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Abstract

We address some properties of a scalar 2D model which has been proposed to describe
microstructure in martensitic phase transformations, consisting in minimizing the bulk

l h
I[u] = / / u + oy
0 0

where |u,| = 1 a.e. and u(0,:) = 0. Kohn and Miiller [R. V. Kohn and S. Miiller,
Comm. Pure and Appl. Math. 47, 405 (1994)] proved the existence of a minimizer for
o > 0, and obtained bounds on the total energy which suggested self-similarity of the
minimizer. Building upon their work, we derive a local upper bound on the energy and
on the minimizer itself, and show that the minimizer u is asymptotically self-similar, in
the sense that the sequence

energy

W (z,y) = 0 Pu (072, 6%/%y)

(0 < 6 < 1) has a strongly converging subsequence in W12,

1 Introduction

Martensitic phase transitions lead to mixtures of distinct phases or phase variants with
characteristic fine scale structures. An almost universal phenomenon is that of twinning,
whereby distinct variants of the martensite phase occur in long thin lamellae. Some
gross features of the microstructure, such as the volume fractions and the direction
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of the domain walls, can be succesfully explained in terms of a comprimise between
elastic energy and some given boundary conditions, arising e.g. from an interface with
underformed austenite, or with other grains in polycrystals, or with other materials.
This idea allows one to determine the large-scale behaviour of the material, and has been
analyzed by Khachaturyan, Roitburd and Shatalov [9, 10, 14, 15, 11] in a geometrically
linear framework, and by Ball and James [2, 3] with a geometrically nonlinear approach.

However, elastic energy alone does not predict fine-scale features such as the char-
acteristic length scale for twinning, which are mainly determined by surface energy.
Indeed, in a simple one-dimensional picture one finds for the average twin width d the
scaling d ~ p'/2L'/2, where L is the length of the sample and p a material parameter
(see e.g. [1,2,4,8,9, 10, 11, 14]).

Kohn and Miiller (KM) have shown [12, 13] that, if the surface energy is small
and/or the austenite is much harder than the martensite the above one-dimensional
picture is incorrect, and the domains of the true minimizer branch near the interface.
Indeed, fine twinning is preferred near the austenite, and a coarser one away from it.
The twin width at distance [ from the interface is then d ~ p*/312/3, where p is another
material parameter. The work of KM was based on a scalar variational model, which
neglected the wall width including only a wall energy proportional to the wall length, in
addition to the the elastic energy [see Eq. (1.1)]. In a different setting, a similar domain
branching has been recently demonstrated for uniaxial ferromagnets by Choksi, Kohn
and Otto[5, 6].

This paper addresses the limiting model introduced by KM for small surface energy
(or infinitely hard austenite), which is presented in Section 1.1. The minimizers are
studied in some detail, obtaining a local bound on the minimizer and on its local energy
(Section 2). Using this result, one can then prove that any minimizer is asymptotically
self-similar around any point of the interface (Section 3). A brief account of the main
results has been given in [7].

1.1 Model

We consider the minimizers of the functional introduced in [12] by Kohn and Miiller,

Lo rly
I, [u] = / / ui + oluyy|dzdy, (1.1)
o Jo
where v is in the set of admissible functions

Ay, = {u € WH[(0,0) x (0,1));

luy| =1 a.e.;

Ly

Uy, is a Radon measure with finite mass}. (1.2)

The function u represents a scalar deformation of a crystal, and can be thought of e.g.
as the relevant shear component of the deformation [its gradient (u,, u,) then represents
the strain, and the relevant elastic constant is taken to be 1]. The two phases, u, = 1



and u, = —1, represent two martensite variants. The width of the domain wall is zero,
and o is its energy per unit length. The boundary conditions will be denoted by

u(0,y) = ur(y) w(z,0) = up(z)

U(la:, y) = uR(y) U(ZB, ly) = UT($) : (13)

we will always assume the they are compatible [i.e. they join continuously at the corners,
ur(0) = up(0) etc., lur(z) —up(z)| < ly, |u, ryyl < 1 - otherwise, no u with finite
energy exists]. The planar interface with the austenite is represented by

ur(y) =u(0,y) =0. (1.4)

We will also assume that the surface energy o is small enough, i.e. that [, > 2¢,0Y/ 3112;/ 3,

where ¢; is a numerical constant specified later.

An example of a candidate minimizer is depicted in Figure 1.1. The above model is
essentially geometric in nature, in the sense that the minimizer u is fully determined by
its value on one boundary (e.g. y = 0) and by the position of the domain boundaries.

In [13], after proving existence of the minimizer, Kohn and Miiller considered the
problem with free up 7 r boundary conditions and proved that

dio®P13, < min T < dyo®P1Y/30, (1.5)

where d; and dy are numerical constants. The proof of existence is essentially based on
the following compactness result, which we will need in Section 3:

Lemma 1 (compactness) Let ) C R? be open and let uw : Q — R be a sequence such
that v/ — u in WY2(Q), and such that ujy lies in a compact subset of W —12(Q). Then
ué — Uy in L .(Q) (1.6)

loc

Proof. By compensated compactness applied to v/ = (uﬁ;,ué), or see [13] for a self-
contained argument.

The upper bound of Eq. (1.5) follows from Lemma 3 below, which uses the con-
struction proposed by Kohn and Muller. The proof of the lower bound is based on the
fact that, if | f,| = 1, one has

1 ) 1 1 —2
/0 frdy > 3 </0 |fyy|dy+2> (1.7)
(see [13] for details).

Let us now discuss qualitatively the behaviour of u, to understand the origin of
the 15/3 scaling in Eq. (1.5). Consider the z-dependent average twin width d(z) =
2ly/ [ |uyyldy. The average value of |u(z,y)| is also of order d(z), since |uy| = 1 (see
Figure 1.2). Therefore the functional I[u] can be approximately rewritten as a functional
of d alone, in the form

lz o
I[u] ~ I[d) = zy/o d(z)? + de (1.8)



FiGgureg 1.1: 3D plot of one function with finite energy. The plotted function is the one used
in the construction below in the case of free boundary conditions.

with the condition d(0) = 0. Minimization of I[d] gives d(z) x o'/32%/3, i.e.
lu|(z,y) ~ d(z) x o' /3a?3 (1.9)
and
I[u) ~ I[d] < o?/31131, . (1.10)

These equations indicate that the boundary condition uy, = 0 forces the twin width d to
vanish for x = 0, whereas the surface energy term favours large values of d at finite z.
The #2/3 scaling arises from a balance between elastic and surface energy, with elastic
energy favouring slow variation of d. For the shape of the minimizers, these results
already indicate that with decreasing x, as the number of twins increases, branching
must occur. Further, one can see that the functional I[d] and the minimizing d(z) are
unchanged under the mapping d(z) — 6%/3d(0z), for any 6. In terms of the original u,
this mapping reads

u(z,y) = 0~ u(0z,0%3y) . (1.11)

Whereas these estimates have no mathematical rigour, the results of KM show that
at least Eq. (1.10) holds for the total energy of the true minimizer. In the following,
rigorous versions of all the mentioned scalings are formulated and proved (see Theorem
1 in Section 2 and Theorem 2 in Section 3).

2 Local bounds

This Section aims at understanding quantitatively the estimates of Egs. (1.9) and (1.10)
for the scaling of the minimizer v and of its local energy. The result by KM of equation
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FIGURE 1.2: Schematic representation of the meaning of d(z) (see Egs. (1.8-1.10).

(1.5) by itself does not prove anything about the local behaviour of a minimizer in a
small region near the interface, it only bounds the total energy. We intend to prove
a local bound with the same scaling — i.e., we prove that if we fix a minimizer, and
compute its energy in a small region of size I/, x l; <K Iy x Iy, the result again obeys a
bound of the form 02/3l;1/3l;. Furthermore, we prove that |u|(z,y) < co'/3z2/3, which
implies that at distance z from the interface the twin width scales as o'/322/3 (since
|uy| = 1, the maximum twin width at a given z is bounded by 2sup|u| at the same
z). With respect to the hypothesis of the KM theorem, we need to have additional
assumptions on the boundary conditions, which can be understood as saying that the
boundary conditions are no worse than the expected average behaviour of the minimizer.
Finally, let us mention that we cannot expect to get the scaling of Eq. (1.10) for the
energy in a region of height h below the characteristic length scale of twinning, therefore

/3

we assume [, > 20101/313; , and the same for l; and I!. The main result is the following

Theorem 1 (local bounds) Let u be a minimizer of the problem defined in Sec. 1.1
on R = (0,1;) x (0,1), with boundary conditions ur, up, ur, ur (on the top, bottom,

left and right side respectively) satisfying u = 0, |uf| < 020101/3lg2c/3, |ul"B|(z) <
crc10' 3223 |ubP|(z) < \/60(1)/2:16_1/301/3. Then,

(1) for any (z,y) € R,
lu(z,y)| < dso/3z/? (2.1)
(ii) for any R' = (0,1) x (0,h) C R with h > 2¢c,0'/31?/3,

Irfu] < dya®P1M3h,. (2.2)



Numerical values of the constants ¢; and d; are given in Definition 2 at the end of this
Section.

The proof, which is given in Section 2.2, is composed by two main ingredients: first we
obtain, via an explicit construction, a bound on the energy of u inside any rectangle, in
terms of the boundary conditions on the four sides (Section 2.1, aiming to Proposition
1). Then, we show with a “reverse-bootstrap” argument how a global bound implies the
desired local bound.

2.1 Explicit construction

This Section presents the basic construction, which is used to obtain a function with
small energy in a rectangle with four given boundary conditions. The aim is to bound
the energy of the minimizer in any subrectangle. The bound will of course depend on
the regularity of the boundary conditions, which in turn depend on the minimizer itself:
the next section will deal with the appropriate inductive procedure.

We start with the case of only two boundary conditions imposed (on the left and
right sides of the rectangle). In Lemma 2 we consider the simple case where u’ and
uft are piecewise linear with 1 slopes, then in Lemma 3 we generalize to arbitrary
ul®, obeying only |u5 ’R| < 1. Then, Proposition 1 gives the final result of this Section,
including the «”># boundary conditions.

In the following we will often use “linearized” functions. Given the nature of the
set of admissible functions A;, ;, , it is clear that no linearization in y is possible within
Ay, 1, - indeed, “linear” will always be referred only to the dependence on z, with y -
when present - kept fixed. The linear interpolation between ¢(0) and ¢(a) is denoted by
cgo,a} (x), or by ¢;(z) when there is no ambiguity. It is also natural to subtract from the
functional I]u] the linear contribution which depends only on the boundary conditions,
and consider the modified functional

2

b [u —u
i) = [ (w= w2+ ol | = Telul = [ = Tnlul = [ ) 2l (2

Lemma 2 (piecewise linear uj_p) Let the boundary conditions on the left and right
sides of the rectangle R = (0,1;) X (0,1,) be given functions u®(y) and ufi(y), piecewise
linear with slopes £1. For any partition of (0,1,) in N intervals {yo,...,yn} (yo =0,
yn = ly) which incorporates all discontinuity points of upy and ur,y, there is a function
u(z,y) such that

o u€ WH(R), with |uy| =1 a.e.;

o for every xz € (0,1;), the number of discontinuity points of uy(z,-) is no larger than
N, i.e. [|uyyldy <2N;

e If h = max;(y; — yi—1), one has




FIGURE 2.1: Example of the construction for two piecewise linear boundary conditions used
in Lemma 2. The 7 sub rectangles are delimited by dotted lines. The four thicker lines
represent the internal interfaces. Note that the z-axis is vertical in this figure.

where u; is the linear interpolation between uyp and ug;

lu — | < <. (2.5)

NS

Proof: The constructed function is depicted, for one particular choice of ur and uy, in
Figure 2.1. Counsider a rectangle R; = [0,1;] X [yi, yit+1). If ul’; = uff in (yi, yi+1), we can
take

l, —

u(e,y) = w(e,y) = ut () - +u"(y) (2:6)

T lﬂi‘
within R;. Otherwise, one has u(0,y) = u”(y;) + (v — 1), u(le,y) = v (y;) — (y —y;) (or
vice versa). Then, there exist two admissible v with a single jump in u, inside R (along
either diagonal). Such u coincide with the linear interpolation on the top and bottom
sides of the rectangle, and have a jump in the derivative along a diagonal. Consider for
definiteness one of them, given by

T l, — s T
U () + e () — () 7;11 _yzy, <
— X i 1 1 X
—u" (yiy1) + u” (Yit1) + (Y — Yit1) — >
ly ly Yit1 — Yi ly



Direct integration gives

2 (yir1 — yi)?
[ gz = Bl ) (2.9
R; z

and comparing with u; one gets (2.5).

To evaluate the total number of jumps in u,, we start from one extremum (e.g.
y = 0) and show that to add each rectangle at most one jump is needed. Indeed, if the
rectangle is of the first type, there is at most a single jump (on the bottom side). If it is
of the second, one of the two choices for the diagonal gives no jump on the bottom, and
there is only one jump along the diagonal. It follows that the total number of jumps is
no bigger than the total number of rectangles, i.e. V.

Lemma 3 (Arbitrary uy r) Let the boundary conditions on the left and right sides of
the rectangle R = (0,1;) x (0,1y) be given, with |u5’R| <1andl, > 2e10V /31213, Then,
there is an admissible u such that

/ (u — )2 + o|uy,| < colyl;/3a2/3 — 80l, (2.9)
R

and
lu— | < o/312/3 (2.10)
where u; = (zur(y) + (I — x)ur(y))/ly denotes the global linear interpolation (in x).

Remark: Lemma 2.5 of [13], which is based on a similar construction, states that for
all 6 > 0 there is a Cs such that

/R(u — )2 + oluy,| < 6/Ru12$ + Cglyl;:/302/3 . (2.11)

The present result is stronger, since it gives the case § = 0, with Cy = .
Proof. To construct u, consider the geometric subdivision shown in Figure 2.2. The
subdivision points are

1 (1= 16l i>0
xz_’{ 1,50 i<0 (2.12)

where 6 € (0,1) is to be specified. We shall focus our attention on the region x > 1,/2,
the other one being symmetric. For i =0,1,2,..., divide the segment {z;} x (0,1,) into
N; = N02|i| equal parts (IVy is a large integer to be chosen later), each of length h; =
ly/N;. Next, for each ¢ choose a function @' which agrees with the linear interpolation u;
at the points (z;, kh;) (0 < k < N;), which satisfies |ﬂ;| =1 a.e, and with ﬂ; changing

sign at most once between two successive points (this is possible, since |uy ™| < 1).
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F1GURE 2.2: Geometric subdivision used in the construction of Lemma 3. The marked points
are those where o = u;.

We apply then Lemma 2 to the region R; = (z;—1,2;) x (0,0,) (1 = 1,2,...), with
N=N,;+ N;,_; = %Ni, u? = @1, uf = 4', h = 2h;, and obtain a function u such that

/ |uyy| < 3Ni(zi — @i-1), (2.13)
8 Ih?

— i)y < g — 2.14

[ it < S (2.14)

and |u — @}| < h;, where @} is the linear interpolation between @' ! and a'. Since
|ﬂ§ —uy| < 2h;, we get |u—u;| < 3h;, which — with the choice done below for Ny — gives
Eq. (2.10).

Since u = ﬂf at £ = x; and x = z;_1, one has

/Ri(u—uz)f; Z/Ri(u—ﬂf)iJr/Ri(ul — )2 (2.15)

To estimate the last term we observe that both functions are linear in z, and by con-
struction they agree on all points selected above, i.e. on three corners of each rectangle
of the form (z;—1,z;) X (jhi, (j +1)h;) (j =1...N;). Then, Lemma 4 below applied to
f=u — ﬂf gives

o _ 8 Lyh?
— )< o — 2.1
[ i < 5 (2.16



In summary, one has

1, h? 8 8
_ 2 Y (242 2.17
/i(“ wp < B (3+3) (2.17)
It follows that for 20 < 1 < 46,
16 I3 40
2 Yy
U—U)y = = 2.18
I N A k) (219
with
.y
/o|uyy| < 202 — 2i1)3N; = 06 Nolo T— 5 (2.19)

We now choose # = 1/3, and obtain the bound on the energy

32 I
/(u — )2 + Olugy| < Fl_y + 12Nyol, (2.20)

0 ‘z
By choosing Ny to be the smallest integer larger or equal to (16/3)1/313,0_1/31;2/3
finally get the thesis, provided that

, we

2
o >12-1813 4+ 2 (2.21)
c1
Lemma 4 Let f(z,y) be linear in z, f =0 at (0,0), (I4,0), and (I4,h), with |fy|(z, ) <
2 for x =0 and x =1;. Then

3
/ f2< Sh (2.22)
(0,12) % (0,h) 31y

/(01 - _/ F(0,9))" dy (2.23)

For 0 < y < h/2, the integrand is dominated by (4y)?; for h/2 < y < h it is dominated
by (2h)2. The conclusion follows by direct integration.

The following lemma will be useful for the construction including the top and bottom
boundary conditions.

Proof.

Lemma 5 Let v, U;, n; be in WH2([0,1]), for 1 <i <n, such that ¥; <v <m; atx =0
and x =1 for any i. Let w = min[{n;},max ({¥;},v)]. Then,

l l
/O(W—wz)iﬁ/o(v—vz +Z/ (Wi — Wa)2xqw, >0} + (0 = )X {ni<oy)  (2:24)

where xg denotes the characteristic function of the set E.

10



Proof. First we show that if A(x) = max(f(z),g(z)), with h = g for both x = 0 and
xz =1 (i.e. hy = g;), one has

l l l
/0 (h— ) < / (- )%+ / (f = 120(f > g) (2.25)

Let A be the set where f > g. In A, expanding (h — k)2 = [(f — f))x + (fi — g1)x)* one
gets

/ (h— )’ = / (= 24— a2 +20F — f)alfi—a)e]  (2:26)
A A

Since (f; — ¢;)z is a constant, and f = g on A, in the last term one can replace f with
g- Comparing with the expansion of [(g — f1)z + (fi — g1)«]?, one gets

/ (h— )2 = / [(F = F02 + (g — a2 — (9 — f)2] (2.27)
A A

which immediately gives (2.25). The same is clearly true if one replaces max with
min. Further, one can have multiple max and min, with the sole condition that the
linearization of the whole function coincides with the linearization of the first one of the
starting functions. This gives (2.24).

Proposition 1 (Construction with four boundary conditions) Let the boundary
conditions on the four sides of the rectangle R = (0,1;) x (0,1y), ur, up, ur, ug (top,

1/3133/3'

bottom, left and right respectively), be given, with 1, > 2ci0 Then there is an

admissible u such that

/ (u—w)? ~|—/ oluyy| < w/ [T —ul )2+ (u®B —uP)2] + colyll/Po?/® — diyo
R R

(2.28)
where w = sup, |ur, g| + sup,, |ur, r| + oV 3123,
Proof. Let @ be the function constructed in Lemma 3, and define
u = max(u® —y,u’ — (I, — y), min(u® + y,u’ + (I, — y),q)) (2.29)

(see Figure 2.3 for an illustration of this construction). Since at most two new interfaces
are generated, the surface energy increases by at most 40l;. As results from Figure 2.3,
a=uP £y fory <y (z) < sup, |up(z) — 4(z,y)|, and analogously 4 = ul £ (I, —y)
/3

for I, —y < ya(z) < sup, |ur(z) — a(w,y)|. Since |& — | < o323 and w is an

interpolation between u;, and upg, one has
lup(ry (7) — a(z,y)| < sup |lupery(T) —unr)(y)| + o323 (2.30)

where the sup is taken over y and over the pair of indexes L(R), B(T). Therefore the
width of the strips where @ is modified is less than w (as defined in the statement of
this proposition), and u = @ for w <y <, — w. The elastic energy increase in the two
strips y < w and y > Iy — w is finally estimated from Lemma 5, obtaining the thesis.

11
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FIGURE 2.3: Sketch of the construction used in Proposition 1, for fixed z. The function @ (see
Eq. (2.29)) is modified in order to comply to the boundary conditions ur and up. The new
function u agrees with up + y for small y, with @ in the central area, and with ur £+ (I, — y)
for large y.

2.2 Proof of Theorem 1

Before we give a detailed proof of let us outline the main ideas. The proof is based on
the fact that v is a local minimizer (i.e. a minimizer with respect to its own boundary
conditions) therefore its local energy is bounded by Proposition 1. It is therefore natural
to consider the energy as a function of the domain, and to subtract the linear term,
leading to the following

Definition 1 Let u be a minimizer in a given rectangle R = (0,l;) x (0,1,). For all
subrectangles R' = (0,1) x (a — h,a + h) C R, we define

l a+h
B.(L, a, h) :/0 /h (1 — )2 + ofuyy| (2.31)

where uy is the linearization in x, in the interval (0,1).

Note that 3 is the same as I'[u] as defined in (2.3) except that I is seen as a functional
on u with a fixed domain, whereas (3 is seen as a function of the domain with fixed .

Consider first [ to be fixed, and consider the statement of Proposition 1 for all A. In
the case of the total rectangle R the boundary term is controlled by hypothesis, and for
smaller rectangles we use the estimate

l
/0 [(u" = )2+ (u? —up)7] < %Bu(l,a, h) (2.32)

[in differentiating Eq. (2.31) only the integration domain changes]. This leads to a
differential inequality of the form

Bu(h) < “’Cizﬂf: + 2¢ohl}/ 3?3 (2.33)

12



(the factor 2 comes from the fact that the height is 2h) with a boundary condition at large
h (entire rectangle). Assume for now that one can show that w < h/2. Qualitatively,
Eq. (2.33) says that either 3(h) is small, or it is rapidly decreasing with decreasing
h (i.e. has a big derivative). This allows one to obtain an estimate at small A from
the given result at large h. A precise statement is given in Lemma 6. Note that one
only needs to estimate w(h) given the estimate of 3, (h) for the same h. The relevant
relation between sup |u| (which is strictly related to w) and f, is given in Lemma 9.
This concludes the argument for fixed [ and a. The same argument can be applied to
the derivative with respect to a (see below), obtaining the thesis for all ¢ and h at fixed
l.

Estimates for smaller | are obtained by induction: the above result on sup |u| allows
one to control the boundary conditions on a smaller rectangle (0, 0() x (0,1,), etc.

We now present the lemmas mentioned above, then give the full argument for the
part of the proof for fixed [ in Proposition 2, and finally conclude with the inductive
step.

Lemma 6 (Differential inequality) Suppose that for t1 <t <ty one has

Ft) <t [a(t)dfd—(tt) + b] , (2.34)

and suppose that there are constants a < 1 and k > b/(1 — «) such that, for each
t € [t1,to], f(t) < kt implies a(t) < a. It follows that if f(to) < kto, then f(t) < kt for
allt € [tl,to].

Proof. Let h(t) = f(t) — kt. Since h(tp) < 0, if the thesis is false there is a t2 € [t1, to]
such that h(t2) = 0, h'(t2) < 0 (this is defined as the largest to such that h(t2) = 0). It
follows

kto < akty + bto (2.35)

which gives the contradiction £ < b/(1 — «).
The following three lemmas deal with estimates of |u| given an estimate for the
energy.

Lemma 7 If |uy| < «, then

by 1 a?
2 . 3 3
/0 u* > min <3a(sup lul)”, 3 ly> (2.36)

Proof. Let s = |u|(yo) = sup |u|. Then, in the set A = (yo — s/, yo + s/a) N (0,1,) one
has |u|(y) > s — aly — yo|. Direct integration, separately in the two cases s > al, and
s < aly, leads to the conclusion.

13



Lemma 8 Let x1 = ¢z, with 0 < ¢ < 1, and let v9 = foly Jo o (u—w)2. If

< L l; 2.37
70 > 3 70 (2.37)

it follows that
sup [u(z1,9)[ < ¢ sup |u(wo,y)| + (3¢(1 — ¢*)z070)? . (2.38)

0<y<ly 0<y<ly

Proof. Let ¢ (y) = u(z1,y) — ¢pu(zg,y). Since

1) 1 () S
/0 (u—u)y > - +$0_x1—x0¢(1_¢) (2.39)
we get
[ # <ol — (2.40)

Since |di/dy| < 1+ ¢, we can apply Lemma 7 to v; from Eqgs. (2.37) and (2.40) we see
that [4? <13/3, hence

1/3
<

()| < [3(1 o) [ w?] 36(1 — ¢)aomo]/? (2.41)

the conclusion follows via the triangular inequality.

Lemma 9 (Estimate of sup |u|) If, for a given h > 0101/3112;/3, one has
sup  |u(ly,y)| < c2h, (2.42)
y€ela—h,a+h]
and
Bulle, a, h) < dcohll/362/3 (2.43)
then, in (0,1z) X (a — h,a + h),
lu| < czh (2.44)

Proof. Use Lemma 8, and c3 > cg + (6¢o/c3)/3 [p(1 — ¢) < 1/4 for all ¢ € [0,1]]. The
condition of Eq. (2.37) is satisfied, provided that ¢y < 2¢2, which is always the case for
large enough ¢; (see Definition 2).

We are now ready to complete the first part of the proof of Theorem 1, i.e. the case
where [ is fixed. The following Proposition gives this result, and Lemma 10 will then
give the hypothesis needed for the inductive step.
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Proposition 2 Let u be a minimizer in o rectangle R, with boundary conditions satis-
fying ub =0, |uf| < 020101/3@/3, [ul"B(z)| < escr0' 3?3,

la
/ (u? —ul)2 < 2¢9lt/36?%/3 (2.45)
0
and
le
/ (u? —uP)2 < 2013623, (2.46)
0

Then, for all intervals (a — h,a + h) C (0,1,) with h > 0101/3@/3,
Bullzsa,h) < deghll/Pa®/? (2.47)
and for all (z,y) € R,
lu(z,y)| < esero'/BI23. (2.48)
Proof. The proof is based on Proposition 1. First consider the case a = h = 1,,/2.

The hypothesis on the boundary conditions, using the constraint on the domain [, >

1/3133/3

2c10 , give for the quantity w defined in Proposition 1,

w < [eger + ez + 1] 01/312/3 < =y, (2.49)

e

since ¢o + ¢3 + 1/¢1 < 1/2. Then, from Proposition 1, using Eqgs. (2.45-2.46), we get
1
Bules1y)2,1,/2) < Zzy4coz§/3a2/f” + coly 1X30?/? < ¢l 1Y/ 302/ (2.50)

which implies the thesis in this case. Now, consider the case a = h <1,/2 (the interval
is here (0,2h)). The condition on uy is obtained from the relation

dBy(ly, hyh)

la
/0 [u(z,y) — w(z,y)]2 dz < % o (2.51)

h=y/2

Using the estimate |u| < ¢3h from Lemma 9, as well as the initial boundary conditions,
we get w < h/2, and then Proposition 1 gives

1 1dpB 1. dB
Bulla, b 1) h <2coz}/302/3 + 57;) + 2cohl} 3?3 < 2" u

A + 3cohl}30?3 . (2.52)

Now apply Lemma 6, with t = h, a = 1/4, to = 1,/2, t; = 0101/3112;/3, and k =
4cohlglc/302/3. This gives the thesis for all rectangles of the form (0,1;) x (0,2h). By

symmetry, the same argument gives the thesis for all rectangles of the form (0,;) x
(ly — 2h,1y).
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Consider finally a generic interval (a—h, a+h) C (0,1,). For definiteness, assume that
a < ly/2 (the other case is identical). We fix a, and observe that the previous result
gives a bound on (,(l;,a,a), which will serve as initial condition for the differential
inequality. For h < a Lemma 9 still gives w < h/2, and since

lz
W = / (u—w)i(z,a+ h) + (u—w)i(z,a — h)dx (2.53)
0
Proposition 1 in this case gives
1
Bu(ly,a,h) < ihcf};‘ + 2¢ohl/30?/3 . (2.54)

The thesis follows again from Lemma 6, with t = h, « = 1/2, tg = a, t; = 0101/3112;/3,

and k = 4c¢p.
Lemma 10 Under the hypothesis of Prop. 2, one has

sup |u(ply, y)| < cacro/?(ply)?/?, (2.55)
Yy

where ¢ = 1/8.

Proof. We first derive the result for any ¢ € (0,1), for large enough ¢;, and then

specialize to ¢ = 1/8. Consider a rectangle of the form (ag — hg, ag + ho) containing the
/3

point where the sup is reached, with hg = ¢;0/ 313; . Then, Lemma 8 and the result for

0 of Prop. 2 give the result, provided that
pcacy + (12¢(1 — ¢2)Cocl)1/3 < 0261¢2/3 (2.56)
which is true for
e 12(1— )
w = =g
which for ¢ = 1/8 gives the condition c?¢3 > 756¢y (see Definition 2). Other values of ¢
can also be used, provided that the constants are modified accordingly.

(2.57)

Proof of Theorem 1. Consider a sequence of rectangles R; = (0, #'l;) x (0,1,) (as
in the above Lemma, we deal specifically with ¢ = 1/8). The proof is done by induction
oni. For i =0, z € (¢ly, 1), y € (0,1,), Proposition 2 gives

lu|(x,y) < ezer0/312/3 < desero'Pa (2.58)

which is Eq. (2.1) with d3 = 4¢3y, and for (a,a + h) C (0,1),

T  pra+h 1 a+h
[ oyl < fulasnzn [ty (@5)
0 a a

T

A

2cohll/30?? + Ac2o?P13h
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which, since [, < 8z, gives the upper bound of Eq. (2.2) with dy = 4cg + 2c¢2c3. This
concludes the proof for all z € (¢l,,l;). Finally, observe that Lemma 10 gives the
hypothesis needed to apply the same reasoning to the next rectangle, and therefore the
inductive proof is completed. It remains to show that the numerical constants can be
chosen so that all required relations between them are satisfied. This is done in the
following

Definition 2 (Constants) The constants ¢y, c1, co and c3 are any positive numbers
which satisfy

20

o >12-18"3 4+ = (2.60)
1
(from Lemma 3),
6o\ /3
e3> o+ (%) (2.61)
‘
(from Lemma 9).
1 1
<z 2.62
02+C3+01_2, (6)
(from Proposition 2),
2.3
A% > 756 (2.63)
co

(from Lemma 10).

For example, one can take ¢y = 32, ¢y = 1500, co = 0.225, c¢3 = 0.27; the constants
entering Theorem 1 are then d3 = 1620 > 4c¢3c; and dg = 33 X 10* > 4eg + 20%0%.

In concluding the present Section we derive a bound on the local energy of u in
rectangles which do not contain the L border, i.e. where the boundary condition uy = 0
is lost. Consider the restriction of a minimizer v obeying the hypothesis of Theorem 1,
to a region D = (z — [,z) C (0,l), and define

o) = [ (= w)ila,)ds. (2.64)

The next Proposition, which is based on the result of Proposition 1 for the local upper
bound on the energy in a domain with four arbitrary boundary conditions, allows one
to control the deviation of the local energy from the linear part. The 7' and B boundary
conditions stated in the hypothesis of Theorem 1 give immediately

1) < / (W) < Geola2/30%/ < Gegl! /302! (2.65)
D
(since | < ) and the same for [(0). In the following we will need a weaker control of

t(0), t(ly), but we are going to use that u obeys the bound of Eq. (2.1) everywhere, to
control the w factor. Our main result in this respect is the following
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Proposition 3 For a given region D = (x — l,x), and for any integer n > 5, if t(yo),
t(yo + h) < 2ncgl' /30?3, with h > 4ncgo'/3x?/3, then for all subsets B = (a,a + d) C
A = (yo,yo + h) with d > 2ncgo/3z2/3 one has

/ t(y) —|—/ oluyy| < 2ncplt30?/3d, (2.66)
B BxD

where cg = 2d3 + 1.

Proof. By Proposition 1,

/t(y)+/ 0luyy| < 2c0l30%3h (2.67)
A AxD

since w < (2d3 + 1)a'/32%/3 < h/4n.

Clearly [,--- < [,..., therefore if d > h/n there is nothing to prove. Otherwise,
divide A in n equal intervals, labelled 4; (1 < ¢ < n). The set B is contained in two
consecutive ones, call them Ay and Agyq1. If £ > 1, there is y € Ag_1 such that

o) <7 [ t) < a0 1. (2.68)
A

If K =1, let y = yo. Analogously, define y' € Agio, or ¥/ = yp + h. It is easily seen
that the hypothesis of the present proposition are satisfied if the segment A is replaced
by A’ = (y,v'), and that 2h/n < h' = |y’ — y| < 4h/n. Therefore in a finite number of
steps one reaches the case h < nd, and the proof is complete.

Note that under the hypothesis of Theorem 1, the present Proposition with n = 5
implies that for any R' = (z — I, z) X (a,a + h) € R, with h > 10cg0'/3z2/3, one has

/ (u — )2 4 |uyy| < 10coa?/ 3113 (2.69)
RI

where only the constraint on h, and not the bound on the energy, depend on z. Here,
uy refers to the local linearization, i.e. within R', the bound on the full energy includes
the additional term [, u?, < 2hsup |ul?/l.

3 Self-similarity

In this Section we show that the minimizers are asymptotically self-similar around any
point on the left boundary (0, 1), as suggested by Eq. (1.11). Fix u° to be a minimizer
in a rectangle Ry = (0,l;) % (—ly,1y), satisfying the hypothesis of Theorem 1, and for a
given sequence §; — 0, and yo € (—ly,l,) define

w(a,y) = 0, °u® (052,90 + 0,y = w0) ) - (3.1)

Note that u/ is, in general, defined on a domain bigger than Ry. To make the notation
easier, we restrict any v’ to the largest symmetric rectangle of the form R; = (0,(;) x
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(—hj, h;) which is included in its domain. For yo > 0, one gets h; = yo + (I, — y0)0j_2/3.
It is clear that h; — oo, and that Ry C R; for all j. Since we are in any case deal-
ing with subsequences, we can assume that 6; is nonincreasing (or, equivalently, h; is
nondecreasing).

The results of Theorem 1 are invariant under the scaling of Equation (3.1), and
therefore for any R’ = (0,1) x (a,a + h) C Rj, with the usual condition h > 2c,0/312/3,
we have

Tr[u!] < dyl**c®PPh (3.2)
and
W |(z,y) < dso’/Pz?/? (3.3)

for all j. Since |uy| = 1 it follows that {u/} has a uniform bound in WH2(R'). The
following Lemma collects all the direct consequences of these bounds. Let Ry, = (0,1;) X
R.

Lemma 11 Given the sequence defined in (3.1), there is a subsequence ij, and a func-
tion u : Ry — R such that:

(i) @j is a local minimizer in R; (i.e. it minimizes Ir, with respect to its own boundary
conditions);

(ii) for any k, @; — u in WE2(Ry);
(iit) for any k, the restriction of u to Ry is in the set of admissible functions Ap, ;
(i) for any k, (ij)y — uy in L*(Rg);

(v) for any k, G; — u in L°(Ry).

We first construct a subsequence {4} and a function u : Ry, — R such that for any j,
G — uin WH2(R;) (ug is defined in Rj for k > j). Fix k. Since the sequence is bounded
in W'2(R},) there is a subsequence that weakly converges to some u*) : R, — R. Then
consider k+1. Within the previously defined subsequence, extract a further subsequence
that weakly converges to ukt1) Rr11 — R. Note that, within the common part of
the domain (i.e. Ry), u®) = ¢+ The sequence 4y, is then the diagonal subsequence
obtained from this procedure, and the limit u is defined, for all k, in R, by u(®. [In
general, 4y, is defined on R, , with j; > k. By the monotonicity of h;, R C Rj,, and in
the following we consider only its restriction to Ry.] This concludes the proof of points
(i) and (ii).

The compactness result of Lemma 1 gives then points (iii) and (iv).

It remains to prove point (v), i.e. that @ converges strongly in L*°. Let a;j(z,y) =
aj(z,y) — u(z,y) and bj(z) = ffzk a?dy. Since |(aj)y| < 2, by Lemma 7 we only need
to show that b; — 0 uniformly in z. First, note that b; is uniformly Lipschitz. This

19



follows from the estimate
o) = ylon)| < 2swples] [ dylaor,y) — as(oa,y)

2sup |a;||z1 —$2|/dy/ (a;)2 (3.4)

IN

since both |a;| and the last integral have a uniform bound by Theorem 1. But we know
that b; — 0 in L' (this is equivalent to L? convergence of uj, which follows from weak
W2 convergence), and therefore bj — 0in L*°. This concludes the proof of the Lemma.

The proof of self-similarity is based on an explicit construction, whose basic ingredi-
ents are given in Lemmas 12, 13 and 14 below. The outcome of the construction is the
following

Proposition 4 Let u and v be two admissible functions satisfying the bounds of The-
orem 1 and Proposition 3, defined in a region containing the rectangle R = (0,1;) X
(—=h,h), with h > 240 B2 and s = supp |u—v| < I12. Then, if v is a local minimizer,
one has

Ir[v] < Ir[u] + %Ay + CAY2 4 CA, + OO (3.5)

where C depends only on l; and o, and

d h I ) d h Iz )
=— (u—v)zdzdy , A, = —/ / (u—v)rdxdy . (3.6)
h /h/() Ydn )y Jo Y

Proof. The proof is done by explicitly constructing a function u so that it equals w in
the interior part of R, except for a thin boundary region, and @ = v on the boundary
of R, and comparing its energy with that of v. First apply Lemma 14 below to the two
regions (0,1,) % (h — 21, k) and (0,1,) X (—h, —h+ 21,), with I, = ¢;0'/312/*. This gives
a function @ such that @ = v for y = £h, @ = u for |y| < h — 2l,, with energy bounded
by

Ig, (] < Ip,[u] + cs5(Ap0?B13) Y21, + 24,1, . (3.7)

Now consider a narrow region R’ = (I, — ly) X (—h,h), with [y to be chosen later, and
apply Lemma 13, with u; = v and us = %. The energy of v is in this region bounded
by Eq. (2.69). We therefore obtain a function @ such that

§2
Ig,[u] < Ig, [u] + cs A2 P10, 4+ 24,0, + Sf; + 4oly + 8hl dso' P12 4 10¢0%/313/*
0
(3.8)
with 4 = v along the entire boundary of Ry,. It follows that
o
In, [0 < I, [a] + S A, (3.9)
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where the last term corresponds to the surface energy cost of the matching, and is
bounded by 40l,.

By choosing Iy = s*/2 we can see that all terms after the first two in the RHS of Eq.
(3.8) are infinitesimal, and since s is uniformly bounded by [, their sum is controlled by
Cs'/%, with C depending on I, and o only. This gives the thesis.

We are now ready to state the main result of this Section,

Theorem 2 (self-similarity) Given a minimizer u°

quence

, and a sequence 0; — 0, the se-

W (2,y) = 07 °u® (0,2,90 + 0, (v = 0)) (3.10)

has a strongly converging (in W2(R)) subsequence, u? — u*. The limit u* is a local
minimizer, and I[u*] = lim I[u/].

Proof. We start from the subsequence {;} obtained in Lemma 11, and take a further

subsequence, that we will denote again by {u’}, such that

lu —uf| < E— (3.11)
and

/R (v —u); < % (3.12)

Since hj — oo, we can safely assume h; > 15(2d3 + 1) (this will be needed to apply
Proposition 3).

In order to obtain a bound on [, (Vu* — Vu)? (for k > j) from the result of Propo-
sition 4, we write

/ (Vuk — Vu)? = / (u — uy)? + I, [u] — I, [u] — by (h) (3.13)
Ry, Ry,
where
h I
b(h) = /h/o 20 (1 — 1) + (U, | — [ty )y (3.14)

Consider the limit of bg(h) for k — oo, with j fixed. The first term converges to zero,
because of weak convergence of u¥. The second term has a nonnegative lim inf, because it
is lower semicontinuous. Hence the sequence fi(h) = min(0,bg(h)) converges pointwise
to 0, and therefore in measure. Let k; and €y C (2h;/3, h;), Qo C (h;/3,2h;/3) be such
that |Ql,2| Z hj/ﬁ, and

b, (1) > fi, (h) > —% (3.15)
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for h € ;5. In the following we denote k; simply by k.
Now define A% (h) and Ag,k)(h) as in Eq. (3.6). Since by Theorem 1 fohj AP (n) <
2d,15/* 6?31, we can find h() € Q) such that

AR (WY < 12d411 3523 (3.16)

T

which is a bound depending only on /., not on £.
From Proposition 4, applied to the domain R’ = (0,1;) x (—hM), M) with v = uy,
and using the bound A, < 81, we get

IRI [’U,k]] - IR/ [u] S C (317)

where C' depends only on I, and ¢. Combining this with Egs. (3.15) and (3.12) we get
Il rh 9
/ / (Vi —Vu)?? <C+=<C+2. (3.18)
0 J-n J
This implies that we can choose h(?) € Q, such that

< 6C + 12
h=h(2) hj

h
Ay (W) + 4,(h?) = % / (Vur — Vu)?
—h

(3.19)

which is infinitesimal for j — oo. From Proposition 4 applied to the domain R" =
(0,1) x (=@, A1), we have

Tpofun,) — Tl < & (3.20)

with &; < C”(hj_l/2 + j~1/6) infinitesimal. Using (3.15), we finally obtain

/ (Vuk — Vu)? < / (Vuk — Vu)? < & + 1 (3.21)
R " J

which proves that u* — wu strongly in W12(R).
It remains to be shown that Ir[u] = lim Ig[ug,]. Define, in analogy with (3.14),

cr(h) = Ip,\rluk] — Ig,\rlul- (3.22)

Again, it is clear that liminfcg(h) > 0 for all h, therefore min(0,c;(h)) converges in
measure, i.e. we can find Q) C Q9 such that |Q| > h;/8 and

ck(h) = —Ck (3.23)
for all h € ), with ¢, — 0. Then, by choosing h(®) € Q, as above, we get

IR”’ [ukj] - IRIN [u] S fk]‘ (324)

22



with &, infinitesimal and R" = (0,1,) x (—h(®), h(3)). We finally conclude that

Ipluk;] — ITr[u] < &k; + Gk, (3.25)

which implies that limsup Ig[ug;] < Ig[u]. Combining this with lower semicontinuity
we get the thesis. With similar arguments one then proves that v is a local minimizer.
This concludes the proof of Theorem 2.

The next lemmas deal with the construction which we used in the proof of Proposition
4, to match the limiting u to a function u; across the boundary of some rectangle Ry.
We first consider the matching on the R boundary (Lemmas 12 and 13) and then the
T boundary (Lemma 14).

Lemma 12 Assume uy and ug are two admissible functions on a rectangle R = (0,1) x
(0,h), and let u = max(uy,us). Then,

4hs®  4hs
/ui < /(u1 — ull)i + /u%m + - + - Sl}l{p lu1 2], (3.26)

where s = sup |u; — ugl, and

/|uyy| < /|u1yy|+/|u2yy|+2al- (327)

/(u —uw)? < /(u1 — )2 + (up — w)? (3.28)

Proof. Since

using ugy oy —wl < s, [(w —uy); < 2hs?/l, | [u3, —uf| < 4hssup|uip|/l we get the
first part of the thesis. The result for the surface energy follows from the fact that for
any fixed z, the set Ji 2 of jumps in u, = max(u1,us), is composed by some points of
the sets Ji (Jo) where uyy (uzy) jumps, plus points where u; crosses uy (in the (y,u)
plane). Given the constraints |uiy| = |ugy| = 1, the latter are at most one plus the
number of points in (J; U J2) \ Ji 2, from which the conclusion follows.

Lemma 13 Assume uy and ug are two admissible functions on a rectangle R = (0,1) x

(0, h) with
lup —uz| <s (3.29)

on R, and that uy = uo on T and B. Then there is a function u such that u = w1 = us
onT and B; u=wu; on L, u=us on R, with energy

hs? h
Ip[u] < 21 ui] + Ig[ug) + STS + 4ol + 878 sup |ug 2| (3.30)
R
where Ih[u] was defined in (2.3).

23



Proof. The function v is
u(z,y) = min [ul + sg,max <u1 — s%,uz)} . (3.31)

On the T, B and R boundaries u = uy. On the L boundary u = uy, since min(f, max(f,g)) =
f- The result follows from Lemma 12, since

1k [u . sﬂ = I4u]. (3.32)

/ U = u+ OUy %
y0+ly
\ A=A (1F6u,/A%)

y° /a/

FI1GURE 3.1: Subdivision of the rectangle used in Lemma 14.

Lemma 14 Consider a box R = (0,1;) x (—ly,ly), an admissible function u obeying
the bounds of Theorem 1, and an additional “top” boundary condition u’ such that

u?'(0) = u(0,ly) =0, with l, > 0401/3112;/3 (we need ¢y = max(4ds,c1)). Let

le
A :/ (w7 () — u(z, 1)) da, (3.33)
0
and assume that, as in Theorem 1, |u| and |u?| are bounded by dyot /3123, Then, there
is an admissible function @ such that i = u and Uy = uy for y = —ly, 4 =u fory=1,,
sup |[u — @] < Al/zl;ﬁ, and
Ig[a) < Igfu] + cs A2 31101, + 241, (3.34)

where ¢5 1s a numerical constant.

24



Proof. We construct u explicitly. If ¢ = Aa*2/3l;1/3

as in Proposition 1, and let

> 1 we use the same construction

i = max(u” — (I, — y), min(u” + (I, — y),u)) . (3.35)

This obviously gives I[a] < I[u] 4+ 2Al, + 20l,, hence the thesis.

Consider now the case a < 1. Since [puZ < 2d,0?31;, 1/3 ly, we can pick yo € [—ly, 0]
such that

Iz
/ [t (2, y)] + e (2, 1y + yo)[2dar < 2403113 (3.36)
0

For y € [y, yo] we take & = u, and for y € [yo+1y,1,] we take u(z,y) = u(z,y)+our(z),
with dur = ur(z) —u(z,l,) (see Figure 3.1). Let a = Ao=231;*% From the relation
(a4 B)? < (1 +n)a? +28%/n, valid for n € (0,1), we get for = a'/?

lz; ly lz
/ / @2 < (1+a*?) / / u2 + 2a21,0%31L/3 . (3.37)
yo+ly JO yo+ly JO

Consider now the region yy < y < yo + [,. The construction exploits the geometric
nature of the problem. In particular, we construct @ stretching the domains where u, = 1
(—1) by an amout proportional to du’ (—éu”"). This allows one to join u to u! without
changing [ |uyy|, i.e. the number of domains. To be precise, consider a fixed z, and
label Aj the widths of the regions where u, = 1, and A; those with uy = —1 (see Figure
3.2). The total number of intervals is given by N (z )+1 where N(z) = % [ |uyy|dy is the
number of discontinuity points of u,. It is clear that u is fully determlned by its value for
y = yo and by the set of functions {\F(z)}. We define @ such that a(z, yo) = u(z, o),
and

~ UT T
A (2) = M (2) <1 + gAiExD (3.38)

where Ay = ", A, Since Ay = Ay + s0u”’ we have @(z,yo + 1) = u(z,y) + dur(z).
Note that since )\+ + AT =1y, Ay — A =ulz,yo + ly) —ulz,yo), and I, > 4sup|u|, we
have A* > 1, /4.

We now estimate [ @2 in this region. Define fi*(z) as the position where the (pro-
longation of the) line segment corresponding to A" intersects the u = 0 axis in the (y, u)
plane, so that within the interval (i,4) one has u(x,y) = f*(z) £y (see Figure 3.2).
Straightforward computations show that

£ = Fulz, ) + 2 A (2) (3.39)

where the sum is done only over intervals located at smaller y. Then, in the i-th interval
Uy 18 given by

fin =15 2—$ zAiZAi (3.40)
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Ar £ f; f; 3

u(y,)

FIGURE 3.2: Representation in the (y,u) plane illustrating the definition of A¥ and f.

and the elastic energy takes the form
la - ~
[ @2 = [ 4y i@k (3.41)
R 0 it

where the sum is done both over ¢ and the sign. The square is expanded as before, f:? <
(1+a'/?)f24+2a71/2(f — f)2. The three terms coming from expansion of the derivative
are bounded using the estimate |dur| < (I,A)Y/2, which is obtained from Eq.(3.33) and
the condition dur(0) = 0, and the results Ay +A_ = I, Ay —A_ = u(z,yo+1y) —u(z,y0),
as well as Eqgs. (3.33), (3.36). The remaining is just straightforward algebra.
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