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Field theories with p-form gauge potentials can possess \hidden" symmetries leaving the eld
strengths invariant on-shell without being gauge symmetries on-shell. The relevance of such symmetries to supersymmetric models is discussed. They provide central charges of supersymmetry
algebras, play a particular r^ole in duality relations, and lead to peculiar interactions. A multiplet
of N=2 supersymmetry in four dimensions with two hidden central charges is presented.
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This letter is devoted to a particular type of symmetries that eld theories with p-form gauge potentials can
have. These symmetries leave the eld strengths invariant on-shell but are not gauge symmetries on-shell. For
this reason they will be called \hidden" symmetries here.
We shall rst determine all such symmetries for Maxwelltype actions using results on the so-called characteristic
cohomology of the eld equations derived in 1].
The remainder of the letter will focus on the relevance
of hidden symmetries in the context of global supersymmetry. A particular aspect is that hidden symmetries
can occur in the commutators of global supersymmetry
transformations and then give \hidden central charges"
of the supersymmetry algebra. This makes them play a
particular r^ole in dualities relating supersymmetry multiplets, among others. Another important aspect is the
relevance of hidden symmetries to the construction of
consistent supersymmetric interactions in theories with
p-form gauge potentials.
A prominent supersymmetry multiplet with a hidden
central charge symmetry is the vector-tensor (VT) multiplet of N = 2 supersymmetry in four-dimensional spacetime 2] (see also 3]). Another example, a vector-tensortensor (VTT) multiplet with two hidden central charge
symmetries, will be presented below.
The VTT multiplet illustrates also a related feature
that will be discussed here and has been already observed
in 4] when analyzing the N = 2 double tensor multiplet:
the on-shell commutator of two supersymmetry transformations may contain gauge transformations which involve explicitly the spacetime coordinates x , even when
the supersymmetry transformations themselves do not
depend explicitly on the x .

eld equations which may also be called the \cohomology of the exterior derivative d = dx @ on-shell". We
shall only sketch the basic concept here. The precise definition is made in so-called jet spaces whose coordinates
are the spacetime coordinates and the elds and their
derivatives, see e.g. 5] and references therein.
The cocycles of the characteristic cohomology are local p-forms !p (i.e., dierential forms on some nite dimensional jet space) which are d-closed on-shell. This is
denoted
d!p 0
(1)
where denotes equality on-shell. In a Lagrangean eld
theory the eld equations read @^L=@^i = 0 where @^L=@^i
are the Euler-Lagrange derivatives of the Lagrangian
with respect to the elds. By de nition, equality on-shell
is then equality modulo a combination of these EulerLagrange derivatives and derivatives thereof,
X
^
X Y :, X ; Y = P i 1 ::: k @ 1 : : : @ k ^@ Li  (2)
@
k 0

where X , Y and the P i 1 ::: k are local forms of the elds
and the range of the summation index k is nite.
A cocycle of the characteristic cohomology is called
trivial (a coboundary) if it is d-exact on-shell,
!p d!p;1 :
(3)
The cocycles with form-degree p = n ; 1 (in ndimensional spacetime) are conserved currents written as
dierential forms the representatives with lower non-zero
form-degree are sometimes called \higher order conservation laws". One can prove on fairly general assumptions,
that the characteristic cohomology is locally trivial at
all non-zero form-degrees p < n ; 1 for theories without
nontrivial gauge symmetry. However, in gauge theories it
may be nontrivial also at lower form-degrees. The lowest
possible non-zero form-degree at which it can be nontrivial is then related to the reducibility order of the gauge
symmetry 6].

CHARACTERISTIC COHOMOLOGY
The hidden symmetries to be discussed are closely related to the so-called characteristic cohomology of the
1

HIDDEN SYMMETRIES

where the sum runs over all sets fa1 : : :  ar : r = 1 2 : : :g
such that the form-degrees of the left and right hand sides
in eq. (7) match,

Let us rst discuss purely bosonic actions of the
Maxwell type,
Z X pa
S = 21 dn x (p(;+) 1)! pg F a0 ::: pa F a 0 ::: pa
a
a
Z
X
= 21
(;)npa dAa ^ ?dAa :
(4)
a

Xr (n ; p
i=1

a

pa

Eqs. (7) through (9) provide all hidden symmetries of
an action (4). The corresponding Noether
P currents, written as local (n ; 1)-forms, are jn;1 = ca0 :::ar (?dAa0 ) ^
: : : ^ (?dAar ).
Suppose now that (4) is only one part of an action
whose other part does not contain the elds Aa but only
additional (\matter") elds which do not bring in nontrivial gauge symmetries (i.e., the nontrivial gauge symmetries of the full action are still exhausted by (5)). Using the methods established in 6,1] one can then show
on fairly general assumptions that the result on the characteristic cohomology described above remains valid, i.e.,
the matter elds give no contributions to the characteristic cohomology at form-degrees < n ; 1, at least locally
(however, they may contribute at form-degree n ; 1). In
particular, this holds when the action is quadratic in the
matter elds. More generally, it holds for actions satisfying an appropriate \normality condition", see 6,7,5].
As an immediate consequence, the hidden symmetries of
such actions are still exhausted by (7).



tion is supposed to be a xed background metric with
Lorentzian signature (+1 ;1 : : : ;1). The action is invariant under the gauge transformations

a

pa ;1

a

(5)

;

1 ::: pa 1

where a 1 ::: pa ;1 are arbitrary gauge parameter elds.
Let us now look for the hidden symmetries of the action. According to our de nition, they are generated
by transformations which vanish on-shell on the eld
strengths,

hiddenF a0 ::: pa 0 , d(hiddenAa ) 0:
(6)
Hence, hiddenAa is d-closed on-shell. Furthermore
it is not d-exact on-shell because otherwise hiddenAa

LINEAR HIDDEN CENTRAL CHARGES
We assume now that (4) is part of a globally supersymmetric action whose remaining part contains only matter
elds and is quadratic in these elds. Accordingly, the
supersymmetry transformations are assumed to be linear
in the elds. One should have in mind here in particular models in a at spacetime but the arguments are not
restricted to that case. The linearity of the supersymmetry transformations implies that the hidden symmetries
which can possibly occur in the commutators of supersymmetry transformations leave the matter elds invariant and act on the gauge elds according to

were a particular gauge transformation on-shell. Hence,
hiddenAa is a nontrivial cocycle of the characteristic cohomology of the eld equations.
The relevant cohomology groups have been computed
in a at background in 1]. It can be checked that the
computation in 1] goes through also in a general background. One obtains that the characteristic cohomology
is represented (locally) at all form-degrees 0 < p < n ; 1
by the linearly independent exterior products of the
Hodge dualized eld strength forms ?dAa which can be
built at the respective form-degree. Hence, hiddenAa is a
linear combination of such exterior products with formdegree pa . In addition, hidden must be a symmetry, i.e.,
it must leave the Lagrangian invariant modulo a total
derivative. This is equivalent to the requirement that
the Euler-Lagrange derivative of hiddenL with respect to
each eld Aa 1 ::: pa must vanish and gives

hiddenAa =

X caa :::a (?dAa ) ^ : : : ^ (?dAa )
1

r

1

r

(8)

ca0 :::ai ai+1 :::ar = (;)(n;pai ;1)(n;pai+1 ;1) ca0 :::ai+1 ai :::ar
(8 ai  i = 0 : : :  r ; 1):
(9)

dAa = (p +1 1)! dx 0 ^ : : : ^ dx pa F a0 ::: pa :
a
The spacetime metric g  which occurs in the ac-

gauge ( )Aa = d a 
1
a=
1
(p ; 1)! dx ^ : : : ^ dx

; 1) = pa 

and the caa1 :::ar are constant coecients with the following symmetry properties,

Aa are pa -form gauge potentials with possibly dierent
degrees pa 2 f1 : : : n ; 2g, F a0 ::: pa are the corresponding eld strengths and ? denotes Hodge dualization, using
Aa = p1 ! dx 1 ^ : : : ^ dx pa Aa 1 :::

ai

X cab ? dAb 

cab = (;)npa cba  (10)
where the sum runs over all values of b such that pa =
n ; 1 ; pb . Furthermore, the transformations (10), and
linear Aa =
hidden

in fact all other transformations (7) as well, commute
on-shell with the supersymmetry transformations,
hidden susy ] 0:
(11)

(7)
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REMARK ON X -DEPENDENCE

Obviously they also commute with the spacetime symmetries generated by Lie derivatives of the elds along
Killing vector elds of the background metric.
These statements hold on simple and general grounds.
Let us denote the commutator algebra of supersymmetry transformations on the eld strengths and on
0 ] comm where comm
the matter elds by susy  susy
is some linear symmetry transformation. This gives
0 ]Aa ; commAa ) 0. Using the results on
d( susy  susy
the characteristic cohomology described above and the
0 ] ; comm is a linear symmetry, one
fact that susy  susy
0 ]Aa ; commAa linear Aa + dY a
concludes susy  susy
hidden
for some local forms Y a which are linear in the elds and
may depend explicitly on the x (see below). Hence, one
0 ] comm + linear + gauge (Y ) with
has indeed susy  susy
hidden
linear
hidden as described above.
(11) holds because linear supersymmetry transformations commute with the gauge transformations (5),

susy  gauge( )] = 0

It should be stressed that all statements about the
characteristic cohomology and hidden symmetries made
above refer to the space of local forms and transformations which are allowed to depend explicitly on the spacetime coordinates x . This is relevant even in a at background. Indeed, for an action (4), the characteristic cohomology at form-degrees < n ; 1 is bigger in the restricted
space of x-independent local forms than in the space of all
local forms. The additional representatives are exterior
products of the ?dAa and at least one dierential dx 1].
They give rise to symmetries of the action analogous to
(7), but, in contrast to the latter, these symmetries are
equal to gauge transformations on-shell and are thus trivial global symmetries according to modern terminology
(cf. 5], section 6).
Of particular importance in the context of linear supersymmetry are the linear symmetries of this type because
they can show up in the commutators of supersymmetry
transformations (see 4] and the example below). They
are given by

(12)

where the gauge parameter elds are inert to supersymmetry transformations, susy a 1 ::: pa ;1 = 0. Indeed, the
commutator of any global symmetry transformation and
a general gauge transformation (with arbitrary parameter elds inert to the global symmetry) either vanishes
on-shell or generates a nontrivial gauge symmetry of the
action on-shell. In our case susy  gauge( )] is eld independent when evaluated on any of the elds (susy is
linear in the elds, while the gauge transformations (5)
do not involve the elds). Hence, the eld equations cannot appear in susy  gauge( )] because they are linear in
the elds. Furthermore susy  gauge( )] is not a gauge
transformation (5) as one has susy  gauge ( )]Aa = 0
(susy gauge ( )Aa = 0 owing to susy a 1 ::: pa ;1 = 0, and
gauge ( )susy Aa = 0 because susy Aa is a linear combination of fermionic elds). This gives (12) and implies that a supersymmetry transformation of any eld is
gauge invariant and thus that the gauge elds Aa 1 ::: pa
can enter the supersymmetry transformations only via
the eld strengths F a0 ::: pa . This implies (11) because of
hiddenF a0 ::: pa 0.
Note that it only depends on the eld content and the
spacetime dimension whether or not there is a hidden
symmetry (10): there must be at least two gauge potentials whose form-degrees add up to (n ; 1) (these two
gauge potentials may coincide if n = 4k +1 and pa = 2k).
However, the fact that the hidden symmetries commute with the spacetime symmetries limits the possible
situations in which they can be present in the commutators of supersymmetry transformations. For instance,
Poincare-invariant models in at four-dimensional spacetime must have extended (N  2) supersymmetry in
order that this can happen (see below).

X

b
trivialAa = cab
p ^ (?dA )
(n;pa ;1)(n;pb ;1) cba  p > 0
cab
(13)
p = (;)
p
where the sum runs over values of b and p such that
pa = p + n ; 1 ; pb , and cab
p are p-forms with constant

coecients,
1 ab
ab
1
p
cab
p = p! c 1 ::: p dx ^ : : : ^ dx  c 1 ::: p = constant:
The x-dependent gauge transformations corresponding to
(13) are easily found using dx = d(x ),
trivialAa dX a , trivial Aa gauge(X )Aa 
X
X a = p1! cab1 ::: p x 1 dx 2 ^ : : : ^ dx p ^ ?dAb : (14)

EXAMPLES IN 4 DIMENSIONS
Examples in 4-dimensional spacetime involve only 1form or 2-form gauge potentials. Symmetries (10) then
shift 1-form (2-form) gauge potentials by the Hodge dualized eld strengths of 2-form (1-form) gauge potentials.
Hence, models with such symmetries must contain both
at least one 1-form gauge potential and at least one 2form gauge potential.
Furthermore, Poincare invariant models in at 4dimensional spacetime must have extended (N  2) supersymmetry in order that the commutator of two supersymmetry transformations can contain a symmetry (10).
This is seen when one writes the supersymmetry transformations as
3

susy =

N
X
( i Di + i D i_ )
i=1



Di A = "ij ( j ) 
Di B  = 4(  i )  Di B  = 0 
Di j = ; 2i "ij  F   Di j_ = ; 21 ij H _ :
The D i_ are obtained by complex conjugation. The anticommutators fDi  D j_ g read
fDi  D j_ g k = ;i ij @_ k
+ 2i " (3jk il ; ij kl )@ _ l
;i ij @_ k
fDi  D j_ gA = ;i ij  _ F
fDi  D j_ gB  = ;i ij  _ F 
+ij (H  ; H  )_ :
(15)
The terms H  ; H  in fDi  D j_ gB  make up a
symmetry (13) and are thus x-dependent gauge transformations of B 1 and B 2 on-shell (see below). F and
F  are modulo particular gauge transformations of A
and B  equal to @ A and @ B  respectively. Hence,
fDi  D j_ g equals ;i ij @_ plus gauge transformations

_

where i are constant anticommuting Weyl-spinors, i_
are their complex conjugates, and Di and D i_ generate
the corresponding supersymmetry transformations of the
elds (using conventions as in 8] for the Minkowski metric diag(1 ;1 ;1 ;1)). The commutator of two supersymmetry transformations involves the anticommutators
fDi  D j_ g and fDi  Dj g (and the complex conjugates
of the latter). fDi  D j_ g contains no Lorentz-invariant
piece and therefore it cannot contain a hidden symmetry
ij
(10). In contrast, fDi  Dj g can contain " hidden
where
ij
ji
hidden = ;hidden are hidden symmetries (10). The antisymmetry in i j requires N  2.
The VT multiplet 2] meets these conditions. It contains one 1-form gauge potential, one 2-form gauge potential, one real scalar eld and two Weyl fermions (one
may add an auxiliary real scalar eld). In that case one
has fDi  Dj g " "ij hidden with hidden as in (10). Another example, the VTT-multiplet, will be given below.
Trivial symmetries (13) in four dimensions act nontrivially only on 2-form gauge potentials and involve constant
ba
1-forms cab
1 = ;c1 . The antisymmetry in a b requires
the presence of at least two 2-form gauge potentials. As
the cab
1 are 1-forms, these symmetries are not Lorentzscalars but Lorentz-vectors. Therefore they do not occur
in fDi  Dj g but in fDi  D j_ g and this can happen already for N = 1 supersymmetry.
A multiplet where a symmetry (13) occurs in the commutator of supersymmetry transformations is the N = 2
double tensor multiplet 4]. Another example with N = 2
supersymmetry is the VTT multiplet. An example with
N = 1 supersymmetry is the \N = 1 double tensor multiplet" considered in 9]. It can be obtained by truncating
the VTT multiplet, see below.
The VTT multiplet contains one 1-form gauge potential A = dx A , two 2-form gauge potentials B a =
(1=2)dx ^ dx B a (a = 1 2) and two Weyl fermions
i
 (i = 1 2). It is convenient to combine the 2-form
gauge elds in complex elds,
B = 21 dx ^ dx B   B  = B 1 + iB 2 :
The Lagrangian for the free multiplet is
L = ; 41 F  F  ; 12 H H ; 2i i @ i
where
F  = @ A ; @ A 
H = 16 "  F = 21 "  @ B :

on-shell.
The anticommutators fDi  Dj g read
fDi  Dj g k = i"jk "il "( @ )_ l_ + (i $ j ) 0
fDi  Dj g k_ = 0
fDi  Dj gA = ;"ij " H
fDi  Dj gB  = ;"ij " ("  F  + 2iF  )
fDi  Dj gB  = 0:
(16)

The second term in parantheses in fDi  Dj gB  is a
gauge transformation. Except for this gauge transfor1
2
mation, fDi  Dj g is given by ;"ij " (hidden
; ihidden
)
on-shell and contains two hidden symmetries:
a
a
hidden
A = H a  hidden
B b  = 12 ab "  F  
a
i
hidden
(17)
 = 0 (a b = 1 2):
Hence, the commutator of two supersymmetry transformations is given by the sum of a translation, two hidden symmetries (10) and gauge transformations on-shell,
0 ] ;a @ + (a + a)1
2
susy  susy
hidden ; i(a ; a)hidden
+gauge( = a B ; ia x H + 2iaA )
+gauge( = a A )
a = i( i  i0 ; i0  i ) a = "ij i j0 (18)
where gauge ( = : : :) and gauge( = : : :) are gauge
transformations of A and B  with particular gauge parameter elds respectively ( = 1 +i 2 ). Notice that the
0 ] arise
x-dependent gauge transformations in susy  susy
indeed from a symmetry (13) given by

The N=2 supersymmetry transformations Di to be discussed read

4

trivialB = ; 2i dx a ^ dx H

are also relevant to nonlinear supersymmetric extensions
of such models. In particular they matter to the construction of interacting supersymmetric models from free
ones. For instance, suppose that one looks for a nonlinear extension of a free supersymmetric model with a
hidden symmetry occurring in the commutators of supersymmetry transformations. Then this hidden symmetry
must have a counterpart in the algebra of supersymmetry
transformations of the nonlinear model, i.e., the nonlinear model must have a symmetry of a similar type. In
general this symmetry will be a nonlinear extension of
the corresponding hidden symmetry of the free model.
This can restrict the possible interactions quite severely.
There are two possibilities to be distinguished:
(i) The hidden symmetry of the free model is extended
to a nontrivial global symmetry of the interacting model.
Examples have been constructed in 10{14] where the
central charge symmetry of the free VT multiplet is extended to a nonlinear global symmetry.
(ii) The hidden symmetry of the free model is promoted to a gauge symmetry of the interacting model.
This case is very interesting. In particular, the gauging
of central charge symmetries is inevitable when one wants
to couple a supersymmetry multiplet with such a symmetry to supergravity. Four-dimensional globally supersymmetric models with a gauged hidden central charge were
constructed in 15{19], again for the VT multiplet. Supergravity models with VT multiplets were constructed
in 20] (see also 21]).
In fact, the gauging of hidden symmetries is interesting
in its own right, whether or not these symmetries occur
in the commutator of supersymmetry transformations. It
is a nontrivial matter already in the non-supersymmetric
case, as was discussed for a particular example in 22] and
in greater generality in 23]. Supersymmetry makes gauging of hidden symmetries even more involved because it
requires to combine it with other interactions between
p-form gauge elds and matter elds (in some cases it
may even be impossible to gauge a hidden symmetry in
a supersymmetric way).
The gauging of hidden symmetries may be combined
with other interactions peculiar to p-form gauge potentials 24], such as Freedman-Townsend interactions 25]
or couplings to Chern-Simons-forms. A large class of
such supersymmetric models in four dimensions was constructed in 26] (see also 27]). Among others it was found
there that gauged hidden symmetries in general do not
commute with the supersymmetry transformations onshell, in contrast to their counterparts in free models (cf.
Eq. (11)). Analogous models in dimensions n > 4 might
be interesting especially in the string theory context but
it seems that no such models have been constructed yet.

, trivialB a = 12 "ab dx a ^ ?dB b :
(19)
If one sets A = 0, 2 = 0 and drops D2 , the

above formulae provide the Lagrangian, the supersymmetry transformations and the commutator algebra of
these transformations for the N = 1 double tensor multiplet 9]. The symmetry (19) appears then in the N = 1
commutators fD1  D 1_ g.

REMARK ON DUALITIES
Assume that two linear supersymmetric models of the
type considered above are related by a standard duality
substituting an (n ; p ; 2)-form gauge potential A~ for a
p-form gauge potential A (including the case p = 0 representing scalar elds). More precisely, the duality substitutes ?dA~ for dA both in the Lagrangian and in the
supersymmetry transformations (with appropriate coefcients), and thus eld equations for Bianchi identities
(and vice versa). Hence, if an expression in the eld
strength components and their derivatives vanishes in
the original model then its counterpart in the dual model
vanishes at least on-shell.
As a consequence, the duality does not modify the
on-shell supersymmetry algebra on the eld strengths
and matter elds (recall that the gauge elds occur in
the supersymmetry transformations only via the eld
strengths). The only eect of the duality on the onshell algebra of supersymmetry transformations is thus a
possible modi cation of the hidden symmetries and the
gauge transformations which appear in the algebra. In
particular, hidden symmetries (10) and/or trivial symmetries (13) may thus be present in the supersymmetry
algebra after a duality transformation even when they
were absent before.
For instance, the hidden central charge symmetry of
the VT multiplet arises in this way by dualizing one of
the two real scalar elds of an abelian N = 2 vector multiplet. Similarly, the two hidden central charge symmetries
(17) of the VTT multiplet arise by dualizing both scalar
elds of an abelian N = 2 vector multiplet. The latter
duality gives also rise to the symmetry (19) in the commutators of supersymmetry transformations. Analogous
statements apply to the N = 2 double tensor multiplet
4] and the N = 1 double tensor multiplet 9] as these
multiplets are dual to an N = 2 hyper multiplet and an
N = 1 chiral multiplet respectively.

CONSEQUENCES FOR INTERACTIONS
Even though the previous discussions apply to linear models and supersymmetry transformations, they
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