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1 Introduction

A famous theorem of H. Lebesgue states that a Lipschitz function f : [0, 1] — R is differentiable

at almost every point. Approximation by linear functions at the scale r is measured by
) 1
Bi(z,r) = al{lefRsup{ﬂf(y) —(ay+b)|:y € (x—r,x+r)Ndom(f)}. (1)
Thus Lebesgue’s theorem implies that
71,1_{% ﬁf(xa ’I“) = 07

for almost every x € [0,1]. This conclusion was profoundly strengthened by C. Bishop and P.
Jones who proved in [J, B-J] that

> BHx,27) < oo,
k=1

for almost every x € [0,1]. They also showed that this result is optimal within the class of
estimates that hold almost everywhere. This however does not rule out the possibility that
a better estimate holds on a small subset of [0,1]. In particular, the question remains open

whether for an arbitrary Lipschitz function f : [0, 1] — R the estimate
Z ﬁf(x’ 27}6) <0 (2)
k=1

holds in at least one point x € [0, 1].

This problem is linked to the ongoing efforts to provide geometric understanding for J.
Bourgain’s results ([B-1], [B-2]), that there exist points x € [0, 1], at which bounded harmonic
functions have finite radial variation. That is, when u is bounded and harmonic in the unit

disk then there necessarily exists « € [0, 1] such that
1 )
/ |Vu(re*™™)|dr < oo.
0

The link is P. Jones’ estimate [J1] that

1 , o0

/ IVu(re®™)|dr < C > Bz, 27%),
0 k=1

where f is the Lipschitz function obtained by integrating the boundary values of u, in other

words



In this paper we exhibit a Lipschitz function f : [0,1] — R for which 332, 8;(x,27%) = oo at
every x € [0, 1]. The feedback to the result on radial variation is the clarification that Bourgain’s
proof does not find points where the Lipschitz functions f is particularily flat, but rather it
exhibits points around which f is remarkably symmetric. Indeed, by our example points where
f is flat might not exist; by Bourgain’s results (see [B-1],[B-2]) points of symmetry do exist,
and they even form a set of Hausdorff dimension one.

Beside this connection with the radial variations of harmonic function, our estimate (2) is
also closely related to the original result about differentiability. In fact, it is the only sufficient
condition in terms of decay of the B¢(x,-)’s as we notice the following

Remark

i) Given an arbitrary function f and a point z from the interior of its domain. Then the

condition (2) implies that f is at x differentiable. This is a consequence of the estimate

‘f(y) —fz) ) - 1)
y—z

S 16 Bf(l‘, R)

y/_z/

if 0< % <(y—2),(y —2) and y,y, 2 2 € [x — R,z + R], which is in turn implied by

fly) = f(z) .
‘ y— 2 §8ﬁf( ’R)

where ap is an optimal slope in the definition (1) of G¢(z, R).

i) If Bri1 € (0,2 05k), |sk — sk+1| < Br and supy, |sk| < oo then the Lipschitz function f which
satisfies f(x) = spa for |z| = 27 and is affine on any of the intervals +[27*~1 27*] also

fulfills 87(0,27%) < Gy, for all k.

2 The construction of a rough Lipschitz function

The result of this paper is the following

Theorem 1 There exists a Lipschitz function f on [0,1] such that
Z Bf(xa Q_k) = 00,
k=1

at every x € [0, 1].

We deduce Theorem 1 from the following seemingly weaker statement. In fact we show that

most (in the topological sense) Lipschitz functions satisfy the conclusion of Theorem 1.
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Theorem 2 For any K there exists a Lipschitz function h on [0,1] with Lipschitz constant

< 1/K such that
Z ﬁh(l‘y 2_k) > K7
k=1

at every x € [0, 1].

We will first present the reduction of Theorem 1 to Theorem 2. Here we employ a general
scheme based on Baire’s category theorem. We work with the complete metric space formed
by imposing the constraint Lip(f) < 1 on the unit ball of L*.

Proof of Theorem 1: Assuming that Theorem 2 has been proven we obtain from it Theorem

1. Obviously, that the metric space

X =({f € L>[0,1]: Lip(f) < 1}, 1] - [loo)

is complete. Moreover, notice that on the product [0,1] x [0,1] x (X, || - ||«), the mapping

(33',7”, f) - 6}0(33,7"),

is continuous due to the compactness of the slopes for which the 3;’s are realized. We show

first that for each K € N the set

Bx={feX: :dx € [O,l],iﬁf(xﬂ_k) <K}
k=1

is a closed subset of X. To this end we let f,, be a convergent sequence in By, such that f, — f

in the || - ||oo— metric. We prove that then f € Bg. Let x,, € [0,1], such that
Z Bfn(xna 271{) < K.
k=1

Then, let = € [0,1] be a cluster point of the sequence z,,. Without loss of generality we may

assume that x,, — z. To show that f € By, we will verify that,
Z ﬁf([L‘, Q_k) S K
k=1

Select any N € N and € > 0. Recall now that ;(x,r) depends continuously on x and f. Hence
we find n = n(N), such that

35(,27%) = g (w274 <



for any £ < N. Thus we estimate,

N N N
Zﬁf(x72_k) < Zﬁfn(xn’Q_k) + Z |Bf(x72_k) _Bfn(xn72_k)|
k=1 k=1 k=1

€
< K+ N—.
< + N

As N € N and € > 0 are arbitrary we showed that f € Bg.

Next we prove that none of the sets Bi, K € N, has an interior point in X. Indeed, let
K < o0, let f € Bi and let € > 0. Next we choose f; € C* such the Lip(f) is strictly (!) less
than 1, and

I1f = fillzoojo,) < €/4.

Clearly, as f; € C*° we find a constant C; such that

sup Y By, (z, 27%) < O1.

z€[0,1] p—1
By Theorem 2, there exists fo, so that Lip(fs) < (1 — Lip(f1))/2, and || f2||e < /4, and such
that, for any x € [0, 1],
> B (x,27%) > K+ Cr + 1.
k=1
Now define
g=h+f.

Then we have that Lip(g) < 1, and ||f — g||s < 3¢/4, and for any z € [0, 1],
Zﬁg(:t,Q_k) > K+ 1.
k=1

Summing up, we showed that g € X is e—close to f € Bk and g ¢ Bg. Thus Bx C X does not
contain an interior point. The union of the sets By, is then a first category set in the complete

metric space X. By Baire’s theorem we obtain that,

X\ U By £0.

KeN

This proves Theorem 1 since each f € X \ Ugen Bk, is a Lipschitz function for which,
Z Bf(x’ 2_k) =0
k=1

for any = € [0, 1].



Comment: The use of Baire’s Theorem shortened this paper considerably. Indeed, without

Baire we would be forced construct a Lipschitz Function A in Theorem 2, which satisfies also

sup i Bu(z,27%) < 0.
z€[0,1] k—1
The modifications necessary to obtain this are quite unpleasant, technically, and more impor-
tantly they are obscuring the nature of the problem at hand.
Before entering the proof of Theorem 2 we would like to point out that in 1980 M. Talagrand
constructed a collection &€ of pairwise disjoint intervals in [0, 1] covering a set E of measure

1/100, and for almost every = € [0, 1]\ E there exists a sequence of intervals [,, € £ such that,

3 | 1]
— |I,| + dist(x, I,,)

> K > 1.

The proof below is based in Talagrand’s method of construction, as presented in [J-M-T]. Here
we have to review it carefully, since we need to iterate it, to handle an exceptional zero set and to
describe the path from Talagrand’s collection to the Lipschitz function required in Theorem 2.
Proof of Theorem 2: In this proof and the rest of the paper we abbreviate J A by A*.
Step 1. We fix a large constant K € N, and a sequence ¢, > 0 of small positive constants

such that

> e < 1o;

o =100
and

o0
> eyl loge,| = oo
p=1

We start defining a collection D of disjoint closed subintervals of [0, 1]. Let D; be a collection
consisting of equidistant closed intervals in [0, 1] of equal length [; such that 0,1 € D}, |D}| = ¢

and define the function
l
dist(z,D}) + 11

After p steps of the construction we have arrived at collections

bl (l‘) =

’Dlj...”Dp

where each D; is a family of pairwise disjoint closed intervals of equal length /; and also the
covered closed sets Df are pairwise disjoint subsets of [0, 1]. Together with these families we

also have the functions

Li
bi(x) = — :
(z) dist(z, Dj) + I;

where b; = 0 if D; = 0.
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Moreover, we are given a sequence of open sets

with H; € H; 1 C [0, 1] such that
(Diu---uUD;)NH;=0forj=1,....,p—1.

Now we define the new set
p
H,={ze€[0,1]: Y b(z) <K+1landz ¢ (D;U---UD;)} C (0,1).
i=1
If |H,| < 4,41, then we put D,;1 = 0 and are ready to iterate the procedure. Else, we pick a
collection H,, of disjoint open intervals of equal length L, € (0,1,/50) such that [Hy| > |H,|/2
and that € H), provided dist(z,H) < L,y1. For each J € H, we define D, (J) to consist
of the single closed intervals of length 11 = Lyy16p11/|H;| < Lpy1/2 concentric with J. We

put

Dp+1: U Dp+1(J>7
JEH,

and we define as before

lpt1
b = A .
P ) = i D) + o

For by, we have in this case the following crucial estimate:

|5l

b > 2 1 £ 3
,, toei(2) 2 22l log 2 | 3)
Indeed for each J € H, we obtain, by integrating %,
L
[ b (@) = Dy () log 2.
J Ep+1

Then we use that

Z |Dp+1(=])*| = Ep+1,
JeH,

to arrive at (3). Again we are ready to iterate our construction and keep on doing so.
In this way we obtain the full family D = U,Z, D), and the exceptional set H = ()2, H).
Notice that |D*| < 1/100 and that we can suppose

|I| <1007%|I'| if I € D, and I' € D, with k > 0. (4)



We now show that |H| = lim, . |Hy| = 0. Indeed, otherwise we see that (3) will hold
for all p sufficiently large. We would then obtain a contradiction from the following chain of

estimates which uses the fact that the sequence {H,} is decreasing

LM =
225p+1|10g | < Z/H bp+1(z)

P=po Ep+1

P+1

N Z /Hp\Hp+1 b3()

=2
< K+2.

Step 2 Here we want to understand how the functions b, defined before can be used to get

a lower bound on ;. We have the following simple statement.

Lemma 1 Let x,a,a + 2b € [0,1] and b > 0. Suppose the measureable set M C |a,a + 20]
satisfies | M Ala+b, a+2b]| < b/49 and that the lipschitz function f : [0, 1] — R fulfils | f'—xm| <
1/8 a.e. on [a,a + 2b]. Then

9 2b
Br(x,27%) 2 (49) 2b+ dist(z, [a,a + 20])’

if max(|z — al, |x —a — 2b|) € (27771, 27H].

For the proof it is sufficient to notice that on one of the subintervals [a,a + b], [a + b, a + 20]
the gradient of f differs, up to a subset of measure b/49, with a fixed sign and in modulus
at least 3/8 from the best approximating slope a ( as occuring in (1)), which moreover has
to be in [—1/8,9/8]. This shows that f minus its best affine approximation oscillates at least
(3/8)(48b/49) — 2(b/49) = 16b/49 and so the difference can not everywhere be smaller than
8b/49. Since 27F71 < 20+ dist(x, [a,a + 2b]), the lemma follows.

Step 3 From Step 1 and Step 2 it is clear that we can hope to achieve a big sum of the
B¢’s only where Y-, b, became large, i.e. at all z € [0,1\ (D* U H). Since the remaining set, in
particular D*, is fairly large we have to iterate the construction from Step 1 in order to get a
large 3, (-, 27%) also there.

For this purpose we associate with any closed interval I € [0, 1] the affine map ¢; such that

I =1[9:(0),¢;(1)] and put D' = D. Now let
Dt ={¢;(J) : I €D and J € D} for i > 1.

We define
= U’Di,H] :¢](H) and H> = U H[.

i=1 1eDo>



As D™ is countable, H* is again of measure zero. We also have (D'*1)* C (D')* and more
precisely, for I € D' we get [(D't')* N I| < |I]/100 and hence |(U;s; D?)* N I] < |I]/99.

We define M, to be the set of all x such that there are i« > 1 and [a,a + 2b] € D' with
r € [a+b,a+ 2b)\ (D)* and choose the lipschitz function

folw) = [ xan (0 dt = |60 N[0, 1]

To ensure that (2) fails also in all z € H*™ we use a slight modification of an idea of
C.Goffman ([G]). Since |[H*®| = 0, we find {G}2, open sets such that |G| < 27% and
H*>® C Gjy1 C G C [0,1). We can even assume that |Gy N I] < [I]/100 for all connected
components I of G. Indeed, once this is true for Gy, ..., G} we can modify G} by replacing
for each connected component I the set Gy, 1 NI by Gy NI, k' sufficiently large. In this way
we get a new open set ék+1 D H® contained in Gy and sufficiently small in any component
of Gy.

Let 7 be the system of all connected components of Gy, so {Z}32, forms a sequence

of nested families of open intervals. It is now easy to see that we inductively find numbers

wy € [—1/8,1/8], I € Uy, L, such that for I = (a,b) C I' = (a', V'), [ € Tj.11, I' € T},
fir1(b) = fon(a) _ foll) = fula)|

b—a v —a

1

. )

where

i) = fo) + 3 [ 3 wrine @) d.

IEI]'

Our final function fo will then be given by fo(x) = [ goo(t) dt with
9= Xm t Z Z WIXI\G;y1-
J=1 IEI]'
Note that ||geo — X |lee < 1/8 because the family {I\ G;+1 : I € I}, k > 1} is disjointed and
that for (a,b) € Z,,

1 1
[fie(0) = fi(@) = (foo(b) = foo(@))] < £l(a,0) N G| < 5l —al.

Together with (5) this gives
foo(b)_foo(a) o foo(b,>_foo(a/) 1

b—a v —a >§

for I = (a,b) C I' = (a',V'), I € Zj41, I' € ). This shows that f. is not differentiable at any
x € H*. Thus due to part (i) of the Remark in the Introduction we have 3%, B;._ (z,27%) = oo
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for all z € H*. It is also clear from Lemma 1 that limsup,_ . Bz (z,27%) > 2/49 if z €
N:(DY)*. Since the Lipschitz constant of f., is not more than 2, Theorem 2 will be established
if we show that 372, B¢ (z,27%) > K/50 for all z € [0,1]\ (H* UN;(D")*). Therefore, we can
suppose z € I\ (¢;(D*) U ¢;(H,)) for some I € D' and p > 1. This ensures of course that we
can find I; € D; (as defined in Step 1) such that

2 I. P I -
L] | %] where I; = ¢;(1;).

K+1< e I, o U | S
jzjl |I;| + dist(I;, ¢7" (z)) jzjl I;| + dist(/;, z)
Denoting for j € {1,...,p} by k; the largest £ such that fj C [z —27F, 2 + 27%] the required

estimate follows from Lemma 1 and the construction of M; if we show that for all £ > 1

Y || ] o I ]
Gy 11+ dist(Ly, @) T ||+ dist(Z,, x)

Jo?

where jo = min{j : k; = k}. (6)

But if k; = k and j > jo, then (4) implies |I;| < |I;,|/100 < 275~ and hence I; N[z —27%"2, z+

27%=2] = (). Therefore, we obtain for such j that
] || . 100779 |1, |
L+ dist(,z) —  2%?

8|[~j0|

< 1007077 — ol ’
‘[jo‘ + dlSt([joax)

which gives the desired inequality (6) even with a factor 1+ 8/99 < 2. This finishes our proof.

]
Acknowledgement: The results of this paper were obtained while the second named author
was visiting the Max Planck Institute for Mathematics in the Sciences. It is his pleasure
to thank this institution for its hospitality. The first author wishes to thank the School of
Mathematics at the University of Minnesota for its hospitality during his stay when this paper

was finalized.

References

[B-J] C. Bishop, P.W. Jones, Harmonic measure, L?-estimates, and the Schwarzian deriva-

tive, Journal D’analyse Mathematique, 62 (1994), 77-113.

[B-1] J. Bourgain, On the radial variation of bounded analytic functions on the disk, Duke
Math. J. 69 (1993), 671-682.

[B-2] J. Bourgain, Boundedness variation of convolution of measures, Math. Zametki 54 /4

(1993), 24-33.



[G] C. Goffman, Real Functions, 1953, Prindle, Weber & Schmidt, Inc., Boston.

[J] P.W. Jones, Rectifiable sets and the travelling salesman problem, Invent. Math. 102
(1990) 1-15.
[J1] P.W. Jones, private communication.

[J-M-T] O. Jorsboe, L. Melbroe, F. Topsoe, Math. Scand. 48 (1981), 259-285.

Max Planck Institut f. Mathematik in den Naturwissenschaften
Inselstr. 22 — 26

04103 Leipzig, Germany

email: bk@mis.mpg.de

Institut f. Analysis u. Numerik
J. Kepler Universitat Linz
A-4040 Linz, Austria.

e-mail: pfxm@bayou.uni-linz.ac.at

10



