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Abstract
Low-rank tensor completion addresses the task of filling in missing entries in multi-dimensional
data. It has proven its versatility in numerous applications, including context-aware recommender systems and multivariate function learning. To handle large-scale datasets and
applications that feature high dimensions, the development of distributed algorithms is
central. In this work, we propose novel, highly scalable algorithms based on a combination of
the canonical polyadic (CP) tensor format with block coordinate descent methods. Although
similar algorithms have been proposed for the matrix case, the case of higher dimensions
gives rise to a number of new challenges and requires a different paradigm for data distribution. The convergence of our algorithms is analyzed and numerical experiments illustrate
their performance on distributed-memory architectures for tensors from a range of different
applications.
Keywords: low-rank tensor completion, canonical tensor format, parallel tensor completion,
parallel cyclic coordinate descent, parallel alternating least squares

1. Introduction
Tensor completion is the task of completing multi-dimensional data with missing values.
To make this task well-posed, rank constraints are typically imposed on the tensor. Unlike
in the matrix case, the definition of the rank of a tensor is not unique. In this work, we
focus on the CP format, in which the tensor is represented as a sum of rank-one tensors.
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More specifically, following the notation in [1], the CP format of a tensor X ∈ RI1 ×I2 ×···×IN
of order N takes the form
X=

L
X

(1)

(2)

(N )

(n)

x` ◦ x` ◦ · · · ◦ x` ,

x`

∈ RIn ,

(1)

`=1

where ◦ denotes the vector outer product. The smallest L, for which (1) is possible, is called
the tensor rank of X.
Let A be a data tensor with known entries in an index set Ω, that is, the entry ai1 ···iN
(n)
of A is known if and only if i = (i1 , . . . , iN ) ∈ Ω. Then we seek to fit the components x`
of (1) for a tensor X of tensor rank L to this given data. Letting PΩ denote the orthogonal
projection onto Ω, this can be addressed by solving the optimization problem


min PΩ A −
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(2)
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◦ ··· ◦

`=1

(N )
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where λ ≥ 0 is a regularization parameter. The aim of this work is to propose and analyze
parallel methods for solving (2). Applications that require the completion of tensors (that is,
N > 2) include context-aware recommender systems [2], multivariate function learning [3],
reconstruction of hyperspectral images [4], and seismic inversion [5].
For N = 2 the problem (2) is an instance of the well-known matrix completion problem.
Among the many algorithms proposed in the literature, parallel approaches have been
proposed based on ALS (alternating least-squares) [6, 7], CCD (cyclic coordinate descent) [8,
9, 10], and SGD (stochastic gradient descent) [6, 11, 12].
For N > 2, the problem of tensor factorization into CP format is a well-studied subject
for complete data, see [1] and references therein. In contrast, the case of incomplete data
(that is, tensor completion in the CP format) has received much less attention. Most existing
algorithms [2, 13, 14] use a combination of standard techniques (ALS, nonlinear CG, . . .)
with weight matrices or imputation in order to deal with the missing data. In [15], an
alternating proximal gradient method was applied to (2), but with nonnegativity constraints.
To the best of our knowledge, no parallel algorithm has been proposed for (2). For the case
of complete data, Phan and Cichoki [16] have studied the parallelization of ALS based on
local CP models.
Block coordinate descent (BCD) techniques like ALS are efficient for tensor optimization
problems because they exploit the multi-linearity of the outer product. The CP format (1)
is linear with respect to each of the factor matrices
 (n) (n)
(n) 
X(n) = x1 , x2 , . . . , xL ∈ RIn ×L ,
(3)
(n)

which collect all vectors x` corresponding to a fixed mode n = 1, . . . , N . Each step of ALS
updates one of the factor matrices, which requires the solution of In normal equations of
size L × L. To mitigate the cost incurred by these normal equations for larger L and to
improve scalability, Yu et al. [9, 10] recently proposed a simpler block coordinate method
2

for the matrix completion problem (N = 2), which they termed CCD++. In this paper, we
generalize CCD++ to the tensor case. In contrast to ALS,
method considers
a “feature (1) this
(2)
(N ) 
wise” [9, 10] partition into the block variables Y` = x` , x` , . . . , x`
corresponding to
the L terms in the sum (1). Each step of CCD++ updates one of these block variables,
which amounts to a rank-one approximation and is addressed by performing one or more
(n)
iterations of ALS. The entries of a single vector x` can be updated in parallel by an explicit
formula without matrix inversion, resulting in a cyclic coordinate descent method operating
on scalar variables.
In this work, we develop and analyze novel parallel algorithms for tensor completion,
based on ALS and CCD++. As explained in more detail in Section 3, the transition from the
matrix case [9, 10] to the tensor cases poses a number of new challenges for load balancing
and data distribution.
2. Description of algorithms
In this section, we give a detailed description of ALS and the CCD++ method for
solving (2).
2.1. ALS
One step of an ALS iteration consists of optimizing a single factor matrix (3), while
keeping the others fixed. The particular form of the objective function (2) implies that this
optimization task decouples with respect to the rows of the factor matrix. To derive the
corresponding equations, we first recall the CP format (1) in its entry-wise form:
xi1 ···iN

L Y
N
X
 (n) 
=
x` in .
`=1 n=1

Considering a fixed mode n̂ = 1, . . . , n, the rows of the factor matrix X(n̂) that minimizes (2),
while keeping all other factor matrices fixed, are obtained from the solution of the In̂
optimization problems
min

z1 ,z2 ,...,zL

X
i∈Ω
in̂ =ı̂

ai −

L
X
`=1

N
L
Y
X
 (n)  2
z`
x ` in + λ
z`2 ,
n=1
n6=n̂

ı̂ = 1, . . . , In̂ .

(4)

`=1

Let |Ωn̂,ı̂ | be the number of known entries satisfying in̂ = ı̂. Stacking these entries in a
 (n) 
Q
vector an̂,ı̂ , and arranging the partial products n6=n̂ x` in into an |Ωn̂,ı̂ | × L matrix Hn̂,ı̂
accordingly, (4) becomes
min kan̂,ı̂ − Hn̂,ı̂ zk22 + λkzk22 .
z

When λ > 0, the solution to this least-squares problem is unique, and given by
z∗ = (HTn̂,ı̂ Hn̂,ı̂ + λI)−1 HTn̂,ı̂ an̂,ı̂ .
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(5)

Thus, the coordinate
rule for the ı̂th row of the n̂th factor matrix consists of
 (n̂)update

replacing the entries x` ı̂ for ` = 1, 2, . . . , L with the entries of z∗ given by (5). As the
update does not depend on other entries than those in slice in̂ = ı̂, all slices can be updated
in parallel.
The overall ALS procedure is summarized as Algorithm 1. The choice of starting vectors
(n)
x` is random in our experiments. By (4), they should certainly not be initialized with all
zeros.
Algorithm 1: ALS
1
2
3
4
5

(n)

Initialize all vectors x` ;
for each outer iteration do
for n̂ = 1, 2, . . . , N do
for ı̂ = 1, 2, . . . , In̂ doh in parallel
i
(n̂)
Update L entries x` , ` = 1, 2, . . . , L, using (5);
ı̂

2.2. CCD++
One step of CCD++ consists of optimizing a single term in the sum (1), while keeping
ˆ term x(1) ◦ x(2) ◦ · · · ◦ x(N ) , one has to find a best rank-one
the others fixed. To update the `th
`ˆ
`ˆ
`ˆ
approximation of
X (1)
(2)
(N )
A−
x` ◦ x ` ◦ · · · ◦ x` .
`6=`ˆ

This is done approximately, by performing a few iterations of rank-one ALS.
The n̂th step of rank-one ALS consists of minimizing (2) with respect to the single vector
(n̂)
(n̂)
x`ˆ . According to (5), we replace the ı̂th entry of x`ˆ by
X
∗

z =

i∈Ω
in̂ =ı̂

ai −

L Y
N
N
X
 (n)   Y
 (n) 
x` in
x`ˆ in
n=1
n6=n̂

`=1 n=1
`6=`ˆ

N
X Y
 (n)  2
λ+
x`ˆ in
i∈Ω
in̂ =ı̂

.

(6)

n=1
n6=n̂

This can be done for all ı̂ = 1, 2, . . . , In̂ in parallel.
(n̂)
In principle, the block coordinate update rule (6) for x`ˆ can be applied in any order, but
the choice of this order will affect convergence. Following the matrix case [9, 10], CCD++
ˆ by sweeping through n̂ = 1, 2, . . . , N ,
optimizes all entries for a given rank-one term (`),
possibly multiple times, before moving on to the next rank-one term. This leads to the
nested loop structure shown in Algorithm 2.
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Algorithm 2: CCD++
1
2
3
4
5
6
7

8

(n)

Initialize all vectors x` and R for `ˆ = 1 using (7);
for each outer iteration do
for `ˆ = 1, 2, . . . , L do
for each inner iteration do
for n̂ = 1, 2, . . . , N do
for ı̂ = 1, 2, . . . , In̂h do iin parallel
(n̂)

Update entry x`ˆ

using (6);

ı̂

Update R in parallel using (8) with `ˆold = `ˆ and `ˆnew = 1 + (`ˆ mod L);

Efficient evaluation of (6). The quantities
N h
L Y
i
X
(n)
,
x`
ri := ai −

i ∈ Ω,

(7)

in

`=1 n=1
`6=`ˆ

appearing in the numerator of (6) do not depend on n̂. Therefore, they need to be evaluated
only once when sweeping through n̂ = 1, 2, . . . , N . This trick effectively reduces the number
of evaluations by a factor of 1/N , at the expense of storing all these quantities in a sparse
tensor R with the same sparsity pattern as A.
When moving from one rank-one term to the next, the value of `ˆ changes from `ˆold to `ˆnew .
Consequently, the sum that appears in the definition (7) of ri loses one term (corresponding
to `ˆnew ) and gains one term (corresponding to `ˆold ). To compensate for these changes, we
perform the update
N h
N h
i
i
Y
Y
(n)
(n)
ri ← ri −
x`ˆ
+
x`ˆ
.
(8)
old

n=1

in

new

n=1

in

This natural rule was also used in [9, 10] for matrices (N = 2). Especially for large ranks L,
it is much more efficient than recomputing R from scratch whenever `ˆ changes. Note that
the update rule may be prone to cancellation, potentially limiting the attainable accuracy.
We have not observed such an effect for the examples described in Section 4, but it may
become a concern in applications with very high accuracy requirements.
Inner iterations. Using more than one inner iteration in Algorithm 2 can sometimes be
beneficial; it potentially allows to make progress without having to perform the update (8) of
R. For the matrix case, Yu et al. [9, 10] proposed an adaptive scheme that selects the number
of inner iterations based on the observed convergence behavior, leading to a considerable
improvement of the performance. However, to simplify the interpretation of the results, we
use only one inner iteration in our numerical experiments. As demonstrated in Section 4.4,
choosing two inner iterations in CCD++ does not necessarily lead to improved performance
in the tensor case.
5

2.3. Convergence
In the following, we provide a convergence analysis of Algorithm 2 for the case of one
inner iteration. Our analysis basically consists of validating the assumptions of a recent
convergence theorem [15] for cyclic BCD methods applied to multi-convex functions.
(n)
We treat the parameters x` of our model (1) as disjoint blocks of a single array X
arranged in CCD++ order, that is,
 (1)
(N )
(1)
(N )
(1)
(N ) 
X = x1 , . . . , x1 , x 2 , . . . , x 2 , . . . , x L , . . . , x L .
Moreover, we split the objective function (2) into the model error


E(X) = PΩ A −

L
X

(1)
x`

◦

(2)
x`

◦ ··· ◦

`=1

(N )
x`



2

(9)
2

2
P P
(n)
and the squared Frobenius norm kXk2F = L`=1 N
x
of the matrix containing the
`
n=1
2
representation parameters. The CCD++ algorithm is simply the cyclic BCD method with
exact line search applied to the objective function

fλ (X) = E(X) + λkXk2F .

(10)

The case λ = 0 (no regularization) leads to a number of difficulties in the analysis, due to
the lack of closedness [17] and the scaling indeterminacy [18] of the CP format. To avoid
these difficulties, we assume that regularization is present (λ > 0). Then the sublevel sets of
fλ are bounded so that (2) has at least one globally optimal solution. Although we cannot
ensure that the algorithm will find such a global solution, the multi-convexity of the objective
function allows us to prove convergence to a critical point.
Proposition 1. Assume λ > 0 and let Xk denote the parameter array produced by k outer
iterations of Algorithm 2 (using one inner iteration). Then the sequence (Xk ) converges to
a critical point X∗ of fλ and kXk − X∗ kF ≤ Ck −α for constants C > 0 and α ∈ (1, ∞). If,
additionally, the Hessian ∇2 fλ (X∗ ) is positive definite, then X∗ is a local minimum, and
the convergence is asymptotically Q-linear: kXk − X∗ kF ≤ qkXk−1 − X∗ kF for q ∈ (0, 1) and
sufficiently large k. The same statements hold for Algorithm 1.
Proof. As noted above, Algorithm 2 is cyclic BCD applied to the real-analytic function fλ .
Consequently, the first part follows from Theorem 2.8 in [15], provided that the optimization
(n)
problem with respect to any of the block variables x` is strongly convex with a lower bound
on the Hessian independent of the current iterate. To see that this is indeed the case, let
(n)
(n)
ϕ(x` ) denote the restriction of fλ to x` with all other blocks fixed. As the restriction
(n)
of E in (9) to x` is a non-negative quadratic function, it follows directly from (10) that
the smallest eigenvalue of ∇2 ϕ is bounded from below by λ at any point. The convergence
rate is as stated in Theorem 2.9 in [15]. Although this theorem also covers the second part
(that is, the case of a positive definite Hessian), it is worth noting that this part follows from
textbook results [19, Section 10.3]. The arguments for Algorithm 1 are the same, as ALS is
cyclic BCD with respect to the block variables (3).
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The positive definiteness of ∇2 fλ (X∗ ) can be enforced by a sufficiently strong regularization.
Proposition 2. Fix R > 0. There exists λ0 > 0 such that for all λ ≥ λ0 and all starting
points X0 with kX0 kF ≤ R the following holds: The Hessian at all points in the sublevel set
Lλ (X0 ) = {X | fλ (X) ≤ fλ (X0 )} has eigenvalues bounded from below by λ, which ensures
linear convergence according to Theorem 1.
Proof. Let X ∈ Lλ (X0 ). By (10), the fact that E is never negative implies kXk2F ≤
E(X0 )/λ + R ≤ E ∗ /λ + R, where E ∗ is the maximum of E on the zero-centered ball of
radius R. Let σλ denote the mimimum of the smallest eigenvalues of ∇E 2 on a zero-centered
ball of radius (E ∗ /λ + R)1/2 . Then the smallest eigenvalue of ∇2 fλ (X) is bounded from
below by σλ + 2λ. This implies the assertion, considering that σλ does not decrease when λ
increases.
The convexification of the problem on a sublevel set suggested by Proposition 2 is likely
to change its qualitative properties. For completeness, we note that the global convergence of
cyclic BCD for strongly convex problems at an asymptotically linear rate has been obtained
in earlier works like [20].
The qualitative convergence result of Proposition 1 is identical for CCD++ (with one
inner iteration) and ALS. In fact, it is true for any cyclic BCD method applied to (10). The
attained convergence rate q may of course differ, but it remains unspecified as a consequence
of the non-constructive technique from [15], upon which our proof is based. Intuitively, one
expects that q becomes smaller when larger blocks are used. Therefore, we expect ALS
to make larger progress than CCD++ per outer iteration, as can be verified in many of
the experiments in Section 4. However, updating larger blocks comes at a higher price and
therefore CCD++ still can be equally fast or even faster to reach a certain accuracy.
3. Parallel algorithms
In this section, we present parallel formulations of ALS (Algorithm 1) and CCD++
(Algorithm 2) in the message-passing paradigm.
The parallel tensor completion algorithms proposed below fundamentally differ from
previously published algorithms for the matrix case. In particular, the parallel ALS algorithms
presented in [6, 7] and the parallel CCD++ algorithm presented in [9, 10] have in common
that they distribute the variables and let each processor independently update its own
subset of the variables. However, this comes at the cost of duplicating the storage for the
incomplete matrix and, in the case of CCD++, also duplicating a significant portion of the
work. Generalizing the approach to order N tensors would require N times the storage (and
N times the work in the case of CCD++). In contrast, our algorithms are based on the
idea of distributing the incomplete tensor instead of the variables and let the processors
collaboratively update the variables. This approach does not suffer from the described problem
and requires only a single copy of the incomplete tensor. Another benefit is an increase in
the degree of concurrency (and hence improved scalability) from maxn {In } to the typically
much larger |Ω|.
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The primary objects are the data tensor A, the CP tensor X, and in the case of CCD++
also the intermediate tensor R. In our parallel algorithms, the data tensor A can have any
arbitrary distribution. Let Ω = Ω(1) ∪ · · · ∪ Ω(p) denote a partition of the index set Ω over
p processors. Specifically, processor q owns ai (and also ri in the case of CCD++) for all
i ∈ Ω(q) . The factor matrices X(n) for n = 1, . . . , N of the CP tensor X are in both cases
replicated on all p processors.
3.1. Parallel formulation of ALS
Algorithm 3: Parallel formulation of ALS.
1
2
3
4

5

6
7
8

(n)

Initialize all vectors x` in parallel;
for each outer iteration do
for n̂ = 1, 2, . . . , N do
Construct local contributions to each of the In̂ normal equations (5) in the form
of a local coefficient matrix Cı̂ of size L × L and a local right-hand side vector
dı̂ of length L for each ı̂ = 1, 2, . . . , In̂ ;
Reduce the local contributions to the In̂ normal equations defined by the pairs
(Cı̂ , dı̂ ) by summation;
Scatter the In̂ normal equations across all processors;
Solve the (roughly In̂ /p) local normal equations (Cı̂ + λI)zı̂ = dı̂ for zı̂ ;
Replicate the updated factor matrix X(n̂) ;

To understand the parallel formulation of ALS described in Algorithm 3, consider how to
update row ı̂ of X(n̂) . To apply the updating rule (5), one needs to compute the L × L matrix
product Cı̂ := HTn̂,ı̂ Hn̂,ı̂ and the matrix–vector product dı̂ := HTn̂,ı̂ an̂,ı̂ . These are the most
time-consuming tasks unless the rank L is very large. Then one can add the regularization
term to the coefficient matrix and solve the normal equations to obtain the updated row.
Each row of Hn̂,ı̂ and the corresponding element of an̂,ı̂ are associated with an index i ∈ Ωn̂,ı̂ .
The elements of a row of Hn̂,ı̂ are computed from the CP factor matrices given the row index.
The matrix Cı̂ and the vector dı̂ can be computed as a sum of vector outer products and
vectors, respectively, as in
Cı̂ = c1 cT1 + c2 cT2 + · · · + cm cTm

and dı̂ = d1 + d2 + · · · + dm .

Here, ci is one row of Hn̂,ı̂ and di is that same row scaled by the corresponding tensor
element. Each pair (ci , di ) is associated with a tensor index i ∈ Ωn̂,ı̂ and computed from
the CP factor matrices and the tensor element ai . Since the tensor is distributed over p
processors, each processor holds only a subset of the tensor indices and elements and can
thus compute only the corresponding subset of the pairs (ci , di ). Our parallel formulation
lets each processor compute its own local contribution to the global matrix Cı̂ and the global
vector dı̂ by summing together its locally available terms. The p local contributions are then
8

reduced by inter-processor communication to form the global objects and ultimately solve
the normal equations and update row ı̂ of X(n̂) .
Knowing how to update one row of the current factor matrix, let us describe how to
simultaneously update all rows. To update one row, one needs access only to a subset of
the tensor indices/elements. Conversely, each index/element participates in the updating
of one particular row. Our parallel formulation exploits this by constructing all In̂ normal
equations at the same time by scanning the tensor indices/elements once and for each one
adding the resulting terms to the corresponding normal equations. This occurs on line 4 in
Algorithm 3 and results in p local contributions (Ci , di ) for each of the In̂ normal equations.
The local contribution for each set of normal equations then needs to be summed together
by an inter-process reduction operation. This communication occurs on line 5. The normal
equations are then scattered across all processors on line 6 and each processor then solves its
subset of the normal equations on line 7. After this step, the current factor matrix has been
fully updated but each processor holds only a subset of the updated rows. Therefore, the
updated rows are replicated across all processors on line 8.
3.2. Parallel formulation of CCD++
The inner loop of CCD++ (Algorithm 2) consists of applying the update rule (6) to each
ˆ column x(n̂) of X(n̂) . Using the intermediate tensor R defined in
of the In̂ entries of the `-th
`ˆ
(7), the update rule can be expressed as


(n̂) 
x`ˆ ı̂

αı̂
,
←
λ + βı̂

where αı̂ =

X

ri γi ,

βı̂ =

X
i∈Ω
in̂ =ı̂

i∈Ω
in̂ =ı̂

γi2 ,

N
Y
 (n) 
γi =
x`ˆ in .

(11)

n=1
n6=n̂

Since the tensor R has an arbitrary distribution but the factor matrices are replicated,
the data necessary to compute the tensor contractions in (11) for a fixed ı̂ are in general
distributed over all processors and each processor can compute only a subset of the terms in
the sums that define αı̂ and βı̂ .
Our parallel formulation (Algorithm 4) has many similarities with our parallel ALS
formulation described in the previous section. Each processor first computes their local
(n̂)
contributions to the tensor contractions required to update the In̂ variables x`ˆ in the
current step. This is accomplished while scanning the tensor indices/elements once on line 6
in Algorithm 4. The local contributions are then reduced (line 7) to obtain the global
objects necessary to apply the updating rule (line 8). The updated variables are finally
replicated across all processors (line 9). The main difference between ALS and CCD++ is
the latter’s need to initialize and update an intermediate tensor R. Since the factor matrices
are replicated, the initialization (line 1) can be performed in a perfectly parallel fashion using
(7). The same reasoning applies to the update (line 10) using (8).
3.3. Cost analysis
Below we compare our parallel formulations of ALS and CCD++ with respect to memory
usage, computation and communication costs, and the degree of concurrency.
9

Algorithm 4: Parallel formulation of CCD++.
1
2
3
4
5
6

7

8
9
10

(n)
Initialize in parallel all vectors x` and the intermediate tensor R for `ˆ = 1 using (7);
for each outer iteration do
for `ˆ = 1, 2, . . . , L do
for each inner iteration do
for n̂ = 1, 2, . . . , N do
Construct local contributions to each of the 2In̂ tensor contractions αı̂
and βı̂ for ı̂ = 1, 2, . . . , In̂ ;
Reduce the local contributions to the tensor contractions from the
previous step by summation;
(n̂)
Update the In̂ variables x`ˆ on the master processor;
(n̂)

Replicate the updated variables x`ˆ ;
Update R in parallel using (8) with `ˆold = `ˆ and `ˆnew = 1 + (`ˆ mod L);

Memory usage. The memory usage is measured per processor. Both algorithms P
replicate
the factor matrices of the tensor X across all p processors, which requires Θ(L N
n=1 In )
bytes. The incomplete tensor A (and the intermediate tensor R in the case of CCD++)
are distributed uniformly across all processors, which requires Θ(|Ω|/p) bytes. The only
substantial difference between the two algorithms is in their use of temporary storage with
ALS requiring a factor of L2 more memory. Specifically, ALS needs Θ(L2 maxn In ) bytes
to hold the local contributions, whereas CCD++ needs only Θ(maxn In ) bytes. For large
ranks, the high memory cost of ALS can become prohibitive, but such exceptional cases can
be handled for example by partitioning the largest dimension(s) of the tensor to effectively
reduce the maxn In factor. Another remedy is to not update all rows at once but instead
scan the tensor several times or first sort the tensor elements.
Computation and communication costs. The computation and communication costs are
measured per outer iteration, i.e., a complete update of all variables. To construct the local
contributions, ALS has a computation cost of Θ(L2 N |Ω|/p) while CCD++ has a cost of
Θ(LN |Ω|/p). In other words, ALS has an L times higher computation cost in this step. To
reduce the local contributions, ALS first reduces the local contributions for a communication
cost of O(N (ts + tw L2 maxn In ) log p), where ts is the latency and tw the bandwidth cost,
and then scatters the normal equations for a cost of O(N (ts log p + tw L2 maxn In )). CCD++
reduces the local contributions for a communication cost of O(LN (ts + tw maxn In ) log p).
This means that CCD++ sends L times more messages but ALS
P sends L times more data. To
update the variables, ALS has a computation cost of Θ(L3 N
n=1 In /p) while CCD++ has a
PN
cost of Θ( n=1 In ). Hence, the cost of CCD++ is in this step negligible while significant for
ALS if the rank is large. To replicate the updated factor matrices, ALS has a communication
cost of O(N (ts log p + tw L maxn In )) while CCD++ has a cost of O(LN (ts + tw maxn In ) log p).
Again, CCD++ sends L times more messages but ALS sends L times more data. To update
10

the intermediate tensor, CCD++ has a computation cost of Θ(LN |Ω|/p).
Degree of concurrency. Both algorithms are massively parallel in the sense that the most
expensive steps are also perfectly parallel with a large degree of concurrency. ALS has
a potential sequential bottleneck in the updating of the variables for dimensions that are
smaller than p if the rank is also large since the degree of concurrency in this step is equal
to the size of the current dimension. However, the computation cost is proportional to the
dimension so the negative effect is thereby inherently dampened.
Summary. Both algorithms are weakly scalable and their most computationally expensive
parts are massively parallel. ALS uses more temporary storage and sends L times more data
and has a potential sequential bottleneck when the rank is large. CCD++ sends L times
more messages. Table 1 summarizes a few key metrics that can be used to compare the two
algorithms.

Memory usage
Computation cost
Number of messages
Bandwidth cost
Degree of concurrency

Parallel
P Parallel ALS 2
P CCD++
L maxn In ) Θ(L n In + |Ω|/p)
Θ(L n In + |Ω|/p +P
P
Θ(L2 N |Ω|/p + L3 n In /p)
Θ(LN |Ω|/p + n In )
O(N log p)
O(LN log p)
O(L2 N maxn In log p)
O(LN maxn In log p)
|Ω|
|Ω|

Table 1: Comparison of the parallel formulations of ALS and CCD++ per outer iteration.

4. Numerical Experiments
The parallel algorithms were tested on the Abisko distributed memory system at HPC2N
in Sweden. Each node contains four sockets with AMD Opteron 6238 processors and runs
the Ubuntu 12.04 operating system. Each processor contains 12 cores partitioned into two
NUMA domains. Hence, each node consists of 48 cores. The nodes are interconnected with
a 40 Gb/s Mellanox Infiniband.
The code is written in C++ with MPI and was compiled with the PathScale C++
compiler with -O2 optimization and native code generation. The compiled code was then
linked with the OpenMPI implementation of the MPI. The parallel code is pure MPI and
is not aware of and does not take advantage of the hierarchical structure of the hardware
beyond what the MPI library internally does.
In all experiments presented below, the factor matrices (3) were initialized with normally
distributed random numbers and one inner iteration was used in CCD++. The tensor
completion accuracy was measured in a test phase on a randomly sampled set of entries
disjoint from the set Ω used in a training phase, and is measured by the root mean square
error (RMSE) or the normalized root mean square error (NRMSE) (RMSE divided by the
difference between maximum and minimum entry) on the test set.
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4.1. Synthetic data
We consider a random tensor A ∈ R100×100×100×100 with prescribed tensor rank L ∈
{10, 20, 30, 40, 50}, using exactly this rank in the algorithms. The aim was to investigate
the scalability of our parallel implementations of ALS and CCD++. The index set Ω was
chosen randomly such that |Ω| = 106 (1%) and λ was set to 10−3 . The number of cores
were set to p ∈ {1, 6, 12, . . . , 96}, that is, up to two full nodes were utilized. We stopped
the CCD++ algorithm after 20 and ALS after 10 iterations, which leads to approximately
the same execution time on a single core. The median execution time spent on one outer
iteration was measured, including the evaluation of the objective function. Figures 1a and 1b
show the resulting relative speedup (i.e., the ratio of the time on one core to the time on p
cores) as the number of cores increases. As expected (see Section 3.1), the scalability of ALS
deteriorates with growing rank L, while CCD++ scales independently of L.
4.2. Function-related tensor
To account for the growing importance of function-related tensors in scientific computing [21], we have tested our algorithms on a tensor obtained from discretizing the function
x 7→ exp(−kxk2 ), which has a cusp singularity at the origin, on a tensor product grid.
Functions of this type play an important role as Slater-type orbitals in quantum chemistry.
Tensor completion can be used, for example, to learn the entire function from a few function
values.
The considered domain [−1, 1]N is discretized by a regular grid with nN grid points (an
odd value n has been chosen such that the grid contains the origin). This gives a tensor A
with entries
q
ai1 ,i2 ,...,iN = exp(− ξi21 + ξi22 + · · · + ξi2N )
where ξi1 , ξi2 , . . . , ξiN are the grid points. We sample 10nN L entries of A and apply our
algorithms.
We used N = 5, n = 51, L = 100, and 10nN L = 255 000 samples in both methods. We
have performed five trial runs with different random initial guesses. The resulting accuracies
for the training phase are presented in Figures 2b and 2a. They suggest that ALS is more
accurate and also less sensitive to the initial guess. For some trial runs CCD++ seems to
offer a slight advantage in the initial phase.
4.3. Applications
We now assess the performance of our parallel implementations of ALS and CCD++ for
two data sets commonly used in the literature.
Hyperspectral image. The hyperspectral image “Ribeira” [22] corresponds to a tensor of
size 1017 × 1340 × 33. The index set Ω was chosen randomly to contain 10% of the entries
(4 497 174 samples). The test set is of the same cardinality. Figures 3a and 3b report NRMSE
versus execution time on one core and one full node (48 cores), respectively, with L = 100
and λ = 10−3 . In this and the next example, the timings do not include the time needed
for evaluating the test scores, which were instead obtained in separate runs using the same
12
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(a) Relative speed-up of ALS.
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(b) Relative speed-up of CCD++.
Figure 1: Performance of parallel ALS and CCD++ for synthetic data.
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(a) ALS on the function tensor.
Function tensor (N=5, n=51), CCD++, rank 100, 255000 samples, 48 cores
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(b) CCD++ on the function tensor.
Figure 2: Performance of parallel ALS and CCD++ for a function-related tensor.
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inputs. The iterations in the figures have been non-uniformly sampled (more frequently in
the beginning, and less frequently towards the end). For this data, ALS is not only faster,
but it also achieves a better reconstruction on the test set.
MovieLens 10M. The MovieLens 10M dataset1 contains timestamped ratings of movies.
Binning the time into 7-day wide bins results in a tensor of size 71 567 × 10 677 × 731. The
number of samples is 10 000 054 (0.002%). For this example, the distribution of samples is
highly nonuniform and it is therefore beneficial to replace λkXk2F by a weighted regularization
term. Following [7, 9], we propose to use
λ

N
X

Σ(n) X(n)

2
,
F

n=1
(n)
(n) 
with the diagonal matrix Σ(n) = diag σ1 , . . . , σIn containing the number of known entries
(n)
in the corresponding slice of the tensor: σi = Ωn,i for i = 1, . . . , In . The resulting
changes in ALS and CCD++ are straightforward. One should also note that corresponding
convergence statements as in Section 2.3 hold for such a weighted regularization.
Figures 4a and 4b report RMSE versus execution time on one core and one full node (48
cores), respectively, with rank L = 40 and λ = 10−1 . The two methods perform similarly on
one core but CCD++ clearly outperforms ALS on 48 cores due to better parallel scaling.
Both methods reach a similar accuracy, but we observed that this is sensitive to the details
of the regularization. While both methods reach a final test RMSE of 0.87 when using the
weighted regularization suggested above, they only reach 0.99 (ALS) and 1.07 (CCD++)
when using the standard regularization.

4.4. CCD++ with two inner iterations
We repeat the experiments from the previous section for the CCD++ algorithm with
two instead of one inner iteration, in order to check if this results in any improvements. For
both datasets, it turns out that the cost for two inner iterations is not compensated by the
possibly improved rank-one approximations. The whole process slows down, as can bee seen
in Figures 5a and 5b.
5. Summary and conclusions
We have presented and analyzed two parallel algorithms (ALS and CCD++) for tensor
completion in the CP format, provided convergence results for them, as well as numerical
results on synthetic and real-world data. Concerning the comparison between the two
algorithms, we have to draw a mixed conclusion. In contrast to CCD++, the parallel
scalability of ALS appears to be sensitive to the prescribed CP rank and, consequently,
CCD++ scales better than ALS for larger ranks when applied to random data. For data
1

http://grouplens.org/datasets/movielens/
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(a) Hyperspectral image on 1 core.
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(b) Hyperspectral image on 48 cores.
Figure 3: Performance of parallel ALS and CCD++ for the hyperspectral image “Ribeira”.
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(a) Movie Lens 10M on 1 core.
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(b) Movie Lens 10M on 48 cores.
Figure 4: Performance of parallel ALS and CCD++ for the Movie Lens 10M data set.
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Movie Lens 10M, 100% training, rank 40, CCD++ (10 iterations), 48 cores
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(a) Movie Lens 10M.
Hyperspectral, 10% training, rank 100, CCD++ (10 iterations), 48 cores
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(b) Hyperspectral image.
Figure 5: One vs. two inner iterations of parallel CCD++.
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sets from specific applications, like hyperspectral images, we have observed on 48 cores that
this disadvantage can be more than compensated by the faster convergence of ALS. For
other applications, like MovieLens 10M, ALS is still slower. In terms of attained quality
of approximation, ALS appears to be never worse and sometimes better than CCD++.
In summary, this makes ALS one of the most powerful low-rank optimization algorithms
currently at hand and CCD++ becomes a valuable alternative when scalability is critical.
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