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Introduction

Within the field of deep learning, gradient methods have become ubiquitous
tools for parameter optimisation. The natural gradient method, first proposed
by Amari [1], is an efficient method for performing gradient descent. It is an
active field of study within information geometry [2] and has been shown to
be extremely effective in many applications [3, 9, 10]. The natural gradient
is defined independently of a specific parametrisation. Although it is an open
problem, there is work supporting the idea that the efficiency of learning of the
method is due to this invariance [12]. The natural gradient is calculated by mul-
tiplying the ordinary gradient by the inverse of the Fisher Information Matrix
(FIM) associated with the statistical manifold. For high-dimensional parameter
spaces, this inversion is computationally expensive but different solutions have
been proposed [7, 5, 2]. In many practical applications of machine learning,
and in particular deep learning, one deals with overparametrised models, in
which different configurations of the parameters correspond to the same output
distribution. This causes the FIM to be degenerate. In this case, one uses a
generalised inverse of the FIM to calculate the natural gradient [4]. The Moore-
Penrose (MP) inverse is the canonical choice for this. The definition of the
MP inverse is based on the Euclidean inner product defined on the parameter
space. Using the MP inverse is therefore thought to affect the parametrisation
independence of the natural gradient [7], and thus potentially the performance
of the natural gradient method.

In the following we outline that for overparametrised models parametrisation
independence is not affected when using a generalised, and in particular MP,
inverse. It turns out that for non-singular points on the manifold, a generalised
inverse does not introduce parametrisation dependence. Furthermore, we will
discuss that for singular points parametrisation independence is not even guar-
anteed for non-overparametrised models. The proofs of the results are omitted
here but can be found in [8].
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Parametrisation (in)dependence of the natural gra-
dient

Let (Z, g) be a Riemannian manifold, Ξ ⊂ Rd a smooth manifold of parameters,
φ : Ξ→ Z a smooth map (taking the role of a parametrisation),M≡ φ(Ξ) ⊂ Z
a model, and L :M→ R a smooth (loss) function. We call p ∈M non-singular
if M is locally an embedded submanifold of Z around p and we denote the set
of non-singular points with Smooth(M). A point p is called singular if it is
not non-singular. The gradient of L at p ∈ Smooth(M) is defined implicitly as
follows:

gp
(
gradp L, ·

)
= dLp(·). (1)

By the Riesz representation theorem, this defines the gradient uniquely. We
define the pushforward of the tangent vector on the parameter space through

the parametrisation as ∂i(ξ) ≡ dφξ
(

∂
∂ξi |ξ

)
, and the matrix1 G(ξ) be such that

Gij(ξ) = gφ(ξ) (∂i(ξ), ∂j(ξ)). We denote the vector of coordinate derivatives

with ∇∂(ξ)L ≡ (∂1(ξ)L, ..., ∂d(ξ)L) ∈ Rd. Furthermore, following the Einstein
summation convention, we write aibi for the sum

∑
i a
ibi.

Gradient in non-singular points, p ∈ Smooth(M)

We assume that φ is a proper parametrisation such that for all ξ for which
φ(ξ) ∈ Smooth(M) the following holds: span({∂1(ξ), ..., ∂d(ξ)}) = Tφ(ξ)M.

Definition 1. A generalised inverse of a matrix A, denoted A+, is a matrix
satisfying the following property:

AA+A = A. (2)

Note that this definition implies that if w is in the image of A, i.e. w = Av,
then:

AA+w = AA+Av = Av = w. (3)

This shows that AA+ is the identity operator on the image of A.

Theorem 1. For ξ ∈ Ξ such that φ(ξ) = p ∈ Smooth(M), the gradient of L at
p can be calculated as follows:

gradp L =
(
G+(ξ)∇∂(ξ)L

)i
∂i(ξ). (4)

From this theorem we can conclude that the natural gradient of a loss func-
tion L, which is itself defined independently of any parametrisation in Equation
(1), can be obtained by applying a generalised inverse of the FIM to the vector
of coordinate derivatives ∇∂(ξ)L. In particular this proves that the MP inverse
preserves the parameter independence in overparametrised models.

1Note that this becomes the FIM when g is the Fisher metric.
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Note that although the calculation of the gradient vector from the perspec-
tive of the manifold is independent of the parametrisation, the final result of
the gradient step of the natural gradient method might still depend on this.
This is because the direction of the gradient step is only at the point p parallel
to the gradient vector, but will in general not follow the gradient flow exactly
after leaving point p. This is however not an issue specific to overparametrised
models but with the natural gradient in general. See Section 12 of [6] for exact
bounds on the invariance.

Now we will look at the behaviour of the natural gradient on the parameter
space. Let us denote the gradient of L on the parameter space Ξ at a point ξ
as follows:

gradΞ
ξ L =

(
G+(ξ)∇∂(ξ)L

)i ∂

∂ξi
|ξ ∈ TξΞ. (5)

It turns out that gradΞ
ξ L does depend on the choice of parametrisation, when

G+ is the MP inverse of G. However, this dependence disappears when gradΞ
ξ L

is mapped to Tφ(ξ)M through dφ.

η ξ

p

H Ξ

M

f

φ̃

φ

gradΞ
ξ L

gradHη L dfη grad
H
η L

dφξ grad
Ξ
ξ L = dφξdfη grad

H
η L

Figure 1: Two parametrisations of M with different gradient vectors on the
parameter space

Let us consider an alternative parametrisation φ̃ : H 3 η 7→ φ̃(η) ∈ M such
that φ̃ = φ ◦ f for a diffeomorphism f : H → Ξ (see Figure 1). In order to
compare the gradients on both parameter spaces, we use f to map gradHη L to
TξΞ. We can define the difference vector:

∆ grad ≡ gradΞ
ξ L − dfη gradHη L (6)

It can be shown that dφξ∆ grad = 0. We conclude that although there is
dependence on the parameter space itself, this dependence disappears when the
gradient vectors are mapped to the manifold.
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Gradient in singular points, p /∈ Smooth(M)

It can be shown that for p /∈ Smooth(M), even for a non-degenerate FIM the
procedure for calculating the gradient described in Theorem 1 gives a result
that is parametrisation-dependent.

Ξ

R2

M

φ

p

ξ1 ξ2

Figure 2: Example parametrisation that contains a singular point

Let us consider the case in which φ is a smooth map from an interval on the
real line to R2 as depicted in Figure 2. We have that ξ1 and ξ2 are both mapped
to the same point p in R2. Note that M is in this case not a locally embedded
submanifold around p and thus p is a singular point. For p /∈ Smooth(M),

we will denote the RHS of (4) with grad
∂(ξ)

p L, to distinguish it from gradp L
which is only defined for non-singular points. It is straightforward to show that

grad
∂(ξ1)

p L is an element of the vector space spanned by the blue arrows. Now

choosing a different parametrisation φ̃ = φ◦f , such that f(ξ1) = ξ2, will give us
a gradient vector in the space spanned by the red arrows. This shows that for
two different paramterisations, we get different gradient vectors and therefore
the gradient is not parametrisation independent.

Conclusion

We have outlined that for non-singular points, the natural gradient of a loss
function on an overparametrised model is parametrisation-independent. Subse-
quently, it turned out that in singular points, there is no guarantee for the nat-
ural gradient to be parametrisation-independent, even in non-overparametrised
models. So far, we have only looked at the case for which the FIM is known.
In practice, one often has to use the empirical FIM based on the available data.
When inverting this matrix it can be beneficial to apply Tikhonov regularisa-
tion [6]. Note that by letting the regularisation parameter go to zero, the MP
inverse is obtained. Also only one type of singularity has been discussed. A
further direction of investigation is the behaviour of the natural gradient on
different types of singular points on the manifold, see also [11].
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