generic type by selecting edges between nodes randomly. In
their construction, for any pair of nodes, there was a uniform probability p
for an edge between them. If the network has N nodes, then, if we do not
allow self-links, each node has N − 1 possible recipients for an edge, while if
self-links are permitted, there are N of them. Thus, the average degree of a
node is

z := (N − 1)p or Np, (3.49)

and this difference of course becomes insignificant for large N . Moreover, the
probability that a given node has degree k in an Erdös-Rényi graph is

pk =

(
N − 1
k

)
pk(1 − p)N−1−k (3.50)
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because the degree happens to be k when precisely p out of the N−1 possible
edges from the given node are chosen, and each of them is chosen with prob-
ability p and not chosen with probability 1− p. Thus, the degree distribution
is binomial, and for N � kz, this is approximated by the Poisson distribution

pk =
zke−z

k!
(3.51)

(and so z = 〈k〉 =
∑

k kpk).
For an Erdös-Rényi graph, one can also compute the distribution of the

number of second neighbours of a given node, that is, the number of neighbours
of its neighbours, discarding of course the original node itself as well as all its
direct neighbours that also happen to be connected with another neighbour.
However, since there is no tendency to clustering in the construction, the
probability that a second neighbour is also a first neighbour behaves like 1/N
and so becomes negligible for large N . Now, however, the degree distribution
of first-order neighbours of some node is different from the degree distribution
of all the nodes in the random graph, because the probability that an edge
leads to a particular node is proportional to that node’s degree so that a node
of degree k has a k-fold increased chance of receiving an edge. Therefore, the
probability distribution of our first neighbours is proportional to kpk, that is,
given by kpk

P

l lpl
, instead of pk, the one for all the nodes in the graph. Such

a first neighbour of degree k has k − 1 edges leading away from the original
node. Therefore, when we shift the index by 1, the distribution for having k
second neighbours via one particular neighbour is then given by

qk =
(k + 1)pk+1∑

l lpl
. (3.52)

Thus, to obtain the number of second neighbours, we need to sum over the
first neighbours, since, as argued, we can neglect clustering in this model.
So, the mean number of second neighbours is obtained by multiplying the
expected number of second neighbours via a particular first neighbour, that
is,
∑
kqk, by the expected number of first neighbours, z =

∑
kpk. So, we

obtain for that number

∑

l

lpl

∑

k

kqk =

∞∑

k=0

k(k + 1)pk+1 =

∞∑

k=0

(k − 1)kpk = 〈k2〉 − 〈k〉. (3.53)

Following the exposition in [24], such probability distributions can be encoded
in probability generating functions. If we have a probability distribution pk

as above on the nonnegative integers, we have the generating function defined
as

Gp(x) =

∞∑

k=0

pkx
k. (3.54)

Likewise, the above distribution for the number of second neighbours then is
encoded by
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Gq(x) =
∞∑

k=0

qkx
k =

∑
k(k + 1)pk+1∑

l lpl
=
G′

p(x)

z
. (3.55)

When we insert the Poisson distribution (3.51), we obtain

Gp(x) = e−z
∞∑

k=0

zk

k!
xk = ez(x−1) (3.56)

and from (3.55) then also
Gq(x) = ez(x−1) (3.57)

Thus, for an Erdös-Rényi graph, the two generating functions agree. This is
quite useful for deriving analytical results.

To also include scale-free graphs, [5] introduced the following generaliza-
tion of this procedure. One starts with an N -tuple ν = (ν1, ..., νN ) of positive
numbers satisfying

max
i
ν2

i ≤
∑

j

νj ; (3.58)

when the νi are positive integers, this is necessary and sufficient for the ex-
istence of a graph with nodes i of degree νi, i = 1, ..., N . When putting
γ := 1

P

i νi
and pij := γνiνj , then 0 ≤ pij ≤ 1 for all i, j. We then insert an

edge between the nodes i and j with probability pij to construct the (gener-
alized) random graph Γ . By (3.48), the expected degree of node i in such a
graph is νi. When all the νi are equal, we obtain an Erdös-Rényi graph. For
other types, the number of nodes i with νi = k will decay as a function of
k, at least for large k, for example exponentially. When that number behaves
like a power k−β instead, we obtain a so-called scale free graph.

Scale-free graphs were apparently first considered by H. Simon [29]; they
have been popularized more recently by Barabasi and Albert [4]. Their con-
struction can be simply described: Prescribe some positive integer m ≥ 2 and
start with some (small) connected graph. Add each iteration step, add a new
node that can make connections to m nodes already existing in the network.
The probability for each of those nodes to be a recipient of a connection from
the new node is proportional to the number of connections it already has. By
this scheme, those nodes that already possess many connections are favoured
to become recipients of further connections, and in this manner, many hubs are
generated in the network, and in the final network the number of nodes with
degree k decays like a power of k, instead of exponentially as is the case for
random graphs. It should be pointed out that the construction just described
is not the only one that can generate graphs with such a power law behaviour.
For example, Kleinberg et al [19] introduced a copying model that in contrast
to the preceding, but like the subsequently mentioned models needs only local
information for deciding the connections of new nodes. In [30] and [26], a lo-
cal exploration model is introduced. Jost and Joy [18] constructed graphs by
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the make-friends-with-the-friends-of-your-friends principle. According to this
principle, new nodes added to the network that are again allowed to make
a specified number m of connections make their first connection at random
and then preferentially make connections with neighbours of those nodes they
are already connected with. Since the probability of a node i being a neigh-
bour of another node the new node is already connected to is proportional
to the degree of i, this principle again favours highly connected nodes and
leads to a power law degree sequence. With respect to important graph pa-
rameters, however, the graphs so constructed are rather different from the
ones produced by the Barabasi-Albert scheme. For example, their diameter
tends to be much larger, and their first eigenvalue significantly smaller than
the corresponding quantities for the latter. For a more systematic analysis of
the spectral properties, see [1]. See also the discussion below. More generally,
[18] discuss attachment rules where the preference for a node to become a
recipient of a new connection depends on the distance to the node forming
those connections.

One can also consider networks not only where new nodes are added, but
also where rewiring takes place. For example, Klemm and Egúıluz [20, 21]
consider a growing network model based on the scale-free paradigm, with the
distinctive feature that older nodes become inactive at the same rate that new
ones are introduced. This is interpreted as a finite memory effect, in the sense
that older contributions tend to be forgotten when they are not frequently
enough employed. This results in networks that are even more highly clus-
tered than regular ones. Davidsen et al [11] consider a network that rewires
itself through triangle formation. Nodes together with all their links are ran-
domly removed and replaced by new ones with one random link. The resulting
network again is highly clustered, has small average distance, and can be tuned
toward a scale-free behaviour.

In the construction of [10], the probability to find a connection between
i and j depends only on a property intrinsic to i and j, namely their ex-
pected degrees. In the more general construction we would like to propose
here, that probability rather encodes a relationship between i and j that may
well be special to them. This seems to capture the essential aspect underlying
most constructions of graphs in specific applications where they are supposed
to represent a particular structure of relations between individual elements.
Each element can form relations with selective other elements, and whether
another element is chosen need not only depend on a property intrinsic to the
latter, but also on some affinity, similarity, or dissimilarity to the former. In
this regard, see also the Cameo principle of Blanchard and Krüger [6].

The appropriate approach to analysing properties of random graphs of
course is not to consider an individual such graph, but rather to derive prop-
erties that hold for all or almost all such graphs for a given collection pij or
class of such collections with specified properties, at least perhaps asymptot-
ically for N → ∞. This applies in particular to the eigenvalues of the graph
Laplacian. Such properties, in general, will not only depend on the N -tuple
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ν above. Two graphs with the same ν can have rather different geometric
properties, as for example encoded by the clustering coefficient or the average
distance between nodes, and also their spectrum can be rather different. For
instance, we can apply the rewiring rule 3 from Section 3.3 to change some
of those quantities in a systematic manner without affecting the degrees of
nodes. In particular, since we can affect the constant h(Γ ) in that manner, for
instance making it arbitrarily small, we cannot expect nontrivial estimates for
the first eigenvalue λ1 that hold uniformly for all graphs with given ν. This is
systematically investigated in [1].

3.6 Interactions

Above, we have considered the graph Laplacian ∆. It can be considered as the
prototype of an interaction operator. We consider a function f representing
the dynamics of the individual elements. This means that an element i in
isolation obeys the dynamical rule

u(i, n+ 1) = f(u(i, n)); (3.59)

here, n ∈ N stands for the discrete time. u(i, n) is the state of element i at
time n. Prototypes of such reaction functions f are

f1(x) = ρx(1 − x) (3.60)

with 0 < ρ ≤ 4 which, for sufficiently large ρ generates chaotic dynamics, see
for example [16] for details (in our investigations, we have mostly considered
the value ρ = 4), and

f2(x) =
1

1 + e−κ(x−θ)
, with κ > 0, (3.61)

the so-called sigmoid function in neural networks, which in contrast to f1 is
monotonically increasing and leads to a regular, nonchaotic behaviour, and
which has one or three fixed points (depending on κ, θ).

When considering networks of interacting elements, we need to add an
interaction term to (3.59):

u(i, n+ 1) = f
(
u(i, n)

)
+ εµi

(∑

j

cjig
(
u(j, n)

)
−
∑

k

cikg
(
u(i, n)

))
(3.62)

for a network with nodes i, with multipliers µi, coupling strengths cjk from
j to k, and global interaction strength ε, for some function g. For simplicity
of presentation, we restrict ourselves here to the case g = f , even though
the general case can be treated by the same type of analysis. Thus, we shall
consider
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u(i, n+ 1) = f
(
u(i, n)

)
+ εµi

(∑

j

cjif
(
u(j, n)

)
−
∑

k

cikf
(
u(i, n)

))
. (3.63)

A question that we shall discuss is under which conditions the solution u
synchronizes, that is when limn→∞ |u(i, n)−u(j, n)| = 0 for all vertices i, j (in
computer simulations, when synchronization occurs, it can be seen already at
finite values of n, that is, u(i, n) = u(j, n) for all n larger than some N ∈ N).
The fundamental reference on this topic that we shall also use in the sequel
is [27].

When we put µi = 1
ni

and cjk = 1 when j and k are neighbours and 0
otherwise, the interaction operator becomes our graph Laplacian ∆ studied
above. In fact, that operator serves as a prototype for the interaction, and we
now derive conditions that allows us to generalize the key features of ∆ to
some larger class of interaction operators. There are three types of conditions
that we shall now discuss in turn:

1. A balancing condition

∑

j

cji =
∑

k

cik for all i. (3.64)

This condition states that what comes in at a node is balanced by what
is flowing out of that node.
For simplicity, we also assume

cii = 0 for all i. (3.65)

This condition is not essential for the formal analysis, but notationally
convenient in the sequel. It excludes a self-interaction term from the in-
teraction operator, and this is easily justified by declaring that any self-
interaction is already contained in the reaction term, the first term on the
right-hand side of (3.62).
The balancing condition can be rewritten as a zero-row-sum condition
when we define an operator L = (lxy) by putting

lik := µicki for i 6= k (3.66)

(note the reversal of the indices), and

lii := −µi

∑

j

cji = −µi

∑

k

cik. (3.67)

The balancing condition (3.64) then is equivalent to

∑

j

lij = 0 for all i. (3.68)
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In terms of the operator L, our dynamics (3.63) becomes

u(i, n+ 1) = f
(
u(i, n)

)
+ ε
∑

j

lijf
(
u(j, n)

)
(3.69)

or, more abstractly,

u(., n+ 1) = f
(
u(., n)

)
+ εLf

(
u(., n)

)
. (3.70)

The important point of the balancing condition (3.64) or the equivalent
zero-row-sum condition (3.68) is that the synchronized solutions, that is,

u(i, n) = u(j, n) for all i, j, n, (3.71)

satisfying the individual equation (3.59) are also solutions of the collective
equation (3.63) (or, equivalently, (3.69), (3.70)).

2. Another useful condition is a nonnegativity condition: Let the coupling
matrix C = (cxy) have nonnegative entries, that is,

cij ≥ 0 for all i, j. (3.72)

We shall not assume this condition in most of the sequel, but we discuss
it here because it allows us to derive some kind of asymptotic stability
condition for the globally synchronized solution. We consider the adjoint
operator L∗ with coefficients

l∗ik =
µi

µk
lki (= µicik for i 6= k), (3.73)

assuming, of course, that the multipliers µi 6= 0. We then have, from
(3.68), ∑

k

l∗ik = 0. (3.74)

The crucial quantity that will be seen as a Lyapunov function then is

−
∑

i

1

µi
L∗u(i, n+ 1)u(i, n+ 1) (3.75)

= −
∑

i

1

µi
L∗
(
(1 + εL)f

(
u(i, n)

))
(1 + εL)f

(
u(i, n)

)
.

We have

−
∑

i

(∑

k

1

µi
l∗ik
(
(1 + εL)f

(
u(k, n)

)))
(1 + εL)f

(
u(i, n)

)

=
1

2

∑

i6=k

1

µi
l∗ik(1 + εL)

(
f
(
u(i, n)

)
− f

(
u(k, n)

))

(1 + εL)
(
f
(
u(i, n)

)
− f

(
u(k, n)

))

≤ − sup |f ′|2‖1 + εL‖2
∑

i

1

µi
L∗u(i, n)u(i, n) (3.76)
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by (3.74) and since the nondiagonal entries of L are nonnegative. Here,
the norm of the operator 1 + εL is evaluated on those functions that are
orthogonal to the constants as the difference in the preceding formula van-
ishes on the constants. Therefore, when this norm is smaller than |f ′|−1,
that is, when we have the global stability condition,

sup |f ′|2‖1 + εL‖2 < 1, (3.77)

−
∑

i

1

µi
L∗u(i, n)u(i, n) (3.78)

is exponentially decreasing as a function of n under our dynamical it-
eration (3.63). Thus, for n → ∞, it goes to 0. Thus, the limit u(i) :=
limn→∞ u(i, n) (or, more precisely, the limit of any subsequence) satisfies

∑

i

(∑

j

cjiu(j) −
∑

j

ciku(i)
)
u(i) = 0, (3.79)

which, by (3.72), (3.64), and the Schwarz inequality, implies that u(i)
is constant, that is, independent of i. This means that under dynamical
iteration (3.63) synchronizes as n→ ∞.
In the symmetric case to be discussed below, such an estimate had been
derived in [17]. In the general case, similar conditions have been obtained
by Wu [32] and Lu and Chen [23]. For recent work in this direction, see
[22].

3. A symmetry condition on the operator L will guarantee that its spectrum
is real, and then, when also the nonnegativity condition (3.72) will be
assumed, that it is nonnegative. To obtain such a condition, we need a
scalar product on the space of functions on Γ , to make it into an L2-space.
Such a product is given by

(u, v) :=
∑

i,j

aiju(i)v(j). (3.80)

Here, A := (aij) should be positive definite and symmetric:

aij = aji for all i, j. (3.81)

L is symmetric with respect to this product if

(Lu, v) = (u, Lv) for all u, v, (3.82)

that is, if ∑

i,j,k

aij liku(k)v(j) =
∑

i,j,k

aiju(i)ljkv(k). (3.83)

This requires
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aij lik = aiklij , (3.84)

using the symmetry (3.81). (3.84) is the condition yielding the symmetry
of L, that is, we can infer that L has a real spectrum when we can find a
symmetric matrix A := (aij) satisfying (3.84).
If we want to have a scalar product that is more intimately tied to the
graph structure, we should require that it admits an orthonormal basis of
functions of the form ui with ui(j) = 0 for j 6= i. In that case, the scalar
product has to be of the form already given in (3.2)

(u, v) =
∑

i

niu(i)v(i) (3.85)

where, however, the ni can be arbitrary positive numbers, not necessar-
ily the vertex degrees. In that situation, the symmetry condition for L
becomes

nilik = nklki for all i, k. (3.86)

When we have

ni =
1

µi
(3.87)

for the above multipliers µi, this simply becomes the symmetry of the
interaction matrix,

cik = cki for all i, k, (3.88)

see (3.66). In that case, that is, when L is self-adjoint with respect to the
product (3.85) with (3.87), it coincides with the operator L∗ defined in
(3.73), as the latter is the adjoint of L with respect to this product.

3.7 Local Stability of the Synchronized Solution

In the preceding section, we have derived a global stability condition, (3.77).
We now discuss the local stability of a synchronized solution with the help of
the eigenvalue expansion obtained in Section 3.3, following the presentation
in [17]. A similar analysis has been carried out and related to the Gershgorin
disk theorem in [7, 28]. We shall only consider the case of the graph Laplacian
as our interaction operator, although the subsequent analysis readily extends
to other symmetric operators that are negative definite on the subspace or-
thogonal to the constant functions.

We consider a solution ū(n) of the uncoupled equation (3.59),

ū(n+ 1) = f
(
ū(n)

)
. (3.89)

u(i, n) = ū(n) then is a synchronized solution of the coupled equation
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u(i, n+ 1) = f
(
u(i, n)

)
+

ε

ni

∑

j,j∼i

(
f
(
u(j, n)

)
− f

(
u(i, n)

))
. (3.90)

The local stability question then is whether a perturbation

u(i, n) = ū(n) + δαk(n)uk(i) (3.91)

by an eigenmode uk for some k ≥ 1, and small enough δ, αk(n) goes to 0 for
n → ∞, if u(i, n) solves (3.90). We now perform a linear stability analysis.
We insert (3.3) into (3.2) and expand about δ = 0. This yields

αk(n+ 1) = (1 − ελk)f ′
(
ū(n)

)
αk(n). (3.92)

The sufficient local stability condition7

lim
N→∞

1

N
log

αk(N)

αk(0)
= lim

N→∞

1

N
log

N−1∏

n=0

αk(n+ 1)

αk(n)
< 0 (3.93)

therefore becomes

log |1 − ελk| + lim
N→∞

1

N

N−1∑

n=0

log
∣∣f ′
(
ū(n)

)∣∣ < 0. (3.94)

Here,

µ0 = lim
N→∞

1

N

N−1∑

n=0

log
∣∣f ′
(
ū(n)

)∣∣

is the Lyapunov exponent of f . Therefore, the stability condition (3.94) is

|eµ0(1 − ελK)| < 1. (3.95)

The fundamental observation is that we may find synchronization, that is,
may have (3.95) for all k ≥ 1, even in the presence of temporal instability,
that is,

µ0 > 0. (3.96)

In that case, the individual, and therefore also the synchronized global dy-
namics, may exhibit chaotic behaviour. Synchronization then means that the
chaotic dynamics of the individual nodes are identical. We shall now investi-
gate this issue further. By our ordering convention for the eigenvalues, (3.95)
holds for all k ≥ 1 if

1 − e−µ0

λ1
< ε <

1 + e−µ0

λK
. (3.97)

For that condition, we need

7 Stability is understood here in the sense of Milnor. See [27] for a detailed analysis.
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λK

λ1
<
eµ0 + 1

eµ0 − 1
. (3.98)

When (3.98) holds, from the local stability analysis, we expect the follow-
ing behaviour of the coupled system as ε increases. For very small values of ε,
the solution is not synchronized because the positive Lyapunov exponent of
the individual dynamics is not compensated by a sufficiently strong diffusive
interaction. As ε increases, first the highest modes become stabilized until at
some critical value of ε, all spatially inhomogeneous modes become stable di-
rections, and global synchronization sets in. When ε is further increased, first
the highest mode becomes unstable, and then others follow, and the solution
gets desynchronized again. The important point here is that a unidirectional
variation of the coupling strength parameter leads from a desynchronized to
a synchronized state and then back to a—different—desynchronized state.

We now describe this process in some more detail, following again [17]. For
very small values of ε > 0, as we assume (3.97)

eµ0(1 − ελk) > 1,

and so, all spatial modes uk, k ≥ 1, are unstable, and no synchronization
occurs. Unless we have a global all-to-all coupling (see Section 3.3) λ1 is
smaller than λK . Let εk be the solution of

eµ0(1 − εkλk) = 1.

The smallest among these values is εK , the largest ε1. If then, for k1 < k2,

εk2 < ε < εk1

the modes uk2 , uk2+1, ..., uK are stable, but the modes u1, u2, ..., uk1 are un-
stable. Recalling Lemma 1, we see that desynchronization can lead to at most
k2 + 1 subdomains on which the dynamics are either advanced or retarded.

In particular, if ε increases, first the highest modes, that is, the ones with
the most spatial oscillations, become stabilized, and the mode u1 becomes
stabilized the last. So if ε2 < ε < ε1, then any desynchronized state consists
of two subdomains.

We then let ε̄k be the solution of

eµ0(ε̄kλk − 1) = 1.

Again,
ε̄k ≤ ε̄k−1.

Because of (3.97),
ε1 < ε̄K .

If
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ε1 < ε < ε̄K ,

then all modes uk, k = 1, 2, ....,K, are stable, and the dynamics synchronizes.

If ε increases beyond ε̄K , then the highest frequency mode uK becomes
unstable and we predict spatial oscillations of high frequency of a solution
of the dynamics. If ε increases further, then more and more spatial modes
become destabilized.
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