Real algebraic geometry reading group topics
MPI Leipzig July 3–7, 2017.

The following are proposed topics for talks to be delivered by the participants of the
workshop. Further suggestions from you the participants are also welcome!
Topology of real algebraic varieties
• Constructing real algebraic varieties with interesting topology
This talk should briefly describe the construction methods of Harnack, Hilbert, and
Gudkov [Utk78] and an explanation of the classification of planar sextics. Then give
a description of Viro’s patchworking construction and theorem [Vir01] from the point
of view of tropical geometry [IMS09]. This could also include Haas’ patchworking
theorem for curves [BIMS15, Chapter 3.3].
• Topology of real K3 surfaces
This talk should describe Nikulin’s classification of real K3 surfaces and planar sextics
up to rigid isotopy via lattice theory [Nik80]. If time permits the speaker could also
mention the classification of 1-nodal planar sextics by Itenberg by similar methods
[Ite94].
• Topology of real algebraic space curves
While the topology of planar curves has been extensively studied, the sudy of the
topology of real algebraic curves in RP3 remained relatively unexamined. This talk
should address the rigid isotopy classification of smooth irreducible algebraic curves in
the real projective 3-space for small degree and genus [Bj11, MO16] and of canonically
embedded curves of genus four [DZ99].
Convex algebraic geometry
• Spectrahedral shadows
Spectrahedral shadows are the feasible sets of semidefinite programming and thus the
qustion of their characterisation is of high interest. A large class of semi-algebraic
convex sets are in fact spectrahedral shadows as shown in [HN09, HN10]. These results
lead to the Helton–Nie Conjecture stating that in fact every semi–algebraic convex set
is a spectrahedral shadow and could be the content of the first talk.
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• Convex hulls of curves
This conjecture was proved to be correct in the case of two dimensional convex sets
in [Sch12]. More generally it was shown that the convex hull of a semialgebraic set of
dimension one is always a spectrahedral shadow. This could be the content of another
talk.
• Counter-examples to the Helton–Nie conjecture
The last talk about spectrahedral shadows could address a very recent family of
counter-examples to the Helton–Nie Conjecture [Sch16].
• Spectrahedra
Plane Spectrahedra (and even the size of their describing matrices) are characterised
by [HV07] by a total reality condition. The old proof is heavily based on results from
[Vin93] and explicitly gives a description as a spectrahedron in terms of theta functions.
There is a remarkably easier proof only using basic real algebra and the 2-divisibility
of the Jacobian of a curve [Han16]. This talk should give a brief description (without
details) of the original proof and a presentation of the new argument.
Random real algebraic geometry
• Topology of random real algebraic varieties
This talk will present results on the expected number of connected components of a
random real algebraic hypersurface in projective space from [FLL15]. More generally, the results on the expected Betti numbers of real algebraic varieties may also be
surveyed [Wel14], [GW14].
• Random real Schubert calculus and lines on surfaces
We propose one talk to be on the expected number of lines on random real and complex
algebraic hypersurfaces [BLLP16]. Another another talk can describe the asymptotic
results of the number of real solutions to Schubert problems from [BL16].
• Random real tensors
Another possible direction would be properties of random real tensors as considered
for example in [DH16].
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