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Abstract: We give a short, self-contained argument showing that, for
compact connected sets in M

2×2 which are invariant under the left and
right action of SO(2), polyconvexity is equivalent to rank-one convex-
ity (and even to lamination convexity). As a corollary, the same holds
for O(2)-invariant compact sets. These results were first proved by
Cardaliaguet and Tahraoui. We also give an example showing that the
assumption of connectedness is necessary in the SO(2) case.

Quasiconvexity was introduced by Morrey as a characterization of the energy densities W
which give rise to lower semicontinuous energy functionals I[u] =

∫
W (∇u) defined on maps

u : Ω ⊂ R
n → R

m (in what follows we consider n = m = 2). If K is the compact set where
W attains its minimum, then its quasiconvex envelope Kqc is the set of gradients of affine
maps where the relaxation of I attains its minimum [4]. From a physical point of view, Kqc

represents the set of macroscopic zero-energy deformation gradients which can be attained
by an elastic solid.

A direct method to characterize Kqc explicitely is missing. Inner and outer bounds,
however, can often be derived. On the one hand, Kqc is contained in the polyconvex hull
Kpc, defined as the set of matrices which cannot be separated from K by a polyconvex
function (ϕ : M

2×2 → R is polyconvex if ϕ(X) = ψ(X, detX) for some convex ψ : R
5 → R).

By separation we mean that for every X �∈ Kpc there exists a polyconvex ϕ such that
ϕ(X) > ϕ(Y ) for any Y ∈ K. On the other hand, Kqc contains the rank-one convex hull
Krc, defined as the set of matrices which cannot be separated by a rank-one convex function,
i.e. a function which is convex along rank-one lines t→ A+ ta⊗ b. The set Krc contains in
particular the lamination-convex hull K lc, defined as the intersection of all sets H containing
K such that for every X, Y ∈ H with rank (X−Y ) = 1 the whole segment [X, Y ] belongs to
H . Most known examples of quasiconvex sets are obtained by proving that in specific cases
K = Kpc = K lc. It is therefore interesting to investigate in which cases the latter property
holds, i.e. to characterize classes of sets which are both lamination convex and polyconvex.

We focus here on isotropic materials in two dimensions. Isotropy is appropriate for exam-
ple for elastomeric or polycristalline materials, and mathematically means that the energy
density W satisfies W (X) = W (QXQ′) for all rotations Q,Q′ ∈ SO(2). Correspondingly,
we say that the set K ⊂ M

2×2 is SO(2)-invariant if QKQ′ = K for all Q, Q′ in SO(2). We
say that a set K is polyconvex (rank-one convex, lamination convex) if K = Kpc (K = Krc,
K = K lc resp.). We show that

Theorem 1. Let K ⊂ M
2×2 be compact, connected and SO(2)–invariant. Then K is lami-

nation convex if and only if it is polyconvex.
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This result was first obtained by Cardaliaguet and Tahraoui [1] with the additional as-
sumption that all matrices in K have nonnegative determinant, and a rather long proof
[2, 3]. We give here a short, self-contained argument leading to the same result without the
restriction on the determinant.

Isotropic functions can be naturally written in terms of the scalar parameters λ1(X) and
λ2(X), which we define as the only real numbers |λ1| ≤ λ2 such that Qdiag (λ1, λ2)Q

′ = X
for some Q,Q′ ∈ SO(2). We remark that |λ1| and λ2 are the singular values of X, i.e. the
eigenvalues of (XXT )1/2. Hence λ2

1(X) + λ2
2(X) = |X|2 := TrXTX and λ1(X)λ2(X) =

detX. If X ∈ M
2×2, then Y ∈ SO(2)X SO(2) if and only if λi(X) = λi(Y ). For an analysis

of rank-one convexity for isotropic functions see [5] and references therein.

Lemma 2. Let c ∈ R \ {0}. Then the functions

ϕ±
c (X) := λ2(X) ± λ1(X) − (detX)/c (1)

are polyconvex. The same holds for ϕ±
0 (X) := − det(X).

Proof. The lemma follows from the convexity of the functions λ2±λ1, which in turn is proved
by the explicit computation

λ2(X) ± λ1(X) =
√

|X|2 ± 2 detX =
√

(X11 ±X22)2 + (X21 ∓X12)2 .

�
Remark 3. We observe that any SO(2)-invariant polyconvex function can be written as
supremum of linear combinations of the functions ϕ±

c , as can be seen by writing it first as
supremum of polyaffine functions and then exploiting SO(2)-invariance.

Before giving the detailed proof of Theorem 1, we illustrate how the argument can be
visualized in the plane (λ1, λ2). Suppose that K is lamination convex. The level-sets of
the functions ϕ±

c through a given matrix A form a one-parameter family of hyperbolic arcs.
These arcs are at the same time images of rank-one lines, hence if A is not in K they cannot
intersect K both ’before’ and ’after’ A. We divide each hyperbolic arc into two pieces,
separated by the matrix A, and parametrize each ray with the vector e ∈ S1 tangent to it
in A (see Figure 1). By continuity, the set γ ⊂ S1 of e for which the corresponding ray
intersects the compact set K is closed. Since γ and −γ are closed and disjoint subsets of the
connected set S1, there is an e ∈ S1 such that neither e nor −e lies in γ. The corresponding
hyperbola {ϕ̄ = h} does not intersect K, and since K is assumed to be connected it lies on
one side of it. Using Remark 4 we show below that either K is a subset of {ϕ̄ < h}, or K
lies also on one side of {det = detA}. This will conclude the proof.

Remark 4. Suppose that K is lamination convex. Then

if X ∈ K, then {Y : det(Y ) = det(X), λ2(Y ) ≤ λ2(X)} ⊂ K . (2)

To see this, consider the rank-one segment joining the matrices

X± :=

( | detX|1/2 ±√|X|2 − 2| detX|
0 (detX)/| detX|1/2

)
. (3)

Clearly X± ∈ SO(2)X SO(2) ⊂ K and thus the whole rank-one segment [X+, X−] belongs
to K. Along this segment the product of |λ1| and λ2 is constant, and the sum of their squares
is minimal when they are equal and maximal at the endpoints X±. Therefore for any Y in
the set (2) there exists Ỹ ∈ [X+, X−] such that λi(Ỹ ) = λi(Y ).
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Figure 1. Left panel: one of the level sets Lc. The dotted part is Λ(c+2σ2).
Right panel: the family of closed sets Λ(d). The dotted lines are the level sets
of ϕ−

c , the continuous are the level sets of ϕ+
c . The point (x, y) represents the

set SO(2) diag (x, y) SO(2).

Proof of Theorem 1. Since det is affine on rank-one lines, a set of matrices which is poly-
convex is also lamination convex, and one implication of the Theorem follows. To prove
the other implication we need to show that for any A �∈ K, there is a polyconvex ϕ with
ϕ(A) > maxK ϕ. It is actually sufficient to show that, for any K which satisfies the assump-
tions above,

if A = diag (σ1, σ2) �∈ K, with 0 ≤ σ1 ≤ σ2, there is ϕ polyconvex s.t. ϕ(A) > maxK ϕ.
(4)

Indeed suppose that (4) holds, and take B ∈ M
2×2 \K. Then there are O1, O2 ∈ O(2) such

that A := O1BO2 has the form above. The set K ′ := O1KO2 is still compact, connected,
lamination convex and SO(2)–invariant. By (4) there is a polyconvex function ϕ′ which
separates A from K ′. Then ϕ(X) := ϕ′(O1XO2) is polyconvex and separates B from K.

We now start proving (4). If σ1 = σ2, we claim that {Y : det Y = detA} does not intersect
K. Otherwise there exists X ∈ K with detX = detA and thus λ2(X) ≥ σ2 = σ1 ≥ λ1(X).
Hence (2) yields that A ∈ K, a contradiction. Thus, the connectedness of K implies that
either maxK det < detA or maxK − det < − detA. Since ± det are both polyconvex we are
done.

If instead σ2 > σ1, we show below that at least one of the level sets

Lc :=

{
{X|ϕ−

c (X) = ϕ−
c (A)} for c ∈ [−σ2, σ1[

{X|ϕ+
c (X) = ϕ+

c (A)} for c ∈ [σ1, σ2]
(5)

does not intersect K (in the (λ1, λ2) plane with |λ1| ≤ λ2, Lc is an arc of hyperbola with
vertical asymptote λ1 = c, see Figure 1). This implies immediately the result. Indeed, let
ϕ̄ be the one of the ϕ±

c which generates this level set. Since K is compact and connected
then either maxK ϕ̄ < ϕ̄(A) or minK ϕ̄ > ϕ̄(A). In the first case our proof is finished. In the
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second case, consider A′ = (σ1σ2)
1/2Id . Since ϕ±

c (A) ≥ ϕ±
c (A′) for all c, the matrix A′ is not

in K. Then by the argument above either det or − det separates A′, and hence A, from K.

We now come to the core of the proof, which consists in showing that one of the level sets
(5) does not intersect K. For c �= ±σ2 we split any of the Lc into two pieces (see Figure 1),

L>
c := Lc ∩ {λ2(X) ≥ σ2} and L<

c := Lc ∩ {λ2(X) ≤ σ2} . (6)

One basic remark is that for any c ∈] − σ2, σ2[,

either L>
c ∩K = ∅ or L<

c ∩K = ∅. (7)

Indeed, if B ∈ L>
c and C ∈ L<

c , we can find a rank-one segment between an element of
SO(2)B SO(2) and an element SO(2)C SO(2) which contains A. To show this we distinguish
two cases. If σ1 ≤ c < σ2, we choose s ∈ [0, 1] such that sσ1 + (1 − s)σ2 = c, and define

A(t) := A+ t

(
1 − s

√
s(1 − s)√

s(1 − s) s

)
tB := λ2(B) + λ1(B) − σ2 − σ1

tC := λ2(C) + λ1(C) − σ2 − σ1

It is easy to check that (λ2+λ1)
2(A(t)) = |A(t)|2+2 detA(t) = (σ2 +σ1+t)2, tB ≥ 0, tC ≤ 0,

and ϕ+
c (A(t)) = ϕ+

c (A) = ϕ+
c (diag (σ1, σ2)). Hence λi(A(tB)) = λi(B), λi(A(tC)) = λi(C). If

instead −σ2 < c < σ1 we reason in the same way choosing s such that −sσ2 + (1− s)σ1 = c
and

A(t) := A + t

( −s −√
s(1 − s)√

s(1 − s) 1 − s

)
tB := λ2(B) − λ1(B) − σ2 + σ1

tC := λ2(C) − λ1(C) − σ2 + σ1 .

and considering that (λ2 − λ1)
2(A(t)) = (σ2 − σ1 + t)2.

The second basic remark is that for c ∈] − σ2, σ2[ and � ∈ {>,<}, the following holds:

if Xn ∈ L�
cn
, cn → c, and Xn → X, then X ∈ L�

c . (8)

We now extend and reparametrize L>
c and L<

c to obtain an S1–parameter family of sets
Λ(d), for d ∈ [−σ2, 3σ2], such that the properties (7) and (8) still hold. For |c| < σ2 we set
Λ(c) := L>

c and Λ(2σ2 + c) := L<
c . The remaining sets are

Λ(σ2) := Lσ2 ∩ {λ1(X) ≥ σ1} and Λ(−σ2) = Λ(3σ2) := L−σ2 ∩ {λ1(X) ≤ σ1} .
To better visualize the S1 family one could reparametrize it replacing d with the (oriented)
tangent vector to the sets Λ in the point (σ1, σ2) in the (λ1, λ2) plane (see Figure 1).

We call K̃ the set of those d ∈ [−σ2, 3σ2] such that Λ(d) intersects K. In view of (8), and

its obvious extension to the limits cases c = ±σ2, K̃ is closed, and in view of (7), K̃ and
(K̃ + 2σ2) are disjoint. Hence their union cannot cover all of the connected set [−σ2, 3σ2],
and there is d ∈ [−σ2, σ2] such that both Λ(d) and Λ(d+ 2σ2) do not intersect K. Since Ld

is contained in Λ(d) ∪ Λ(d+ 2σ2) the proof is finished. �
Corollary 5. Let K ⊂ M

2×2 be compact and O(2)-invariant. Then K is lamination convex
if and only if it is polyconvex.

Proof. The claim follows from the fact that any O(2)-invariant nonempty lamination convex
set is connected and SO(2)-invariant. To show that K is connected, we remark that if
X = diag (µ1, µ2) ∈ K, then the rank-one segment connecting X with X ′ = diag (−µ1, µ2)
is in K, and hence also the one connecting diag (0, µ2) with diag (0,−µ2), which contains 0.

�
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Figure 2. Intersection of the set K defined in (9) with the diagonal matrices
with nonnegative entries. The matrices A, E, F , P1 and P2 entering (10) are
also shown.

We now show with an example that if K is not connected, with the remaining assumptions
of Theorem 1 still holding, then rank-one convexity (and hence lamination convexity) does
not imply polyconvexity. Consider the function

f(X) :=

{
4(λ2 + λ1 − 1 − λ1λ2)(X) λ1(X) ≤ 1
1
4
(λ2 + λ1 − 1 − λ1λ2)(X) λ1(X) > 1 ,

which is rank-one convex by Lemma 3.1 of [6]. Define

K := {X : f(X) ≤ −1 , λ2(X) ≤ 7} (9)

and A = diag (5/2, 5/2). The set K is rank-one convex, compact, SO(2)–invariant, and does
not contain A (see Figure 2). We now show that there is no polyaffine function ψ, and hence
no polyconvex function, which separates A from K. This implies that K is not polyconvex.
Consider the four matrices E = diag (1/2, 1/2), F = diag (3, 3), P1 = diag (7, 5/3), and
P2 = diag (5/3, 7) (all of which belong to K). It is a simple check that the inequalities

ψ(A) > ψ(E) , ψ(A) > ψ(F ) , 2ψ(A) > ψ(P1) + ψ(P2) (10)

are incompatible. To see this, write ψ(X) = B :X−c detX+d, with B ∈ M
2×2 and c, d ∈ R

(and B:X = TrBTX). Setting b := TrB/2, the inequalities above become

5b− 25

4
c > b− 1

4
c , 5b− 25

4
c > 6b− 9c , 5b− 25

4
c >

26

3
b− 35

3
c .

It is easy to see that they are incompatible. Graphically, this corresponds to the fact that, if
A is sufficiently close to F , any hyperbola which separates A from P1, F and P2 is very close
to the one which contains the latter three points (see Figure 2). Then, its second branch
does not separate A from E.
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