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NEUMANN AND SECOND BOUNDARY VALUE
PROBLEMS FOR HESSIAN AND GAUSS CURVATURE
FLOWS

OLIVER C. SCHNURER AND KNUT SMOCZYK

ABSTRACT. We consider the flow of a strictly convex hypersurface driven
by the Gauf§ curvature. For the Neumann boundary value problem and
for the second boundary value problem we show that such a flow exists
for all times and converges eventually to a solution of the prescribed
Gauf} curvature equation. We also discuss oblique boundary value prob-
lems and flows for Hessian equations.

RESUME. Nous considérons le flot d’une hypersurface strictement con-
vexe piloté par la courbure de Gaufl. Pour le probleme a bord de Neu-
mann et pour le deuxieme probléme & bord nous montrons qu’un tel
flot existe pour tous les temps et converge ultimement vers une solution
de I’équation de courbure de Gaufl prescrite. Nous discutons aussi de
probléemes a condition de bord oblique et de flots pour des équations
hessiennes.

1. INTRODUCTION

This paper concerns — in its first part — the deformation of convex graphs
over bounded, convex domains 2 C R™, n > 2, with smooth boundary 0f2
to convex graphs with prescribed Gaufl curvature and Neumann boundary
condition. More precisely, let u be a smooth strictly convex solution of

@ = ®(logdet(u;;) —log f(x,u, Du)) in Q x [0,T),
uy, = @(x,u) on 092 x [0,7T), (1.1)
u|t:0 = uO lIl Q,

for a maximal time interval [0,T), where f, ¢ : @ x R — R are smooth
functions, v denotes the inner unit normal to 99 and ug : © — R, the initial
value, is a smooth strictly convex function. Here ® : R — R is a smooth
strictly increasing and concave function that vanishes at zero, i.e. ® satisfies

d(0)=0, @ >0, @"<0. (1.2)

In the sequel we assume for simplicity 0 € €.
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To guarantee shorttime existence for (1.1) and convergence to smooth graphs
with prescribed Gaufl curvature we have to assume several structure condi-
tions. These are

Dy
Pz = E Z cgo > 07 (13)
f > 0 and f,>0. (1.4)

Moreover, we will always either assume

% >cp >0 (1.5)

or

P (lOg det(uo)ij - log f(SC, up, DUO)) > 0. (16)

To guarantee smoothness up to ¢t = 0 it is necessary to assume the following
compatibility conditions to be fulfilled on the boundary 902 for any m > 0

(%)m (v'ws = ol u))],_y =0, (1.7)

where time derivatives of u, u;, ... have to be substituted inductively by
using @ = ® and u|,_, = ug. Applying Theorem 5.3, p. 320 [12] and the
implicit function theorem, we obtain smooth shorttime existence up to ¢ = 0,
see also [7].

During the flow, the smoothness of a solution guarantees that (1.7) is satis-
fied for any m > 0. So it is possible to extend a solution of the flow equation
on a time interval [0,7") to [0,T] provided there are sufficient a priori es-
timates and then to [0,7 + ¢) for a small ¢ > 0. In this way we obtain
existence for all ¢ > 0 from the a priori estimates. The same procedure
works also for the other boundary conditions considered in this paper.

The main theorem for Neumann boundary conditions states

Theorem 1.1. Assume that Q is a bounded, strictly convex domain in R",
n > 2, with smooth boundary. Let f, ¢ : @ x R — R, be smooth functions
that satisfy (1.83)—(1.4). Let ug be a smooth, conver function that satisfies
the compatibility conditions (1.7). Moreover, we assume that one of the
conditions (1.5) or (1.6) is fulfilled. Then a smooth solution of (1.1) exists
for allt > 0. Ast — oo, the functions u|, smoothly converge to a smooth
limit function u® such that the graph of u* satisfies the Neumann boundary
value problem

aotd) = for D) ne (18)

uF@) = el u) on 99,

where v is the inward pointing unit normal of 02. The rate of convergence
is exponential provided (1.5) is satisfied.
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When we assume condition (1.5), we obtain — by using (1.7) only for m = 0 —
a solution of (1.1) which is smooth only for ¢ > 0 and the rate of convergence
is exponential only in time intervals [e, 00), € > 0.

In the case when condition (1.6) holds, we need only (1.7) for m =0, 1 to
obtain a solution of (1.1). Here u approaches ug for t — 0 only up to its
fourth derivatives, where time derivatives have to be counted twice.

In both cases, all the other claims of Theorem 1.1 remain unchanged.

Remark 1.2. If we consider for a smooth function ¥ : R2 — R the evolution
equation
@ = U(log det u;;,log f)

and assume natural structure conditions, i. e. concavity of ¥, ¥; > 0 and
U(z,z) =0 Vuz, then we prove in Lemma C.1 that there exists ® : R — R
with ® > 0, ®” < 0 such that ¥ has the following simpler form

Example 1.3. For ®(z) = z, our ansatz yields the logarithmic Gauf} cur-
vature flow

u = log det u;; — log g(z,u) — 22 log (1 + |Dul?)

more precisely, the ”vertical “ velocity equals the difference of the logarithms
of the actual and the prescribed Gaufl curvature. Another interesting ex-
ample is given by ®(z) = 1 — e ** X > 0, which gives the flow equation

u:1—<M>A.

det Uiz

In a second part, we consider the second boundary value problem for Hessian
flow equations, more precisely, we solve the initial value problem
o = log F(D?u) —log g(x,u, Du) in Q x [0,7T),
Du(Q) = QF, (1.9)
on a maximal time interval [0,7"), T > 0. We assume that Q, Q* C R",
n > 2, are smooth strictly convex domains, ug : {2 — R is a smooth strictly
convex function, Dug(Q2) = Q* (= 0-th compatibility condition), g : € x
R x * — R is a smooth positive function such that g, > 0. F is a Hessian
function of the class (R’ *), for a precise definition we refer to Definition 5.1.
Here we remark only, that the class of Hessian functions considered includes
especially F(D?u) = det D?>u. We will show that a smooth strictly convex
solution of (1.9) exists for all times, i. e. T' = 0o, and converges smoothly to
a solution u® of the elliptic second boundary value problem
{ F(D?*u>®) = g(z,u®,Du™®) in Q,

Due(Q) = o (1.10)
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when some structure conditions are fulfilled. The asymptotic behavior of ¢
is given by

(1.11)

uniformly for (z,p) € Qx Q*. Furthermore we will always assume that there
holds either

>y >0 (1.12)

or

{0 < F(D%ug) — log g(x, uo, Dug) in ©, (1.13)

1st compatibility condition on 01,

where the inequality means that ug is a subsolution. We remark that the
boundary condition Du(f2) = Q* is equivalent to h(Du) = 0 on 0N for
smooth strictly convex functions u, where h : R® — R is a smooth strictly
concave function such that h|zn. =0 and |[Vh| =1 on 0Q*. For the second
boundary value problem the compatibility conditions read as follows

d m
<%> h(Du)|,_, =0, meN, (1.14)

where derivatives of u have to be replaced as above.

For the second boundary value problem, we obtain the following main the-
orem.

Theorem 1.4. Assume that Q, Q*, g, ug and F are as assumed above and
either (i) (1.12) or (i1) (1.13) are satisfied. Then there exists a smooth
strictly convex function u : Q x (0,00) — R of (1.9), i. e. T = 0o, and u
converges smoothly to a solution u™ of (1.10) as t — co. Furthermore, u is
continuous up to its (i) second/(ii) fourth derivatives at t = 0, where time
derivatives have to be counted twice, and (i) gives exponential convergence
u— u>® fort € le,00), e >0. If (1.14) is fulfilled for all m € N, then u is
smooth in [0,T) and (i) gives exponential convergence to u™ in [0,00).

This result extends to Hessian quotient equations as follows.

Theorem 1.5. Theorem 1.4 holds also for F' =S5, , 1 <k <n—1, when
g happens to be independent of the gradient of w, where Sn’k(DQU) is the
quotient of the n-th and the k-th elementary symmetric polynomial of the
eigenvalues of D?u.

Notation 1.6. Indices denote partial derivatives or vector components and
are lifted and lowered with respect to d;; except for (uij ) that denotes the
inverse of (u;;). Indices z and p; denote partial derivatives with respect
to the argument used for the function w and for its gradient, respectively,
dots refer to time derivatives. We use the Einstein summation convention
and sum over repeated Latin indices from 1 to n. For a vector v we use
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u, = u;v’" with obvious generalizations to other quantities. We use ¢ to
denote a positive and already estimated constant. Its value may change
from line to line if necessary. We point out that the inequalities remain
valid when ¢ is enlarged. A function u : Q x [0,7) — R is called (strictly)
convex, if u(-,t) is (strictly) convex for every time t € [0,7). A function
u : 0 — R is called strictly convex, if the eigenvalues of its Hessian are
positive. This definition extends to hypersurfaces and sets by using their
principal curvatures. Finally, we use

A~

f=logf

to denote the logarithm of a function f.

We briefly discuss the relation of our result with the existing literature. In [6]
smooth, compact, strictly convex and rotationally symmetric hypersurfaces
in R? have been deformed by its GauB curvature to round points. The Gau8
curvature flow

d

th =—-Kv
for smooth embeddings F' of hyperspheres in R"*! has been the subject in
[1]. For the n-th root of K this flow has been considered in [4]. In [3, 8] the
authors use flow equations to prove existence theorems for closed hypersur-
faces of prescribed curvature. For Gaufl curvature flows strict convexity is
an essential assumption because then the flow becomes strictly parabolic.
In addition the degenerate Gaufl curvature flow with flat sides has been in-
vestigated in [5]. There are also several papers about curvature flows with
Dirichlet boundary condition, we only mention [11]. The elliptic version of
our flow equations (1.1), (1.9) has been explored in [14, 17, 18, 19] by us-
ing the continuity method, see also [16] for a related problem. Some of the
techniques used there will be applied in our paper as well.

The organization of our paper is as follows: In the first part, we study flow
equations subject to prescribed Neumann boundary values. In section 2 we
prove uniform estimates for |4|. This will be used in section 3 to derive
CP-estimates. C'l-estimates then follow from [14]. As a consequence we will
obtain a uniform positive lower bound for detwu;;. In section 4 we derive
C?-estimates and in section 10 we mention how to obtain Holder regularity
for the second derivatives of u and prove Theorem 1.1. In a second part
we consider the second boundary value problem. In section 5 we introduce
Hessian functions and a dual problem, next, we prove the strict obliqueness
of our boundary condition. After the estimates for @ and u in section 7,
we give a quantitative version of our obliqueness result. In section 9 we
establish C?-estimates and in section 10 we prove Theorem 1.4. As far as
the second boundary value problem is concerned, we will use methods of
[17, 19] without mentioning this explicitly there. In the appendix we state
generalizations to oblique boundary value problems for Hessian equations
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and indicate how to obtain the result for Hessian quotient equations. We
remark that our results are parabolic versions of [14, 17, 18], so our results
can be considered as alternative existence proofs using parabolic methods.

This paper has been finished as the second author visited the program “Non-
linear Partial Differential Equations” of the Isaac Newton Institute for Math-
ematical Sciences, Cambridge, in 2001. He wants to thank the organizers
for their invitation to this wonderful and very stimulating location. Both
authors thank Claus Gerhardt for useful suggestions and discussions. In ad-
dition, the authors are indebted to Jiirgen Jost for his support at the Max
Planck Institute for Mathematics in the Sciences where part of this paper
has been written.

2. U-ESTIMATES

For a constant A we define the function
= eM(a)?.

An easy computation shows that (1.1) implies the following evolution equa-
tion for r

= & ur;; — 2eMO U — O f;ji ri + <,\ — 2@’%) r. (2.1)
Lemma 2.1. As long as a smooth convez solution of (1.1) exists we obtain
the estimate

min {migu, 0} < o < max {mag(u,O} .
t= t=

Proof. If (1) admits a positive local maximum in z € 9% for a positive
time, then we differentiate the Neumann boundary condition and obtain
from (1.3)

((0)?), = 2(u)*p; >0

which contradicts the maximality of (#)? at z. Now we choose A = 0 in (2.1)
and get

d

2 10g (2 TPy NETIRY
E(u) < ®'u¥ ((u) )Z.j - d v ((@)?), —2® 7(u) .
So we obtain from (1.2) and (1.4) that a positive increasing local maximum
of (1)? on Q x [0,tp] cannot occur at an interior point of Q for any time

0<tyo<T. O

Corollary 2.2. As long as a smooth convex solution of (1.1) exists we get
a positive lower bound for @, é > @' > cp > 0.
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Proof. This follows immediately as Lemma 2.1, ®(0) = 0 and the strict
monotonicity of ® give a bound for the argument of ®. O

Lemma 2.3. As long as a smooth convex solution of (1.1) exists we obtain
the estimate

min {migu, 0} < e < max {maoxu, 0}
t= t=

for X < cyee provided (1.5) is fulfilled.

Proof. This statement follows from Corollary 2.2 and a proof similar to the
proof of Lemma 2.1. O

Lemma 2.4. A solution of our flow (1.1) satisfies uw > 0 or equivalently
& >0 fort>0if0#£a>0 fort=0.

Proof. Differentiating the flow equation yields
i = uli — O (fu + fpiui) , (2.2)
thus

L (ueM) = 'yl (ueM)“ — o (faae + f, (ueM) ) +aaeM. (2.3)
dt ij i

We fix to > 0 and a constant A > 0 such that A > &'f, for (z,t) € Q2 x [0, o).
From (2.3) and the strong parabolic maximum principle we see that e
has to vanish identically if it vanishes in (zg,t) € Q x (0,tg), contradicting
0 # 0 for t = 0. If wer = 0 for xp € 99 the Neumann boundary condition

implies
(ue’\t) =, (ue’\t) =0,
14
but this is impossible in view of the Hopf lemma applied to (2.3) because
A>Df,. O

Remark 2.5. The constant X\ in the previous proof depends on ty3. It can
be chosen independent of tq, if ®'f, is uniformly bounded above and this is
true, if w is bounded in C'.

3. C% AND Cl-ESTIMATES

Remark 3.1. The strict convexity of u and the fact that ¢(,z) — oo uni-
formly as z — oo imply that u is uniformly a priori bounded from above as
uy = p(z,u) on 0.

Lemma 3.2. Under the assumptions of Lemma 2.3 we have the following
lower bound for u

. L . ..
u > minu + —mln{mlnu,O}
t=0 A t=0
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for all 0 < X < cocy.

Proof. This easily follows from Lemma 2.3
t

u(z,t) = wu(z,0) —|—/ (x,7)dr

0

t
> u(x,O)—i—min mlnu 0}/6 A dr
0

1
> minwu + — min {minu, 0} .
t=0 A t=0

O

Lemma 3.3 (Cl-estimates). For a smooth and convex solution u of the flow
equation (1.1), the gradient of u remains bounded during the evolution.

Proof. This follows from the C%-estimates obtained so far and Theorem 2.2
n [14]. O

Remark 3.4. As long as a smooth solution u of our flow equation (1.1) exists
and log det u;; remains bounded, v remains strictly convex provided wug is
strictly convex. The quantity logdetu;;, however, stays bounded as both
the argument of ® (see Lemma 2.1, Corollary 2.2) and log f are estimated.
Finally, log f remains bounded as |ul|; is a priori bounded.

4. C2?-ESTIMATES

4.1. Preliminary results. We use v for the inner unit normal of 92 and
7 for a direction tangential to ).

Lemma 4.1 (Mixed C%-estimates at the boundary). Let u be a solution of
our flow equation (1.1). Then the absolute value of wr, remains a priori
bounded on O} during the evolution.

Proof. We represent 0f2 locally as graphw over its tangent plane at a fixed
point zg € 9N such that locally Q = {(z", ) : " > w(&)}. We differentiate
the Neumann boundary condition

Vi (@)ui(5,0(5) = (3, w(@), uld, (@), &R,
with respect to 27,1 < j <n—1,
I/]Z’U,Z + I/iuij + I/iumwj = pj + Ppwj + Puj + P URW;
and obtain at xp = (2, w(20)) € IQ a bound for v'u;; in view of the C'-

estimates and Dw(Zo) = 0. Multiplying with 77 gives the result. We remark
that it is only possible to multiply the equation with a tangential vector as
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the differentiation with respect to 27 and so also j correspond to tangential
directions. O

Lemma 4.2 (Double normal C%-estimates at the boundary). For any solu-
tion of the flow equation (1.1) the absolute value of u,, is a priori bounded
from above on 0. (u,, > 0 also follows from the strict convezity of a
solution.)

Proof. We use methods known from the Dirichlet problem [15], where more
details can be found and assume the same geometric situation as in the proof
of Lemma 4.1 with z¢ € 9Q. From (1.1) we obtain

g, = 'u gy — ' (fr + four + Fpiuri)
and define therefore
Lw:=w— @’uijwij + ‘b’fpiwi,

where we evaluate the terms by using the function u. From the definition of
L it is easy to see that for appropriate extensions of v and ¢

£ (o ew) [ e (1),

where - here and in the following - ¢ is an a priori bounded positive constant
that may change its value as necessary. We define Q5 := Q N Bs(xg) for
0 > 0 sufficiently small and set

V= d — pd?

for p > 1 sufficiently large where d denotes the distance from 9. We will
show that LY > £®'tru® for a small constant € > 0 (depending only on a
positive lower bound for the principal curvatures of 9Q2) in Qs.

LY = —‘b/uijdij + 2,u<I>'uijdidj + QM‘bluijddij
+ @' f,. (d; — 2udd;)
> —@'uijdij + 2,u<I>’uijdidj —cud (1 + tr uij) —c.

We use the strict convexity of 99, d; ~ 6, |u¥| < tru, 1 <k, 1 <n, and
the inequality for arithmetic and geometric means

LY > e®'truV 4+ & pu™ — cusd (1+tr uij) —c

n—1

3" i\ = 102
g(detu Jroen -un—i—gafb tru (4.1)

Y

— cud (1 + truij) —c.
As det u¥ is a priori bounded from below by a positive constant in view of

det u”’ = (detu;;) "' = exp (—f - <I>71(u)> ,
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we may choose p so large that the first term in (4.1) is greater than ¢ + 1.
For § < imin{l, %5} we get
1 iy
LY > 3¢ o tru¥
and furthermore ¥ > 0 on 025 if we choose § smaller if necessary.

For constants A, B > 0 consider the function

O := AV + Blz — xo|® £ (V'u; — o(z,u)) + 1,
where [ is an affine linear function such that © > 0 for t = 0 and I(zg) = 0.
We fix B > 1, get © > 0 on d€s, and deduce for A > B that LO > 0 as
tru¥ is bounded from below by a positive constant. The maximum principle

yields © > 0 in Q5. As O(zg) = 0 we have ©,(x¢) > 0 which in turn gives
immediately |u,,| < c. O

Remark 4.3. From Section 3 and the uniform estimates for @ we get for a
fixed positive constant g

min {det Usj, f} > po > 0.

According to [14] we obtain unique convex solutions 1, € C? (ﬁ) for 0 <
p < 1 of the boundary value problem

det’l[)l'j = %NO in Q,
Yy = @z, + plaf’) = 2p(z,v) on 90

such that |¢,|, 5 < c and 9;; > AJ;; for positive constants independent of
p. Fix p > 0 sufficiently small such that Ep = 9, + p|z|? satisfies

det@w < Ho in Q,
where we dropped the index p as p is fixed now.

Lemma 4.4. For v as constructed above, u < 1 is valid during the evolu-
tion.

Proof. The function v satisfies the elliptic differential inequality
{ det Eij < o in €,
v, = @ (w,@) on 0f)
and the parabolic differential inequality
{ E > ¢ (log det %‘j — log ,uo) in Qx1[0,7),
Y, = ¢ (w@) on 09 x [0,7T)

as 1 is independent of ¢, so ¢ = 0. Furthermore we have the following
elliptic differential inequality

{ det(uo)s;
(up)y = @(x,up) on O

Y

o in €2,
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and the parabolic differential inequality
uw = @ (log det u;; — f)
< @ (logdetu;; —logpp) in Q x [0,7),
u, = ¢(z,u) on 02 x [0, 7).

We combine the elliptic differential inequalities and obtain by the mean
value theorem with a positive definite matrix ¥ and a positive function C'

{ a’ (uo —E)ij > 0 in €,

(uo—i/))y = C'(UO—E) on 0f2,

thus we obtain u = uy < @ for t = 0 in view of the elliptic maximum
principle. From the parabolic differential inequalities we get

i-9 < @ (u-3), nQx[T),
(U—E)V = C’(u—@) on 90 x [0,T),
so the parabolic maximum principle gives u < ¢ for all ¢ > 0. ]

Corollary 4.5. For ¢ as constructed above there exists a positive constant
do such that

(Y —u), > 6y > 0.

Proof. As u < 1) we deduce from the Neumann boundary condition
1

Ey — Uy = ()O("I,',E) - <p(x,u) = /()OZ (.%',TE"‘ (1 - T)u) dr - (E_ u) )
0
SO (E — u)y > 0, and furthermore

(¥ —u)y = (Y = plz> —u), > —2p(x,v) > 86 >0
as € is strictly convex and 0 € Q. O

4.2. Interior estimates. To establish a priori C?-estimates everywhere,
we proceed as in [14]. For the reader’s convenience, however, we repeat
the argument given there modified for the parabolic case. We may take T'
slightly smaller than the maximal time interval for which a solution exists.
We define for (z,£,t) € Q x S~ x [0,7]

Wz, &, t) :=logw + (uzul- + M — u))

where
w(w &,t) = uge = 206,v) (6 = (€ v)') - (i + oo — wirf)
= uge + akuk + b,

and v is a smooth extension of the inner unit normal to 90f2 that vanishes
outside a tubular neighborhood of 9€; a* and b depend only on z and w.



12 Oliver C. Schniirer and Knut Smoczyk

Lemma 4.6 (Interior C%-estimates). For a solution of the flow equation
(1.1), W attains its mazimum over Q x S"~! x [0,T] at a boundary point,
i. e. in O x S~ x [0, T, provided 3> M > 1 are chosen large enough or
|D2u‘ is a priori bounded by a constant determined by the C%-norm of ug
and known or estimated quantities.

Remark 4.7. More precisely we assume for the maximum of W w > 1, ¢ <
®'3tru’, see (4.7), and furthermore (4.10), (4.11), where ¢ is determined
just above (4.13) and [ is determined directly below (4.13). This gives a
possibility to calculate an upper bound of ‘DQU‘ in view of the above a priori
estimates, if the maximum of W is attained in Q x S"~1 x (0, T.

Proof of Lemma 4.6. We assume that W attains its maximum in the point
(w0, &0,t0) € Q x S"~1 x (0,T] (but later on we write again ¢ for simplicity)
and w is positive in a neighborhood of xg, so we calculate there

w:
Wi = EZ + 28uFug; + BM (¢ — w);,

W W
Wij = 71] - # + 2ﬂu§uki + 2BuFugj + BM (1 — u);ij,

W= % + 20uF iy, + BM (4 — ).
We differentiate the flow equation twice
w = ®uMuy; —'D;if, (4.2)
Uge = @’uijuijgg — @’uikujluijguklg — @’Dggf
+ 0" (uugze)” — 20" ulugie Def + 0" (D f)2
< uugee — @'uMu usjeune — ©' Deef, (4.3)

where we have used the concavity of ®. D. indicates that the chain rule has
not yet been applied to the respective terms.

As |[uFuy, | is bounded on 9Q we may fix M such that
Mdy > 2 |uFuy, 4.4
022 litu |, (4.4)

where we use §g as introduced in Corollary 4.5.

Now we restrict our attention to the point where the maximum is attained.
We have there W; =0, W;; <0, W >0 and ®' > 0, so we get

0 < W — @'uijWij
{ 1 .. 1 ..
< oy + @ (4.5)
+ 2BuF iy, — 260" Au — 280" uFulu — ABM®'tru + cBM
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with A > 0 as in Remark 4.3. We remark that ¢ also depends on ®’. From
(4.2) and (4.3) we get

w — @'uijwl-j < dge + akuk — @'uiju&ij — @'akuijukij +c- (1 + tr uij)
< —@'uikujluijguklg — @'Dggf
—i—c-(l—i—‘DQu‘—i—truij). (4.6)

We assume now that W is large in its maximum, more precisely ¢ < @’ %tr u'd,
combine (4.5) and (4.6) and take (4.2) into account

o . 1 . )
0 < —@'u’ku]luijguklg — @' Dee f + &' —uwjwj — 20wd'u* Dy f
w
A . g
— 20wd Au — §ﬁMwCI>'tr u? +c- (1 + ‘DZU‘ + tr u”) .4

We consider the quantity u® w;w; separately and use Young’s inequality for
0 < e <1 to be fixed later
uijwiwj = uij(uggi + D;a"uy, + D;b + akuki) .
< (uggj + Dja'u; + Djb + alulj)
= u"(ugei + Bi + akuki)(u&j + B + alulj)
< (1 +e)uuggiugej + guijBiBj + guijukjakulial

+ uijBiBj + 2Biai + aiajul-j

IN

(14 e)uugguee; + S (1+|D%u| + tru®). (4.8)
On the other hand we get in view of W; =0

uww; < cfw® (1+ |D2u‘ +tru'’), (4.9)
where ¢ depends on the constant M fixed above.

We assume that uge and the greatest eigenvalue of u;; at xg, u,,, are nearly
as large as w, more precisely

0<—— <M <q 4 (4.10)
3

and for later use

1
I <wg, 1< ‘D2u| - |D2u‘ <w<2 |D2u , (4.11)
so we get for 0 < ¢ < 1 in view of (4.8) and (4.9)
luijwiur = (1- 35)luijwiw‘ + 3€luijwiw‘ (4.12)
w / w J w J

< uMuYuggiuge;

+ 5iw (1 + ‘D2u| —i—truij) + cefPw (1 + !Dzu‘ —i—truij) .
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We calculate for —D&f — 2ﬂwukaf in view of W; =0
—<I>’D§§f — 2ﬂ‘1>’wukaf < —@’fpkuk& — 2ﬁ¢’wukfpiuik
+ ¢ (1 + ‘DQUD +c (1 + \D2u]2)
e (1+|D%ul) + ¢ (1+ [D?f*),

IN

where it is important to notice that the 28w fpiukuki—terms cancel. We plug
this estimate and (4.12) in (4.7)

0 < —@'uikujluijguklg + @'u”"u’ju&iu&j — 2B8wd Au — %wﬂM@'tr ul
+ i (1 + |D2u‘ + truij) + ceFPw (1 + |D2u| + truij)
e (1+ [ D2ul) + ¢ (1+ | D?ul* + trui)

The sum of the first two terms is known to be nonpositive, see e. g. [14]. We
choose € = %, so we obtain

0 < —20'3|D%" - % |D?u| BM®'tr u” (4.13)
+¢3? (|D2u| —i—truij) +c |D2u| . (‘Dzu‘ —i—truij) .

If we fix § sufficiently large, it is easy to see that !Dzu‘ (x0,t0) has to be a
priori bounded by a constant. U

4.3. Remaining boundary estimates. The proof of the tangential C?-
estimates at the boundary can be carried out as in [14]. There, however,
the authors only mention that this estimate can be obtained similar as at
the beginning of Section 3 there. So we repeat the argument for readers not
familiar with [14].

Before stating the lemma we wish to point out that it is in general not true
that & is a direction tangential to 02 when W attains its maximum at
(fﬁo,fo,to) €00 x ™1 x (O,T]

Lemma 4.8. The second derivatives of a solution u of our flow equation

(1.1) are a priori bounded in Q x [0,T).

Proof. In view of Lemma 4.2 and Lemma 4.6 we may assume without loss
of generality that T attains its maximum at a point (z,&,t) € 9 x S~ x
(0,T) with £ # v and distinguish two cases.

(i) tangential: If £ is tangential to 092, we differentiate

Vi, = o(z,u)



Neumann and second boundary value problems for Hessian and Gaufl curvature flows 15

with respect to tangential directions under the assumptions stated in the
proof of Lemma 4.1 and get in view of Dw(Zp) =0

Végui + 2V§iui§ + Z/iuigg + l/iumwgg
so we obtain

Upeg —2V§uz~§ + PUge — C (4.14)

>
> PrUge —C

as 01 is strictly convex. On the other hand the maximality of W at z gives
0=>W,,

0> ugey, —c+wp (2uiuz~y + M) — u),,)
and furthermore using (4.4) and Corollary 4.5
0> uge, — ¢,
so we obtain in view of (4.14) and ¢, > ¢, > 0 the desired estimate uge < c.

(7i) non-tangential: If £ is neither tangential nor normal we need the tricky
choice of w in [14]. We find 0 < o < 1 and a tangential direction 7 such
that

E=ar+V1-a?v
We rewrite w as
w(z, &) = ug — 201 — o' (pi + pu — upv))
= Uge — 2aﬂuﬂ,
in view of the differentiated Neumann boundary condition, so we see that
uge = Pury + (1 — a2)uW -+ 2amuw
= urr + (1 — a®)uyy — w(z, &) + uge

and obtain in view of the maximality of W and the fact that W — logw is
independent of £ and w(x,T) = turr, w(z, V) = Uy,

< w(z,),

w(z, &) = Pur, + (1 —a®)u,,

= *w(z,7) + (1 - a®)w(z,v)
< Pw(z,€) + (1 —a®)w(z,v).

Therefore w(x,§) < w(x,v) gives the upper bound ug < ¢ proving the
statement. O
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In the following sections we consider the second boundary value problem.
In section 10 we will come back to Neumann boundary conditions. Sections
5 to 9 will not be used for the proof of Theorem 1.1.

5. LEGENDRE TRANSFORMATION AND HESSIAN FUNCTIONS

We introduce some classes of Hessian functions similar to [8, 15]. A slightly
different class of Hessian functions is considered in [17].

Let I't C R” be the open positive cone and F € C®(T'y) N CY (T4) a
symmetric function satisfying the condition

OF
F; = N > 0;
then, F' can also be viewed as a function defined on the space of symmetric,
positive definite matrices Sym™(n), for, let (u;;) € Sym™(n) with eigenval-
ues \;, 1 <i < n, then define F' on Sym™(n) by

We have F' € C®(Sym™*)n C° (Sym+). If we define

_OF
N 6’U,Z‘j’

then we get in an appropriate coordinate system

g OF . .
Figg; = o |¢

Fi

? veern,

and F'¥ is diagonal, if u;; is diagonal. We define furthermore
O*F

Fl'j,kl -7
auijaukl

Definition 5.1. A Hessian function F' is said to be of the class (K), if
FeCc®Iy)nc(Ty), (5.1)
F is symmetric, (5.2)

F' is positive homogeneous of degree dy > 0,

oF )
F;, = o >0 inTy, (5.3)
Flop, =0, (5.4)

and

) o,
F g < F71(Fn;5)" = F*alnggne ¥ € Sym,
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where (ﬁ,ij ) denotes the inverse of (u;;), or, equivalently, if we set F= log F',
FiiF g < —F*w'ngmg Yy € Sym,

where F' is evaluated at (u;;).
If F' satisfies
Jeo>0: eoFH =eoF trul < Fluyub

for any (u;;) € Sym™, where the index is lifted by means of the Kronecker-
Delta, then we indicate this by using an additional star, F' € (K*).

The class of Hessian functions F' which fulfill, instead of the homogeneity
condition, the following weaker assumption

1
36> 0: 0<5—0F§;Fi)\i§50F

is denoted by an additional tilde, F' € (f( ) or ' e (f( *).

A Hessian function F' which satisfies for any € > 0
F(e,...,e,R) — 400, as R— +o0,
or equivalently
F@1,...,1,R) - +o00, as R — +o0,

in the homogeneous case, a condition similar to an assumption in [2], is said

to be of the class (CNS).

Example 5.2. We mention examples of Hessian functions of the class (f( *)

as given in [8, 15].

Let Hj be the k-th elementary symmetric polynomials,

Hp(\) = > Ay, 1<k<n, (5.5)
1<ii<...<ip<n
1
O = (Hk)k

the respective Hessian functions homogeneous of degree 1 and define fur-
thermore

5k (\) 1= — v = (Snni)F -

The functions S, ;, belong to the class (K) for 1 < k < n—1 and H,, belongs
to the class (K™*).
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Furthermore, see [8],

N

Fi=mp - [[FE, a>0 (5.6)
=1

belongs to the class (f(*) provided F; € (f( ), and we may even allow
F(Z) ;’é 0 on 8F+

An additional construction gives inhomogeneous examples [15]. Let F' be as
in (5.6), n € C*°(R>) and ¢, > 0 such that

1
0<—<n<ec, 7n <0,
Cn

then
A
F(\):=F | exp /@dT
1

T

belongs to the class (f( *>.

Important properties of the class (f( *) for the a priori estimates of the
second derivatives of u at the boundary are stated in the following lemmata.

Lemma 5.3. Let F € (f(*), then for fized € > 0
F(e,...,e,R) >0 as R — oo,

i. e. (f(*) c (K)N (CNS), moreover, when F € (f() N(CNS),0< i<
F <e¢, and

0<)‘1§---S)\n7
then the following three conditions are equivalent

M —0, A —o00, trFY — co.
Proof. We refer to [15]. O

For the dual functions we have a similar lemma.
Lemma 5.4. Let F' € (f(*),
0< A\ <. <Ay,
and 0 < % < F < c. Then the following three conditions are equivalent

M —0, M\ — o0, trF* 0o,



Neumann and second boundary value problems for Hessian and Gaufl curvature flows 19

where F™* is defined by
1

F)

Proof. We have Fy > ... > F,, > 0, see [9, 17], so we get in view of the
definition of F™*

(L
ﬂ*()\l,...,)\n):y~%.

2

Thus FT — oo as Ay — 0 gives the result and A\, — oo forces \; — 0 in
view of Lemma 5.3. To get tr F”* — oo, A has to leave any compact subset
Of F+. O

Lemma 5.5. Let F € (f() N(CNS). Then F* as defined above satisfies

(5.1), (5.2), (5.3), (5.4) and F* € (ONS). For F = (Sp)7%, 1 < k <
n — 1, and obviously, see Lemma 5.3, also for F € ([N() N (CNS) we have
for any e >0

S OFN < (c(e) +e-A) DR, (5.7)
provided 0 < % < F<ec.
Proof. See [17]. O

Instead of Lemma 5.4 we get the following weaker result for S ..

Lemma 5.6. Let F' = (S, )" = H, 1 <k <n—1, and assume 0 < % <
F<cand
0< M <. <\,
then
Fr>...>F,>0.
Moreover, at least one of the following conditions is fulfilled
1
F,>->0 (5.8)
c

or

tr F9 — oo,

Proof. The first inequality and the case k = 1 are obviously true. If 0 <
% <Akl < ... < Ay, then F, > % > 0. If Ay_g11 — 0, then A\, — o0 as
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Akt oes A > 2 Hy > 150, 50
1
(Hk)l > .2 (Hk;)n—k—i—l > )\n—k+2 et )\n = \ : )\n—k—l—l Teeet )\n
n—k+1
S S G S S
An—kt+1 C An—k+1 €

By direct calculations we obtain the following

Lemma 5.7. Ifu is a strictly convex C?-solution of (1.9), then the Legendre
transform of u, u* : Q* x [0,T) — R, defined by

'U:*(y, t) = .’L'iui(.%', t) - U((II, t) = xzyl - u, yl = ui(xu t)

satisfies the evolution equation

W = F*(D?u*) —log g*(y,u*, Du*) in Q* x [0,T),
Du*(Q*) = Q,
utl, = uf in QF,

where ug is defined similarly as u*,

and

* * *
g (y, 2%, q%) = -
g(a*, yiq — 2*,y)

and the time derivative of u* is taken with y fized.

6. STRICT OBLIQUENESS

Lemma 6.1. As long as a solution as in Theorem 1.4 exists, our boundary
condition is strictly oblique, i. e.

(v(z),v*(Du(x,t))) >0, x €0, (6.1)

where v and v* denote the inner unit normals of Q and Q*, respectively.

Proof. To prove (6.1) we use
vi(z) - v (Du(a,t)) = v' - hy,(Du(z,t)).

As h(Du) is positive in © and vanishes on 02, we get on 95 for 7 orthogonal
to v

hp uer =0, hp, uk, > 0. (6.2)
Thus we see from

hpkyk = hpkukiuijyj = hp, Upy - u” >0 (6.3)
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that the quantity whose positivity we wish to show is at least nonnegative.
We compute in view of (6.2) and (6.3) on 02
1\ 2
(hpkl/ ) = uhy up, " uyihy,
= u””hpkukiuijuﬂhpl
= uugrhp, hy,

so we deduce the positivity of the quantity considered. U

7. - AND CY-ESTIMATES

Remark 7.1 (u-estimates). The results of section 2 hold also for the flow
(1.9), as in both cases, the flow equation is parabolic and the boundary
condition is strictly oblique.

If condition (1.12) is fulfilled, uniform C°-a priori estimates follow immedi-
ately by integrating the estimate in Lemma 2.3, see also Lemma 3.2. In the
case of condition (1.13), the positivity of @, Lemma 2.4, gives a lower bound
for u. So it remains to establish an upper bound for u in the case @ > 0.

Lemma 7.2. A solution u of our flow equation (1.9) is uniformly bounded.

Proof. The concavity of F() gives the estimate
F(D2u) Spij(l, ey 1)(uij —5ij)+F(1, ey 1) SC-AU-FC.

For 0 < t; < to we integrate the flow equation and estimate in view of the
inequality above, the divergence theorem and |Du| < ¢ (Du(f2) = Q¥)

to to
//logg(:c,u,Du) < c-//Au+c~ (ta —t1) —/(u|t2 - u|t1)
t1 Q t1 Q Q
to
< c//\Du] +c-(ta —t1) —/(u!t2 — uly,)
t1 0N Q
< e (ta—ty) - / (ul,, — ul)- (7.1)
Q
The boundedness of Du and the convexity of €2 yield the estimate
lu(z1,t) — u(ze, t)| < coo+ Yy, ze€Q VE>0. (7.2)

So we obtain from (7.1) for any = € €2

to
1
@//bgg(x,u,Du) <c+c-(ta—t1) —u(z, t2) +u(w, tq). (7.3)
t1 Q
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Now we fix T > 0 and assume that

u(zo,T) = max u=: M > max{Zm_axuo,O} .
Qx[0,T] Q
We choose t € (0,7) maximal such that u(zo,t) = &. From the monotoni-
city of g and (7.3) we get the estimate
M

- = u(xo, T') — u(xo,t)

M
< ctce (T—t)—(T—t)- irelgpierg*logg <:c - —Csm*ap>

and after rearranging

M
e . M
<c— inf inf 1 — —caanp |-
T—t = sopenr Ogg(x’2 @ ’p>

For M — oo the left-hand side of this inequality remains positive, whereas

the right-hand side tends to —oo in view of (1.11), so M is a priori bounded
proving the lemma. O

Corollary 7.3. During the evolution, F (D*u) is a priori bounded from
above and from below.

Proof. This follows from |Du| < ¢ and from the flow equation. O

8. STRICT OBLIQUENESS ESTIMATES

The following lemma establishes a uniform lower bound for the quantity
whose positivity we proved in Lemma 6.1.

Lemma 8.1. During the evolution (1.9), we have the strict obliqueness es-
timate

(v(x),v*(Du(x,t))) > % >0, ze€0df, (8.1)

where v and v* denote the inner unit normals of Q and QF, respectively.
The positive lower bound is independent of t.

Proof. We assume that a solution of our flow equation exists for a time
interval (0,7] and prove an estimate for h, v* during this time interval
which is independent of T'. To establish a positive lower bound, we choose
(z0,t0) € 02 x [0, T] such that h,, v* is minimal there. As we have a positive
lower bound for hy,, v* on 9Q x {0}, we may assume that to > 0. Further
on, we may assume that v(zg) = e, and extend v smoothly to a tubular
neighborhood of €2 such that in the matrix sense

1
Dt =l < —aéi. (8.2)
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there for a positive constant ¢;. For a positive constant A to be chosen we
define

v = hy vF + Ah(Du).
The function v[yq, o 7] attains its minimum over 9Q x (0,T7] in (zo, to), so
we deduce there

0 = v = hp,p Ukr + hpkl/f + Ahp upy, 1<r<n-—1, (8.3)
0 > 9. (8.4)

We assume for a moment that there holds
Un(x0,t0) > —c(A), (8.5)

show that this estimate yields a positive lower bound for uy;h,, h,, and prove
(8.5) afterwards. Then the lemma follows from the calculations in the proof
of Lemma, 6.1 and from a positive lower bound for u"”.

We rewrite (8.5) as
Py Ui + hpp V4 Ahy, g, > —c(A).

E n
Multiplying this with h,, and adding (8.3) multiplied with h,, we obtain at
(2o, to)
Augrhp, hy, > —c(A)hy, — hpk’/lkhpz — N prupy Uik
Using (6.2), the concavity of h and (8.2), we obtain at xg

1
Augrhp,hp, = _C(A)hpn + P
1

as |[Vh| = 1 on 092*. We may assume that the right-hand side of the in-
equality above is positive as otherwise h,, = hp, V¥ is bounded from below.
Thus we deduce a positive lower bound for ughp, hy, -

We now sketch the proof of (8.5). There is another slightly shorter proof of
this inequality obtained by constructing a barrier in a tubular neighborhood
of 9Q avoiding the term |z — 2¢|? below, but we prefer the following proof
as it uses only local properties of the involved quantities. As for a similar
proof with more details we refer to Lemma 4.2. Direct calculations using
(1.9) give
Lv < Fijuliujml/khpkplpm + A- Fijukiuljhpkpl +c(A) - tr F
< ¢(A)-tr FY

for A sufficiently large and

Lw = —uw+ Fijwij — Jp; Wi
We wish to mention that this definition differs from the definition of L in
Lemma 4.2 by a sign. As 2 is strictly convex, there exist ;> 1 and € > 0

such that for ¥ := d — ud?, where d = dist (-, 092), we have near 9 in view
of Lemma 5.3

LY < —e-tr FY, (8.6)
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We consider ¢ only in Q5 := QN Bs(xp), where § > 0 is chosen so small
that ¢ is smooth and nonnegative there and the above inequality holds. As
v is bounded and attains its minimum over 92 x [0,T] in (xo,%p) we find
C > B > 1 and an affine linear function [ with [(xo) = 0 such that the
function

0:=C -9+ B |z —x0|* +v—v(xo, to) +1
satisfies

© > 0 on (895 X [O,T]) @] (Q(g X {0}),

LO < 0 in Qs x[0,T].

Thus the maximum principle gives
(C U4+ l)n(zl?o,to) >0

as the function C' -9 + B - |2 — z0|?> + v — v(x0, tg) + [ vanishes in (zg, o).
This shows inequality (8.5).

Similar to the argument above we extend v* smoothly to a tubular neigh-
borhood of 9Q* such that I/i*k < —%5f in the matrix sense and take h* as a
smooth strictly concave function such that {h* = 0} = 9Q and |Dh*| =1
on 0f). We define

vt = h;k(Du*)y*k + AR*(Du™)
and a linear operator by

Lfw = —w+ F*ijwz‘j — g;wl
As before we obtain that v*| 20x[0,T] is positive. We fix T' > 0 and assume
that v*[5q (o) attains its minimum in (yo,fo). As we wish to establish a
positive lower bound for v* we may assume that tg > 0. By calculations as
above — using Lemma 5.4 — we obtain in (yg, tp) an inequality of the form

Aug bl by > —c(A)he vF — vilhg h (8.7)

qk " "q qk""q"

Since h;ky*k = (v*,v), we may assume again that this quantity is small.
The second term on the right-hand side is bounded below by a positive
constant in view of the convexity of 2* and |[Dh*| = 1 on 0Q*, so we deduce
up hy, hy, = % > 0. Usipg Uy, = u’_d and .hzk =k we obtain a positive lower
bound for u”¥ completing the strict obliqueness estimate. O

9. C2-ESTIMATES

For convenience we use the notation h,, (Du) = 3. We state the following
estimates on 01 obtained by differentiating the boundary condition

urg =0, u,g=>0 (9.1

where 7 and v denote a tangential vector and the inner unit normal, respec-
tively, see also (6.2). The estimates in this section are valid for any € > 0 if
¢ is not fixed explicitly. Thus multiplying a term of the form c(g) + ¢ - M
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with a constant yields again a term of the form c(¢) 4+ ¢ - M. We obtain the
following

Lemma 9.1. A solution of our flow equation (1.9) in a time interval [0,T]
satisfies for all € > 0

ugg < cle)+e-M inQ, (9.2)
where M := sup |D?ul.

Qx[0,T]

Proof. We set H = h(Du),
Lw = —w+ F’jwij — Op, Wi
and compute the differential inequality
LH > —(c(e) +eM) - tr B
where we have used Lemma 5.5 and the boundedness of F (D?u). Applying
the maximum principle as in Lemma 8.1 to the function —A - (¢(e)+¢- M) -

Y — B |r—x0/? + H+1 with 9, [ as in Lemma 8.1, A > B > 1 sufficiently
large positive constants and xg € 0f2, we obtain

ugy < c(e) +e-M on 0. (9.3)

We remark that ¢ in (8.6) is fixed and is not related to € used here. In view of
ugr = 0 on 02 and the strict obliqueness estimate or by using the maximum
principle as above for @ instead of v, the claimed inequality follows. O

As to the interior second derivative estimates we recall from [10]

Lemma 9.2. For a solution of our flow equation in a time interval 0,7
we have the estimate

sup |D*u|<c+ sup |D%*u|+ sup |D?%ul.
Qx[0,T] 00 x[0,T] Qx{0}

Proof. Similar computations as in [10] in the elliptic case — under the as-
sumption that

Q% [0,7] x $"1 3 (2,4,€) = 7 - [Du(, )] + log uee (. 1)
attains its maximum in Q x (0,7] x S™~! for v sufficiently large — give
the above bound. We remark, that we used F' € (F *) and not only F' €
(fc) N (CNS). 0

Up to now we control ug,(= 0), ugg and we have an interior estimate for the
second derivatives of u. In the following lemma we bound double tangential
derivatives at the boundary. This completes the C?-a priori estimates.
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Lemma 9.3. For a solution of our flow equation in a time interval [0, T the
second tangential derivatives at the boundary are a priori uniformly bounded.

Proof. We may assume
sup sup Urr = u11 (2o, to) (9.4)
o0 x[0,T] |r|=1, (r,v)=0

where zy € 9Q, typ € (0,7] and furthermore that v = e,, is the inner unit
normal at xg € 0€2. At a boundary point we decompose any direction &, i.
e. a vector £ € R" such that |¢] =1,

oy 8
E=7(©)+ {50,
where . 6)
B O Y T T = 3—(8,v)\v
"6 =€~ e = T, 5= B (B

and obtain the estimate
O < 1o 67 -2 08

We set 7 := 7(e1) and obtain on 0f) in view of the estimates (9.1), (9.2),
(9.4) and (9.5) above

(9.5)

(v,e1) - (6", e1)
(B,v)

Before we proceed, we establish an estimate for the quantity M introduced
in Lemma 9.1. Lemma 9.2 gives

M <c¢+ sup |D?ul, (9.6)
00 x[0,T

uy < (1 +c-(v,e)? -2 )-un(:co,to)+(c(6)+6-M)<1/, e1)?.

where the supremum also includes non-tangential directions. For a direction
¢ we obtain in view of ug, = 0 on 092, (9.4) and (9.2)
Uge S Ur(g)r(e) T ¢ upp

< c- ull(fbo,to) + 6(6) +e- M.
Combining this inequality for £ > 0 small enough with (9.6) we get

M<c- (1 + ull(fbo,to)). (97)
We dropped € as it was fixed sufficiently small to get this inequality and will
be fixed differently later-on.

We may assume in view of (9.7) for the rest of the proof that uj(x,tp) > 1

and for
W= U1l 4 2(% €1> : <5T7€1>
ull(x()’tO) </87 I/>

we obtain — by using (9.7) — the estimate

w < 1+ ¢(e)]a’|? on HQ near g,
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where 2’ = (2!,... 2" 1)

, and we get furthermore w < ¢(¢) everywhere on
T
0f). We consider 2%7’;6” as a known function depending on (z, Du),

use the flow equation, and obtain in Q by direct calculation
—w +Fijwl-j — gp,w; > —c- (c(e) +&- M)tr FJ.

Thus the maximum principle gives with a barrier function as constructed
above

u118(xo,t0) < (c(e) + € - M) uii(zo, to). (9.8)
Differentiating the boundary condition twice in the direction e; we obtain
at (1‘0, to)

hpp k1w + ugin + ugpwin = 0,

where w is a function such that locally 0f) is represented as graphw over
its tangent plane at xy. Combining this equality with (9.8) and (9.3), we
obtain in the non-trivial case uii(xo,t0) > ¢(02) which we will assume in
the following

(6(5) +e- M) . un(:vo, to) + hpkpluklull > 0. (99)
Inequality (9.7) and the uniform concavity of h yield

(c(e) + € - ur1(wo, to)) - ur1(wo,to) > %(un(ﬂco,to)y-

We now fix € > 0 sufficiently small and get a bound for uq1 (g, to). O

10. PROOF OF THE MAIN THEOREMS

We return to the case of a Neumann boundary value problem.

From the uniform C?-estimates for v and the uniform C°-estimates for @ = ®
we obtain that u remains uniformly convex and we conclude that the flow
operator is uniformly parabolic and concave. So we can apply the results
of chapter 14 in [13] to obtain uniform C?“-estimates for u, with a small
positive constant a. Then standard Schauder estimates [12] imply uniform
bounds in C*, for all k > 0. It follows that a smooth solution of (1.1) exists
for all t > 0. We then need the following Lemma.

Lemma 10.1. If a solution of the flow equation (1.1) exists for all t > 0
and either (1.5) or (1.6) are satisfied, then the flow converges to a solution
of the Neumann problem 1. e.

lim wu(z,t) =: u>(z)

t—o00
exists and

uX = oz, u>) on 09,
{ detu;y = f(z,u>, Du™) in Q.

Moreover, u(t,-) — u®> smoothly. If (1.5) holds, then the convergence is
exponentially fast in any C*-norm, k > 0.
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Proof. First, we assume that (1.6) is fulfilled. We may assume @(0,-) # 0
and proceed as in [8]. Integrating the flow equation gives

u(t,z) —u(0,z) = /th>.
0

The left-hand side is uniformly bounded in view of the C’-estimates. As

log det u;; — f is non-negative we find t;, = t;(x) — oo such that

(log det(D%u) — f(z, u, Du))‘ ) (10.1)
t=tg
On the other hand, u(z,-) is monotone, so tlim u(z,t) =: u™(z) exists and

is smooth in view of our a priori estimates. Dini’s theorem and interpolation
inequalities of the form

1Dal| < cllall - ([|[D*all + || Dall),

for & = u—u®°, where || -|| denotes the sup-norm, yield smooth convergence
u — u®. Thus we conclude in view of (10.1) that «* is a smooth solution
of the stationary problem (1.8).

In case (1.5) we use the a priori bounds for all C*-norms and % — 0, see
Lemma 2.3, to get smooth convergence to u*(x). Again by Lemma 2.3 we
conclude

lu — u™|| < coe ot

for constants A\g > 0, ¢g > 0. Then we apply interpolation inequalities as
above to 4 = u — u® and derive

Ju — u™®||p < cpe™ M
for any k > 0 and positive constants A, cg. Clearly, u®° is a smooth solution
of the stationary problem (1.8). O

Remark 10.2. By an iteration method applied to the interpolation inequality
one can even show (Lemma C.2) that \; can be chosen independent of k.

Proof of Theorem 1.1 and Theorem 1.4. The a priori estimates obtained so
far guarantee longtime existence for solutions of our flow equations, so the
statement of Theorem 1.1 follows from Lemma 10.1 and the claim of Theo-
rem 1.4 follows from a similar lemma. ]

APPENDIX A. OBLIQUE BOUNDARY VALUE PROBLEMS

A.1. Flows solving the oblique boundary value problem for Hessian
equations. We get the following theorem for Hessian flow equations.
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Theorem A.1. Let Q@ CR" be a smooth uniformly strictly convexr domain,
[ a positive smooth function defined on Q@ x R x R"™ with f, >0, let ¢ be a
smooth function defined on 2 x R with ¢, > 0 in 0Q x R and

o(x,z) — oo0, z— o000, o€ {-1,1},

uniformly in x. Let F' € (K*) and 3 a smooth vectorfield on 0S) that is

Cl-close to the inner unit normal v as described in [18]. Then the initial
value problem for the parabolic boundary value problem

U = 10gF(D2u)—logf(x,u,Du) in €,
ug = @z, u) on 082

has a unique smooth strictly convex solution u and u converges smoothly to
a solution of the Neumann boundary value problem

F(D2u) = f(z,u,Du) inQ,
ug = @z, u) on 09

if we start with a smooth strictly convex subsolution ug = ul,_, i. e.

{ 0 < F(DQUO)—f(:c,uo,Duo) n §Q,
(wo)g = p(x,up) on 0f)

and assume compatibility conditions for t = 0 as in our main theorem.

Proof. We sketch the proof which can be obtained by combining the proofs of
[18] and of the corresponding Neumann boundary value problem above. The
CV-estimates follow from the maximum principle, C'-estimates are stated
n [14]. The crucial proof of the C%-estimates is obtained as a combination
of the proof above and the proof of [18], where the inequality for geometric
and arithmetic means has to be avoided as in [15]. Instead we use Lemma
5.3. Higher regularity follows by standard theory and the considerations
above give smooth convergence to a solution of the oblique boundary value
problem for Hessian equations. O

Remark A.2. A similar result can be obtained in the case that (1.5) is ful-
filled instead of 0 < F (D2u0) — f(z,up, Duy).

Again it is possible to modify the flow equation by introducing ® as above.

It is also possible to obtain the existence proof for the elliptic oblique bound-
ary value problem stated in Theorem A.1 by elliptic methods ([18]) as well
as for = v by modifying the proof of [14].

A.2. Nonconvex domains. If 2 fails to be convex, then all the steps above
work perfectly - provided ¢, > ¢(9€) > 0 is sufficiently large - besides the
a priori estimates for u,, that seem to be out of reach at the moment.
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APPENDIX B. HESSIAN QUOTIENT EQUATIONS

Proof of Theorem 1.5. We confine ourselves to the most important differ-
ences compared to the proof of Theorem 1.4.

Inequality (8.6) can be obtained by taking ¢ as a strictly concave function
that vanishes on 02, because §,, = 0. Lemma 5.6 is needed to obtain
(8.7). The original function ¥ can be used here. Lemma 9.1 follows by
using Lemma 5.5. Finally, to obtain Lemma 9.2, we have to use a positive
lower bound for tr F%7. This bound follows from the concavity of F or from
Lemma 5.6. Here it suffices to maximize

w = log uge + A - |z|?
for A> 1. O

APPENDIX C. MISCELLANEOUS RESULTS

Lemma C.1. Let ¥ : R?2 — R be a smooth concave function such that
Uy >0 o0r Uy <0 and ¥(z,x) =0 Va. Then there exists  : R — R with
®' >0, ®” <0 such that

U(z,y) = ®(x —y).

Proof. The monotonicity of ¥ implies that ¥ > 0 in {z > y}, so the con-
cavity of W[r,_y—cy, ¢ > 0, gives that W[r,_,_. is constant. We fix o > 0
and consider {(z,y) : ¥(x,y) = —a}. Our claim follows immediately if we
show that {U = —a} is a straight line. We consider only the case U1 > 0.
As U|g>,y is constant along {z —y = c} we see that ¥y(z,z) =: 3> 0 is
independent of z. Due to the concavity of ¥ we get thus

U(r—A\z) <¥(zr,x) — Vi(z,2)A=—pX Vz
and deduce that there exists ¢ > 0 such that
{V=—-a}C{-c<z—y<0}.

Using again the concavity of ¥ we see that {¥ = —a} is a convex curve that
can be represented as a graph over {z = 0} due to ¥; > 0. Such a curve in
a strip as mentioned above, however, has to be a straight line. O

Lemma C.2. Let u: ) x [0,00) — R be a smooth function such that
1D 3 < €

for constants Cy independent of t. If there exist positive constants ¢, \ such
that

At

2 _
s
then for any 0 < A < A we can find positive constants ¢; such that

HDluH% < e M.
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Proof. Without loss of generality we assume A =1. We use interpolation
inequalities of the form

1Dv]* < elloll - (|1 D] + | Doll)

inductively. This induction gives the following sequence for I, k € N

1, =0,
L = 0, k=0,1>0,
’ al—1k—1+ Q41 k-1 1>0. k>0
2 ) 7 )

where a; ;, are exponents such that
HDlUH < Clﬂzgeial’kt

for positive constants C ;. Here k is the induction variable. We will prove

that a;, — 1 as k — o0o. We have 0 < ak < 1, aip = a4k, and apr <

ay 41 for all I, k > 0. Let a; := klim ay ;. and observe that a; = a’”?ﬂ for
— 00

[ > 1, so we deduce

Al = A — L+ (@ — Q1)

As 1> a; > 0, we see that a; = 1 for all [. O
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