Variational Problems from Physics and Geometry

Jiirgen Jost

1. Background and motivation

In the semiclassical approach (i.e. without field quantization) to particle physics, a
particle is represented by a vector bundle V' with certain geometric structures over a fixed
space time (M, g), a Lorentzian manifold (we shall usually use here a Riemannian manifold
(M, g), however, in order to arrive at elliptic variational problems). The geometry includes
the field equations for sections ¢ of V', the (semiclassical) states of the particle. A prototype
of such an equation is

(1) (A-m?)p=0,
where A is the Laplacian w.r.t. a fixed connection V® on V and m is the mass of the
particle (we are ignoring physical constants like ¢, h).

Typically, however, the particle is influenced by an external field, for example an
electromagnetic one. Such an electromagnetic field is represented by a complex line bundle
L over (M, g), equipped with a Hermitian metric h; we often write h(v,w) =: (v, w). States

of the field are represented by Hermitian connections V on L. We define the local potential
A of the field by

(2) VE§ = d€ —iqAg

for a section ¢ in local coordinates (d is the exterior derivative, and ¢ is the charge of the
particle).

(3) F=F,=dA

is the electromagnetic field; we have

(4) F=-"RY (RY = curvature of V).
q

The interacting particle bundle is then L ® V', and choosing a local unit section A of L (i.e.
(A, A) = 1), we identify a section ¢ of V' with the section A@ p of LQV. On L@V, we
have the connection Dy :=V ® V°.

The Laplacian in (1) now has to be replaced by the Laplacian of the connection D 4.
In addition, we also need a field equation for the connection. In fact, both field equations
can be derived from a variational principle. We simply use the Lagrangian

) Lo, A)i= [ (nlFa® +9a(|Dal + 2 o) dvol(g).
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(Fy4 is a 2-form on M with values in 7u(1) 2 R, and the metric g on M therefore allows us
to define |F4|*; on V| we also need a fiber metric (-, -) in order to define |p|” and |D4¢|?,
the latter one needing in addition the metric g.) 1 and 9 are (positive) constants. By
normalization, we may put one of them = 1.

The Euler-Lagrange equations for £ are

(6) Asp—mPp=0 (Ag =—D}Dy)

1
(7) y1 D3 Fa = —57 Im(Dagp, ¢) .

The same procedure may be applied to nonabelian fields; one simply replaces the line
bundle L by a bundle with fiber C* (n > 2), again equipped with a Hermitian metric
(,-). F4 now becomes a 2-form on M with values in su(n); on iu(n) we have the product
¢1 - P2 = troi¢ps, and so |FA|2 can be defined as before. The essential difference to the
preceding situation, however, is that (7), while formally the same as before, becomes a
nonlinear equation for A, the so-called coupled Yang—Mill equation.

Finally, in more realistic physical models, the particle ¢ is self interacting. This
requires replacing the term m?2|p|® in (5) by a more general term V(¢). An important
example of a corresponding Lagrangian is the Yang—Mills-Higgs functional

(8) L(p,A) = /M (y1 [Fal” + 92 |Dapl? +73(1 — |80|2)2)d"01(9) :

Functionals of this type also arise in Ginzburg-Landau type theories (e.g. in supercon-
ductivity) where ¢ represents a so-called order parameter describing the symmetry of a
state. If ¢ is real valued, such functionals also serve to understand phase transitions along
interfaces.

In (8), the potential term V(y) is a polynomial in |¢| of order 4; in other examples,
also polynomials of order 6 occur frequently. A good reference for the preceding is [De].

The geometry of connections and sections and the resulting variational problems have
also found important mathematical applications. Best known are probably Donaldson’s
applications of antiselfdual Yang-Mills connections to the differential topology of four-
manifolds, and the more recent Seiberg-Witten equations that are a special case of coupled
abelian Yang—Mills equations and that will be stated in more detail below.

Other mathematical applications arise in connection with questions of algebraic geom-
etry, and we would like to briefly indicate in some special cases how these lead to variational
problems of the type considered above.

Let M be a (compact) Kahler manifold with Kahler metric g, and let
p:m (M) —U(n)
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be a unitary representation of the fundamental group of M. Such a representation p defines
a flat unitary vector bundle E on M, i.e. a bundle with fiber C*, a Hermitian metric (-, -)
and a unitary flat connection D (i.e. d{v,w) = (Dv,w) + (v, Dw) for all local sections
and F = D% = 0). If D is irreducible, it defines a stable holomorphic structure on F.
Conversely, if a topological vector bundle with vanishing first and second Chern classes

admits a stable holomorphic structure (“stability” roughly means that for every subbundle
Fof E

(9) w(F) < u(E),
with

1
(10) HE) =

/ ci(F)Aw™™ !, w:= Kahler form of M,
M
n = dime¢ M ) ,

then by the work of Narasimhan—Seshadri [NS], Donaldson [D1], [D2], and Uhlenbeck—Yau
[UY], it admits a flat unitary connection, i.e. the PDE

(11) F=0

can be solved. This is of great help for understanding the moduli spaces of stable bundles.

If one considers more generally homomorphisms p : 71 (M) — G(= G¥¢(n,C) or some
other linear algebraic group), one is led to equations of the type

(12) dap =0

(13) Fa+[p,0*]=0

where D4 (= 01 + 01) now is a connection on a principal G-bundle (or equivalently, on
a vector bundle F with structure group G) over M, and ¢ is a (1,0) form on M with
values in g©, the complexification of the Lie algebra of G. ¢ is called Higgs field. These
connections have been studied by Hitchin, Simpson, Corlette, and others ([Hi], [Si1], [Si2],
[C1], [C2],..). These equations can also be arrived at from a somewhat different point of
view. Let M be a (compact) Riemannian manifold, and let

p:m(M)— G=Gln,C)

be again a representation. p defines a flat vector bundle £ on M with structure group
G. Let D be the resulting flat connection. If h is a Hermitian metric on E, we obtain a
decomposition

D =D+

where Dy, is a connection that is unitary w.r.t. A, and 9 is a 1-form on M with values in
the selfadjoint endomorphisms of F. Since D is flat, we have

1
(14) Fp, + 5[19, J]=0 (Fy, = curvature of Dy,)



(15) Dy =0.

In fact,
0 =df ,

where f : M — G/K, K = maximal compact subgroup of G, is a map from M into a
symmetric space, defining the Hermitian metric A. This map f is a harmonic map iff

(16) Di9=0.

A metric h satisfying this equation is called harmonic. This setting has been studied by
Corlette, Simpson, Zuo, Jost-Zuo, and others ([C1], [C2], [Sil], [Si2], [Z1], [Z2], [JZ1],
[JZ2],...).

The equations (11)—(16) are first order equations for the objects A, ¢, 9, in contrast
to (6), (7) that are second order. The antiselfduality equations used by Donaldson and
the Seiberg-Witten equations are likewise first order equations. We now wish to explain
that by appropriate choices of the parameters involved, variational problems of the type
considered can lead to first order equations for the absolute minima.

As a simple example we first consider harmonic maps from a Riemann surface ¥ to a
Riemannian manifold (N, g). In general, for a map

fi(M,y) = (N,g)

between two Riemannian manifolds, the energy of f is defined as

(17) B = [ (eI dvola) (o).
with
(19 @I = 2 @) (1) 5 5

in local coordinates, in usual tensor notation, and
(19) dvol(y)(z) = det(vap) '/ 2dz .
Smooth critical points are called harmonic and satisfy the nonlinear elliptic system

P ; of1 ofF : .
(20) A f' 4~ (x) jk(f(x))%w: , 4=1,...,dimN,

with Aps the Laplace—Beltrami operator of M and I‘;k the Christoffel symbols of N.
Harmonic maps were first studied by Al’ber [A1], [A2] and Eells-Sampson [ES]. A general

reference is [J5].



2. Selfduality

If ¥ is a Riemann surface with a conformal metric A\?(2)dz dz, we have

o E(f) = /E N2(2)gi5 (1(2)) (77 + FLF )W (2) pdz m dz
21 .
= [ aa (@) (£if? + fird) a2 naz

Thus, F(f) is independent of the choice of a conformal metric on ¥. In other words,
the energy is a conformally invariant functional for maps from a Riemann surface. We
abbreviate the preceding expression as

= .12y 0 _
(22) E(f):/2(|af|2+\af\ )odsAds
If we have a map f of degree d between compact Riemann surfaces X, ', then
(23) / (10f2 = |0f]*) =dz A dz = /J(f)fdz Adz = d/ Ydz N dz
) 2 2 5 2

is a topological invariant (J(f) = Jacobian of f). Therefore

E(f):2/\5f\23dz/\dz+d/ Zdz A dz,

o 2 » 2

(24) ;

Zd/ ~dz Ndz .
5 2

This lower bound is achieved iff
(25) of =0,

i.e. if f is holomorphic. (25) is a first order equation, in contrast to (20). Since absolute
minima are critical points, solutions of (25) have to be harmonic, i.e. have to solve here
an equation of the form

Jez + F(f(z))fzfz =0.

Of course, one sees also directly that (25), i.e. f; = 0, implies (26). (In case d < 0, the
bound in (24) can never be achieved, since always F(f) > 0, and absolute minima then

solve f, = 0f = 0 instead.)

Let D be a su(n) connection in a vector bundle E over a Riemannian manifold (M, g)
of dimension n with curvature —iF = D?. Then F is a 2-form with values in isu(n), hence
tr(F) =0, and the 2nd Chern class of F is given by

(27) e (E) = 8_—7T12tr(F AF) .

5



We decompose F' into its selfdual and antiselfdual parts,
(28) F=Ft4+F,

with

—iFT = %(—iF %), —iF~ = — % (iF")
(+* = Hodge star operator defined by the metric g, mapping 2-forms to 2-forms since
dim M = 4.)

Then
tr(FAF)=tr(FtAFT) +tr(F~ AF7)
(29) =tr(FTA*FT) —tr(F~ A*F7)
= | =[]
hence
1
(30) co(E)[M] = W/ (|F~|* = |F**)dvol(g) .
™ JMm

Thus, the Yang—Mills functional

(31) YM(D) = /M |F)? dvol(g) = /M(\Fﬂ

is minimized, if
Ft=0 or F”" =0
(depending on the sign of ¢o(E)[M]), i.e. if

F=F o F=FT
i.e. if
(32) F=+x%F,

i.e. if F' is selfdual or antiselfdual which is again a 1st order PDE for D.

Let 3 be a Riemann surface with a conformal metric g, L a Hermitian line bundle
over X, with metric (-,-). We recall the Ginzburg-Landau functional for a section ¢ of L
and a unitary connection A on L,

1
(33) £l 4) = [ (AP +1Dapl® + (1= [ol*)dvollg).
We decompose Dy into its (1,0) and (0, 1) parts,
(34) DA:8A+5A.
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If ¥ = R?, we may rewrite

(35) L(p, A) :/R2 (218ag|* + (+F - %(1— ol®) )da + 2md

for an integer d, the so-called vortex number. In case d > 0, the absolute minimum
therefore is realized by solutions of the first order equations

(36) dap =0

(57) oF= 51— o).

Taubes [T1] showed that for any collection of d points z; € R?, possibly with multiplicities,
there exists a solution (¢, A) of these vortex equations with

o(zj) =0 for j=1,...,d.
This solution is unique up to gauge equivalence, i.e. up to transformations of the form
(38) (0, 4) = (e’ A+ dp)

for a real valued function p.

Similarly, if ¥ is a compact Riemann surface,

(39) Lp, A) = L(2 ‘5,4@‘2 + (xF — %(1 — |g0|2))2>dv01(g) + 2w deg L,

and the absolute minima satisfy the same first order equations as before.

In order to see the equivalence between (39) and (33), one computes

/(*F - %(1 — (. 9))) “dvol(g)
— /(|F|2 + %(1 — |<,0|2)2 —*xF + xF(p, go))dvol(g)

and observes
/*Fd vol(g) = 2w deg L

[Po ordvollg) = [ (d = ia)d - i), p)ivolly)
— [(40a+ 804+ Ba)e, ) vol(g)
= [ (oasl® = oag)avoltg).

7



using the commutation rules between % and 94,04, and integrating by parts.

In general, a critical point of our Ginzburg-Landau functional satisfies the 2nd order
equations

]' *
(40) Aap=—5(1—lp)p  (Aa=-D3Dy)

(41) d*F = —Im(Dap, p) .

One further remark: the term (1 — |¢|%) may be replaced by (A — |¢|*), for A > 0, without
changing the essential structure of the equations. This becomes a little different, however,
if we take A = 0, because then the zero section becomes a prefered state for the functional
in contrast to the aim of creating solutions with a zero set that is as small as possible.

We finally wish to discuss selfduality for the Seiberg-Witten functional which we now
introduce ([SW1], [SW2], [W]).

Let (M, g) be a four-dimensional, oriented, compact Riemannian manifold. We recall
that the universal covering of SO(4) is Spin(4) 2 SU(2) x SU(2), and if the second Stiefel-
Whitney class wo(M) = 0, the bundle of oriented orthonormal frames of M, an SO(4)
principal bundle, can be lifted to a Spin(4) principle bundle, a so-called spin structure. To
such a spin structure, we may associate a complex vector bundle S of rank 4 with structure
group Spin(4), with a decomposition

S=StTeS~
corresponding to the above decomposition of Spin(4). Tangent vectors of M act on S by

Clifford multiplication:
0:TM ® S* — §*

TRQpr—T-p.

The Levi-Civita connection A of ¢ induces a connection A on S, and the Dirac operator
is defined as

D=00oVS:T(S) s (I*"M® §) 2 T(TM ® 5) -2 T(S)
where the identification between I'(T*M ® S) and I'(TM ® S) uses the Riemannian metric
’ In fact D = Zle e; - VS for an ON B basis of TM. We have
D:T(S*) = I(SF).
Tf wy (M) # 0, we need to use a spin® structure instead, where
Spin©(4) = Spin(4) x U(1)/Zs = {(A, B) € U(2) x U(2) : det A = det B} ,
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with similar constructions, with objects like S* now only being locally defined. Let now
L be the complex line bundle det(S™) over M (c1(L) = wa(M) (mod 2)). We put

Wt — gt @ L1/2

is in general only locally defined, but is globally defined. e have an induce
L2 is i 1 only locally defined, but W= is globally defined.) We h induced
Clifford multiplication

TMW*T =W~ .

If A is connection on L, we get a “twisted” Dirac operator

Dy:T(WH) =T (W),

4
(42) DA:ZQ"VA,

=1

where V 4 is induced by the Levi-Civita connection V° on S and the connection A on L.
The curvature of A is again written as —iFy. We let FX again be the selfdual part of Fs.

The Seiberg-Witten functional is defined for connections A on L and sections ¢ of
W,
2 + 2 S 2 1 4
(43) SW(p, A) = | (IVagl™ +[Fi|"+ 7 lel” + g lel")dvol(g) ,
M

where S is the scalar curvature of M. The corresponding Euler-Lagrange equations are

S 1
(44) Asp==p+lol"p
4 4
* T4 1 k
(45) d*Fy = —EIm<VA,ekQ0, p)e

(a summation convention is used, here and in the sequel). Note that (45) is linear in
A, because A is a connection on a line bundle with abelian structure group. Again, the
functional SW may be rewritten in such a way as to exhibit selfduality, namely using the
Weitzenbock formula

i

SFd o

¥ S
(46) DaDap=—-Bap+ o+
(here, “” denotes again a Clifford multiplication; more precisely, if Fix = iwjkej AeF | then
Fy - ¢ =iwjke; - ex - ), one obtains

2

(47) SW (e, A) = / (IDagl® + |Ff - i(ej cex, - o, p)e? Aef| )dvol(g)

M




((e7)j=1,....a is the basis of T*M dual to (e;)j=1,..4). Absolute minima now are given by
the solutions of the Seiberg-Witten-equations

(49) Fi=—{ej-er-p,p)e Neb.
In order to verify (47), we write

2

7 . 2 1
FX — Z(ej-ek-cp,@ej ANeF| = ‘F;H +

16 ‘<6j'6k'80,90>€j /\ek‘z

1
(50) + 5F2—<ej, €k>(6j “ek P, )

2 1 7
while (46) yields
2 2 S, 2 i,
(51) Daypl|” = (|VA§0| + o lel” = 5 A -so,s0>> ,

and (47) follows from (43), (50), (51).

Sometimes it is useful to consider, instead of (48), (49), the perturbed equations

i .
(49p) Fi=lej-ex-p, 00 Aek—p

for some fixed, real valued, selfdual 2-form g on M. The reason is similar to the one for
prefering A > 0 to A = 0 in the modified Ginzburg-Laudau equations above, namely in
order to avoid ¢ = 0 as a solution.

3. Scaling invariance

Let us return to the Ginzburg-Landau functional (33). This functional originated
in the theory of superconductivity, and there, ¢ represents a complex order parameter.
lp(z)| = 1 corresponds to a superconducting phase, and therefore, one wishes to constrain
¢ to have absolute value 1. However, there are topological obstructions for that: if d in
(35) or deg L in (39) is # 0, then any section ¢ of L will have at least |d| zeroes (counted
with multiplicities), the so-called vortices. Therefore, one tried to penalize |p| # 1 by
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2
giving a stronger weight to the term (1 — |¢|°)” in £(y, A) and considered the family of
functionals

1 2
Lol A)i= [ (14AF + 1Dl + 15 (1 o)) vol(g)
b €

for ¢ > 0 and investigated the limiting behavior for ¢ — 0. The first mathematical
treatment is due to Berger—Chen [BC| who obtained very explicit results in the class of
rotationally symmetric solutions. More recently, the general case was studied in detail by
Bethuel-Riviere [BR], Qing [Q] and Orlandi [O]. A disadvantage of L., however, is that
for € # 1, selfduality is lost. Also, in general

lim inf Lo(p, A) =00 i d # 0(deg L #0) .
limy . inf, (¢, A) =00 incase d# 0(deg L #0)

Therefore, in work of Hong—Jost—Struwe [HJS], the functional

(52 Lelp A) = [ (2 1aAP + 1 Dagl” + 151 = lol*) ) dvol(g)

was studied instead which preserves selfduality. The Euler-Lagrange equations for (52)
are

1 2
Agp=———(1 -
(53) ap =551 —lel)e
(54) E2d*F = —Im{Dap, ),

while the corresponding 1st order equations are

(55) 5A90 =0

1
(56) ~ie?x F = S (1= |pf)

Theorem (M.C. Hong-J. Jost-M. Struwe): Let (¢c, Ac) be solutions of (55), (56) on
some compact Riemann-surface ¥, with fired d = deg L > 0. Then, for some sequence
en, — 0, there exist points x;, j =1,...,d (not necessarily distinct) with

(57) e, | =1, Da, oc, =0, dA,, —0

uniformly on compact subsets of ¥\{z1,...,z4}, and

d
(58) xdAe, — 21 Z 6(xj) (sum of delta distributions).

J=1
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An analogous result holds on R?; however, one has to deal with dichotomy, i.e. vortices
moving off to infinity.

The Theorem yields a method for degenerating a line bundle L on ¥ of degree d into
a flat line bundle with |d| singular points (counted with multiplicity) and a covariantly
constant section.

One may also obtain similar (but somewhat less precise) results for minimizers of
L. that are not necessarily selfdual, for example on a domain € C R? with prescribed
boundary values. In order to get some feeling for the asymptotic behavior of £. and its
minimizers as € — 0, we shall verify that inf £, is bounded independently of ¢ as ¢ — 0.
The issue arises only in case d # 0 because then any section ¢ of L must have zeroes. It
suffices to study the case d = 1, ¥ = B(0,1) =: B (the unit disc) with prescribed boundary
values

(59) o(1,9) =e, A(1,9) =dY in polar coordinates (r,9) .
We consider rotationally symmetric objects
plr.9) = R(r)e”
A(r,9) = S(r)dd .
R and S then have to satisfy the side conditions
R(0)=0=S5(0), R(1)=1=5(1).
We have
dA = S'(r)dr dv
Dagp = (d— iS(r)d9) R(r)e™ = (R’(r)dr +i(l— S(r))R(r)dﬂ) et .

Therefore
dAP = 58"’
Dagl® = R()? + 5 (1 - () R(r’
and
2m ol 1 1 1
61) Lol A) :/0 /0 [R? 4 50 -8R+ (1 B 4587 rdrdi
If we put
S(r) :{11 a foresrs<1 for some o > 1
(1r)" for0<r<e

and

1 fore<r<i1
Ir for0<r<e,
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we obtain
L:(p, A) < const. (independent of ¢) .

Of course, (¢, A) as just constructed is not a minimizer for £.. Nevertheless, it exhibits
some of the qualitative behavior of a minimizer near a vortex.

A similar scaling invariance holds for the Seiberg—Witten equations: We recall the
perturbed equations, i.e.
Dap =0
+_ ¢ i A ek
FT = Z<€j'€k'§0,€0>€ Net —p

coming from the perturbed functional

2

SWalp. )i = [

i .
<|17A<p|2 T ‘FX = S lejren - @ p)el A e+ p
M

)

. 2
2 2 S 2 1 1 :
— [ (Ve + AP+ 5 10 +—\u——<ej-ek-go,<,o>emek
M

).

8 4

using (50) again and noting that
(Fi,m) =0

since F{ is antiselfdual (Because —iF} is selfdual and * is antilinear over C), p selfdual.

)

We may again introduce a scaling factor €2 and consider the functionals

1 2

2 S ) ,
SWH,S(QD,A) ::/ (|VA§0|2+82‘F2—‘ +Z|<)0|2+— ,u,——<ej-ek-(p,(p>ej/\6k
M

8¢2 4
— [ (pagl+ ).
M

In the case where M is symplectic, Taubes [T2], [T3], has (independently) performed the
analogous (but more difficult) limit analysis as ¢ — 0, and he has shown that the limiting
zero set of the solutions . is a pseudoholomorphic curve. It turns out that the analogy
between the Ginzburg-Landau and the Seiberg-Witten equations can be pursued further
in order to gain additional insights into his construction. Let w be a symplectic form on
M, i.e.

2

1.3 ,
eFy — g(z(ej'ek'%@ej A —p)

dv=0, wAw#0 everywhere.

An almost complex structure on M, compatible with w, defines a Riemannian metric g on
M for which w is selfdual. Normalize s.t. |w|> = 2. There then exists a canonical spin
structure on M it satisfies

Wht=IleK!

where I is the trivial line bundle, K the canonical bundle V.  The splitting is induced
by w: w acts (via Clifford multiplication) on the I-summand with eigenvalue —2i, on the
K~! summand with eigenvalue 2i.

1) defined by the almost complex structure. We have Aé’J’ =Cwd KoK
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For any connection A on K1 (= det W), together with the Levi-Civita connection
on T*M, we get an induced covariant derivative V 4 on W7. Using the above splitting, we
then also get an induced covariant derivative V 4 on the I-summand of W™ by applying
V 4 and projecting back to I:

1 _

(using that w acts with eigenvalue 2 on the K ! summand). We may now determine a
connection A, on K~! uniquely by the requirement that

Va, =d.
We may therefore find a nontrivial section 9y of I, of norm = 1, with

Va v =0.

One may check, by using dw = 0, that also
(63) Daytpo =0.

The set of spin® structures on M is identified with the set of complex line bundles E over
M, with the correspondence
Wtr=FEo (K '®F).

A section ¢ of WT may be decomposed as
(64) Y= Oélbo + B )

with o a section of E, B a section of K~! ® E. With these notations, the SW equations
for a connection A on det W+ = K~! ® E? and a section ¢ of W1 becomes

(65) (DA(.,D :)O'(wo &® Vaa) + DAﬂ =0

(66) Ff =~ (ol = 8P — 5(ap* +a%p)

where o : Wt ®@T*M — W~ is induced by Clifford multiplication and V, is the covariant
derivative on E induced by the connection Ag on K~! and the connection A on K~'® E2.

We have .
F, = §(FA — Fa,) .

Furthermore, a8* is a section of K, a*3 one of K1, and since

ANt=CwoKaoK!,
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they can be considered as sections of A?C’J“. Also, the derivation of the first part of (65)
uses (63).

We now perturb (66) by adding

1
— +
,u—Zw+FAO

on the right hand side. The new equation is
+ 1 2 2 1 * *
(67) Ff = 50— laf* + 15w - {0 +a5)
We finally scale the left hand side of the equation with a parameter 2 to get
2+ 1 2 2 1 * *
(68) PEF = 2(1 = laf +18w - (af* +a%B)

(65) and (68) are equations for absolute minimizes of the functional

1 2

Z(w — (ej - er . p)el Ae¥)

)-

2 S 1
SWelpe)i= [ (IVapl+42 [P+ 31l +
M g

= [ (as+
M

Using the decomposition (64), SW, . can also be written as

)

2

i .
26F02L — 4_e(<ej ex - o, pye! A ek — w)

SWu,e(go,a):/M<|V of® + Vo B +4¢2 | F} | + laf* +18/%)
1 2 2\2 1 2 2
+ o= laf + 187+ 5 ol Iﬁl),

where V, is the covariant derivative on K~! ® E induced by Ag and A,

o = [ (190l 4198 +42\F+\ + S laf” + 181
69
1
¥ o (1= 1a®? + 5 181+ 75 161 <1+|a|2>).

Special solutions of (65), (67) can be obtained as follows: Consider M = C x ¥ where ¥
is some Riemann surface. On C, take a solution of the abelian vortex equations, (a1, A1),
i.e.

(70) 5A1a1 = 0

1
(1) Fa, = 51— |a]?).
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and take the solution to be constant in the ¥-direction. We then obtain a solution of (65),
(67) on Cx X with 8 = 0. Of course, in order to obtain a solution of (68), one has to scale
the second equation:

1
2 4 Fa, = 5(1— )

Now, by locally patching together solutions of this type, one may show
(72) lim inf SW,(p,a) < co.

€0 (p,a)

Theorem (Taubes): Let (M,w) be a compact symplectic 4-manifold, equipped with
a compatible almost complex structure that induces a Riemannian metric on M such that
w is (selfdual and) of length \/2. Let E — M be a complex lie bundle and consider the
associated spin®-structure with W+ = E @ (K~'® E). Suppose there exists a sequence
en — 0 for which (7), (11) has a solution (A, ¢y) (with e =€, ). Then, after selection of
a subsequence, o t(0) (the zero set of a,) converges to a pseudoholomorphic curve o(¥)
(X a smooth compact Riemann surface, ¢ : X2 — M a pseudoholomorphic map) for which
©«[X] is Poincaré dual to c1(E). Moreover, the sequence F,, of currents defined by

1
Fu(p) = %/FATL Ap for peNT*M

converges to a current with support ¢.[X] (and in the a homology class defined by ¢.[X]).
Also, for a generic choice of almost complex structure, @ is an embedding, except possibly
on some genus 0 components, corresponding to spheres with selfintersection number —1,
and on some genus 1 components where @ may be a higher multiplicity covering of an
embedded curve.

Outline of a proof: Let (¢, a.), with ¢. : a.1g + Be, be solutions of (65), (68), for
€ — &, as in the statement.

1) From (69), (72)
Be =0 in L* as e—0.

2) Projecting (65) onto K ! ® E gives an equation for 3. Use this equation and 1)
to show that 8. — 0 also in higher norms. In particular

VaBe =0 in L?,

and all terms involving f. in SW, (e, a.) can be neglected.

3) From (69), (72)
1—|a> =0 in L? as e—0.

This convergence, however, cannot be so easily improved, because the topology of F will
force a. to have zeroes. Nevertheless, a maximum principle shows

lae| <1+ cie?  for some constant ¢

16



(see Lemmas 1, 2 below).
4) Get estimates like
2 _ C2 2
Va.oel” < (1= |al") + 3
from the equations, using elliptic regularity theory.
5) Similarly first

and then also, using among other things Bianchi’s identity

1—|a| )+ ¢y

F

Qe

_—2(1—|a|)+06.

6) Use compactness results for solutions to show that after a suitable blow-up, the
rescalings of (ac,a.) approach a solution of the Abelian vortex equations (70), (71) on
C x C. This shows in particular that a. is, in a certain sense, close to being holomorphic.

7) Let
1
celons)i= [ (S0 jad? + Vo)
B(zo,s)

(B(xo, s) = ball of radius s with center xg € M).
Assume a.(xp) = 0. Then
ee(zo, 5) ~ cs?
with a constant ¢ independent of x, €.

(“Monotonicity formula”). See also §5 below in this direction.

8) The monotonicity formula controls the size of the zero set of c:

1
Jeg < 00,60 > 0 V€§80,5>03N:N(5)§00§:

{a. =0} c UX. B(x;,6) for suitable z; € M
9) Use the local control from 6) and the estimates from 5), 8) to accomplish the proof.

Taubes’ result in particular implies an existence result for pseudoholomorphic curves,
because one may verify the hypothesis on the existence of solutions for the perturbed
Seiberg-Witten equations on symplectic manifolds in his theorem. Conversely, he also
showed how to obtain a solution of the Seiberg—Witten equations from a pseudoholomor-
phic curve by “grafting” a solution of the Ginzburg-Landau equations (70), (71) on the
normal bundle of a pseudoholomorphic curve X in order to obtain an approximate solution
of the Seiberg-Witten equations on M that then can be deformed into an actual solution
with the help of an implicit function theorem argument. He used these results to relate
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invariants obtained from the solution space of the (perturbed) Seiberg-Witten equations
to invariants for M defined by Gromov [Gr] with the help of pseudoholomorphic curves.

Finally, one may attempt a similar perturbation analysis with a suitable 2-form p on
a general, not necessarily symplectic 4-manifold. In general, however, such a 2-form g will
have zeroes, and these will cause additional difficulties in the asymptotic analysis that are
not yet properly understood.

4. Regularity aspects

First of all, weobserve the following maximum principle for solutions of the Ginzburg—
Landau equations:

Lemma 1. For any solution (¢, A) of (40), (41)
(73) lp] <1 on X

In order to have regularity results with estimates, one needs to eliminate the gauge invari-
ance (38) by fixing the gauge, for example by choosing a Coulomb gauge, i.e. requiring

(74) d*A=0,
(74) and (41) imply
(75) AA = —(d"d+dd*)A =Im(Dap,p) ,

(40) and (75) constitute an elliptic system. From the lemma and elliptic regularity theory,
one obtains smoothness of solutions. The same holds for the equations (53), (54) with
parameter € > 0.

Let us now consider the Euler-Lagrange equations for the Seiberg-Witten functional,
(44), (45), recalled here

S 1
(76) Asp="p+-|pp
4 4
* T+ 1 E
(77) d*Fy = —§Im<VA,ew, p)e

The maximum principle implies
Lemma 2: For any solution ¢ of (76),

(78) s]1\14p lp|” < max(—S(z),0) .

The same result also holds for weak solutions.
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Corollary: If the scalar curvature S of M is nonnegative, then for any solution of
(76), (77), we have p = 0.

This result applies in particular to solutions of the Seiberg—Witten equations (48),
(49), and it is the starting point for several applications to 4-dimensional differential to-
pology. For example, one has the following result of Taubes [T4].

Let M be a compact, oriented, 4-dimensional symplectic manifold with b;(M) > 2
(dimension of the space of selfdual cohomology classes). Then, for a suitable spin® structure
on M and a suitable Riemannian metric on M, the number of solutions of (48), (49) up
to gauge equivalence is odd.

In particular, M cannot carry a metric of positive scalar curvature.
Let us return now to the regularity question for solutions of (76), (77) as developed
in [JPW]. As always, one has to deal with the issue of gauge invariance. If (¢, A) is a

solution, and if
g: M — S?

is a (sufficiently regular) map, then (g7 '¢, g(A4)) with g(4) = A+ g~'dg is a solution as
well. (There are some technical points here in the case of weak solutions (of Sobolev class
H'2) where one needs to admit gauge transformations that are of class H>? and thus not
necessarily continuous.)

We now describe the regularity results of J. Jost-X.W. Peng-G.F. Wang. We first
state without proof

Lemma 3: The Seiberg—Witten functional is coercive:

X > 0 V(p, A) € H"? 3 gauge transformation g

SW((,O,A) > )‘(Hg_IQOHH1,2 + ||g(A)||H12) - )‘_1 :
With the help of Lemmas 2, 3, one obtains

Theorem: Let (p, A) be a critical point of SW(p, A). Then there exists a gauge
transformation g for which

(97 0, 9(4))

18 smooth.

Proof: Since SW (¢, A) is bounded, Lemma 3 yields bounds for Hg_lprHm and

19(A)||z71.2- Henceforth, we write for simplicity (¢, A) instead of (g7 ¢, g(A)). We have
from (79)
d*Fy =2d*Ff = —Im(V 4 or ¢, ©)e”

Since [|¢||;~ is bounded by Lemma 2, we get
(80) 14" Fallz> < c(IIVellz: + I4]lz-) -
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The Bianchi identity is

(81) dFy =0.

Since d + d* is elliptic, we obtain from (80), (81)

(82) |Fallge = 4" Fallz + 1Fall e < eIVl 2 + 14 ns) -

Since we obtain from Lemma 3 that the right hand side is bounded, we get altogether
(83) [A] 2.2 < €

and by the Sobolev embedding theorem then

(84) |A|l;» <¢p forall p<ooand [|[VA|,. <¢ for 1<r<4.

Next, for 1 < ¢ < 4, from the boundedness of ||¢||; ~, (83), (84)

1800 4 < c(1Aa@l o + IV Al + 1A Vol + 142, )
< e(1+ 141 19oll )

(85)

;From the Holder inequality, for 1 < ¢ < 2, with (84) and the H'2-bound for ¢

(86) ANVl < cllAll 20 [Vellpa < c.

Using this in (85), we get by Sobolev’s embedding theorem

(87) ||V<p||L44_q <ec for 1<qg<?2

We may then choose ¢ = 2 in (85) and get

(59) e <
If we fix a gauge s.t.

(89) d*A is smooth

(this is possible), we obtain smoothness of (¢, A) by a standard bootstrap argument. [
Further, one has the following result of Jost-Peng-Wang [JPW].

Theorem: SW satisfies the following Palais—Smale condition: For any sequence
(on, Ap) € HY? satisfying
(i) dSW (ppn, Ap) — 0 in H=12
(ii) SW (¢n, Ap) < const,
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after selection of a subsequence, there exist gauge transformations g, s.t. (g;lgon, Jn (An))
converges in H%?2 to a critical point (¢, A) of SW with

SW(p, A) = lim SW(py, An) -

n— 00

5. Bochner type inequalities

If one has a variational problem of the type considered,

(90) Lp, A) = /M e(ip, A)dvol(g)

on a Riemannian manifold (M, g), one often derives a useful formula from computing
Ae(p, A)

for a solution (¢, A) of the equations.

Let us present this strategy in thesame of our Ginzburg-Landau functional, i.e.

1 2
(91) e(o, A) = [Dag|” + |F|* + 1(1 — |<P|2) :

with F = dA as usual. One obtains the following formula of Hong-Jost-Struwe [HJS]
(A = 0;0; = —d*d on functions, R the curvature of X).

Ae(p, A) =2|DaDag|” +2(Dap, ¢)* + 2|DF|”

— 6(F, Im(Dayp, Dag)) + 2 |F|” |o|?
—2(1— |¢[*) IDag|* + 2 Re(R(D ), Dayp)
b5 D16l + 3 o (1 -1l

> 2ol (1 + 301~ o))
—2|Dagl* (6 [F| + (1 — |o|”) + 2 |R])

=2 ¢’ e(p, A) — 2|Dag|” (6|F| + 2|R| + 1)

> —ce(p, A)?’/2 —4(|R| + De(p, A) .

. From such an inequality, one derives a so-called e-regularity estimate in a standard manner
as we now wish to explain.

Lemma 4: Let (¢, A) be a solution of the Ginzburg—Landau equations, i.e.

(93) Aap =301~ I
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(94) d*F = —Im(Dap, @)

on some disk B(zp,2R) on a Riemann surface ¥ with bounded curvature. There existe > 0
and cy < oo with: If

(95) Lle AiB2R) (= [ elpod) <,
B(Zo,zR)
then
1
(96) sup  e(p, A) < coz B(p, A; B(20, R)) -
B(z0,R/2) R

In other words, if the value of the functional on some disk is sufficiently small, we obtain
a pointwise estimate for a solution.

Proof: We choose ry < R with

(R—r0)2 sup e(p, A) = max (R—r)2 sup e(p, A)
B(z0,r0) OST§R< B(z0,r) )

and xg € B(zp,ro) with

(98) €o = G(QO,A)(ZE()) = Ssup 6((,0,14) :
B(Zo,To)

We claim
4

(100)

< ———
€0 = (R—T0)2

Assume on the contrary that

_ R —
(101) poi= ey 1T < =0
We rescale:
(102) ’U(l‘) = QO(.I‘() + pox)
(103) B(x) := poA(zo + pox)
(104) Dpv = pyDu, dB = pidA.
With
2 1 2 p(z) 2.2 2
(105) €po (v, B) == [Dpv|” + P [dB[" + 77 (L = [v[")" = poelep, 4)
0
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we have
(106) L =ep, (v, B)(0),
whereas

sup e, (v, B) = py _sup e(p, A)

B(0,1) B(zo,p0)
<ps sup e(p, A by (101)
B(zo,Rzro)
<4py sup e(p, A) by (97)
B(zo,70)
<4. by (98), (101)

;From (92), we therefore get for some constant ¢
(107) Aepy, > —cep, .

. From Moser’s Harnack inequality, we get

1= ey (0, B)(0) < 1 / po (0, B)
B(O,l)

= cl/ e(p, A) < cl/ e(p, A) .
B(zo,p0) B(zo,R)

If we take ¢ = é, (95) implies that the last quantity is smaller than 1, and a contradiction
results.

(108)

Hence R )
—r

60( 92 0) S 1 )

and )
(5) sup el ) < (R—ro)eg <4,
B(Zo,%)
i.e.
16

(109) sup e(p, A) < T

B(Zoag)

The desired conclusion follows from (108) if one scales with R instead of py. References
for the preceding method in a somewhat different context are [Hz] and [Sc]. O

As a consequence, one obtains the following proof of Hong-Jost-Struwe of a gap
theorem that is a consequence of Taubes’ work.
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Corollary: Let(p, A) be a solution of (93), (94) on R?. Then there exists 5o > 0 with
the property that if

(110) L(p, AiR?) < 8 ,
then
(111) lp°=1, Dap=0, A=0 on R?.
Proof: Take §p = ¢ and let R — oo in Lemma 4. O

The same strategy works for other variational problems of the type considered here.
Let us discuss the case of harmonic maps

fi(M,y) = (N,g).
In that case, the relevant Bochner type identity (discovered by Eells-Sampson, Al’ber) is

Aldf||* = 2||Ddf||* + 2(df (Ric (ea)). df (€a))

(112) .
— 2(R™ (df (ea), df (ep))df (ep), df (ea)) ,

where (€4)a=1, .. .dim M 1S an orthonormal frame on (M,v) Ric™ is the Ricci tensor of
(M,~) and RY is the curvature tensor of (N, g).

JFrom (112), one obtains a similar inequality as above, namely with

e(f) = |ldf||* ,

(113) SAe() 2 —erelf) — eae(1)?

where —c; is a lower bound for the Ricci curvature of (M,~), ¢co an upper bound for the
sectional curvature of (IV,g). As in Lemma 4, one may deduce an e-regularity result for
harmonic maps. In general, however, one does not have a complete regularity theory for
harmonic maps, and as the quadratic term in (113) indicates, the difficulties result from
the sectional curvature of (IV, g). If one assumes, however, that N has nonpositive sectional
curvature, then (113) simplifies to the linear inequality

(114) %Ae(f) > cre(f)

from which one may conclude estimates for e(f) in terms of E(f) via Moser’s Harnack
inequality. On the other hand, the natural setting for harmonic maps is more general than
the class of Riemannian manifolds, and in the last §, the author wishes to describe some
recent considerations of his towards an axiomatic treatment of generalized harmonic maps.
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6. Generalized Dirichlet forms and harmonic maps

The theory of Dirichlet forms was created by Beurling and Deny as an axiomatic
setting for the theory of harmonic functions. Here, we shall present such a setting for
generalized harmonic maps with values in metric spaces, following [J4]. A reference for the
theory of Dirichlet forms is [FOT].

Let (X, u) be a measure space. For two maps f,g : X — (Y, d) with values in some
metric space (Y, d), we may define an L2-distance

(115) (1.) = [ @ (7(@).g(w)ldo) € RY U oo}
Selecting some base map
fo: X = (Y,d),

we may put
(X, Y, d; fo) :={f: X = (Y,d) : d°(fo, f) < o0} .

We consider functionals
E: {f € L*(X,p,Y,d, fo) for some metric space (Y, d) and some base map fo} — RTU{oo}

with
D(E):={f:E(f) < >} .
Definition: Such a functional E is called generalized Dirichlet form or energy form
if
(i) Quadratic contraction property:
If f: X — (Y,d) is in D(E) and ¢ : (f(X),d) C (Y,d) — (Z,d') for some metric

space
(Z,d") is Lipschitz with Lipschitz constant L, i.e.

d' (¢(p), ¢(q)) < Ld(p,q) Vp,q € f(X)
then

(117) E(po f) < L*E(f) .

(ii) Closedness:
If u, : X =Y, u, € D(E), lim,, s u, = u in L? and if for every Lipschitz

@ : U un(X)(CY) =R
neN

with finite Lipschitz constant,
(118) E(o(un) — @(tum)) = 0 for n,m — oo,
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then n € D(FE) and
(119) E(p(un) — ¢(n)) = 0 for n — oo

for all such ¢.

(iii) Density:
D(E)N L*(X, u,R) is dense in L2(X, u, R). If for every Lipschitz ¢ : (YV,d) — R
with bounded Lipschitz constant, ¢ o f € D(E), then also f € D(FE).

Some easy properties of energy forms:

- E(go) = 0 for every constant map

-E(po f)=E(f)if ¢:(Y,d) — (Y,d) is a bijective isometry.
fu: X >R A€eR, aeR then

E(\u) = N2E(u) ,

hence
B(~u) = B(u),

E(u+a) = E(u) .

By polarization, one obtains a symmetric bilinear form

E(u,v) =~ (E(u+v) — E(u—v))

A~ =

which then is a Dirichlet form in the usual sense of Beurling—Deny. The representation
theorem of Beurling-Deny says that under some technical conditions, a Dirichlet form can
be represented for u,v € D(E) N CY(X,R) as

E(u,v) = E°(u,v) +/ . (u(z) — u(y)) (v(z) — v(y))J (dz, dy)
(120) X x X'\ diagonal

+ / u(z)v(z)k(dx)
X
where F° is strongly local in the sense that

E¢(u,v) = 0 whenever v = const on some neighborhood of supp u .

J is a symmetric nonnegative Radon measure on X x X \diagonal, k& a nonnegative Radon
measure on X, the jumping and the killing measure, resp.

For a Dirichlet form that comes from an energy form in our sense, the contraction
property implies in fact that the killing measure vanishes.
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For a Dirichlet form with vanishing killing measure, one has

1

(121) Bl = Jim oo [ (ule) = ) e dpa)

where (p¢)¢>o is the family of transition functions for the Markov process associated with
E (for details and references, see e.g. Fukushima’s book). In this case, one may define an
energy form (for f: X — (Y,d)) by

1

(122) B() = tim o [ @ (7). 1) dy)ntan

Also, a Dirichlet form defines a negative semidefinite selfadjoint operator on L?(X, u;R)
via

(123) E(u,v) = —(Lu,v)gz2 .

Finally, any such Dirichlet form admits a representation

(124) E(u,v) = /n(u,v)(dx)

with a Radon measure valued, nonnegative, bilinear form n on D(E).

As in the theory of harmonic maps between Riemannian manifolds, it is necessary
to impose geometric restrictions on the target in order to have a successful theory. In
fact, a generalization of nonpositive sectional curvature for metric spaces that was found
by Alexandrov is perfect for our purposes. In order to state this property, let (Y,d) be a
complete metric space with the property that any p,q € Y can be connected by a length
minimizing geodesic, i.e. a curve

v:[0,d(p.q)] =Y
with v(0) = p,v(d(p.q)) = q,
(125) d(y(ty),y(ta)) = [ty —t2| forall ty,ts €[0,d(p,q)]
Y is said to have nonpositive curvature if for any such geodesic v and any pg € Y, we have
(126) d(v(t),po) < [7(t) = po| for all t € [0,d(p,q)],

where 7(t) is a straight line in the Euclidean plane R? parametrized by arclength and
Po € R? satisfies |py — 7(0)| = d(po. p), |Po — ¥(d(p. q))| = d(po, q).
A general reference is [BN].

If (Y,d) has nonpositive curvature in Alexandrov’s sense, then an energy form F
defines a convex functional on L2(X, u;Y, d), essentially since d?(py, -) is strictly convex on
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Y for any po € Y, and a general result of Jost [J2], [J3] shows the existence of minimizers
for £ among maps with values in (Y, d). (There are some topological points like lifting to
universal covers that are suppressed here.)

Lemma: If (Y,d) has nonpositive curvature, and if u is a minimizer for E, then
(127) L(d*(u(-),p)) > 2n(u,u) weakly .
Thus, if u is a minimizer, we may use the convex functions d?(-,p) for p € Y, in order to

produce scalar valued subsolutions for L.

In order to derive regularity properties one needs additional assumptions on (X, i),
however. It turns out that the proper set of assumptions was already found by Biroli—
Mosco, and we shall now describe those, leaving aside some technical specifications, how-
ever:

(A1) Suppose E induces a metric on X via

dg(z,y) == sup{p(x) — ¢(y) : ¢ € D(E)NCY , n(p, ) < pon X}

that induces on X the same topology that we started with and makes X into a locally
compact, separable metric space, and satisfies the ball doubling property:
deg < 00,79 >0V e X,0<r <rg:

u(B(z,2r)) < cop(B(z,r))
for B(z,r) :={y € X : dg(z,y) <r}.
(A2) Poincaré inequality VX, CC X 30 < A < 1, ¢; < 00 Vg € Xy, B(zo,7) C Xo,

f:X — (Y,d) with f € D(E):

/ P (f (@), Fageonn ) ulde) < c1r / n(f. f)(dz)
B(zo,Ar)

B(zo,r)

where fy denotes the mean value of f on a set U, i.e. fy € Y minimizes ¢(q) =
Ju @ (f(2), q) u(dw).
(This inequality is implied by the following one

/ / 02 (f(2), £ (1)) pd) p(dy) < cor® / n(f. f)(dz) )
B(zo,Ar) J B(zo,AT)

B(zo,r)

It was shown by Biroli-Mosco [BM] that the ball doubling property and the Poincaré
inequality imply a Sobolev inequality and Harnack type inequalities in the sense of Moser
for sub- and supersolutions of L. Important extensions and generalizations of these results
have e.g. been found by Hajlasz—Koskelo [HK] and Sturm [St].
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Using the Harnack inequalities of Biroli-Mosco and Sturm, the author showed [J4]:

Theorem: Under the preceding assumptions on X and E, and if (Y, d) has nonpositive
curvature in the sense of Alexandrov, then any minimizer for E is Holder continuous.

The proof makes use of a telescoping lemma of Giaquinta—Giusti and a method of
Meier for deriving Holder continuity of harmonic maps from Harnack inequalities for the
Laplace—Beltrami operator.

In their study of harmonic maps from singular algebraic varieties with values in spaces
of nonpositive curvature, P. Li and G. Tian also found a Holder estimate based on a ball
doubling property and a Poincaré inequality.

Under the much stronger assumption, that the domain X is a Riemannian manifold,
Korevaar—Schoen [KS] had earlier shown Lipschitz continuity of generalized harmonic maps
with values in spaces of nonpositive curvature. It is an open problem to find the proper
set of assumptions on the domain that is necessary for Lipschitz continuity.

Acknowledgements: The present notes are based on a series of lectures delivered
by the author at the ICTP Trieste in August 1995. The author thanks the institute’s
director M.S. Narasimhan, and the organizers of the conference, Kung-Ching Chang and
Mariano Giaquinta, for creating a mathematically stimulating atmosphere. The section on
the Seiberg-Witten equations was amplified on the basis of a lecture at an Oberwolfach
meeting organized by Stefan Bauer and Thomas Friedrich to whom the author is likewise
grateful. This paper was completed at the FIM of the ETH Ziirich whose hospitality the
author gratefully acknowledges.

The underlying research was generously supported by the DFG (Leibniz program,
SFB 237, Graduate program “Geometrie und Mathematische Physik”), and also by the
GADGET program of the EU.

Bibliography

[A1] S.I. Al’ber, On n-dimensional problems in the calculus of variations in the large; Sov.
Math. Dokl. 5 (1964), 700 — 704.

[A2] S.I. Al’ber, Spaces of mappings into a manifold with negative curvature; Sov. Math.
Dokl. 9 (1967), 6 — 9.

[BC] M.S. Berger and Y.Y. Chen, Symmetric vortices for the Ginzburg-Landau equations of
super conductivity and the nonlinear desingularization phenomenon; J. Funct. Anal.
82 (1989), 259-295.

[BM] M. Biroli and U. Mosco, A Saint—Venant type principle forDirichlet forms on discon-
tinuous media; Annali Mat. Pura Appl., to appear.

[BN] V.N. Berestovskij and I.G. Nikolaev, Multidimensional generalized Riemannian spaces;
Encyclopaedia Math. Sciences 70 (Geometry IV), 246 — 362, Springer, 1993.

29



[BR] F. Bethuel and T. Riviére, Vortices for a variational problem related to superconduc-
tivity; Preprint.

[C1] K. Corlette, Flat G-bundles with canonical metrics; J. Diff. Geom. 28 (1988), 361 —
382.

[C2] K. Corlette, Gauge theory and representations of Kahler groups; Contemp. Math. 74
(1988), 107 — 124.

[De] A. Derdzinski, Geometry of the standard model; Springer-Verlag.

[D1] S. Donaldson, Anti self-dual Yang—Mills connections over complex algebraic surfaces
and stable vector bundles; Proc. Landau Math. Soc. 50 (1985), 1 —26.

[D2] S. Donaldson, Infinite determinants, stable bundles, and curvature; Duke Math. J. 54
(1987), 231 — 247.

[ES] J. Eells and J. Sampson, Harmonic mappings of Riemannian manifolds; Am. J. Math.
85 (1964), 109 — 160.

[FOT] M. Fukushima, Y. Oshima, M. Takeda; Dirichlet forms and symmetric Markov pro-
cesses; de Gruyter, 1994.

[Gr] M. Gromov, Pseudo-holomorphic curves in symplectic geometry; Inv. math. 82
(1985), 307 — 347.

[HK] P. Hajlasz and P. Koskela, Sobolev meets Poincaré; C.R. Acad. Sci. Paris 320 (Sér.
T) (1995), 1211 - 1215.

[Hz] E. Heinz, On certain nonlinear differential equations and univalent mappings; Journ.
d’Anal. 5 (1956/57), 197 — 272.

[Hi] N. Hitchin, The self-duality equations on a Riemann surface; Proc. London Math.
Soc. 55 (1987), 59 — 126.

[HJS] M.C. Hong, J. Jost, and M. Struwe, Asymptotic limits of a Ginzburg-Landau type
functional; Preprint.

[J1] J. Jost, Equilibrium maps between metric spaces; Calc. Var. 2. (1994), 173 — 204.

[J2] J. Jost, Convex functionals and generalized harmonic maps into spaces of nonpositive
curvature; Comment. Math. Helv., in press.

[J3] J. Jost, Generalized harmonic maps between metric spaces; preprint.
[J4] J. Jost, Generalized Dirichlet forms and harmonic maps; preprint.
[J5] J. Jost, Riemannian geometry and geometric analysis; Springer, 1995.

[JPW] J. Jost, X.W. Peng, and G.F. Wang, Variational aspects of the Seiberg—Witten func-
tional; Calc. Var., to appear.

[JZ1] J. Jost and K. Zuo, Harmonic maps and S£(r, C) representations of m; of quasiprojec-
tive manifolds; J. Alg. Geom., to appear.

30



[JZ2] J. Jost and K. Zuo, Harmonic maps into Tits buildings and factorization of non rigid
and non arithmetic representations of m; of algebraic varieties; preprint.

[KS] N. Korevaar and R. Schoen, Sobolev spaces and harmonic maps for metric space
targets; Comm. Anal. Geom. 1 (1993), 561 — 659.

[NS] M.S. Narasimhan and C.S. Seshadri, Stable and unitary bundles on a compact Rie-
mann surface; Ann. Math. 82 (1965), 540 — 564.

(O] G. Orlandi, Asymptotic behavior of the Ginzburg-Landau functional on complex line
bundles over compact Riemann surfaces; preprint.

Q] J. Qing, Renormalized energy for Ginzburg-Landau vortices on closed surfaces;
preprint.

[Sc] R. Schoen, Analytic aspects of the harmonic map problem; Math. Sci. Res. Inst.
Publ. 2, 321 — 358, Springer, 1984.

[Si1] C. Simpson, Higgs bundles and local systems; Publ. Math. THES 75 (1992), 5 — 95.

[Si2] C. Simpson, Constructing variations of Hodge structure using Yang—Mills theory and
applications to uniformization; J. AMS 1 (1988), 867 — 918.

[St] K.Th. Sturm, Analysis on local Dirichlet spaces. II: Upper Gaussian estimates for
the fundamental solutions of parabolic equations; preprint.

[SW1] N. Seiberg and E. Witten, Electro-magnetic duality, monopole condensation and con-
finement in N = 2 supersymmetric Yang-Mills theory; Nucl. Phys. B 426 (1994), 19
- 52.

[SW2] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N = 2
supersymmetric Yang-Mills theory; Nucl. Phys. B 431 (1994), 581 — 640.

[T1] C. Taubes, Arbitrary n-vortex solutions to the first order Ginzburg—Landau equations;
Comm. Math. Phys. J2 (1980), 277 — 292.

[T2] C. Taubes, The Seiberg-Witten and the Gromov invariants; preprint.

[T3] C. Taubes, SW = Gr. From the Seiberg—Witten equations to pseudo-holomorphic
curves.

[T4] C. Taubes, The Seiberg-Witten invariants and symplectic forms; Math. Res. Letters
1 (1995), 809 — 822.

[UY] K. Uhlenbeck and S.T. Yau, On the existence of Hermitian Yang—Mills connections
in stable vector bundles; CPAM 39-S (1986), 257 — 293.

[W] E. Witten, Monopoles and 4-manifolds; Math. Res. Letters 1 (1994), 769 — 796.

[Z1] K. Zuo, Some structure theorems for semi-simple representations of m; of algebraic
manifolds; Math. Ann. 295 (1993), 365 — 382.

[Z2] K. Zuo, Factorization of nonrigid Zariski dense representations of m; of projective
manifolds, Inv. Math.

31



