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A FULLY NONLINEAR CONFORMAL FLOW ON LOCALLY
CONFORMALLY FLAT MANIFOLDS

PENGFEI GUAN AND GUOFANG WANG

ABSTRACT. We study a fully nonlinear flow for conformal metrics. The long-time exis-
tence and the sequential convergence of flow will be established for locally conformally
flat manifolds. As an application, we solve the ox-Yamabe problem for locally conformal
flat manifolds when k # n/2.

1. INTRODUCTION

For a compact, connected smooth Riemannian manifold (M, g) of dimension n > 3, the
Schouten tensor S is defined as

1 R
Sy, = —— | Ricy,— —2— g,
- < 9T o —1) 9>
where Ric, and R, are the Ricci tensor and scalar curvature of g respectively. We are
interested in deforming the metric in the conformal class [go] of a fixed background metric
go to certain extremal metric with respect to the Schouten tensor along some curvature

flow.
To introduce the flow, we recall ok-scalar curvature of g introduced in [22]

o(9) == or(g™" - Sy),

where g~1-S; is defined locally by (g~* -Sg)é. = g"*(Sy)kj, and oy (A) is the kth elementary
symmetric function of the eigenvalues of n x n matrix A. When k = 1, oq-scalar curvature
is just the scalar curvature R (upto a constant multiple). For k£ > 1, it is natural to
consider oy in the positive cone

I ={A= (1,22, ,A\) €R"|0;(A) >0,V < k}.
A metric g is said to be in T'} if g7' - Sg(z) € T, Va € M.
We propose the following curvature flow
d
(1) dt?
9(0)

= —(logok(g) —logri(9)) - g,

9o,
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where r(g) is given by

ri(g) = exp (ﬁ(m /M log o,(g) dvol (9)> :

The main goal of this paper is to prove the following existence and convergence result
of flow (1) on locally conformally flat manifolds.

Theorem 1. Suppose (M, go) be a compact, connected and locally conformally flat man-
ifold. Assume that gg € FZF and smooth, then flow (1) exists for all time 0 < t < 0o and
g(t) € C°(M) V¥t. There exist two positive constants C,[3 depending only on go, k and
n (independent of t), such that,

2) lollczan) < C; and ¥k #n/2,  lim llow(s) ~ B2 =0,

where the norms are taken with respect to the background metric gy. Furthermore, Yk #
n/2, for any sequence t, — oo, there is a subsequence {t,,} with g(t,,) converging in
Cl%-norm (V0 < a < 1) to some smooth metric g and

(3) or(g) = B.

If k=1, flow (1) is a logarithmic version of the Yamabe flow introduced by Hamilton
[12] in connection to the Yamabe problem [25]. The Yamabe problem is a problem of
deforming scalar curvature to a constant along the conformal class, the final solution was
obtained by Schoen [18] after works of Yamabe [25], Trudinger [21] and Aubin [1]. For
the study of the Yamabe flow, we refer to [4] and [26].

The problem of finding constant op-curvature in the conformal class for k > 2 is a fully
nonlinear version of the Yamabe problem. This problem was considered by Viaclovsky
n [22]. It is reduced to a nonlinear elliptic equation. The main difficulty in this elliptic
approach is the lack of compactness. One way to attack the problem is the blow-up
analysis as in [19] to rule out the standard sphere. In the case k = n, Viaclovsky obtained
a sufficient condition for the solution of this nonlinear problem in [23]. In an important
case n = 4 and k = 2, Chang, Gursky and Yang established the existence of a metric with
o2 > 0 everywhere on any compact four-manifold under the positivity assumption on the
Yamabe constant and [, o2 in [2]. In a subsequent paper [3], they deformed conformally
the metric to a metric of constant go-scalar curvature for general 4-dimensional manifolds
using a priori estimates and a blow-up analysis. To do the blow-up analysis, one needs
local estimates and classification of resulting entire solutions of the corresponding equation
on R". This type of local estimates for the fully nonlinear version of Yamabe problem
has been established by us in [10] for general cases. Flow (1) is designed as a parabolic
approach to the problem. As a consequence of our main result, we obtain the solution for
the fully nonlinear version of Yamabe problem for locally conformally flat manifolds when
k # % (of course, the k = 1 is a result of Schoen [18]).

Corollary 1. If (M, go) is a compact, connected and locally conformally flat manifold and
go € Fg, k # %, then there is a smooth metric g € Fg in [go] such that the oj-curvature
of g is a positive constant.
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Remark 1. If (M, go) is a compact, connected and locally conformally flat manifold with
positive Ricci curvature, then (M, go) is conformally equivalent to a spherical space form.
We note that gy € FZ for k > n — 1 implies the positivity of Ricci curvature. Hence,
Corollary 1 for the cases k =n — 1 and k = n s obvious.

2. PRELIMINARIES

In this section, we collect and derive some properties of o5 and its functionals.
Let (A1,...,An) € R". The k-th elementary symmetric function is defined as

oA, An) = ) A Ay,

11 <<t

A real symmetric n X n matrix A is said to lie in F,j if its eigenvalues lie in F,‘:.
Let A;; be the {ij}-entry of an n x n matrix. Then for 0 < k < n, the kth Newton
transformation associated with A is defined to be

Th(A) = 0K(A) — o 1(A)A + -+ + (—1)F A%,

We have (see [16])

. 1 . ..
T(A), = =8 A

3T R g L A

Uk
where 5;13’;:] is the generalized Kronecker delta symbol. Here we use the summation

convention. By definition,

or(A) = Lginir g, g

R g1k 1171

i _ Oo(A)
i Th-1(A)j = DA
ij
The following properties of o4, and I’} are well-known (e.g., see [7] ).
Proposition 1. We have

1. Fach set F,j; 1S an Open convexr cone.
2. Ty—1(A) is positive definite when A € T} .
1/k
3. logoy and o,'" are concave.
The following are some variational characterizations of o (g) (see [22]).

Proposition 2. If (M,g) is locally conformally flat, then Ty (Sy) is divergence free with
respect to the metric g, i.e., for any orthonormal frame, Vj

(4) > VilTi(Sy)h) = 0.
If k # %, any solution of equation (3) is a critical point of the functional

/ or(g) dvol(g)
M

n—2k

(5) Fr(g) = vol(g)” =

in [go].
Now we consider some properties of flow (1).
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Lemma 1. The flow (1) preserves the volume. When k # 5 and go is locally conformally
flat, then
d n — 2k 2k—n

(6) T kl9) = ——5—wvol(g) =" /M(Uk (9) — rr(g))(log o1 (g) — log i (g))-

Therefore, for k < n/2, %fk(g(t)) <0, and for k > n/2, %fk(g(t)) > 0.

Proof: The volume is preserved, as

d
Lool(g) = / g 1Egdvol(Q)
M

= / (log o (g) — logrk(g)) dvol(g) = 0.
M

On any locally conformally flat manifold, from the computation in [22],

d n — 2k L d
@) ar(g) dvol(g) = — /M ok(9)g™" - g dvol(g).
Since flow preserves the volume, we have
-2 _n
TR = S5 wle)*% [ ol Sadulla)
n — 2k 2k—n _ d
- wi(9)*5* [ (o1(9) ~ gy - Srgdvl(g
2 v dt

- - 2k:vol(g)%Tﬂl /M(Uk(g) —ri(9))(log ok (g) — log rr(g))dvol(g).

2

If g = e 2. gy, one may compute that (see [22])
\V4 2
ar(g) = oy (Vzu +du @ du — %go + Sgo> .

Equation (1) can be written in the following form

d 2
) 2d—1; = logoy <V2u+du®du— ‘v;’ 90 —1—590) + 2ku — log g,
u(0) = wup.

If g = v~2go, equation (1) is equivalent to

dv Vv |Vol?
®) QE = logoy <T o go + Sy, | +2klogv — logry,
v(0) = wvp.

Here all covariant derivatives are taken with respect to the fixed metric gg.
Since gy € FZ, flow (1) is parabolic near ¢ = 0, by the standard implicit function
theorem we have the following short-time existence result.
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Proposition 3. For any go € C*(M) with or(go) € F;r, there exists a positive constant
T* such that flow (1) exists and is parabolic for t € [0,T%), and VT < T,

geC™(0.T) x M)VO<a <1, and op(g(t)) €T},

3. A PRIORI ESTIMATES

In this section, we establish some a priori estimates for flow (1). Here the assumption
of the locally conformally flatness is used. By the fundamental result of Schoen-Yau on
positive mass theorem, if (M, gg) is not conformally equivalent to the standard sphere,
there is a precise asymptotic property for the developing mapping of (M, gp) into the
standard sphere [20]. Schoen applied this property together with Alexandrov’s moving
plane method developed in [8] to obtain the compactness in [19]. The similar approach
was also taken by Ye in [26] to obtain a Harnack type inequality for the Yamabe flow. With
some minor modification, the proof in [26] yields the following Harnack type estimates for
flow (8) (see also [5] for further refinement of this type of argument for nonlinear parabolic
equations).

Proposition 4. Let (M, go) be a locally conformally flat manifold and go € T} If g(t) =
v72gy is a solution of (8) with initial metric gy with oy(g(t)) € T} in a time interval
[0,T%), then
Vv
9) supM <C, forxeM,tel0,T),
M (Y
where C' > 0 is a constant depending only on go, k and n.

Proof: One only needs to consider the case that (M, go) is not conformally covered by S™.
By [20], there is a conformal diffeomorphism ® from the universal cover M of M onto a

dense domain 2 of S”. The boundary 0f) of € is non-empty. Let 7 : M — M be the
covering map and § = (®~1)*1*g the pull-back metric. Set § = 9~ 2gsn, where ggn is the
standard metric of the unit sphere. By the conformal invariance, we have

240 _ o,/ fo; - |v?|2
(10) dt v 202
0(0) = 7.

gsn + Sgsn) — r,i/k, in Q,

Here Vo and V27 are derivatives with respect to the standard metric gg». A result of [20]
implies
Asymptotic fact: VT < T*, o (z,t) — oo, uniformly V¢t <T, asz — O

Ye used the moving plane method of [8] to prove the Harnack inequality for solutions
of Yamabe flow. The main ingredients in his proof are:

1. The asymptotic fact;

2. Certain growth conditions at co of the transformed function w of ¢ under the
stereographic projection from S” to R";

3. The invariance of the resulting parabolic equation for w in R™ under reflections
and translations.
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In fact, the explicit form of the equation for Yamabe flow were not used in the proof
of the Harnack inequality in [26]. As all these ingredients are available for flow (8), the
proof in [26] can be adapted to get the Harnack type inequality (9) for flow (8). We will
not repeat the proof here. [ |

By Lemma 1, the volume is preserved under flow (1). For u = logv satisfying (7), we
have

Corollary 2. There exists a constant C depending only on ugy, (M,go), k and n, such
that for any solution u of flow (7),

(11) [uller < C.

Now, we consider the C2-estimation for flow (1). We note that in the case of the Yamabe
flow, C? and higher regularity estimates follow directly from C' estimates because the
leading term is the heat equation. When k > 2, flow (1) is fully nonlinear. It is not elliptic
until the establishment of C? estimates and the positivity of o4 (g) in the time interval
considered. C? estimates are crucial to the global existence of flow (1).

Proposition 5. Let g = e 2gy be a solution of flow (1) with oy (g(t)) € T} on M x[0,T*).
Then there is a constant ¢ > 0 depending only on vy, go, k and n (independent of T*)
such that

(12) IV3g(t)] < e, Vte[0,T%).

Proof: For any local frame eq,...,e,, we denote u; = V,;u and uy; = V;V,u the first
and second covariant derivatives with respect to the background metric gg. The similar
notation will be used for the higher order covariant derivatives.

We want to bound Au. If k > 2 and o1(V?u + du ® du — %gg + Sgo) € I}, we know
that

luij] < e1(Au+ |Vu|+1).

Hence we only need to get an upper bound of Au. Consider G := (Au + m|Vu|?) on
M % [0,T] for a given T € (0,7*). Here m is a constant to be fixed later. Assume G
achieves the maximum at (zg,tp) € M x [0,T]. Without loss of generality, we may assume
that G(zg,to) > 1. Since |Vu| is bounded, we may also assume that at the point
|[Vul?

1
G > §tr(V2u—|—du®du— 9o + Sg)-

By the Newton-MacLaurin inequality, at this point

El(n — k) 1 1 Vul?
(13) G > g(mni!))%alf(v2u+du®du—%gg—i—&'go).
We have, at (zg, to),
(14) Gy = Z(u”t + 2multul) >0

l
and

(15) G; = Z(u”i + 2mu“ul) = 0.
l
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In what follows, we indicate ¢ to be the constant (which may vary line form line) depending
only on the quantities specified in the proposition. By (15) we have at (xo, o),

(16) | Zu”il <cG, for alli.
!

Furthermore the matrix (G;;) is semi-negative definite at this point. Let W = (W;;) be a
matrix defined by

1
Wij = U5 + Uju; — §\Vu]25ij + S(go)ij
and F = logop(W). Set FJ = %. We may assume that (W;;) is diagonal at xg, so
(F¥) is also diagonal at the point. Since (F'/) is positive definite, we have

(17) 0= ZFUG” - ZFU (unij + 2muiugy + 2ugiju).

&J g5l
Since |Vu| is bounded, commutators of the covariant derivatives can be estimated as,
(18) lwiig — wiji| <, |ugy; — wigu| < cG.

In view of (14)—(18) and the concavity of F', we have

0 > ) Figy

Y

Z FU (uin + 2mugzugy + 2ugjiuy) — ¢ Z Iage
1,7, 7
3 1 )
= > F9wiju — (uiu; — 3 IVul“di + S(go)iu + 2muiw;
il
(19) ’ . H
—|—2mwiﬂul — 2mul(uiuj - §\Vu]2(5w + S go)z‘j l} — CZ G

AF+2mZFlul+ZF“ 2+ 2(m—1) ZF”ull—cZF“

Jl

> AF+2mZFlul+ ~G? ZF“+2 —-1) ZF”uh—cZF”G.

Y

Recall that F' = u; — 2ku —logr(g), (14) and (19) yield

0 > (Aus+2m Z upuy) — 2kAu — dmk|Vu|?
l

(20) +% Z F"G? +2(m — 1) Z Fhg, — CZ Fig

> {-2kG+2(m—1)> Fiu 2}+ZF“ 2 _ Q).
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We claim that for suitable large m > 1,

(21) —2kG +2(m — 1) Y Fu > —c(1+ > F"G).

Since W and (F¥) are diagonal at the point, \; = Wj; and
Wi = ()\1,)\27 . 7)"i—17)\’i+17' .. )’

it is easy to check that F% = 2i-1Wi) - ppom (20) and the identity

o (W)
Zak 1 ’rl—k‘-f—l)Uk 1(W)
if the claim is true,
or—1(W), 1
22 —F—(G* —cG) < c.
(22 @O <
The Newton-MacLaurin inequality yields
or—1(W) S kn

aW) ~ (n—k+ D)tr(Vu+dued

Then the Proposition follows from (13) and (22).
Now we prove the claim. From (11) and the assumption that G(zo,t9) > 1, there is a
constant ¢ > 0 independent of 1" such that

ZFMU > ZF” - CZF“G

Since W is diagonal at the point, we have the identity (e.g., see [13])

Zak 1( = o1(W)op(W) = (k + 1)og+1(W).

50)

In turn,

SR -
1

- W(al(W)ak(W) — (k4 1)op41(W)).

When oj41 (W) < 0, the claim is automatically true. Hence we assume that og1 (W) > 0.
The Newton-MacLaurin inequality (k + )Uk.H < Jlak yields

> P, z o1 (W).

Now the claim is verified if we choose m > n + 1. This completes the proof of the
Proposition. [ |
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4. A NONLINEAR EIGENVALUE PROBLEM

In this section, we consider a nonlinear eigenvalue problem

2
(23) o)/ (V2¢+ dé ® do — |v2¢| i sgo) —

where covariant derivatives are taken with respect to the background metric. We say ¢ is
admissible if e72?gy € I'}'. We refer to [15] and [24] for the treatment of other types of
nonlinear eigenvalue problems.

Theorem 2. Let gy € FZ. Then there exists a function ¢ and a positive number A such
that ¢ is an admissible solution of equation (23). (¢, ) is unique, in the sense that if
there are two admissible (¢, \) and (¢', N') satisfying (23), then A = X and ¢ = ¢' + ¢ for

some constant c.
In order to prove Theorem 2, we introduce an auxiliary equation

[Vul?
2

(24) O']i/k <V2u + du ® du — + Sgo) = he" + f,

for some functions f > 0, h > 0.
1

Proposition 6. Let gy € T}, suppose T < f <L for some constant L >0 and h > 0. If
u is a C* admissible solution of (24) and maxy;u = v for some constant vy, then for each
0 < a < 1,1 > 2 integer, there is a constant C depending only on l, «, go, L, v, ||h|ct,

[ fller such that |[ul|crvensy < C.

Proof of Proposition 6. We will repeat the arguments in [10] for the a priori estimates. In
fact, stronger local estimates hold for the solutions of (24) following the same lines of the
proofs in [10]. Here we only concentrate on the global estimates.

We first obtain a C'' bound. Since maxj; v = «, we only need to bound the gradient
of u. Let W = (V?u + du ® du — W;'Qg(] + Sg,) and let w;; be the entries of W. Set
H = |Vu|? and assume that H achieves its maximum at zo. After appropriate choice of
the normal coordinates at zg, we may assume that W is diagonal at the point. Since zq
is the maximum point of H, we have H;(zg) = 0, i.e.,

n
(25) > wguy = 0.
=1

We may assume that H(zo) > A2 and |S,,| < Ay'|Vul? for some large fixed number A
to be chosen later.
Since x¢ is the maximum point of H, the matrix (H;;) = (2u;;w + 2uuj) is semi-

negative definite. Set F'V = %. (FY) is a diagonal matrix at zp as W is diagonal.
Again, as in the proof of Proposition 5, we denote C' (which may vary from line to
line) as a constant depending only on the quantities mentioned in this proposition. Since

F = (het + )Y, 3, Fruy < C(H + 1). We have
(26) 0> Finij = Fij(2ulz~jul + 2uilujl).
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Using (25), after commuting the covariant derivatives, the first term in (26) can be esti-
mated as follows,

Z Fijul-jlul > Z Fijuiﬂul — C|Vul? Z Fo

/[:7j7l /[:7j7l Z
iy Yul? g
= > Fwyu — (ui — %%‘)lul} ~C|Vul? Y F"
= Z Flul -2 Z Fijuuujul + Z Fiiuklukul - C‘VUP Z Fii
! i, ik, i

> —C|Vu]*) F".

Here we have used the homogeneity » . Fiw; = F.
By Lemma 1 in [10], for Ay sufficiently large (depending only on k, n, and ||go||c3)

3
(28) > Fluguy > Ay *[Vul* Y FY
i i>1
(27) and (28), together with (26) yield the desired C* estimate.

With the C! bound, a C? bound can be obtained following the same lines of proof of
Proposition 5 in the previous section. We may assume k > 2, since C? bound for k = 1
follows from linear elliptic theory. Since w is admissible, in this case we only need to get
an upper bound for Aw as in the proof of Proposition 5. We estimate the maximum of
G = (Au+|Vul?). We note that F = O']i/k(VQU +du ® du — ‘V;‘ng + Sy,) is also concave.
At any maximum point yo € M, by the similar computations as in (19) and (20) in the
proof of Proposition 5, we have,

(29) 0>AF+23 Flup+ 34 Flupy —C(1+G) Y, F™.
We estimate the terms on the right hand side. As F' = (he" + f )1/ k we have
> Fuz-C. Y Fy>-CG.
1

1>1
y 1
By the facts ) F" > 1 for F' = o} and G(yo) > 1, the above yields

—CY FUG+) Flupy > -C> FiG+ % > Fi(Au)?
i,k,l i

ii 1
ZF {—CG+ E(ﬂ}.

It follows from (30) that at yo, G < C.
The higher regularity estimates follow from the Evans-Krylov theorem (e.g., [6] and
[14]). [ ]

0

Y

(30)

Y



A FULLY NONLINEAR CONFORMAL FLOW 11

Proof of Theorem 2. First we want to prove that for small A > 0 the following equation

has a unique smooth admissible solution

[Vul?
2

(31) F(u) =: U;/k (V2u+du®du— +Sgo) —e'= A\

Since g—i < 0, the uniqueness for the solutions of (31) follows from the Maximum principle.
For the same reason, the kernel of the linearized operator of F' is trivial at any admissible
v. We note that for any admissible v and VO < ¢ < 1, since gy € FZ, u; = tu is also
admissible. The linearized operator of F at ug = 0 is L(p) = tr{T—1(Sgo) Ve, 0} — hp. By
(4), it is self-adjoint with respect to the metric go. Since the index of elliptic operator is
invariant under homotopy, so the kernel of the adjoint operator of the linearized operator
of F at w is trivial. That is, the linearized operator of F is invertible at every admissible
solution u. This fact will be used later in the proof.

We now want to show the existence using the continuity method. Since gy € FZF, there
is a constant C7 > 1 such that C; ' < Ui/k(SgO) < (4. Thus, for small A > 0, one can find
two constants ¢ < 0 < § such that

4+ A< 0" (Sy) <€+ A
Let v = §, we have F(v) = f for some smooth positive function f > . For 0 < ¢ < 1, let
us consider the equation

(32) Flu) =tA+ (1 —t)f.

By the Maximum principle, for any solution u of (32), minu > minv = §. Also for @ = 4,
as F' (0) < A, again by the Maximum principle, max u > max v = 0. That is, v is bounded.
By Proposition 6 we have the uniform a priori estimates for solution u of (32). This implies
the closeness. The openness follows from the standard implicit function theorem since the
linearized operator of F is invertible. Therefore, the existence of the unique solution of
(31) is established for A > 0 small.
Set
A ={A>0](31) has a solution}.

Since A # (), we define

A" = sup .
AEA

We claim A\* is finite. For any admissible solution u of (31), by the Newton-MacLaurin
inequality,
\V4 2
A< e”—i—)\:a;/k(v%—i—du@du— ﬂgo—i—Sgo)

2
= I [Vl
(33) < ?al(v u+ du ® du — 5 90 + Sgo)
1
(T *
= MOV Ay — D2 1Wuf?) + cR,,
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where Ry is the scalar curvature function of (M, go) and ¢ is a constant depending only on

n and k. Integrating the above inequality over M, we get A < CIM%(Z:)W’ We conclude

Js Rodvol(go)
that \* S CJMVOW

For any sequence{\;} C A with \; — X*, and let u,, be the corresponding solution of
(31) with A = \;, i = 1,2,3,--- . We claim that maxy; uy, — —o0 as i — 0o. Suppose
max s uy, > —Cp. From equation (31), at any maximum point zg of uy,, maxys uy, < —C
for some constant C' depending only on n, k, go. Then Proposition 6 implies that uy, (by
taking a subsequence) converges to a smooth function ug in C%, such that ug satisfies (31)
for A = A\{. As remarked at the beginning of the proof, the linearized operator of equation
(31) is invertible. By the standard implicit function theorem, we have a solution of (31)
for A = A1 + ¢ for € > 0 small, this is a contradiction. Hence maxys uy, — —00 as i — oo.
Now let wy, = uy, — maxys uy,. It is clear that w,, satisfies,

1k [ 2 [V, 2
oL \V4 w, + dw}\i ® dw)\i _ Tlg + Sg — eMaXM Uy, pW + )\i
with maxys wy, — 0. By Proposition 6 again, w), converges to a smooth function ¢ in ct
and ¢ satisfies (23) with A = \*.
Finally we prove the uniqueness. For each admissible u, let
\V4 2
W= (V2 + du @ du — V4

go + Sgo)
and Dok (V)
Ok
J 6wij

For any smooth functions wy and wuy, let v = uy — ug, uy = tu; + (1 — t)up and Wy =
Ay + duy @ duy — Y22 4 5, By (4), the following identity holds

(34) o (W1) — o (Wo) Zv / ai; (We)dt)Vv] +vaw

for some bounded functions ', | = 1, wun. If ug = ¢ and u; = ¢ are two admissible
solutions of (23) for some A and X respectively, then ( fol a;j(Wy)dt) is positive definite.
Therefore, ¢ = ¢’ + ¢ for some constant ¢ by (4) and the Maximum principle. The proof
of Theorem 2 is complete. [ |

5. EXISTENCE AND CONVERGENCE

First, we want to use the a priori estimates established in the section 3 to obtain the
long time existence of flow. These estimates are independent of time ¢, as long as u(t, x)
stays in the positive cone Fz. Therefore, to establish the long time existence, we need to
show o}, stays strictly positive for all ¢.

Lemma 2. We have

3)  §108ule) = 5o (T (5)) V3 0rou(o) + loga(s) — ogrilo).
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Proof: 1t is easy to check, see for example [16],

d d d

=ok(9) = kok(9)g = (97") + tr{Ti1(Sg)g™" =Sy}

Under the conformal change g = e~2%g, the Schouten tensor is changed as follows
|2

Sg:V2u+du®du—|V; go + Sgo-
Hence, we have
d du d
Sg g2t _ g2l _
a’s = Vog V( prid
Now we have
d 1 _ _
7 logoi(g) = —§U;§1tf{Tk71(Sg)9 'y~ 1dt 9)} +logox(g) —logri(g)
1
= ——tr{Tp_1(S,y)V:log ok(9)} + log ok (g) — log ri(g).-
201(9)

Corollary 3. Suppose g(t) is a solution of equation (1) with initial metric gy on a time
interval [0,T™), then there is a positive constant ¢ > 0 depending on go, k, n (independent
of t), such that V't € [0,T*),

et

(36) ok(g(t)) = ce” <.
Therefore, flow (1) exists for all t > 0.

Proof: By Propositions 4 and 5, logri(g) < C for some constant C' independent of ¢. Let
f=etlogo(g) — Ce L. By Lemma 2 f satisfies a parabolic inequality

G = gt (T (5,) VS,

Now the corollary follows from the maximum principle. Again by Propositions 4, 5, and
what we just proved, flow (1) stays uniformly parabolic in [0,7T) for any fixed T' < co. By
Krylov Theorem for fully nonlinear parabolic equations [14], g(t) € C%°7,¥0 < t < T for
some ar > 0. In turn, ||gllcio,r)xary < Cur for all I > 2. Now the long time existence
follows from the standard parabolic PDE theory. [ |

The next proposition will also be used in our proof of Theorem 1.
Proposition 7. If go € T, then there is no C%! function u € Fﬁ such that ox(g) = 0
for g = e~2%gq in the viscosity sense.

Proof of Proposition 7. By Theorem 2, there is a smooth admissible solution ¢ of (23) for
some A > 0. Assume by contradiction that there is a C1! solution u of

v 2
| ‘g+S>

Let up = u and u; = ¢ and v = u; — ug, then (34) still holds for v in weak sense (since
u € Ch). Also, ( fol a;j(Wy)dt) is uniformly positive definite everywhere since a;;(W;) is

O (V2u+du®du —
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semi-positive definite for all t and uniformly positive definite for § <t < 1, V§ > 0. By

Maximum principle again, u = ¢ + ¢ for some constant c. That is,

[Vul?
2

This is a contradiction. [ ]

O:Uk(v2u+du®du— g+Sg>=Jk(W1)=)\>0.

Proof of Theorem 1. The a priori estimates and the longtime existence are proved in
Proposition 5 and Corollary 3. We now prove the convergence for k # n/2. Since the
volume is preserved under flow (1), from (6) we have VT’

T n;Q
/ / <ak<g>—m(g))(logak(g)—1ogm>dvoz<g>dtsL”
0 Jum |n — 2k|

By Proposition 5, o;(g) and Fi(g) are uniformly bounded. We conclude that

(37) / / o1(g) — ri(g))2dvol(g)dt < oo

Therefore for any sequence ¢, — oo, there is a subsequence {t,,}) such that r(gt,, ) — 3,

| Fi(9(T)) — Fi(go)l-

for some nonnegative constant 3, and [ (0.9t ) — 71 (tn, ))2dvol(gs, ) — 0. Again, from
Proposition 5 (by taking subsequence) u(ty,,) converges to some C1:! function us, in CH®
norm for any 0 < < 1. By Lebesgue domination theorem,

(38) 0k(goo) = B, almost everywhere,

where go, = e 24> gy. Since us, € O, uy, satisfies the equation (38) in viscosity sense.
By Lemma 1 Fi(g(t)) is monotonic, 3 is independent of the choice of the sequence. It
follows (37) again that

Jim {lok(9) = Bllz2(ary = 0-
Finally, g is positive by (38) and Corollary 7. We conclude that u, € C°°(M) by the

Evans-Krylov Theorem. We remark that the positivity of 3 for k > n/2 also follows from
Lemma 1, Propositions 4 and 5, since 7,(g¢) is uniformly bounded from below. [

6. DISCUSSIONS

We discuss some implications of the flow (1). Let F(g) be the functional defined as
in (5). When n = 4 and R, > 0, Gursky proved in [11] that there is a constant C
(independent of (M, g)) such that

Fa(g) < C(Fi(g))?,

and the equality holds if and only if (M, g) is conformally equivalent to the round sphere.
We note that the inequality is also a consequence of the Yamabe problem. Since F3(g) is
a conformal invariant when n = 4, the inequality can also be proved using Schoen’s solu-
tion of the Yamabe problem in [18] and the Newton-MacLaurin inequality for elementary
symmetric functions.
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We now turn to higher dimensional cases. If (M, go) is locally conformally flat and
n = 2m, and assume gg € I';,—1. We note that F,,,(go) is a conformal invariant. By Lemma
1 and Theorem 1, there is a g € [go] such that vol(g) = vol(g0), Fm-1(9) < Fm-1(g0)
and 0,,—1(9) = . We may assume vol(g) = vol(go) = 1. From the Newton-MacLaurin
inequality, there is a constant C'(m,n) > 0 such that

om(g) < C(m,n)opn=}(g) = C(m,n)B7-1,
and the equality holds if and only if the Schouten tensor S(g) is a multiple of g. Integrating
over M, we get

(39) Funlg) < Clm, n)F71 ().

If the equality holds, (M, g) is a spherical space form. If gy € 'y and k > m/2, then the
same argument works, namely, there is a constant C'(m, k,n) > 0 such that

(40) Filg) < Clm, k,n)Fi (g),

and the equality holds if and only if (M, g) is a spherical space form. Notice that in this
case Fy, is increasing along flow (1).

We now recall the classical quermassintegral inequality. Let Wy () be the k-th cross-
sectional integral of a convex body € C R™!. The classical quermassintegral inequality
(e.g., see [17]) asserts that VI <[ <k <n+1:

wR Q) < Clk, 1, )W} (),

and the equality holds if and only if € is a round ball.

Let u is the support function of €2 and wu;; its second order covariant derivatives with
respect to an orthonormal frame of the standard sphere. The quermassintegral inequality
can be expressed as

(41) (/ o (i + uéij)) v < Ok, 1,n) (/ o1 (us; + ual-j)> "

This inequality was generalized to k-convex functions on S™ in [9].

We note that there is a similarity of inequalities (39) and (40) with inequality (41).
This comparison leads us to speculate the following conformal version of quermassintegral
inequality for Fj(g): For any 1 <1 < k < n there is a constant C(k,l,n) > 0 such that

(42) (Felg)* < Ck,,m)(Fi(g)Y, Vg €T,
and the equality holds if and only if (M, g) is a spherical space form.
Flow (1) is a natural geometric equation. There are many related questions remaining

to be answered. We conclude this paper with some remarks.

Remark 2. When k = %, the right hand side in (6) is trivial. For this reason, we are
unable to get the sequential convergence for flow (1) in this case. It is interesting to find a
variational characterization of metrics of constant o-scalar curvature for this case. When
n =4 and k = 2, such a variational characterization can be found in [2].



16 PENGFEI GUAN AND GUOFANG WANG

Remark 3. Though the sequential convergence of flow (1) is sufficient for Corollary 1, it
is of interest to know the uniqueness of g and global convergence of flow (1). We would
also like to raise the question of the global existence and convergence of the flow (1) for
general case without the assumption of locally conformally flatness.

Remark 4. With some modifications in our proof, one can establish the similar a priori
estimates for the following flow (0 <1 <k <n) on locally conformally flat manifolds:

d g
(43) 9 = —(log(24%) ~logria(9)) - 9.
g(O) = 9o,

with r,1(g) given by

vol(g) oi(g)
Therefore the global existence result is valid for (43).

rk,z(g)=exp( . /Mlog(ak(g))dvol(g)>-
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