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MESOSCOPIC LIMIT FOR NON-ISOTHERMAL PHASE TRANSITION
NICOLAS DIRR AND STEPHAN LUCKHAUS

ABSTRACT. Motivated by the problem of modelling nucleation in non-isothermal systems,
we consider the stochastic evolution of a coupled system of a lattice spin variable ¢ and
a continuous variable e (corresponding to the phase and the energy density of a contin-
uum system). The spin variables flip with rates depending both on a Kac-potential type
interaction with the spins and on an intercation with the e-field, which plays the role
of the external field in ferromagnetics but evolves by a diffusion equation with a forcing
depending on the spins.

We analyse the mesoscopic limit, where space scales like the diverging interaction range
of the Kac potential, y~!, while time is not rescaled. By writing ¢ as random time change
of a family of independent spins, and thus reducing the problem to investigating integral
equations parametrised by independent random variables, we show that as v — 0 the
average of the spins over small cubes and the field e converge in probability to the solution
of a system of nonlocal evolution equations which is similar to the phase field equations.
In some cases the convergence holds until times of order log(y~1).

1. INTRODUCTION
The phase field equations
om(t,x) = Am(t,z) = V'(m(t,z)) + \0(t, x) (1.1)
d(m(t,z) +0(t,z)) = AO(t, ) (1.2)

were introduced by Caginalp [3] to describe solidification in the presence of heat diffusion
on a scale where regions of well defined phase form with a small transition layer between
them. Here m is the order parameter, 6 the temperature and V' a double well potential
whose wells correspond to the two phases. In this case, e = m+ 6 is the energy density. We
refer to [12] for a large bibliography and an extensive discussion of deterministic models
for moving phase boundaries coupled with diffusion.

After diffusive rescaling with a parameter of order of the coupling constant A, one should
expect in analogy to the behaviour under rescaling of (1.1) with constant 6 the formation
of a sharp interface moving by an evolution of the type V"= —x 46, where V' is the velocity
in direction of the outward normal and x the mean curvature of the phase boundary.

Indeed, for classical solutions this was shown by Caginalp and Chen, [4]. Soner [11]
showed that the rescaled solutions of a slightly modified version of the phase field equa-
tions converge on a subsequence to weak solutions of the Mullins-Sekerka problem with
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kinetic undercooling. The theorem holds beyond possible singularities of the (classical)
limit equations.

It is important to choose the coupling constant and the rescaling parameter of the same
order: The coupling should influence the (in unscaled time) slow motion of the interface,
but should not interfere with the formation of a sharp interface. (Otherwise the Stefan
problem is expected to be the limit problem, cf. [1], [4].)

Although we consider here only the mesoscopic limit, we were motivated by the problem
of nucleation in the presence of heat diffusion. (For an introduction to the modelling of such
problems, see for example [12].) One has to analyze a stochastic process approximating
the phase field equations and its deviations from this deterministic limit, which allow the
system to tunnel through a potential barrier and hence a droplet to nucleate.

In order to add stochasticity to a deterministic equation, one could in principle add
noise to it. We chose however to model the phase change by spins o(z) € {—1,+1},
which flip at rates depending both on the average of their neighbours via a Kac-Potential
and on the local average of the field. Thus we avoid the difficulties of adding noise to
nonlinear equations in higher space dimensions, and we hope that our approach, though
a caricature, is more natural because the mechanism behind phase change phenomena is
actually collective behaviour of interacting atoms:

We think of a lattice where each point represents a more complicated cell which is
characterized by two possible states, e.g. an inversion like in ferroelastica or a different type
of symmetry breaking. In our simplified description this state is modelled by a {—1,+1}-
field on the lattice, the spin field. Furthermore the thermal energy at a point of the lattice
is characterized by a field which could be thought of as a field of phonons, for simplicity
performing a random walk on the lattice. The energy is the sum of the potential energy
and the thermal energy.

We assume that the evolution of the thermal energy for a given spin field is well ap-
proximated by a discretized heat equation. (This is for example the case if there is a large
number of phonons on each lattice point which jump independently given the spin field.)

So in the following our model for the thermal field is a deterministic diffusion equation
coupled to a spin flip model, where the interaction between the spins is described by a
Kac-potential. In order to simplify the proofs, we work with the continuum heat kernel.

The choice of the Kac-potential was motivated by [6] and [10] who study spins on a
lattice which interact with the average of their neighbours and a constant external field.
However our methods are different.

Similar to the model studied in [1], our model has a quantity which is locally conserved
during the flips: The sum of potential and thermal energy. This models the effect of latent
heat and is responsible for recalescence, see [12]: As the total energy is conserved, a flip in
a region can change the thermal energy locally in such a way that the spin has before and
after the flip for some time the unfavourable sign with respect to the thermal field.

Note that in our model the spin-flip process is non-Markovian, the joint system (o, e)
however is a Markov process. We hope that the behaviour of a coupled system consisting
of one fluctuating quantity and a deterministic equation for a locally conserved quantity
will be interesting from a purely mathematical point of view, e.g. with respect to spinodal
decomposition and large deviations.

For simplicity, we will assume from now on only periodic boundary conditions.
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As in [6], we expect convergence to a nonlocal equation in the mesoscopic limit, where
space scales like the diverging interaction range of the Kac potential, v !, while time is not
rescaled:

om = —m—+b(B[Jxm+ \]) (1.3)
oie(0,m) =0, (0 +m) = A6. (1.4)

Here b € C} antisymmetric and monotone, e.g. b = tanh, x denotes convolution and X is a
small parameter. .J is a C! kernel with compact support which we assume for simplicity to
depend only on |z — y|, however we expect the results to hold for kernels J(z,y) as long as
they are smooth enough and supported in |z — y| < 1, say. A kernel J(z,y) = J(z,z —y)
would also include the case of reflecting (Neumann) boundary conditions. Note that at this
stage we do not require J > 0, i.e. not necessarily ferromagnetic interactions, but for the
sharp interface limit, which is not studied in this paper, J > 0 is expected to be crucial.

For technical reasons we are forced to introduce a smoothing Kxm(t, x) which makes the
part of the interaction of the spins which is done through their action on the field and the
feedback of the field on the spins also of local mean field type. Here K¢(z) := ¢ K (¢"'x)
for a rapidly decreasing nonnegative K € C? which has integral normalized to 1, such that
K¢ xm approximates m for small e. We will let ¢ — 0 slowly.

As € is much larger than the lattice spacing, the kernel seems to be necessary for a
discretized heat equation as well. We remark that because of P(€) * P(t) = P(t + ¢€), this
corresponds to a cut-off at the singularity of the heat kernel.

Setting § = e — K¢ x m, we arrive at the so-called mean-field equation for m :

om(t) = —m(t) +b(B[J *m(t) + AK % (e — K *m)]) (1.5)
oe(t) = Ae(t) — A(K®xm)(t)

From now on we will always express the field 6 as a function of e and m.
In this paper we allow a more general version of equation (1.5), which we replace by

Oym = —mey (J *m, AK{ x m, AK§ x e) + c_(J * m, \K x m, \K§ x e). (1.7)

Here 0 < |c_(z,y,2)| < ¢4 (z,y,2) are bounded and uniformly Lipschitz in all arguments,
so that we can define a jump intensity by ¢(£1,z,v, 2) == 1 (cy(2,y, 2) £c_(z,y,2)). J is as
above, the kernels K, K, are C', symmetric, rapidly decreasing or with compact support.

Now we want to define the stochastic process on the lattice which converges on the
mesoscopic scale to this equation (or rather to a space-discretized version with discretization
parameter .) We require that this stochastic process takes values in {—1,1} x R and we
construct it as random time change of a family of independent spins:

Let N (-, x)4eza be a family of independent Poisson processes with rate 1, and let Z7 be a
cube such that for a period n., of order (A\y) ™! or slightly larger Z¢ = Z7 +n.,, Z¢ holds. For
any lattice site x € Z7 we construct a strictly monotone function (random time change)
T(jg (t,z, N) : [0,00) — [0, 00), T:g, (0,2) = 0. We set T7(t,z, N) := T;%y (t,z, N) and

€0 €0 €0

define
03, T7, N|(t, z) = o () (—1) ¥ (77 2:0)2). (1.8)

This allows us to construct the spins for any v on a common probability space (2, F,P),

defined by the paths of N(-,x),cz¢ : Remember that a single site flip process o(t) with
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intensity ¢ can be constructed as time changed rate 1 flip process, o(s) = o(T'(s)), where
T(s) is given by

10)= [ etotops = [ ea(r(s))as

In our case T is vector-valued, however the principle is the same. (See also [9] for multi-
parameter time changes.) As Z7 is finite, we need only finitely many time changes for a
fixed value of 7. The others we set equal to the identity.

Set for o(x) € {—1,1}, f, e € L®(R4) (or in L>®(T)), where T, is a cube of sidelength
A~! with periodic boundary conditions)

clo, f,el(x) :=c(o(x), (] * [)(ya), A(KT * e) (va), (K3 * f)(yz)) - (1.9)
The intensity ¢ is a positive function and A > 0, € > 0 may tend to 0 slowly as v — 0.
In order to treat lattice functions as function defined on T, or R?, we define the operation

fef: f(s,r):=f(s,) for —%gn—'ywi < %, i=1,...,d. (1.10)

If the spins interact by the Kac potential J % ¢7, this leads to the following integral

equations for the time changes, where we set T7(t,r) := T, ¢ (t: 7, N) to simplify notation.
0

) = /0 e[ [17)(5), L) (8). o [17])(5)]ds (1.11)
M T(t) = P(t)*eo /0 P(t— s) + A[K % 57[17](s)]ds. (1.12)

Whenever necessary, we will extend functions defined originally on Ty or Z7 periodically
to functions defined on the whole of R? or Z? without stating it explicitly.

(1.5) corresponds to the case where K1 = K, Ky = K x K, ¢(+1,+,-,+) +¢(—1,-,-,-) =1
and c(+1,xy, x9, x3) — (=1, 21,29, x3) = b(Bz1 + B(x0 — 23)).

If one requires the spins to be independent and their mean to be exactly the solution
m? of (1.7), then the corresponding T:gjeo (t,xz, N) solve for any path N of the family of

Poisson processes and for any o, o the following equations, where again 7™ := T

™' () = /0 c [UW[TmW](s),W(s), e[m?](s)]ds (1.13)
elm?](t) = P(t)xey— /0 P(t —s)x A[K *m7(s)] ds (1.14)
m?(t,z) = E[o7[T™](t,z)]. (1.15)

The expectation is taken with respect to the product of the distributions of the independent
Poisson processes N and of the independent oy(x). The spins interact only with the ex-
pectation of their neighbours, not with the actual configuration. Note that (1.14) is purely
deterministic.

With the help of the time changes, this auxiliary process (called Mean-Field process) can
be constructed on the same probability space as the process defined by (1.11-1.12).

In chapter 4 we will show that on not too large time intervals, (1.13) to (1.15) approximate
(1.11), (1.12) in probability as v — 0. The weak dependence of expressions like .J % o7 on

each single spin makes the convolution behave like its mean.
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To show this, we make use of the fact that the inverse functions (77)~! =: T} and
(T™")~! =: T exist and solve a fixed point problem of the type

Ty(t) = / FA(T,, N)(s)ds,

were NN is a path of the family of independent Poisson processes and the dependence of F;
on T;(x) for a single lattice point x is weak. Formally, we write

Tl(t) — TQ(t) = /Ot[Fl(Tl,N)(S) - Fl(TQ,N)(S)]dS + /Ot[Fl(TZ,N)(S) - FQ(TQ,N)(S)]dS.

For small times, the first integral can be estimated by

VAT N)6) = BT )@l < s T(5) - To()

on a set of large probability, using the fact that expressions as fot J x07[T|(s)ds are by the
law of large numbers ”almost Lipschitz in 77 in a sense to be specified in chapter 4.

The second integral is small on a set of large probability by the law of large numbers
for the independent ¢”[T™"]. The convergence of the inverse time changes implies the
convergence of the time changes for ¢ bounded away from 0.

In chapter 5 we use the short time convergence of the time changes to show the conver-
gence of the block spins

Aya([T)(s,2)) =74 S0 o7[T](s,y) (1.16)
lz—y|<y~«

to the solution of a system similar to (1.6, 1.7) on intervals of length of order log(y™!).
Remarks Corresponding to the more general form of the order parameter equation (1.7),
it would be desirable to replace (1.6) by a diffusive equation of the form d,e = V(L(0)V¥6)

and a relation between e and # involving the phase which is some regularization of

1+o0 l1—0

e(0,0) = o, (0) +

By (0).

But although we need not really the precise form of the heat kernel but only the short
and long time asymptotics and the averaging behaviour, the question whether our results
extend to nonlinear diffusive equations is not clear.

It would also be desirable to get rid of the auxiliary kernels K¢, which force the interaction
to be of Kac-type everywhere. We expect however that the qualitative behaviour of the
diffusively rescaled limit equations (1.5, 1.6) does not depend on the auxiliary kernel,
because € can be chosen much smaller than the transition layer thickness.

Our methods use only basic calculus and elementary probability, i.e. the weak law of
large numbers. This can be formulated as a property of product measures. Thus we hope
that that our approach might appeal to researchers interested in phase-change models but
without probabilistic background.

Parts of this paper are based on a diploma thesis at the University of Bonn, [8].

Acknowledgements We would like to thank Errico Presutti, who was very generous
with his time and advice, moreover we would like to acknowledge kind hospitality at the

University Roma II.
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2. DEFINITIONS AND RESULTS

2.1. Definitions. We give a precise definition of the periodic boundary conditions:

Definition 2.1. Let vy € R, v N\, 0, let 0 < C! < A(y) ' < Cllog(y)| ™t and further let
0 < pad < C < oo. Assume v and N(vy) are such that n, ==y 'py € Z and let

ZV::{xEZdzogxi<n7for1§i§d}.

Ty := R?/py, T := T;. We require functions on R to be py-periodic, and so the discretized
functions on the lattice are periodic with period n,. They are uniquely defined on Z¢ by
their values on Z7.

Definition 2.2. Define
CO([tuta), 27) = {f:[tr, ta] x Z' = R| f(,w) € C°([t1, t2])), f(t,) is ny—periodic,
L ([tyta],27) i= {f:t1, 1) X Z = R| f () € L®([t1, 1)), f(t,) is ny—periodic,

| flloo,tr te = sup |f(t,z)] (= sup |f(t,z)], if f is ny— periodic.)
TEZT, e[t ,to] Zaxt1,t2]

Definition 2.3. (Space of time changes)
C’RLG([tl,tz],Z'y) ={fe€ CO([tl,tz],Z7)‘f(t1,$) = a and (x) holds for all x € Z"}.
1 _ fls) = f(®)

— <
M — s—1t

Remark 2.4. For any f,g such that (x) holds, we have

s lf(s) ~ gls)| < swp [f7(s) g ) < Msup (s) — g(s)]
[0,¢] J([0,t))Ng([0,¢]) [0,¢]

Remarks on Notation
We denote by D([0,t] x Z7,Z¢) the cad-lag-functions on [0,#] x Z7 with values in the
nonnegative integers Zg , equipped with the product (over x € Z7) of the Skorohod-metrics
and the corresponding Borel o-Algebra. For the precise definition we refer to standard
textbooks of probability theory such as [9].
Further we use a V b := max{a, b}, a A b:= min{a, b}.

2.2. Results.

Lemma 2.5. Existence
For ¢(£1,-, -, ) uniformly Lipschitz-continuous, % <c< M, and N Cad-lag with values
in N?', {X e,v} C (0,1], there is a family of time changes T, . (tw) € CRpo([0,1], 27)
0> ’

such that for o?[T), | as in (1.8) the system (1.11), (1.12) is solved for any o7 (0) and
0
eg € L>®. Moreover, let

< M for s,t € [t1,1q] (*)

() = [0, T, L (N), NI(2) (2.1)
e?gg,eo)(t) = 6[0(703,60)](75); (2.2)

then 0(700 eo)(t; N) is cadlag and we have with respect to its natural filtration F, (which is

not the filtration generated by N ):
Elo] )(t + )| F]

(0'0 ;€0

(5). (2.3)
)

v t),e” t
(707 00y O O
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As e[o?[T7]}|[t, t.] is a measurable function of (0(70_7 o) (t, N) |ty 227, €(t1)), standard methods
07

from measure theory show that (o7(t),e”(t)) is Markov.

Lemma 2.6. Existence of the Mean-Field Process

Under the same conditions, there is a solution of (1.13)-(1.15) such that o7 [T™", N](-, x)
are Markov and independent for different x. Moreover, m?(t,x), x € Z7, solves for t > 0
the system

dm(s) = —mes(m?,efm))(s) — c_(m, e[m7])(s) (2.4)

emmﬂ:lmﬂm—fPWﬂHAmWW%Ws (2.5)

m'(0,2) = molz), (2.6)
ci(mye,x)(s) = c+1,mm, e+ c[—1,m,el.

Theorem 2.7. Convergence of the time changes on short time intervals.

If the conditions of Lemma 2.5 and Lemma 2.6 hold and if T7 and T™ as in Lemmas
2.5 and 2.6 are constructed from the same initial values oy and ey, then there are constants
C1, C depending only on the kernels J, K1, Ko, on the bound M and the Lipschitz constant

of the intensity ¢ such that for all 0 < At < (iCl ((1+ ||eo||Loo))\6’1)2) and for all 6 > 0

At (p*\*
P sup  [T7(t,z)=T™ (t,z)] > & <Csrs <6—3> : (2.7)

TEZ70<t<AL

Theorem 2.8. Block-spin convergence
Under the assumptions of 2.7, but now for 0 < ¢(-) < M < oo, let (m?,e[m?]) solve (2.4,
2.5) starting from oo, €. Let A,-a(-) be as in (1.16). If C~' < elog(y™!) and X is as in
2.1, then there is a 0 < hg < 1, such that for all 1 — hy < a < 1 there are real constants
a, ¢, b, v € (0,1) such that for v <
P [SUD(g 0105y 2 [y (07(0) = Ao (VTN 0)] > 2] <4° (28)
P [subisatogtr 1 lo[T71(8) — elm™)(O)l o,y > 7] < o (29)
The proofs allow to give explicit bounds for hy, Yo, a, C, b.

Corollary 2.9. Continuum limat
1. Let (m™<,e) solve ( 1.6), (1.7) on [0,alog~y 1] x Ty with initial value (mqg, eg) € C*.
Let \™2+¢ 1 < C|logn|. Let oq be distributed according to a product measure g such
that for some @, b € (0,1)

po([| Ao (00) = mo(72) | > 77) <" (2.10)

Then there are , b,y such that (2.8) holds with m™<(t,yx) replacing A,-«(m?(t)).

2. Let (m, ) solve (1.3), (1.4) on [0, T|xT. Construct the process (67, e™*) from the time
changes as in (1.11) for o independent with distribution ug, €7<(0) = 6y + K€ * my,
Ky =K« K, K| = K, and c¢(0, 21,39, 23) = 3[1 — b(Bo - (21 + x9 — x3))]. If (2.10)
holds and €(y) — 0, but e=* < Clog(y™!), then for all § > 0

P [supjo ry.r |4+ @) () = m(t, 1)
7

>5} 5 0as 7y — 0. (2.11)



Remarks: Ad 1: The conditions on mg could be relaxed, we refer to [6] for a refined
discussion of initial values for spin-flip processes with Kac potentials.

Ad 2: The convergence of the equations with auxiliary kernel K€ to the equations (1.3),
(1.4) on long time intervals [0, A"?] for € and A of the same order could fail because there
is an unstable equilibrium for (1.5).

3. EXISTENCE AND PROPERTIES OF TIME CHANGES

3.1. Proof of Lemma 2.6. We use the Banach fixed point theorem for short time exis-
tence and iterate the result. Let

B0, to]) i= { £ € (10,16, 27)| £(0,2) = mofe), 17t )lwoso < 1.

sp D)= fs2)] QM}_

z, 0<r<s<to |T - 8|
For f € B([0,t]), c[-,-, -] asin (1.9) and e[f] as in (1.14) let T'(f)(¢,z) be the solution of

T(F)(t2) = /0 [o7 (Y (=) N TDE) TG, el ()] () ds.

Now set A(f)(t,z) := E[o"[T(f)](t,z)], where o7 [T(f)](t,z) is defined in (1.8). We show
A(f) € B and A is a contraction for ¢, small enough. Set || - || := || - ||0c,0,t0-
First note that for any x the inverse time change T'(f)~!(¢, z) solves

1 t ds
)09 = || T T AT o
This shows that T'(f)~!(¢,z) is adapted to the o-algebra F := o(N(s,z),s < t,00(x)),
hence the inverse T'(f)(¢,x) is a stopping time for F. The bound ¢ < M and the strong
Markov property of the Poisson process N with the stopping time T'(f) imply A(f) € B :

AN B -AL)] < 2P [N(T(f)(s)+M]t—s])=N(T(f)(s)) > 0]
= 2(1—e M=)y <2M|t — 5.

Now we show that [|A(f) — A(g)|| < 3||f — gl| for ¢, small enough. We will show that for
to small enough

(3.1)

IT(5) - TGl < {17 ~ o]l (32)

From (3.2) we get, using the strong Markov property of the Poisson process N(-,z) with
the stopping time 7'(f)(t,z) A T(g)(t,z) and the independence of oy and N

()t 2) = Alg) (1, 2)] < 2P[|N(T(F) (8. 2),2) =N (T(g)(1,2), 5)]| > 0]

= 2P| N (T (f)(t,5) V T(g)(t, 2),2) = N (T(f)(t, %) A T(g) (¢, w),2) > 0]

<28 |V (1) (. )AT @) 1.0+ 1 gl ) - NI (D) ,0)AT(0)(0,0).) > 0



Proof of (3.2):
As T(f), T(g) € C};([0,t0], 27), remark 2.4 shows that it is enough to give an estimate
for the inverse time changes. As c is Lipschitz and bounded away from 0, % is Lipschitz,
say with Lipschitz constant L. So we get from (3.1) for all z :

AL [ |KS* T(T(H)7 () - K3+ 5(T(9) " (5)) | ds

AL [ K el 120 () =K elgl (7)™ (5) s

0

We denote the first integral by I, 1, the second by I 5, and the third by I5.
Further we have for any y € 27, s € T'(f)([0, to], ) N T(g)([0, 0], x), f,g € B by adding
and subtracting f(T(g) (s, z),y)

[F(T(F) ™ (s.2),9)—9(T(9) ™" (s,2),9)| < 2M2§)utp] T ()t 2)=T(g)(t, z)]

+sup | f(t,y) — g(t,y)|
[O,to]

This implies Iy 1+11 5 < toC(J, M, Ky) (||T(f)(s) — T(g)(s)||+]|f—gl|) - Further

[ 15 1T 0) - K < el (176 s

[ K+ el (20 6) | - K = el (7)) s
Let the first integral be I3 and the second 1,. We claim:
I < Vitoe ' C(K, Ky, M)lleoll = || T(f) (s) = T(g)(s)l - (3.3)
As T(f)"H(s) AT (g)"'(s) = M™"s, we get

I, < MHT ||/ ||K€*6 ||C()1 M—1s,Mtg]; L) dS,

where C%!([a, b]; L>°) means Lipschitz in time uniformly in space. For r; < r, we get from
(1.14) (with m” replaced by g) by a change of variables in time

elgl(r2) —elgl(r)) = (P(r2) — P(r1)) *eo + /T2 P(s) * [A(K® xg)(r2 — 5)]ds

" /T1 P(s) * [([AK®) * (g(r2 — 5) = g(r1 — s))]ds.
0

From standard estimates on the heat kernel (use K % 0,P = VK % VP) and the Lipschitz
continuity of g we get
1
| KT * e[g](r)HCO’I([M—ls,MtO};LOO) <C(M)s 2e L

(For the precise calculations and justification of the change of variables see also [8].)
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To estimate I3, note that the inverse time changes are piecewise differentiable with de-
rivative bounded by M. Hence by the change of variables T'(f) !(s) = r and estimates on
the heat kernel we get

st [ [19P(=s) = (VRT) =306 st < 't a7l

We can iterate this short time existence with the new independent initial distribution
o9 == o [T|(to), as long as ||¢|| does not explode. This cannot happen on compact time
intervals. The Markov property follows directly from the strong Markov property of the
independent N with stopping time 7" . O

Proof of the differential equations (2.4) (2.6) (Mean field equations):
Using the fact that the first jump time of a Poisson process is exponentially distributed, one
gets from the representation (1.15) and the strong Markov property the following estimates:

m7 (t+h)—m7(t)
h

m7(t)—m7(t—h)
h

Letting h — 0, the claim follows from the uniform continuity in time of m” and e[m?].

= (1-m(t))c[— L m", e[m"]] (¢t) = (L+m” ())c[+1,m", e[m"]] (t)+0(1)

= (—m (t=h)c[— Lm?, em"]] (t—h)— L+m? (t—h)c[+1,m7, em™]] (t—h)+o(1).

3.2.  Proof of Lemma 2.5
As Z7 contains only finitely many sites, only finitely many spins flip in any compact time
interval, so we can construct the time changes piecewise, thus the existence is clear.

Lemma 3.1. Measurability properties

For the definition of D([0, Mt] x Z7,Z{) see the remarks on notation in section 2.
1. The Map {—1,1}7" x L*°(Ty) x D([0, Mt] x 27, Zs) — C};,([0,t], 27)
(00, €0, N) = 1) . (N) is continuous.
2. The Map from {—1,1}2" x L®(Ty) x D([0, Mt] x Z7,Z) to {—1,1}*":
(00, €0, N) = 0700, T} .. (N), N|(t,x) is Borel-measurable.

J0,€0

Proof Claim 2. is a consequence of 1., as for large integers n the map
t+1 X
N — n/ ag(x)(—l)N(T (s’m’N)’m)ds
t

is continuous because of the continuity from the right of NV and 1., moreover because of the

cadlag property, this map converges to ag(x)(—l)N(Tv(t’I)’I).

1. follows directly from

Lemma 3.2. Fiz N € D([0, Mto)x Z7,Z¢) and let ey, &g € L>(Ty), to > 0 and 0 < v < 1.
Let d denote the Skorohod-metric. Then there is for any such N a 6o(N) > 0, such that

for all 0 < 0 < 6o(N) the inequality ||€y — eo||r(r,) + supz, d(N(-,z), N(-,x)) < § implies

sup |T00760(t7 Z, N) - Tﬂo,go (t> Z, N)| < C(N)(s

[0,to]x 27
10



Sketch of the proof of 3.2:

We give here a sketch of the proof and refer to [8] for the calculations. The proof is done
by induction on the number of jumps of N. If two paths are close in the Skorohod-metric,
then their respective jump times are close. From (1.11) we see: As long as both time
changes are on each site x between jump number 7, and jump number i, + 1, the change
of their difference depends only on the error in e, which in turn depends on ||y — || and
the difference of the time changes. _

As the times at which jump number i, + 1 occurs for N and N are less than 6 apart
and the intensities are bounded, we can estimate the contribution to the distance of the
time changes coming from the neighbourhood of a jump: From the distance of the time
changes before the jump, we can derive an upper bound for the time interval in which one
time change has reached the jump time and the other has not. One has to be aware of the
possibility that one time change could be several jumps ahead of the other.

In order to prove property (2.3), we need the following lemma:

Lemma 3.3. Let P be a probability such that N(t,z), x € Z¢ is a family of independent
Poisson processes and T7 as in (1.11). Define for u := (uy) zezv, Uy € [0,00) a o-algebra
by

Fu :=o0(00(x), N(Sz,2), Sx <y, x € Z7),
and fort >0

Frig=1{4€ |J Fu: ANI(t.2) <vi] € F, for all v € (0,00)%

u€(0,00)27 zZ

Then N(t, x) = N(T”(to,x) +t, x) — N(T”(to,x),x), x € Z7, 1is again a family of inde-
pendent Poisson processes (with rate 1) and independent of Fin ().

Remark: T7 is a multi-parameter stopping time in the sense of [9]. The theorem is true
for multi-parameter stopping times in general. It is a generalisation of the strong Markov
property for the Poisson process.

Proof (Sketch) The proof mimics the proof of the strong Markov property for the Poisson
process. Forz; € 27,1 <i<m, 0 <51 <t1... < Sy < tigmys A € Frovy, 2ij € Z and
S=A ﬂ:ll ﬂ;n:ll{ N(ti,j,xi) - N(Siﬂ',l‘i) = Zi,j}; we show that

m  m;

P(S) = JJ]]PUN(ti; = sij) = 2,})P(A)

i=1 j=1
by approximating 7' from above by functions with finitely many values and using the in-
dependence of the increments of the Poisson process and the independence of the family

(N> 2))zez- 0

Now we can continue the proof of property (2.3): As in the case of one-parameter stopping

times, ag(:n)(—1)N(T‘:0’60(t’“7’N)’“7) and hence e[o?[T7]](t) are Fr+(t)- measurable and thus
independent of N(s,z). From (1.11) and (1.12) we see that
T7 N)— T N)y=T1" ,
00,€0 (to *s ) 00,€0 (t07 ) ag(a:)(—l)N(Tvo,eo(to)),e[m[Tvﬂ(to)
11
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50 for 0, 0 €y o) @S 1IN (2.1, 2.2)

1)N(Tv[ﬁ\t0](s),z) — F(o7 ~

Ugao,eo)(to +s,1) = ‘7200760)(750)(_ (00760)@0)7 ezgoyeo)(tO)a N),

F measurable. As N is in distribution a family of independent Poisson processes, (2.3) is
a consequence of the theorem of Fubini.

4. CONVERGENCE OF TIME CHANGES

In this section, we will proof Theorem 2.7. Fix eg, 0J and define a function F[T|(t,z, N)
for T(z,t) € CY, 0”[og, T, N](t,z) as in (1.8), e[o”[T]] as in (1.12), T~" denoting the
inverse function and c[-, -, -] as in (1.9) by

1

F7 , ) = ‘
71, ) | (=)NED LT (2, 2), el [TN(T (1)) (2)

Obviously, (T7)7!(t,z) = fot FY[T7)(s,z)ds. In the same way, we set
1

F™T\(t,z) :=
) o e (4,20, e 0,2 )

and have (T")~(t,z) = [ F™ [T™"|(s,x)ds.
Set I7(z,t9) := T7([0, o), x) NT™ ([0, o], x), then it is an interval and

sup |T7(t,z) = T™ (t,2)| < M sup |(T7)7"(t,2) — (T™ )~ (t,2)],
[O,to] 17($,t0)

as the time changes are in C,,, so we have

sup |17 (t,x) = T™ (t,7)| < M( sup

t
/ (F[I7)(s,2) — FY[T™ (s, z)) ds
[O,to} I (I,to) 0

+ sup

t Y Y Y
/ (F7[Tm |(sy,z) — F™ [T™ ](s,w)) ds
I (z,to) 140

)

Lemma 4.1. There is for any to, A € (0,1], [e(7) +payly t — 00 a set Gy and a constant
C such that

The local convergence of the time changes is a consequence of two lemmas:

P(Q\ Go) < Cty™* (WPAE_Z)d,

and such that on all paths in Gy for all T}, T € C'RLO the following holds:

sup

/ (FY[T1](s, 2)— FV[T3](s, ) ds
I (to) 140

A
< OV (120 el I ~Tello g e

12



Lemma 4.2. Ifty, A, € (0,1], [e(7)+pac]y+ — oo then there is for any 6 > 0 a set G1(9)
and a constant C' such that

2 d ;
P\ G1(8)] < Cto | 67 (M) N t_o(wm)) |

€3 g €2
and for all paths in G1(3) the following estimate holds for all x € Z7 :

sup
I (m,to)

[ ) ) s

< SV C (Vi +Ae ).

Theorem 2.7 follows by taking ¢, so small that C/%y (14+2(1+||egl|z=)) < 537
Proof of Lemma 4.1:

Set e[T] := e[o”[T]] and || - || := || - ||oc,0,t- We use the Lipschitz continuity of * and split
the integral up as in the proof of (3.2). It is enough to estimate integrals of the following
type uniformly in z :

/0 ke (FIR(T (s,0)) = T (15 (5, 0) ) ds (4.1)
/ ke (e[Tl](Tl_l(s)) . e[Tl](T2_1(s))) ds (4.2)
Ot

/0 Ke*(e[Tl](T;l(s))—e[TQ](Tz—l(s))) ds (4.3)

In order to estimate (4.3), we perform a change of variables T, '(s) = s, put one deriva-
tive from the Laplacian on the heat kernel and interchange the order of integration of the
time integrals to get

(43) < OV

AWVWHEWM@—H%WWS (4.4)

Loo
For (4.2) we set T° := T, ' VT, ', T; ;== T, * AT, " and get:
¢ Te(r)

(4.2) g/K€*<[P(T11(7“))—P(T21(r))]*eo‘ +‘ /P(s)*[AKe*H[Tl](TS(r)—s)]ds‘

0
+‘ /OTim P(s) ¥ AK€ (o—v[Tl](T,-(r)_s)_m[Tl](TS(r)_S)> o ) "

We call the three integrals on the right hand side (over ds and dr) I;, I, and I3. From
standard estimates for the heat kernel (put one space derivative on K¢ and one on P(s),
then use T;(s) > Ms™'), we get:

Ti(r)

t

I < /KG*(P(Tfl(iU,S))—P(Tz_l(ﬁﬁjs))>*€0 <Vitoe ' Cllegl| || T1 = T3],
0

I, < Ce'Vi|Ti—T|

13



For I3, we put one derivative on the heat kernel and interchange the order of integration.
We get

Mt Mt
I3 §0/|VP(S)| * VK| * /(JH[TI](TS(T)—s)—o_"/[Tl](Ti(r)—s)‘dr ds
T;l s

We have for functions f, g such that (%) in 2.3 holds and functions o(s) taking only the
values +1 the inequality

/2 0(f(s)) —o(g(s))] <4M N(ty,t2) sup [f(s) = g(s)],

t1 [tlrtQ]
where N (t,t2) is the number of jumps of o in [f(t1) A g(t1), f(t2) V g(t2)]. If we apply this
to os(r) := (—I)N(Tl(rfs)"ﬁ”) and T;(s,y), T%(s,y), it remains to bound

ue’E)‘yEZV ZEZd

sup Y N(Mto,y) / (Z (VK)G(UU‘FZP/\)) : (4.5)
lv—yyl<3

on a set of large probability. If we can do this, the proof of the lemma is finished, because
we can estimate (4.1) and (4.4) in the same way. Note that for |Z27| = O(y7!), e = O(1),
it is simply a law of large numbers.

We can divide Ty in ky cubes Wy, [pre 1] < ky < 2[pre 1], each of them of side length €,
e < €< 2e. (To estimate expressions concerning the kernel J, simply put € = 1.) Note that
for K with compact support or rapidly decreasing,

Z H Z (VK) (u — v+ zp)|HLOO(Wk) < e 10(K).
k 7,d

Thus
(4.5) < C(K) sup 3 (l)d N(Mto,y).

1<k<k B €
=M=y dist(yvy, W) <3

If we apply the weak law of large numbers for the random variables N (Mtq, x) — Mty which
are independent with mean 0 and variance Mt,, we get

P 3 (g)dN(MtO,y) > on | < €4 (l)d.

. to \e€
y: dist(yy,Wr)<Z

(The constant accounts also for the fact that there are not exactly (%)_d grid points in
each Wy.) Now sum over k. O

Proof of lemma 4.2: By a change of variables (I"™")~!(s,z) = s’ and as + < M we see that
it is sufficient to estimate uniformly on [0, ¢]
t
/ e[0T (s), T [T™ ](s), elo [T™ ])(5)] — ¢ [0 [T™](s),m7(s), e[m?](s)]
0
14

ds.




As ¢ is Lipschitz continuous, we see from (1.15) that it is enough to estimate expressions
of the type

I(ut) =Y / (Z Ke(uv—i-zp,\)) dv (av[Tm”](t,y) - E[av[Tm”](t,y)])
YEET |y_ny|<y \PEL1
(Also the e-dependent difference can be written in such a way.)

In principle, the estimate we need follows from the weak law of large numbers for the
independent o?[T™"](t,y). But we need a uniform estimate for (t,u) € Mt, x Z7. So we
divide Z7 as in the proof of the previous lemma in cubes Wj(d) of side length of order d.
Within such a cube, I(u,t) varies at most by C(d)d, because the o7 are bounded.

Then we divide the time interval in subintervals I; of length 6. The m” are Lipschitz-
continuous, so they do not vary by more than 2M¢ in one Ij.

By the law of large numbers for the independent random variables N(TW (t,x)+ M, z),
we can bound the number of jumps of the o?[T™](t) in I}, on a set of large probability in
the following way: For |s —t| < 0

P Z (U’Y[TmV](t’y) — 07[me](s,y)) > oM§| < C(M(S)_QM(S (g)d
yeWy

To conclude, we apply the law of large numbers for a family of representatives I(uy,t;),
U € Wk(6), tj € ]j'

5. CONVERGENCE OF THE BLOCK SPINS

In this section we prove theorem 2.8. For A,-« as in (1.16), we use the abbreviation
If = glla == Ay (f — 9)||z= and show as a first step:

Lemma 5.1. For At as in Theorem 2.7 and m” and o"[T"] starting from the same ey, o,
we have for small y

P
[0,A¢]

c 1y AN
sup [lo?[T7](t) —m7(t)]l, > 5] < Npoars Px7*7) (At <6—3 +7*
Proof We write

Go(6,t, 1) == { ‘Aw ((ﬂ[m (t) — m”(t)) (x)‘ > a}

and have
Go(6,tw) C {\Aw—a (710 = (0)) @) > g}

U {‘Aw (o711 — (7)) (3:)‘ > g} .

15



Call the first expression on the right hand side G§(4, x,t) and the second one G§(0, z,1).

We have for t5 :=t— 16M

0
(o] C Y m7 _
G2 (57$7t) = {HT T ||0070aAt > 16M2 }

{AM (‘N <Tm’(t5,y)+g,y> -N (va(“’y)’y)‘ 4 1) )= g}
= G3(8) + Gyu(6,t,2),

C

observe that {T7(t), va )} € [T (t—2), T™ (t— &) + L (1+M~2)] follows from
IT7(t) — T™ (t)] < 752, and G4 contains paths where the A,-a- average of jumps in this
time interval exceeds §/4.

The probability of the set G3(J) is bounded by lemma 2.7. For each fixed (¢,z) we can
estimate P(G¢(d,t, 1)) by the Chebyshev-inequality for the independent o?[T™"].

As N(T™ (t,y) + -,y) are distributed as independent Poisson processes, the probability
of G4(6,t,z) for a fized x can be estimated by the Chebyshev inequality as well. To estimate
the probability of their union, we proceed as in the convergence proof for the time changes:
We divide [0, At] in subintervals of length of order § and T, in cubes of side length of
order ¥'=*¢0. Then A,-a(f(t))(x) varies on these subintervals and cubes by less than 4, if
[ is either o7 [T7](t) — o?[T™"](t) or |[N(T™ (t5)+2)—N(IT™ (t5))| A 1. So we choose again
representatives (t;, zx) in each cube and have

U (G1(5,t,2) UG4(6,t,2)) C | (G1(CT16,ti, 24) U Ga(C 16,5, m))

t,l’ k,Z

Now we use the results obtained on intervals of lenght At to obtain convergence on
long time intervals. This will be done by a method adapted from [6]: We define a piece-
wise deterministic process, called quasi-solution of the Mean field equation on an interval
[0, £(A(y ))] for t(A(y)) < Clog(y™") :

Let (M7, 4, (t), €eo.o0(t)) be the solution of (2.4), (2.5) starting from the initial values
eg, 0g. The quasi-solution (m},(N),eX,(N)) for the interval size At and the path N is
defined as follows: Let (e7(¢,N), 0" (t,N)) := (e[o”[T?(N), N|(t),o?[T"(N), N](t)), then

(A €xy) (1) = (Mev(kat, N0 (kALN)» €er (kat, N0 (kat,n)) (E— EAL) for t € [kAL, (k + 1)At).

This means that (m},(N), e, (N)) is updated at the end of each subinterval of length At
by the true value of the stochastic process (o?[T7], e[c?[T7]]).

Note that a rough a priori estimate gives ||e[T7]||z~ < C +t(\) + €2, hence we can find
a At(7) such that Theorem 2.7 can be applied for ey := e[T7]|(kAt), k < t(v)At~!.

Now we condition stepwise on the o-algebra generated by o7[T7](kAt) and we derive
from property (2.3) and Lemma 5.1: The probability of ¢7[T7](¢) to deviate in the a-norm
from the quasi solution on [0,%(\)] by more than ¢ is ¢(\)(At)~! times the probability
estimated in Lemma 5.1.

Now we choose 6 := ~¢ for a ¢ small enough. As e !, (At)™*, py(,) and t(7) are all of at
most logarithmic growth in v, we have the desired estimate (2.8) Wlth the quasi-solution
m}), in place of m?.
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As e is much larger than v, the convergence of A,-«(¢7[1"7]) implies the L>°-convergence
of e[o7[T7]] in probability to the quasi-solution, this means we have (2.9) with another ¢
and e}, in place of e[m7].

An estimate for the distance of the quasi- solution and the solution of the mean-field
equation will conclude the proof. For this, we have to estimate the distance of two solutions
of (2.4), (2.5) starting from different initial values.

Denote for simplicity the solutions by (m,e) and (m,€) respectively. As K¢ is C?
0 :=e— K xm solves 0,0 = A} — K x Oym, so e solves

e(t) = P(t) * [e(0) — K xm(0)] + K« m(t) — /Ot P(t —s) + [K®* Oym)] (5.1)
The operator A, commutes with convolutions, so we have
le—€lla < [le(0) —€(0)lla + ClP(1)]| L IIm(O)t— m(0)]a
+0 (@) = B0l + 1P ] 1000(6) = A s ).

For 0;(m(s) — m(s)) we substitute equation (2.4). We now make use of the fact that for
Lipschitz-functions ¢

|e(K % g1) — c(K % g5)] < LC||g1 — golla + LCe™ 772 (5.2)
Then we get

le(t) —e@)lla < falle—=€)(0),m —n,t) + C/Alle —ella(s)ds + Cely' 7,

fa((e=2)(0),m=mm,t) = [(e=€)(0)[la+C (m(O) m(0) [+l (t) =m(t)| o+ /IIm ads)-

The Gronwall lemma gives:

le(t) = e®)]la < e ((fa(e(0) — €(0),m — i, t) + € 1y") (53)
We observe that for & < ¢(+), ¢ Lipschitz

o JLef)(s)ds _ o= [Le(f2)(s)ds

t
< FL [ 1) - fls)lds. (5.4
Using the variation of constants formula for (2.4), which is
t
m(t,x) = e~ Jo c+(m(s),e[m](s))dsm(0) +/ e~ Js c+(m(s).e[m](s))dr . (m(s),e[m](s))ds,  (5.5)
0

we get from (5.4), (5.3) and (5.2) for 0 <t < At < 1:

t
s[ur]>||m ifla < C (791" a+||m(0)—m(0)lla+Alle(0)—5(0)||a)+0/ S{(}lgllm—mllads
0 .S

which allows to apply Gronwall’s lemma to supy g [[m(r) — 7(r)||a, Which implies

l1-a
Jn(s) = )l < ¢ (L (0 =)o + [0~ ). (5.6)
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The || - ||o-convegence of the o7[T"7] implies the L*°-convergence of the energy e, as € is large
compared to any power of .

Because (At)~! and t(\) are of logarithmic order in -, this implies the convergence
theorem for the ¢7[17] : We iterate the estimates for the different time steps of size At,
using at each end point the estimate for the quasi solutions and (5.6) to get the error at
the beginning of the next interval.

To conclude the proof of Theorem 2.8, we have to free ourselves from the restriction
1 < ¢(+). We first show that the solution e of (2.5) on [0,¢(7)] x Ty is uniformly bounded
by C(log(A™') + C). (Note that on a fized time interval [0, 7], a uniform bound follows
immediately from (5.1) and the boundedness of 9;m. ) First note that d,e = A(e — K¢*m)
implies

¢ = / eo(r)dr = / e(t,r)dr for all t > 0.
Ty Tx

By considering e — € we can assume € = (. Then we have for f*:= fVvO0, f~:=—(fA0):

f’]f/\ f+ - f’]f/\ fﬁ < |T)\|||f||L°°
Further define

Pr,(t,r) ==Y P(t,r+2py), r € T, t>0
2€Z4

where P is the euclidean heat kernel on R?.

For ¢ — oo, the kernel Pr (t,r) — |T;|™' uniformly in r. From this and the scaling
relation |T|Pr,(A~2¢, A~tr) = |T|Pr(¢,r) we find a ¢* such that 2 < |[Ty|Pr, (A%, 7) < 2.
If we apply the estimate to Pr,(A72t*) * (ef — ¢g ), we get [|[P(A72t*) * €| < 1€l oo
Now we estimate the contribution of the 9;m-integral in (5.1). We assume A~%¢* > 1 and
have by integrating by parts for ¢} := t*\ 2

/OAP(tf\—s)*at(Ke*m(s))ds = /t*AlP(tf\—s)*at(Ke*m)ds+[P(s)*(Ke*m(tf\—s))]?
_ IA@P@HUﬁ*m@}$»%.

This implies ( as [y, 0,P(s) = Ct™")

//\_ : POAT2* — s) x 0(K€ x m(s))| < C(log(A™1) + C).
0

By dividing [0, #(7)] in subintervals of length A~2¢*, we find:

sup  Je(t,2)] < Cleo)(1+log(A™1)). (5.7
[0,4(7)]x T
So for ey fixed Ae(t) is uniformly bounded by some Alog(A~1)C(ey). (Note that without
space rescaling, the same proof yields the boundedness of e, itself)

Now replace ¢ by ¢ := ¢(,+, -, x(*)), where x € C§°(R) is such that x(s) = s on
[-A—1, A+1]. The random variables e[T7}] as in (1.14), where in (1.13) the intensity is c¢*
instead of ¢, converge by the convergence theorems for the case ¢! < M, which are already
shown, in probability to the solution of (2.5) with ¢ instead of c. (Remember that due to

the scaling relation between v and €, the convergence of the spins in the a-norm implies the
18



convergence of e in the L>-norm.) But from the bound on e we see that this is (for A large
enough) equal to the solution for ¢, because e does not reach the cut-off. e[T]] converges
in probability to e, so they do not see the cutoff on a set of large probability. But on this
set, 1] are equal to the time changes defined without cut-off.

6. CONTINUUM LIMIT: PROOF OF COROLLARY 2.9

For the first part of the corollary, it remains to bound ||A,-«(m?)(t,vz) — m(t, 72)]co,
where m? solves (2.4) and m solves (1.7) for a sequence |lambda(7y), €(y) with the usual
logarithmic growth restrictions.

We use the integrated version of eqn. (2.4, 2.5) and (1.7, 1.6). (See (5.5), which gives
the integrated version of (2.4), the space continous eqn. (1.7) is treated in the same way.)

We use the following facts:

e ¢, c_ are bounded and Lipschitz in their arguments, 0 < c..
e Because of (5.7), we may still use (5.4).
o sup,cy | A,-a(f) — f| < Ly' @ if f is uniformly Lipschitz.
Setting
I(t) == |||m7(t,7) — m(t,7)] + A K * (€7 —e)(t,7)||| oo(Ty)
we get directly from the facts listed above:

-

I(t) < 1(0) +C /t I(s)ds + Ct L

The claim follows now from the Gronwall lemma together with the convergence of the initial
conditions in the a-norm in probability and the logarithmic dependence of € and A on 7.

In order to prove the second part of the corollary, we only have to show the convergence
of solutions of (1.5, 1.6) to those of (1.3, 1.4). For simplicity we will use that K(y) = 0
for |y| > € and f]Rd K¢(y)dy = 1, but the result holds for rapidly decreasing kernels as
well. Note that in this case in the integral formulation of (1.4) the part coming from the
variation of constants formula is f(f P(t — s) * Oym and |0ym| < C by (1.5). We start with
the following observation:

JRCEERCT

Lo (T)
t—e
S/ 1Pt = 5) * K= P(t = s)l[p1co)l[ 2o (ry + 2€]l fll oo )
0
Set I(s) == [pu|[(P(t—s) *x K — P(t — s))(«)|dz, then

I(S)S/ / / VPt = 8),(amrdrle — y|| K< (y)|dydz < CcI,(s), where
Rd |<e

1
C
VPt— o7 d Ke dd S
//QISe/o VPt = 8) o dr K 0) e < ——

So [ I(s)ds < C(t). Extend periodically to get the result for T, and the corollary follows

from Gronwall type estimates as in the previous proofs.
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