EULERIAN CALCULUS FOR THE CONTRACTION
IN THE WASSERSTEIN DISTANCE *
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Abstract. We consider the porous medium equation on a compact Riemannian manifold and
give a new proof of the contraction of its semigroup in the Wasserstein distance. This proof is
based on the insight that the porous medium equation does not increase the size of infinitesimal
perturbations along gradient flow trajectories, and on an Eulerian formulation for the Wasserstein
distance using smooth curves. Our approach avoids the existence result for optimal transport maps
on Riemannian manifolds.
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1. Introduction. In this paper we consider the porous medium equation
Op—AU(p) =0 (1.1)

and give an entirely “Eulerian” argument for the contraction of its semigroup in the
Wasserstein distance. The argument is guided by the formal gradient flow structure
of the porous medium equation proposed in [13].

More precisely, we choose as our state space M the space of probability measures
p(x)dz, endowed with a suitable metric tensor g, see §2.2. The metric tensor g
induces a distance on (M, g) that coincides with the Wasserstein distance W(pg, p1).
Loosely speaking, this equivalence is a consequence of the Benamou—Brenier Eulerian
formulation of the optimal transportation problem defining W(po, p1) [4]. Then the
porous medium equation is the gradient flow on (M, g) of the functional

B(p) = [ e(o) (1.2)
where the “osmotic pressure” U(p) is related to the energy density e(p) via

U(p) = pe'(p) — e(p) for p > 0. (1.3)

We notice that U is (strictly) monotone if and only if e is (strictly) convex, and that
for strictly monotone U, (1.1) is of parabolic type. The contraction property for the
porous medium semigroup then follows from the convexity of E on (M, g). The latter
is a reformulation of McCann’s displacement convexity [L1].

This formal argument has been made rigorous in [I3] using the fact that for any
two points pg, p1 a shortest curve with respect to W exists. The existence of these
shortest curves relies on Brenier’s result [5] on the existence of a one-to-one optimal
transport map y = ®(x) between two measures po(z)dx and p1(y) dy. This can be
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seen as a Lagrangian approach. It is somewhat delicate since the optimal transport
map P can be nonsmooth even if the densities pg and p; are smooth.

In this paper, we carry out a rigorous Eulerian approach based on the new insight
e that the porous medium equation does not increase the naturally defined
action A(p) of smooth curves [0,1] 3 s — p(s) € M (see Proposition [1.2);
e that the squared Wasserstein distance $WW(po, p1)? is the infimum of A(p)
over smooth curves connecting pgy to p; (see Proposition 4.3)).
Hence we can work in the “class of smooth objects”. Alternatively, contraction esti-
mates can also be derived in more elaborate frameworks based on metric space theory.
We refer to the recent publications [6, [1] for further information.

Our approach allows to obtain the contraction property on a compact Riemannian
manifold M" (instead of R™) without additional effort. A sufficient condition is that
the Ricci curvature of M™ be nonnegative. This is the well known Bakry-Emery
criterion for the logarithmic Sobolev inequality [3] (which can be refined using I'o—
calculus [2]). It turns out that contractivity of the semigroup for certain nonlinear
evolutions equation is in fact equivalent to lower bounds for the Ricci curvature.
This has been proved for the heat semigroup in [I7] and more generally in [16]. Our
Eulerian approach avoids the subtle existence result for optimal transport maps ® on
Riemannian manifolds by McCann [12].

2. Gradient flows. It is instructive to discuss our approach in the language of
gradient flows. This heuristics will serve as a guideline for the rigorous argument.

2.1. Abstract framework. Let us quickly recall the mathematical structure
required for a gradient flow. One first needs a smooth function M > p — E(p) on a
differentiable manifold M. The differential diff F of F is a co-tangent vector field:

M 3 p— diff B, € T,M".

Therefore one also needs a metric tensor g on M, i.e., a scalar product g, on 7, M
in every point p € M. This scalar product allows to identify co-tangent with tangent
vectors, yielding the gradient vector field grad £. The gradient flow of F on the
Riemannian manifold (M, g) is then given by the dynamical system

dp
i —grad E),. (2.1)

For subsequent use, we shall reformulate (2.1). We recall that the differential

diff E' can be inferred from differentiating E along a curve [0,1] 3 s — p(s) € M:

d%E(p(S)) = <diff Elo(s)» ZZ(S)>'

Then the gradient grad E is defined by the requirement that for any tangent vector
field [0,1] > s+ dp(s) € T)(5) M along the above curve we have

9o(s) (8rad Ejp(s), 0p(s)) = (diff B}y, 0p(s))-

Now a trajectory [0,00) 3t — p(t) € M of (2.1)) is characterized by the fact that for
any tangent vector field [0,00) 3t +— dp(t) € T M one has

d .
9o(t) (d;)(t), 5p(t)> + (diff Bz, 6p(t)) =0 for all ¢. (2.2)
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2.2. Heuristics: The porous medium equation as gradient flow. We
are interested in the porous medium equation on a compact, connected Riemannian
manifold M" without boundary. We denote by - the metric tensor on M", by V, V-
and A = V-V the gradient, divergence and Laplacian on M". Finally dx denotes the
volume form on M"™; without loss of generality we assume an 1dz = 1. The porous
medium equation describes the evolution of a nonnegative density p(t,z) on M™. It
is given by the nonlinear diffusion equation

Op — AU(p) = 0. (2.3)

The porous medium equation preserves the total mass and we assume an pdr =1
for definiteness. In view of this, our state space M is the space of all nonnegative
functions p: M"™ — [0, 00) with unit integral:

/n pdx =1. (24)

We also may think of M as the space of probability measures p(z) dx on M™. For con-
venience we will not distinguish in the following between functions and the measures
they induce via the volume element dx defined on M".

Following [13], we now introduce the metric tensor g on M. Notice that in view
of (2.4) we may think of infinitesimal perturbations dp € T, M of a state p € M as
functions dp: M"™ — R with

dpdx = 0. (2.5)
J.

For given p € M we define the scalar product g, on T, M as

n

9000, p1) = [ Vou-Venpia, (2.6)
where, up to additive constants, the functions ¢;: M™ — R are defined by
6pi =V - (pVe;) = 0. (2.7)

Notice that (2.7)) constitutes an elliptic equation with variable coefficient p > 0 for
¢i; (2.5)) is necessary for the existence. If p is strictly positive and p, dp; are smooth,
then (2.5) is also sufficient for the existence of a smooth solution ¢;. For later use we
notice that g,(dpg, dp1) can be rewritten as

gp(épo, 5[)1) = — 6p0 ¢1 dx. (28)
M’VL

The quadratic part of the metric tensor can also be characterized variationally:

390(0p, 0p) = sup{ —/ 5IVolPpde —/ 5p¢d:r}7 (2.9)
¢ Mn Mn

where the sup is taken over all smooth functions ¢: M"™ — R. In view of (2.7), we
may think of ¢; as the “velocity potential” that generates the infinitesimal change dp;
of the density p.
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We now formally argue that (2.3) is indeed the gradient flow of (1.2) on (M, g),
reproducing the argument in [13]. We are given a nonnegative function p = p(¢, )
satisfying (2.4)); we fix a time ¢. Let the function dp of = be given with (2.5) and let
¢ be related to dp by (2.7). Then we have on the one hand that

(diff B, 6p) = / e (p)dpdx
MTL
s / ¢ (p)Vp- pVo da
MTL
= —/ VU(p) - Vo da
Mn
= AU(p) ¢ dz. (2.10)
Mn
On the other hand we have according to (2.8)
gp<atpa 59) = — 3tp¢dx

Mn

The combination of the last two identities gives, for any dp satisfying (2.5),

90(up, 6p) + (diff B}, 6p) = — / (0ip — AU (p)) ¢ da.

Mn

In view of (2.2)), this proves that indeed (2.3) is the gradient flow of (1.2]) with respect
to the metric tensor (2.6) defined on M.

3. Convexity and contraction. In this section we discuss heuristically how
the convexity of E on (M, g) implies contraction for the gradient flow.

3.1. Abstract framework. Recall that a function E on a Riemannian manifold
(M, g) is convex if its Hessian Hess E is positive definite in any point p € M, i.e.,

g,,(ép, HessE‘pép) >0 forall 6p € T,M and p € M.

In an infinite-dimensional context, it is convenient to have alternative ways of probing
convexity. We mention two possibilities:
e The standard way to probe convexity is by geodesics: If [0,1] 3 s — p(s) € M
is a geodesic, i.e., any curve for which

Ddp
dsds
where £ denotes the covariant derivative along s — p(s), then we have

2
% E(p(s)) = 0.

Indeed, this follows from the chain rule
d? d dp
@ E(p(s)) = % 9p <d$’ gradEp)
dp dp D dp
=9, <d$’ Hess E), ds) +gp<dsds’ gradE|p>

dp dp
=9, (ds’ Hess |, ds> (3.1)
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e There is another way to probe convexity of E: For any gradient flow trajectory
[0,00) 3t — p(t) € M, i.e., any curve for which

dp
i grad £,
and any infinitesimal perturbation [0,00) > t — dp(t) € T, M along this
curve for which by the chain rule

D
—0p = —Hess B, ép, (3.2)
dt

we have that the size of this perturbation does not increase over time:

d
& 390(00. 6p) < 0. (3.3)

Indeed, this follows from

d D
= 390(90, 9p) = g, (5,0, - 50) = —g,(0p, Hess By, 3p).  (34)

The property (3.3) has a finite counterpart: Recall that the distance dist(pg, p1)
between pg, p1 € M induced by the metric tensor g is defined by

0,1] 3 5+ p(s) € M, { P(0:-) = po } } (3.5)

L dist(po, p1)* = inf {A(p) p(l,) = p1

where A(p) is the natural action of a curve, i.e.,

! dp dp
— 1 L
A(p) .—/0 2gp<ds, ds) ds. (3.6)

We now argue that (3.3) easily yields a global consequence of the convexity of E: The
gradient flow of E' is a contraction in dist. This means that for any two gradient flow
trajectories [0,00) D¢ — p;(t) € M, i = 0,1, i.e., any curves with

dp;
T —grad E),,,

we have

dist(po, p1) is nonincreasing in ¢.

Indeed, by translational invariance in time, it is enough to show that

1 dist (po(t),pl(t))2 < 1 dist (po(0), p1 (0))2 for all ¢ > 0. (3.7)

According to (3.5), for given € > 0, there exists a curve [0,1] 3 s — p(s) € M such
that p(s = 0) = po(t =0) and p(s = 1) = p1(t = 0), with

2

L dist (po(0), p1(0))” = L dist ((0), 5(1))” = A(p) — e. (3.8)
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6
Now for every s € [0,1] let [0,00) 3¢+ p(s,t) € M denote the solution of
i —grad B (s, (3.9)
with p(s,0) = p(s). Notice that then p(0,t) = po(t) and p(1,t) = p1(t) so that
(3.10)

Ldist (po(t), p1(1)”* < A(p(1).

Taking the covariant derivative of (3.9) with respect to s yields

Ddp _Dop _ P
9t9s osor e EBugg

Thus we obtain from (3.3]) applied to dp = 52

0 , dp Op
i S (i 1P
ot 29p<55’as> S0

Integration over s yields

d Yo, (0p Op
_ . = — <
th(p( ) o Ot 29”(33 88) ds <0

Integration over t yields

A(p(-, 1)) < A(p(:,0)).

Together with (3.10) and (3.8) we therefore end up with

5 dist (po(t),pl(t))2 < 1 dist (po(O),pl(O))2 + €,

and since € > 0 was arbitrary, (3.7) is proved
Remark. Tt is possible to give an argument in favor of
0 4 Op Op dp op
Y- o (22 Hess E .22
ot 29”(65 ds I\ s Pl ps

that avoids using the covariant derivative altogether: Consider first a family of curves
[0,1] 2 s+ p(s,t) € M for t € [0,00) such that s — p(s,0) is a geodesic. Then

(3.11)

0, (0p 9p\ O 9p 9p B
ot 29 (as 9s) = 859\ 5s ae ) Trt=0 (312)
Indeed, given any function [0,1] 5 s — a(s) € R with a(0) = (1) =0 let
p(s,t) == p(s,a(s)t) for all s,t.
Since p(0,t) = 5(0,0) and p(1,t) = p(1,0), the definition of geodesic yields
d Yoo (0p op Yoo, (0p 9p
= — 5 — ds. 1
dt|t:0/0 29 ( ) /0 8t|t:0 (63 Os ) y (3.13)
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On the other hand, we have %(s, t) = %( a(s)t) +o/(s)t %(s, a(s)t) and therefore

adp 0p ap Op
|:§gﬁ(35785>](87t) = {%gﬁ(as a (S’a(s)t)
op 0p
+a/(s)t [g (85 8t>] (s,(s)t)
2 op 0p
+ 1 (a/(s)t) [ <8t Bt)] (s,c(s)t).
Using this identity in (3.13]) then gives
L9 op Op ! op 0p
0= z ds "o5| =, = d
/ 3t|t 02 (35 ds ) +/ g”(as’ 8t>|t_0 y
_/1 a aﬁap_a op op s
- ot 27\ as s ) ~ 05"\ 0s 0t ) f,_, "
This proves (3.12) because « was arbitrary. Consider now the family of gradient flows
p = p(s,-) satisfying (3.9). For any so € [0, 1] there exists a map p such that

[0,1] 2 s +— p(s,t) is a geodesic
p(s0,t) = p(so,t) for all ¢ € [0, 00). (3.14)
)

At s = sy we then find
0 dp Op @19 9, dp Op (312) 0 dp Op
at 277\ 95" s at 297\ 85’ s 95 97\ 95 ot

@10 0 @ @
95 77\ 8s” ot

@2)
. o\l o .

BI14)

By definition of the Hessian, we have

0% ap op\ @19 ap ap
8.92E<p)_gp(8 HessEpa> = gp(@s’HeSSE’)Bs)

and (3.11) follows.

3.2. Heuristics: Convexity and induced metric. In this section we show
heuristically how the abstract framework of the previous section yields a contraction
property in the Wasserstein distance for the porous medium equation. This argument
will be made rigorous in the remainder of the paper.

We recall the heuristic argument for the convexity of E on (M, g) for which we
probe the convexity along geodesics. Therefore we start by heuristically deriving the
equation for geodesics, essentially reproducing [14]. An alternative heuristic deriva-
tion can be found in [I3]. Notice first that within the abstract framework, the geodesic
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equation is the Euler-Lagrange equation (i.e., the first variation) of the action func-
tional (3.0). We will take this venue. In view of (2.0), our action functional for a
curve in M, i.e., for a function p: [0,1] x M"™ — [0, co0) with an p(s,x)dx =1 for all
s € [0, 1], takes the form

N (3.15)
[0,1] x M™

where the function ¢: [0,1] x M™ — R is determined by
dup— V- (V) = 0 (3.16)

and plays the role of the tangent vector field along the curve. Like for the metric
tensor itself, cf. (2.9), the action functional can be written variationally:

A(p):sup{—// %|V¢|2pdxds—// (baspda:ds}
¢ [0,1] xMn [0,1] xMn
:sup{—// %|V¢|2pdxds+// 0sp pdxds
¢ [0,1] xMn [0,1] xMn

+ (0, ) po(x) do — o(1, ) p1(x) dx}, (3.17)

Mn Mn

where the sup is taken over all smooth functions ¢: [0,1] x M™ — R. Here pg, p1 are
the fixed end points of the curve, i.e., we have

p(0,-) =po and p(1,-) = p;. (3.18)

To obtain the induced distance in M, the expression (3.17) needs to be minimized
over all functions p: [0,1] x M™ — [0,00) with [\, p(-, ) dz = 1, see (3.5). In fact, we
may think of minimizing (3.17) over all functions p: [0,1] x M"™ — R because (3.17)
is +oo if (3.10) or (3.18) are violated. Maximizing in ¢ and minimizing in p amounts
to a saddle-point problem. The first variation in ¢ is given by (3.16) & (3.18). The
first variation in p is given by the Hamilton—Jacobi equation

950 — 2|Ve|* = 0. (3.19)

Hence the combination of the transport equation (3.10) and the Hamilton—Jacobi
equation (3.19) form the geodesic equation. Note that the system (3.16) & (3.19) is
of hyperbolic nature as a partial differential equation. The velocity u = —V ¢ satisfies
the “pressureless Euler equation”

D
—u+ Duu =0,
ds

and thus the flow 9, = uo ® consists of geodesic trajectories, i.e., %%@ = 0. Notice
that (3.10) states that p(s,-) is the push-forward of p(s = 0) under ®(s,-). This is
what we call the Lagrangian approach. Geodesics in the sense of shortest curves were

given a rigorous meaning for a Riemannian manifold M™ in [12].

Having identified the geodesic equation, we can probe the convexity of (1.2) along
geodesics. This was first done in the Lagrangian framework in [11] and gave rise to the
notion of displacement convexity. We reproduce the heuristic Eulerian argument from



Eulerian Calculus for the Contraction in the Wasserstein Distance 9

[14]. Let p: [0,1] x M™ — [0, 00) be a geodesic with tangent field ¢: [0,1] x M™ — R,
ie., let (3.10) & (3.19) be satisfied. As in (2.10), we find for the first derivative

& _ AU(p) pdx = U(p) Apdx.
ds Mn Mn

For the second derivative, we obtain

= [ (V@000 +UG) 20.6) ds

)
_19) / ) L 2) dx
2 /M (U (p) V- (V) Ap + U(p) ALV | )d

I
S
3
S

pU'(p) (A6) + VU (p) - VO AY + U(p) AL V6P da

Il
=

(,oU'(p) (A¢)* + U(p) (= V- (Vo Ag) + A§|V¢|2)) da
e

L (000~ 00) @07 + U() (- Vo Va0 + A3IVOE) ) ds
We appeal to Bochner’s formula (see [15]):
~V¢-VA$+ ALVe]> = D> + Vo - Ric Vo,

where D2¢ denotes the Hessian of ¢, |A|? stands for the trace of A*A, and Ric denotes
the Ricci curvature of M™. We thus obtain the formula

2E
d82 - Mn

((pwp) —U())(26)? + U(p) (1D + V6 - Ric w)) dr.  (3:20)

In view of (3.1)), the right-hand side of (3.20)) can be understood as the quadratic
part of the Hessian of F in p in direction of the infinitesimal variation dp = V- (pV¢).
We notice that it is nonnegative for all functions p > 0 and ¢, if and only if

pU'(p) = (1—2)U(p) 20 and Ric(z) >0 for all z € M"

because (A¢)? < n|D?¢|%. The convexity of E along geodesics in the Riemannian
case M" was given a rigorous meaning in [7].

To conclude it only remains to prove that (3.5) with (3.15) & (3.16) coincides
with 2W?2(po, p1). Recall that for po, p1 € Prob(M™), W (po, p1) is defined as

inf { //MXM d(z,y)? dr(z,y)

7 € Prob(M"™ x M"),

|t =p. [ dnte) = }

compare to [I8]. Several heuristic arguments are possible here (cf. [13] and [14]).
However, the rigorous proof we provide in the next section is no more diffcult than a
heuristic one; therefore we refer to Proposition 4.3l
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4. Rigorous Result: Contraction. We recall that M" is a compact connected
Riemannian manifold without boundary, with geodesic distance d and an ldx =1.

Here is our main result.

THEOREM 4.1 (Contraction estimate). Assume that pU'(p) = (1 — 2)U(p) >0
for all p =2 0, and that Ric(z) = 0 for all x € M™. For nonnegative initial data po, p1
with an pidx =1 consider solutions p; of the porous medium equation

pi — AU (pi) =0

_ fori=0,1.
pi(t =0) = p; }

Then the Wasserstein distance of pg and p1 is nonincreasing in time, i.e.,

—W?(po, p1) < 0. (4.1)

Remark. We have seen in §3.2 that heuristically the convexity of E is equivalent
to the conditions on U and Ric required in Theorem 4.1. We have seen in §3.1] that
convexity of E is equivalent to the contractivity of the corresponding gradient flow.
Hence we expect that the conditions on U and Ric are also necessary. This has been
rigorously proven in [16]. Also in [16], the sufficiency of these conditions has been
established using the Lagrangian approach mentioned in §1l which relies on [12].

The theorem will be a consequence of the following two propositions.

PROPOSITION 4.2. Assume that pU'(p) = (1 — L)U(p) = 0 for all p > 0, and
that Ric(x) = 0 for all x € M"™. Consider a family of smooth positive solutions of

dup — AU(p) = 0, (42)
depending smoothly on the parameter s € [0,1]. For any (s,t) let ¢ be defined by
Dep — V- (pV6) = 0.

Then the following holds

4 // |Vo|?pdrds < 0.
dt J Jo,1)xmm

Remark. Proposition 4.2l is guided by the abstract observation of §3.1: Convexity
can be probed by the gradient flow. More precisely, convexity expresses itself by the
fact that the action of curves is reduced when the points along the curve are evolved
by the gradient flow.

PROPOSITION 4.3. Consider pgdx,p1 dx € Prob(M™) where pg, p1 are smooth
and positive functions. Then the Wasserstein distance squared %WQ(po,pl) equals
inf { //[0 - 1IVo|*pdads | (p > 0,¢) smooth functions on [0,1] x M",
1] xMn

Dp— V- (pV0) = 0, { ZE?::EZT }} (4.3)
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Proof of Theorem|/.1. Assume first that the initial data are smooth and positive,
and that U is linear for p ¢ [o,1/a] with « > 0 small. Then standard parabolic
theory yields that solutions of the porous medium equation for smooth and positive
initial data are also smooth and positive. By Proposition [4.3| we can, for any € > 0,
find smooth functions (p > 0,¢) on [0,1] x M", with

s om0 {20171
such that

// \Vé\zﬁdxdsng(po,ﬁlwra
[0,1] x M

For any s € [0,1], let p(-, s) evolve according to the porous medium equation. This
yields a family p of solutions depending smoothly on s for which Proposition /4.2
applies. Using again the characterization of Proposition 4.3 then yields

W (on(thpr(0) < [ VoOPp() dods
[0,1] x M
< // ‘Vd_>|2ﬁdxds <W2(po, p1) +¢e forallt >0. (4.4)
[0,1] x M™

Since € > 0 was arbitrary, we obtain (4.1)) in this case.

The general case follows by an approximation argument that we do not discuss
in detail here. For general nonnegative initial data one can find sequences of smooth
positive functions, converging strongly to the given pg, p1. Then standard theory for
the porous medium equation yields that the solutions converge strongly in L'(M"),
hence a posteriori also in the Wasserstein distance which metrizes the weak* topology
of measures. Therefore the contraction estimate generalizes to this setting. Similarly,
one can approximate a given U with pU’(p) > (1 — £)U(p) > 0 for all p > 0, by a
sequence of functions that have the same property and are linear for small and large
p, and that converge uniformly. Then again standard theory applies and allows to
conclude. We refer to [13] where this program has been carried out in R™. a

Proof of Proposition|.2. The following remark is at the core of Proposition [4.2:

LEMMA 4.4. Consider smooth functions (p > 0,8p) on [0,00) x M™ solving

Op —AU(p) =0,
. (4.5)
ouop) ~ A(U"(p) 6p) = 0.
For any t let ¢ be defined by
ép—V - (pVg) =0. (4.6)
Then we have
d 1 2

=- / ) <(pU'(P) - U(p))(A¢)2 + U(P)(|D2¢|2 + V- Ric w)) dr.  (4.7)
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Remark. Observe that the second equation in (4.5) describes the evolution of an
infinitesimal perturbation dp of p, see (3.2). Notice further that in view of (4.0)), the
left-hand side of (4.7)) measures how the squared norm of §p changes in time, cf. (3.3)).
Observe finally that the right-hand side expression of (4.7) coincides with what we
expect to be—up to the sign—the Hessian, see (3.20). In this sense the formula (4.7)
reproduces (3.4]).

Proof. The left-hand side of (4.7)) equals, after an integration by parts,

d
We express —V - (p0; V@) in terms of p and ¢. We find by differentiating (4.06))

— V- (p0V9)
= —0,(6p) + V- (8p V)

= a(v 5p) +V- (AU(p) Vo)
= oa(ve pv¢>) (AU(p) Vo)

~A((pU" () = U(p)) A0) = AV - (U(p) Vo) + V- (AU(p) Vo).
Using this identity and (4.5) in (4.8) gives, after throwing all derivatives onto ¢,

d

it Juy 3IVolpda

— [ (07" - v) @6 + (o)~ Va6 Vo + AYTF) ) da
Then we use Bochner’s formula

~VA¢- Vo + AL Vo[> = D*¢> + V¢ - Ric Vo

(see Proposition 3.3 of [15]) to conclude. O
Fix s € [0,1] and let dp = Osp(-, s). Differentiating (4.2)) with respect to s gives

O (8sp> - A(U/(p) asp> =0.
Then Lemma /4.4 applies and yields

4
dt Jy,

T / . ((pU'(P) ~U(p))(A6)* + U(p) (ID*0]* + Vo - Ric V(/))) dr.  (4.9)

1VéPpde

Notice that (A¢)? < n|D?¢|?. By the assumption on U, we therefore get

(pU"(0) = U(9)) (20)* + U(p)[D20]* > U(p) ( — 1(A0)* + [D2]*) > 0

Furthermore, we have V¢ - Ric V¢ > 0. This proves the proposition. ]
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Remark. The same reasoning also yields convergence rates: In fact, if
Ul(p) & - Ric(x)¢ = Mpl¢|* for all p >0 and (z,€&) € TM™ (4.10)

for a suitable constant A € R, then (4.9) gives

Vofpds = [

Mn

d

— Ul(p) (vqs -Ric v¢) dx < sz/ 11Ve|?pda.
dt Jum Mn

We obtain exponential decay of [, 1|V¢|?pdx with rate 2X, thus of W2(p1, po), by
(4.4). For the heat equation on the unit sphere, for example, condition (4.10) is
satisfied with constant A = 1.

Proof of Proposition/.5. We proceed in five steps.

Step 1: We first prove that $W?(po, p1) < (4.3). Therefore assume that (p, @) is
admissible in (4.3). For abbreviation we introduce the velocity field u := —V¢, such
that d;p + V - (pu) = 0, and consider the flow induced by wu:

®:[0,1] x M" — M" with 9,®(s,z) = u(s, ®(s,x)), ®(0,z) =z, (4.11)

for all (s,z) € [0,1] x M"™. Then the measure p(s,z)dz is the push-forward of the
measure po(z)dz under ®(s,-), i.e., we have for all smooth functions ¢ on M"

C(z)p(s,x)dx = / ¢(®(s,2))po(z)dz  for all s € [0,1]. (4.12)

n

M

Moreover, by definition of the geodesic distance d we have
) 1
d(z, 3(1,2))° < / 10,0 (s, 2)|2 ds. (4.13)
0
Let 7 be the nonnegative measure defined by
J[ c@iren = [ caa0.m)m(@ d (4.14)
n XM"’ n

for all smooth functions ¢ on M"™ x M"™. Thanks to (4.12), 7 is admissible in the
definition of the Wasserstein distance W?(po, p1). Furthermore we have

//Mann d(z,y)? dr(x,y)

This proves our claim.
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Step 2: Notice that any smooth vector field on [0, 1] x M"™ can be identified with
a pair (p, m), where p is a function on [0,1] x M™ and m is an s—dependent vector
field on M" (such as m = —pV¢). We will now show that (4.3) equals

inf // Lo m|? dx ds
[0,1] xMn

(p > 0,m) smooth vector field on [0,1] x M",

dep+V-m=0, { P(02) = po }} (4.15)

p(1,) = p
That (4.15) does not exceed (4.3) is obvious. To prove the converse consider an

admissible pair (p,m) in the sense of (4.15)). By positivity of p we then find, for any
s € [0,1], a smooth function ¢ on M" solving the elliptic equation

V- (m+pVep) =0 onM". (4.16)

This ¢ depends smoothly on s because the pair (p, m) does. Since M™ has no boundary

/ (m—l—chﬁ) -Vodr =0.

Therefore by Cauchy—Schwarz

/p|v¢|2dx(4é")/ —m-Védz

1/2 1/2
< (/ p1|m|2dx) (/ p|V<z>|2dx> ,

[ soivepar< [ 4o mp d.
M Mm

and thus

Step 3: Now we generalize the functional (4.15) to a certain class of distributions
and prove that then the inf is bounded by the Wasserstein distance, for any measures
p0, p1 € Prob(M™). To achieve this, notice first that thanks to the Riemannian metric
on M, any smooth 1-form w on [0,1] x M™ can be identified with a pair (o,§), where
o is a function on [0,1] x M" and ¢ is an s—dependent vector field on M", via

(@, (pym)) = op+€-m
for all (smooth) vector fields (p,m). We write
w=ocds+¢-dx.

The space of 1-forms can be topologized as usual in the theory of distributions, but
we do not want to go into details and refer to |9, [10] instead. A linear functional
on the space of smooth 1-forms is called a current. Any smooth vector field (p, m)
defined on [0, 1] x M" gives rise to a current T' via

<T,st+§~dx> //[ } po +m - £dxds. (4.17)
0,1]xM"

But of course not all currents T’ can be represented in this form.
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We consider currents defined on [0, 1] x M™ that satisfy
<T, sC ds + VC - da:> = | ¢a)dp(x)— [ ¢(0,2)dpo(z) (4.18)
Mn Mn

for all test functions ¢, for given pg, p1 € Prob(M™). If now T is of the form (4.17),
then (4.18) is just the weak formulation of the continuity equation dsp + V - m = 0
with initial and final data pg and p;. Following [4], we can generalize the action

// 1p7 M m|* dx ds (4.19)
[0,1] xM"
as follows. For any current 7" with (4.18)) we consider

A(T) := sup {<T, ods+¢- dm> (0,&) smooth vector field on [0,1] x M"

with o + 1[¢]> <0 } (4.20)

We claim that this A(T") coincides with (4.19) if T is of the form (4.17): Indeed,
setting ¢ = p~'m and 0 = —3[¢|? = —1p~?|m|? shows that (4.19) < A(T); and

po+m-€< —pzle* +m- &< 5p7 m]?
for all admissible (o, &) implies that A(T) < (4.19).
Step 4: Now we prove that %WQ(po, p1) is bigger than or equal to
inf {A(T) ‘ T current on [0,1] x M" satisfying (418)} (4.21)

Consider any transference plan m € Prob(M”™ x M™) that is admissible in the definition
of W2(po, p1), and let ®@: [0,1] x M" x M"™ — M" be defined by

[0,1] 5 s +— P(s,z,y) is the shortest geodesic between z and y.

Then we have in particular

! 2 g0 2 2(0,z,y) ==
/0 |0s® (s, z,y)|* ds = d(x,y)* and { o(Lay) =y } (4.22)

We define a current T on [0, 1] x M" as follows: For all 1-forms o ds + £ - dx let
<T, ods+¢- d:c>

= ///Ol{a(s,fb(s,m,y))+§(s,<I>(s,a:,m))-8s¢(s,x,y)}ds dn(z,y).



16 Felix Otto and Michael Westdickenberg

This current satisfies the admissibility condition (4.18). Indeed we have

(T. 0,Cds+ V¢ - da)
_ ///01 (0.0 (5,®(5,2,0)) + VC(s5, 2(5,7,9)) - 0.8 (s,7,) } ds dr(z,y)
_ ///Olzg{g(s,@(s,x,y))}ds dr(z,y)
= / ¢(1,®(1,2,y)) dn(z,y) —/ ¢(0,2(0,z,y)) dn(z,y)
D [ cadny) - [[ 0.2 dne)
/Clydpl /COmdpo

for all test functions (. Now we argue that A(T) < [[ 1d(z,y)? dr(z,y). Indeed we
have for any vector field (o, &) admissible in (4.2( ) that

<T, 0ds+§~dz>
= /// s O(s,x y)) +§(s7<1>(s,x,y)) -@@(&x,y)}ds dm(z,y)

/A

/// Le(s, B(s,2,9))|* + & (5, 0(s, 2, v)) ~83<I>(s,m,y)}ds dr(z,y)

///’gaésxm|wdﬂxw

(422)/ dmy dm(z,y).

Step 5. To conclude the proof of the proposition it is then sufficient to show
that the two inf in (4.15) and (4.21) coincide. This will follow from Proposition [5.1
below which shows that any current 7' satisfying the admissibility condition (4.18)
for smooth and positive data pg, p1 can in fact be approximated by a current T, that
is representable by a smooth vector field (p. > 0,m.), in such a way that (4.18) still
holds with 7 in place of T" and limsup,_,o A(T:) < A(T).

The only detail that needs to be settled is (strict) positivity of p.. We argue as
follows. Since pg, p1 > 0 and M" is compact, there exists 0 < § < 1 with pg, p1 = 6.
Recall that by assumption an 1dx = 1. Then we consider

N

~ po—0 ~ p1—0
= d =
po e =TS

1-46
which are in Prob(M™). Let T be the current constructed in Step 4, based on an
admissible transference plan 7 in the definition of W2 (g, p1). As shown there

A(T) < $W*(fo, ). (4.23)

We apply Proposition 5.1/ to 7. This gives an approximation T. that satisfies (4.18)
and is representable by smooth vector fields (pe > 0, m.), such that

lim sup A(T) < A(T). (4.24)

e—0
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In view of the remark in Step 3, the admissibility condition (4.18) amounts to

50 ):ﬁO
Dspe +V -1 =0, pe( 9 }
pee v ome =0, { 202

Now notice that pg and p; are constructed in such a way that

(pmms) = ((1 - 5)156 +4, (1 - 5)7715)

is admissible in (4.15) because p. = § > 0. We have p-t|m.|? < (1 —0) p- ! |m.|?, and
thus by the remark in Step 3

//[01] y 1ot mePdeds < (1—6 //[01] y ;ﬁ;1|m€|2:(175)¢4(f5). (4.25)
] xM xMn

In view of (4.23)), (4.24) and (4.25) it remains to argue that
W(ﬁo;ﬁl) < W(p()vpl) + 0(1) as § — 0.

By the triangle inequality for the Wasserstein distance (see Theorem 7.3 of [1§]),

W(po, p1) < W(po, p1) +W(po, po) +W(p1, p1)- (4.26)

In order to conclude it suffices therefore to prove that the last two terms on the right-
hand side of (4.26) can be made small by choosing ¢ appropriately. We consider the
transference plan m € Prob(M™ x M") defined by

//Mnxmn C(z,y)dr(z,y)

= [ ((z,2) (po(x) - 6) dx+%//n - (z,y) (poly) — 6) dzdy  (4.27)

M

for all ¢. This 7 is admissible in the definition of W?(pg, pg) because

// x)dr(x,y)
M"XM”

= [ (@) (po(x) = 0)dz+ %5 | () dw/ (po(y) —6) dy
Mn M n

= [ () po(z) da
M'n.

and similarly

Ve SO0

= [ <) (poly) — 8) dy + % /dz () (poly) — 6) dy
M M

Po(y) -0
o C(y) T1-s dy.

Using ((z,y) := d(z,y)? in (4.27) then yields
W2(p0, o) < & diam (M.
The same argument applies to W2 (p1, p1), thereby finishing the proof. 0
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5. Approximation of currents. In this section we prove the approximation
result for currents used in the proof of Proposition 4.3. Notice that the regularization
of currents is well understood, see e.g. [8, [10]. Here we need to adopt the standard
arguments somewhat in order to obtain convergence of the action functional (4.20)).

PROPOSITION 5.1. Let M™ be a compact connected Riemannian manifold without
boundary. For given measures po, p1 € Prob(M"™) consider a current T on [0, 1] x M"
with A(T) < co which satisfies the admissibility condition

<T, 85Cd5+VC-da:>: @@~ [ 02 dpo@)  (31)

for all test functions ¢ defined on [0,1] x M"™. Then we have
1. There exists a family of currents {T.}e>o representable in the form

<TE, ads+§~dx>—//[ | pe0 +me - Edxds (5.2)
0,1] xM™n

for suitable vector fields (ps = 0,m¢) which are smooth inside (0,1) x M™.
The admissibility condition (5.1) still holds with T in place of T' and

limsup A(T:) < A(T).
e—0
2. If po and p1 are smooth functions, we may assume that the fields (pe, me) are
smooth up to the boundary, and thus p-(0,-) = po and p:(1,-) = p1.

Remark. Since the action functional A(T) is lower semicontinuous in the usual
weak™® topology of currents (see [10]), it even holds that lim._q . A(T.) = A(T).

Proof. We start with a remark on notation. Because of the action and the
admissibility condition, the s— and z—variables have to be treated differently. However,
it will often be convenient to lump s— and x—variables together; therefore we will write
x = (s,2), & = (0,€) and m = (p,m). As a rule, bold symbols always denote (n+ 1)—
dimensional objects (vector fields, parameters, operators, sets).

The approximating currents 7 are obtained by regularization of T. We proceed
as usual (see [8, [10]): Since a current is a linear form on 1-forms, we regularize T' by
duality, i.e., by constructing a linear operator that regularizes 1-forms £ - dx. This
must be done in such a way that exact 1-forms £ - dx = V( - dx turn into exact
1-forms since by assumption (5.1), T vanishes on exact 1-forms that are compactly
supported in (0,1) x M™. Recall that pulling-back a 1-form under a smooth map
preserves exactness. Therefore we regularize £ - dx as follows: We construct a family
of diffeomorphisms {®(z, -) }, of RxM", parametrized by z € RxR"™, we then consider
its pull-back ®(z,-)# (£ - dx) and average over z.

In order to preserve the boundary condition (5.1)), it is necessary that ®(z, -) leaves
the complement of (0,1) x M™ invariant. On the other hand, in order to achieve the
regularizing effect, it is important that z € R x R™ “acts transitively” on (0,1) x M™.
Because of topological reasons, this cannot be achieved globally by a single map ® in
general. We have to work locally with several maps ®, each of which is attached to
some open set U of a suitable covering of M"™.

More precisely, we consider a finite covering {U;}, of M" subordinate to some
atlas, with U; C M" homeomorphic to the unit ball B1(0) C R™ and ¢;: U; — R
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the corresponding smooth coordinate map. We may assume that each ¢; extends to
a neighborhood of U; and B;(0). Based on this map, we shall construct an operator
T — Tgi for e; > 0 with the following properties:

(a) The operator T — Tgi regularizes in (0,1) x U;, i.e., Tg is representable in
(0,1) x U; by a smooth vector field (pe, > 0,m,,) as in (5.2).

(b) The operator T' — Tgi does not destroy smoothness, i.e., if T' is representable
by a smooth vector field in (0,1) x V' with V' C M"™ open, then also Tgl is
representable by a smooth vector field in (0,1) x V.

(¢) The new current is admissible in the sense that (5.1) still holds with T in
place of T', and we have upper semicontinuity of the action

limsup A(TY) < A(T).

g;—0
Then the composition

T T o (T = o (o (T8
yields an approximate current 7. with all the properties required by the proposition.
In particular, we obtain a vector field (p. > 0,m.) that represents 7. in the sense
of (5.2) and is smooth throughout (0,1) x M™. It suffices to consider each operator
T — T separately and check that (a)—(c) are satisfied. To simplify the notation,
we will suppress the index ¢ and do not indicate the dependence on U;. The idea of
regularizing a current defined on a manifold by composing several operators attached
to local coordinate maps already appeared in [§].

We proceed in several steps.

Step 1: As mentioned before, the regularization T — 7. is based on a family of
diffeomorphisms {®(z,-)}, of R x M", parametrized by z € R x R™ and attached to
the open set U C M™. We would like these diffeomorphisms to leave the complement
of (0,1) x U invariant, but we cannot impose this since in order to control the action
we need that the first component of ® does not depend on z.

We shall use

e a smooth map ® = (9o, P): (R x R") x (R x M") — R x M" (whose
construction is postponed until Step 7) with the following properties:

VzeRXR" &(z,-) is a diffetomorphism of R x M"™ onto R x M", (5.3a)
VxeRxM" @(0,x)=x, (5.3b)

Vxe(0,1) xU ®(-,x) is a diffecomorphism of R x R"™ onto (0,1) x U, (5.3¢c)

®( does not depend on z, (5.3d)
V¥ (z,x) € (R xR") x ((0,1) x (M" = U)) ®(z,x) ==, (5.3¢)
V(z,x) € (RxR") x (R—(0,1)) x M") &(z,x) =x. (5.3f)

We shall also need the following maps which exist by (5.3a) and (5.3c):
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e the right inverse ® = (0, 0): (R x R") x (R x M") — R x M" of ® which
is characterized by

vV (z,x) € (R x R") x (R x M") <I>(z, @(z,x)) =X; (5.4)

o the left inverse ¥ = (¥o, ¥): ((0,1) x U) x ((0,1) x U) — R x R™ of &
which is characterized by

V(x,y) € ((0,1) xU) x ((0,1) xU) ®(¥(y,x),x) =y. (5.5)

For later reference we collect some properties: Let D1 ® and Do® denote the
derivatives of ® with respect to the first resp. second variable. Then

V(z,x) € (R xR") x (R x M") Dy®(z,x) has full rank, (5.6)
V(z,x) € (R xR") x ((0,1) x U) D1®(z,x) has full rank, (5.7)

as a consequence of (5.3a) and (5.3¢). From (5.4) we obtain

D,O(z,x) = — (D2<I>(z7 O(z, X))>_1D1'I>(z, O(z,x)),

1 (5.8)
DxO(z,x) = (Dg@(Z,@(Z,X))) ,
which together with (5.6) implies that ® is smooth. Similarly, (5.5) yields
Dy¥(y,x) = (qu)(q’(YaX)’X))il’ (5.9)
Det(y,x) = —(Di®(¥(y,x).%)) DrB((y.x).x). |
so W is smooth by (5.7). Moreover, we gather from (5.3b)) that
Dy®(z,-) =1d+O(|z]|) as |z| — 0. (5.10)
Finally, we notice that the properties above entail that
Vye(0,1) xU lim ¥ (y,x)| = +o00. (5.11)

x€(0,1)xU
x—0((0,1)xU)

We argue by contradiction. Indeed suppose that (5.11) fails. Then there exist a
sequence {x,}, C (0,1) x U and x € 8((0,1) x U), z € R x R™ with

lim x, =x and lim ¥(y,x,)=z.

Passing to the limit in (5.5)) yields by continuity of ® that
B(z,x) =y € (0,1) x U. (5.12)

Now recall that x € 9((0,1) x U) = ((0,1) x 8U) U ({0,1} x U). If x € (0,1) x U,
then (5.12)) contradicts (5.3¢)); if x € {0,1} x U, then (5.12) contradicts (5.31).

We now introduce our T.. We select a smooth nonnegative function k£ on R x R™
with compact support in B1(0) and [, p. k(z)dz = 1. For € > 0, we denote by
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ke(z) = k(z/e)/e™*! the rescaled kernel. Given a smooth 1-form £ - dx on R x M"
and z € R x R™ we consider its pull-back ®(z,)¥ (£ - dx) =: £(z, -) - dx. Observe that
in terms of the vector fields this means

VxeRxM" &(z,x)= (Dxﬁ(z,x))tﬁ(i)(z,x)), (5.13)

where A? denotes the transpose of A with respect to the metric on R x M™. Then we
define the smeared out 1-form &, - dx by averaging &(z, ) - dx over z with respect to
k.. On the level of the vector fields this means

VxR xM" £ (x)= // £(z,%) k.(z)dz. (5.14)
RxR"™
Finally, we introduce T, by duality, i.e., for all 1-forms & - dx we put

<T€, g-dx> = <T, £, -dx>. (5.15)

Step 2: We first argue that T, has a smooth representative in (0,1) x U. In order
to see this, we write (5.14) in form of

£00= [[  Kyxg)dy forxe©0.1)xU. (5.16)
(0,1)xU
Indeed, we shall see that (5.16) holds for the tensor field

(— (Dy\Il(y,x))_le\Il(y,x))t ke (®(y,x)) det Dy¥(y,x)

Ke(y,x) = for x € (0,1) x U
0 otherwise
for all y € (0,1) x U. (5.17)

Notice that K.(y,x) is an endomorphism from the tangent space Ty (R x M™) into
Tx(R x M™), and that K.(y,x) is smooth in (y,x) € ((0,1) x U) x (R x M"). Indeed,
if y varies in a compact subset of (0,1) x U and x € (0,1) x U is close to 8((0,1) x U),
we learn from (5.11) that k. (¥(y,x)) = 0 and thus K.(y,x) = 0, because k. has
bounded support. We check (5.16): For all x € (0,1) x U

&0 [[ o) kela)s
619 //RXRn (Dx{)(z,x))tﬁ(@(z,x)) ke(z) dz
i ,—))

5T

= //(0,1)xU (D2<I>(‘I’(y7x)ax))t§(Y) ke (®(y,x)) det Dy ®(y, ) dy

t

@/ /(O,M (= (Dy 2y 0) ' De¥(y. %)) £(y) e (2(y.%))

x det Dy ¥(y,x) dy

5.17
CL0 // K. (y,x)&(y) dy.
(0,1)xU
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We now argue that in (0,1) x U, T is represented by m, defined through
me(y)-€:= (T, (Ke(y,)€) -dx) forye(0,1)xU, €€ Ty(Rx M"). (5.18)

Since K.(y,x) is smooth in (y,x) € ((0,1) x U) x (R x M"), m, is smooth in
y € (0,1) x U. We check that m. is indeed the representative of 7. in (0,1) x U. Let
& be a smooth vector field compactly supported in (0,1) x U. Then

<T€, ¢ dx> 6.1 <T, £€«dx>
L ey gw) ) ay

(18)
pu— £ . d .
MOTl)XUm (y)-&(y)dy

Step 3: We now prove that the operator T — T, does not destroy smoothness.
More precisely, we shall argue that for V- C M"™ open

T has a smooth representative in (0,1) x V

= T has a smooth representative in (0,1) x (U UV) (5.19)

and that

T has a smooth representative in a neighborhood of {0,1} x M"

— T, has the same property. (5.20)

To treat both situations simultaneously, we consider a set V that is relatively open
in [0,1] x M™ and in which T is represented by a smooth vector field m in the sense
that for all smooth vector fields & compactly supported in V

<T, ¢ dx> - //RXM m - £ dx. (5.21)

Then we claim that in the set

Vo= (] ®(z,V) (5.22)
z€ B (0)

the regularized current T, is represented by

//R o (Dx©(2,x)) ' m(O(2,x)) ke(2) det DxO(z,x) dz
- for x € V. N ((0,1) x M") . (5.23)
m(x) for x € V. n ({0,1} x M™)

m.(x) :
Notice first that V. is relatively open in [0, 1] x M" since (5.3a) & (5.31f) give
V. = ([0.1] x M) — @ (B-(0), ([0,1] x M") = V).

According to (5.21), (5.22) & (5.4)), the vector field m, is well defined. Moreover,
m, inherits the smoothness of m separately in both subsets of V.. Hence we only
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need to check that m, is regular throughout V.. By smoothness of ® and (5.3f), the
function (s,z) — ©(z, (s,z)) approaches the identity map as s — {0,1}, uniformly
in all derivatives and both in z € B.(0) and z € M". This implies in particular that
Dy® — Id and det Dy® — 1. Since by assumption m is smooth in V, regularity
of m, then follows easily by standard arguments. Therefore the operator T — T,
does not destroy smoothness in the above sense. We now check that m, is indeed the
representative. Let a smooth vector field € be given that is compactly supported in
V.. Because of (5.22), &(z,-) defined in (5.13) is compactly supported in V for all
z € B.(0), and so &, is compactly supported in V, by definition (5.14). We obtain

<TE, ¢ dx>
e <T’ .. dx>

€13 //RXW //Rxw Dy®(z, %) m(x) - £(®(2, %)) dx k. (2) dz

G / / dz k.(z)
RxRn

X // Dx<I>(z, @(z,y)) m(@(my)) -&(y) det Dy©(z,y)dy
RxMn

D // dz k.(z)
RxR™

X //}R . (Dyg(z,y))—lm((—)(z,y)) -&(y) det Dy©(z,y) dy

= m(y) €(y) dy.

If now V = (0,1) x V with V'.C M" open, then (5.3d)—(5.3f) entail

V.- ((0,1) xU) =V —((0,1) x U).

In particular, V. contains an open neighborhood of V. N ((O7 1) x BU). Therefore T,
is smooth in V U ((0,1) x U). This establishes (5.19). Similarly, if V = [0, ) x M"™
for some 0 < a < 1, then V. =[0,a’) x M" for some 0 < o/ < a, by (5.3d) & (5.31).
Therefore T is smooth up to the boundary {0} x M™. The same argument applies to
V = (1 — «,1] x M™. This establishes (5.20).

Step 4: We now argue that T; is admissible if T is, i.e., if

<T, V(-dx> = | chaydpn@) ~ [ 0,2)dpol) (5.24)

for all smooth functions ¢ on R x M™. Consider the gradient field £ := V. We gather
from (5.13) and the chain rule that

£(z,x) = Vy((z,x) where ((z,x):=((®(z,x)).
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We thus infer from (5.14) that

£.(x) =V(.(x) where (. (x):= //RXRn ((z,%x) k.(z)dz. (5.25)

Then (5.3f) implies that

((z,x) = ((x) }
(5.26)

V (z,x) € (R xR™) x ((R—(0,1)) x M") { and thus
Ce(x) =((x)

Hence we obtain as desired

(5.15)
<T5, Vg-dx> 629 <T, Vi -dx>
G2D)

(L z)dpi(z) = | ((0,) dpo(x)
Mn Mn

(5:26) C(1,2)dpy(z) — ¢(0,z) dpo(x).
Mn Mn

Step 5: Now we address the action estimate. We claim that for small
A(T.) < (1 + 0(6)) A(T) + O(e) (5.27)

with the modulus O(e) only depending on ®. Let &€ = (0,£) be an admissible vector
field in the definition of A, i.e., for which

o+ 1P <o. (5.28)

Consider &(z,x) = (0(z,x),£(z,x)) defined in (5.13). We will then show that the
modified vector field

()\(z) (0(z,-) — p(z)), Az)&(z, )) is admissible

(5.29)
for suitable constants A(z) = 1 — O(|z|), p(z) = O(|z|).
Indeed, the anisotropy condition (5.3d) on ® = (®g, ®) and (5.13) give
0(z,x) = 0sPp(z, s) O’(‘l)(Z,X)) + 0:P(z, x) ~§('I'(z,x))7
&(z,x) = (DI@<Z,X))tf(@(Z7X)).
Because of (5.10) this yields the estimates
o(z,x) < (1 — O(\z|)) U((I’(Z,X)) + O(|z]) ‘5(@(z,x))|, (5.30)
€02, %)| < (1+O(J2]) [¢(®(2%))]. |
Using Young’s inequality
2A(z) |¢(®(2,x))| < 1+ A(2)? |£(B(2,%))|%, (5.31)
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we notice that the latter implies

Nz) (0(z,x) — p(2)) + 3|\(2) £(z, %)
(5.30)

< @) ((1-0(l2) o (@ >) +0(|2)) [§(®(2.))| - u(z))
+A(2)? (14 0(z))” 1E(®(2,x )|
< A@) (1= O(l2) o (@ (2 )) +M(2)? (1+ O(12)) 1e(@(z,%)
+ O(2) ~ A(z) p(2)
"M@ (= (1- Ollah) + (14 0(1z)) A@)) 2e(@(z. )
+ O(2) ~ A(2) p(2)
which in turn yields (5.29).

3

Choosing ((s,z) = s in the admissibility condition (5.24) yields
<T, 1d5> =1 (5.32)
Thus we have by definition of A(T):

<T o(z,-) ds + &(z, )~dx>

= ﬁ <T, A(z) (U(z, ) - #(Z)) ds + \(z) &(z, ) - dx> + pu(2) <T, 1d5>
620
" A )
CZD (1 1 O(jal)) AT) + O(2]). (5.33)

We therefore obtain as desired

uv

.15

<T€, st+§-d:v> <T asds+§5-dm>

//Ran (T, o(z,)ds +€(z,") - d) k(2) dz

' (14 0() AT) + Oe).

Since (o, &) was arbitrary with (5.28)), this yields (5.27)) by definition of A(T%).

v‘

9

¢

.33

Step 6: Let T. have a smooth representative (p.,me) in (0,1) x M™ and satisfy
A(T.) < co. We now argue that p. > 0. More precisely, we shall show that

<Ts, Cds> >0 for all smooth test function ¢ with ¢ > 0. (5.34)
Indeed, for n € N the vector field & = (—n(, 0) is admissible and yields
—n(T., Cds) = (T., €-dx) < A(T),

which gives (5.34) in the limit n — co. By (5.2)), this proves that p. > 0.
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Step 7: It remains to construct the map ® = (®y, ®). This is done in a series of
short steps. Starting point is the diffeomorphism hg: (0,1) — R defined by

Next we introduce the map &5: R x R — R:

By (u, 5) :{ hy H(ho(s) +u) for s € (0,1) } (5.35)

The properties of the exponential function imply that ®¢ is smooth. In particular,
we have by the inverse function theorem that

Bu®o(u, s) = (ho(@o(u, ) for s € (0,1)

0 otherwise
/ -1 ’
0sPo(u, s) = (ho (‘I)O(U,S))> hiy(s) for s € (0,1)
1 otherwise

The map ®( obviously has the homomorphism property

Vuuw eR, seR Py(utu/,s) = éo(u,cl)o(u’,s)),

(5.36)
VseR Py(0,s) =s.

In a similar way, we introduce the diffeomorphism h: B;(0) — R™ defined by

h(&) =& exp<1_1|5:|2),

and the map ®: R" x R” — R” through

= [ AN (W@E) +2) for 7 € Bi(0)
®(z,7) = { T otherwise ' (5.37)
Again, the properties of the exponential function imply that ® is smooth, and
. -1 ~
D.&(z,7) = (Dh(@(z,a:))) for € B1(0) 7
0 otherwise
- -1 .
Dad(2,7) = (Dh(@(z,a:))) Dh(z) for & € B1(0)
Id otherwise
As for &y above, the map ® has the homomorphism property
Vz,2 eR", T €R" B(z+2,%) = D(2,0(2, 7)),
(4 2.3) = B(= 6(.) 535)

VieR" ®0,%)=i.
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Recall that U € M"™ is an open subset homeomorphic to the ball B1(0) C R™, with
¢: U — R" a coordinate map. We may assume that ¢ extends to some neighborhood
of U and B;(0). Then the composition

h(zx) := iz(qﬁ(:z:)) forall z e U
defines a diffeomorphism h: U — R™. In view of (5.37),
—1( &
(2, z) = 10) ((b(z,qb(x))) forzx e U
x otherwise

defines a smooth map ®: R” x M™ — M", and it is immediately clear that the
properties (5.37) and (5.38) are conserved, i.e., we have

_f hH(h(z)+2z) forzeU
®(z,7) = { x otherwise (5.39)
and
V2,2 €R", zeM" ®(z+2,2) =0(2, (<, 2)), (5.40)
VeeM" ®0,z)=uz. .
Finally, we consider the smooth function §: R — R defined through
_ f 0,1)

o(s) = P T s(1—2s) ors < . (5.41)

0 otherwise
We now introduce the smooth map ®: (R x R”) x (R x M") — (R x M"):

®((u,2),(s,2)) == (Qo(u,s),é(é(s)z,x)).

Let us quickly check that ® has the required properties. We establish the diffeomor-
phism properties (5.3a) by explicitly giving the right inverse

O((u,2), (s,x)) = (<I>0(—u, 5),®(—6(Po(—u,s))z, m))

which defines a smooth map ®: (R x R") x (R x M") — (R x M"). Then (5.36) &
(5.40) imply (5.4) and (5.3b). The anisotropy property (5.3d) is clear by construction.
The first invariance property (5.3€) can be read off from (5.39); the second invariance
property (5.3f) follows from (5.35) for the ®o—component and from (5.41)) combined
with (5.40) for the ®—component. The second diffeomorphism property (5.3c) follows
from an explicit formula for the left inverse

((t,y), (s,2)) = (ho(t) — ho(s), N

which defines a smooth map ®: ((0,1) x U) x ((0,1) x U) — R x R™ (recall that &
is positive on (0,1)). The identities (5.35) & (5.39) imply (5.5) as desired.

Step 8: In this last step, we prove that if pg and p; are smooth functions and if T’
is a current defined on [0, 1] x M™ satisfying the admissibility condition (5.1), then the
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regularization T, of T is representable by a vector field (p. > 0,m.) that is smooth
up to the boundary {0,1} x M™. This can be achieved by first approximating T’ by an
admissible current Ty, that is representable by a smooth vector field in [0, &) x M"™ and
(1 — a,1] x M" for suitable «, and then applying to T, the regularization procedure
described above. Since the operators T' +— Tg do not destroy smoothness in stripes
around the boundary {0,1} x M™ (see Step 3) the regularized current (7,). can be
represented by a vector field that attains the data py and p; smoothly as desired.

We proceed as follows: For 0 < a < % we consider the map
®.(s,2) = (a+ (1 —2a)s,z) for (s,x) € [0,1] x M".

Given a smooth 1-form & - dx, let @f({ -dx) =: €, - dx be its pull-back under the map
®,,. In terms of the vector field & = (o, &) this means

Vx€[0,1] x M" £,(x) = (Dx®4(x)) &(®a(x)), (5.42)
hence &, = (04,&,) With
oa(x) = (1-2a)0(®a(x)) and &u(x) =E(Pa(x)). (5.43)

We define the approximate current T, by duality as

<Ta, §- dx> = <T, &, dx> + //[O,a]an o(s,x) po(x) drds
+ //[1a XM o(s,z) p1(z)dxds (5.44)

for all smooth 1-forms & - dx = ods + £ - dz. This T, is admissible: If { is a smooth
function and &€ := V( the gradient field, then (5.42) implies that

£a(¥) = Via(x) where (a(x) = ((Ra(x)),

and therefore

<Ta7 Vg-dx> = C(l—a,x)pl(x)dx—i—//[l_ e 05C(s,x) p1(x) dx ds
—/n C(a,m)po(x)dx+//[0 entn 0s¢(s,x) po(x) dx ds

= C(1,z) p1(z) dv — €(0,z) po(x) du.
Mn Mn

It follows easily from (5.44) that T, is represented by the smooth vector field (pg, 0)
in the stripe [0,«) x M"™ and by (p1,0) in (1 — a,1] x M™. Now we consider the
action: Notice first that if € = (o, &) is admissible in the definition of .4, then also the
modified vector field (1 — 2«) &, is admissible since by (5.43)

(1= 20)00 + 3[(1 = 20)8al* = (1 = 20)* (7.0 Ba + J[¢ 0 8o *) <0,
The extra integrals in (5.44) do not contribute to A(T,) because o < —3|¢[* < 0 and
po, p1 = 0. This yields as above A(T,) < (1 — 2a) *A(T), and thus
limsup A(To) < A(T).

a—0

Now we regularize as before to conclude. ]



(13]
[14]

[15]
[16]

(17]

18]

Eulerian Calculus for the Contraction in the Wasserstein Distance 29

REFERENCES

L. AMBROSIO, N. GIGLI, AND G. SAVARE, Gradient flows in metric spaces and in the space
of probability measures, Lectures in Mathematics ETH Ziirich, Birkh&user Verlag, Basel,
2005.

C. ANE, S. BLACHERE, D. CHAFAI, P. FouGEREgs, I. GENTIL, F. MALRIEU, C. ROBERTO,
AND G. SCHEFFER, Sur les inégalités de Sobolev logarithmiques, vol. 10 of Panoramas
et Syntheéses, Société Mathématique de France, Paris, 2000.

D. BAKRY AND M. EMERY, Diffusions hypercontractives, in Séminaire de probabilités XIX,
vol. 1123 of Lecture Notes in Math., Springer, Berlin, 1985.

J.-D. BENAMOU AND Y. BRENIER, A computational fluid mechanics solution to the Monge-
Kantorovich mass transfer problem, Numer. Math., 84 (2000), pp. 375-393.

Y. BRENIER, Polar factorization and monotone rearrangement of vector-valued functions,
Comm. Pure Appl. Math., 44 (1991), pp. 375-417.

J. A. CARRILLO, R. J. McCAaNN, AND C. VILLANI, Kinetic equilibration rates for granular
media and related equations: entropy dissipation and mass transportation estimates, Rev.
Mat. Iberoamericana, 19 (2003), pp. 971-1018.

D. CorDERO-ERAUSQUIN, R. J. MCCANN, AND M. SCHMUCKENSCHLAGER, A Riemannian inter-
polation inequality & la Borell, Brascamp and Lieb, Invent. Math., 146 (2001), pp. 219-257.

G. DE RHAM, Variétés différentiables, Hermann et Cie, Paris, 1955.

H. FEDERER, Geometric measure theory, Springer, Berlin, 1969.

G. GIAQUINTA, A. MobpIcA, AND J. SOUCEK, Cartesian currents in the calculus of variations,
Springer, Berlin, 1998.

R. J. McCANN, A convezity principle for interacting gases, Adv. Math., 128 (1997), pp. 153—
179.

, Polar factorization of maps on Riemannian manifolds, Geom. Funct. Anal., 11 (2001),
pp. 589-608.

F. OrT0, The geometry of dissipative evolution equations: the porous medium equation, Comm.
Partial Differential Equations, 26 (2001), pp. 101-174.

F. Orro AND C. VILLANI, Generalization of an inequality by Talagrand and links with the
logarithmic Sobolev inequality, J. Funct. Anal., 173 (2000), pp. 361-400.

G. PETERSEN, Riemannian Geometry, Springer, New York, 1998.

K.-TH. STURM, Convex functionals of probability measures and nonlinear diffusions on mani-
folds, J. Math. Pures Appl., 84 (2005), pp. 149-168.

K.-TH. STURM AND M.-K. VON RENESSE, Transport inequalities, gradient estimate, entropy
and Ricci curvature, SFB 611-Preprint, 80 (2003). Appears in: Comm. Pure Appl. Math.

C. VILLANI, Topics in optimal transportation, vol. 58 of Graduate Studies in Mathematics,
American Mathematical Society, Providence, 2003.




