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The Stochastic Reconfiguration (SR) algorithm [1] has been recently proposed to efficiently train
Neural-Network Quantum States [2], i.e., Restricted Boltzmann Machines (RBMs) with complex
parameters built to simulate the ground state of a quantum many-body problem. Here we show that
the SR algorithm is not only a convenient algorithm for the training of RBMs, but it also theoretically
justified once a non-Euclidean manifold structure, based on Quantum Information Geometry [3],
is defined over the search space associated to a RBM. In particular, we show that the gradient
descent optimization algorithm used in the many-body problem is the quantum generalization of
the Riemannian natural gradient introduced by Amari [4].

Neural-network Quantum States

Restricted Boltzmann Machines are undirected probabilistic graphical models with two layers, the
visible and the hidden nodes. They can be represented as bipartite graphs with no intra-layer
connections, where every node corresponds to a random variable. In the following we restrict
our analysis to binary RBMs, where the possible states of visible and hidden nodes are σj , hi =
{+1,−1}. The state of the network is represented by two random vectors S = (σ1, . . . , σN ) and
H = (h1, . . . , hM ). In the quantum version of the RBM, which is called Neural-network Quantum
State (NQS) [2], the parameters have complex values Θ = {whv, av, bh ∈ C}. The following wave
function
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is associated to the neural network, where p (S) = |ΨM (S)|2, up to renormalization, is a probability
distribution of the nodes in the visible layer. Despite the fact that NQSs have been proved to be
very powerful in simulating the ground state of several many-body systems, it has been proved in [5]
that deep architectures are more efficient with respect to the universality of the expressive power of
RBMs for quantum states.

Quantum Information Geometry of Neural Networks

The role of the Information Geometry in the study of the neural networks has emerged in the 90s
with the work of Amari [4]. It is a well-known fact that the space of probability distributions carries
a geometrical structure, that can be described using notions of differential geometry. Similarly,
it has been proved that the space of parametric families of quantum states, i.e., wave functions,
can be endowed with a non-Euclidean metric. However, differently from manifolds of probability
distributions, there is not a unique quantum equivalent of the Fisher Information metric [3]. One
possible approach, is to use the Quantum Information matrix

G(Θ) = 〈O∗O〉 − 〈O∗〉 〈O〉 O (S) =
1

ΨM (S)
∇ΘΨM (S) . (2)
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During the learning process of a generative model, the parameters of the network are adapted
to make the probability distribution as close as possible to a target one. In RBMs for quantum
systems, the target probability distribution is unknown, but the learning process is obtained through
a variational approach, where the optimization procedure looks for the parameters that minimize
the expectation value of the Hamiltonian operator Ĥ

E (Θ) =

〈
ΨM |Ĥ|ΨM

〉
〈ΨM |ΨM 〉

. (3)

The optimization procedure suggested in [2] for the training of the NQS is called Stochastic
Reconfiguration (SR) and it was introduced and developed in a series of papers [1, 6, 7] for the
optimization of expected values in quantum Monte Carlo methods. The update of the parameters Θ
at a certain step t follows the equation

Θt+1 = Θt − γ G(Θt)
−1∇ΘE(Θt) , (4)

where G defined in Eq. (2) is the Quantum Fisher Information matrix. The optimization process
takes place on a non-Euclidean space where G(Θ)−1∇ΘE(Θ) corresponds to the natural gradient [4]
for a quantum state.

Conclusions
In this work we provide a geometric interpretation of the SR algorithm used for the training of the
quantum Boltzmann Machine. The Quantum Fisher Information matrix is the key ingredient of
SR, which allows us to cast this optimization algorithm in the more general framework of Rieman-
nian optimization over manifolds, by showing that SR implements the quantum natural gradient.
Interestingly, simulating the quantum many-body systems by SR, and thus using Riemannian
optimization methods, is competitive with state-of-the-art algorithms in the field [2]. We believe
that the geometric interpretation we have proposed in this work could allow the introduction in
quantum Monte Carlo methods of algorithms based on Riemannian methods, which could bring
to a better understanding of the role of the hidden variables in the description of the quantum
entanglement.
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