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We study the relaxation of ferroelastic domain walls in the
vicinity of a free surface, by means of a nonlinear continuum
elastic model treated with ﬁnite elements on an adaptive grid.
Domain walls bend towards the free surface, as a consequence
of the interplay of the energy per unit length of the domain
wall and the long-range elastic strains which are generated by
deviations from the prescribed compatible orientation. We
also analyze the order parameter on the free surface. For
walls orthogonal to the free surface we ﬁnd, in accordance
with previous studies, a double-peak structure. For diﬀerent
angles the picture is more complex, and in some cases only
one small peak survives.

1

Introduction

Ferroelastic materials are characterized by a variety of ﬁne-scale structures,
which form spontaneously due to the presence of multiple energy-minimizing
strains. Typically two or more variants are observed, each of which is realized in many small domains. The orientation of the domain wall follows, with
small ﬂuctuations, a prescribed direction, leading to the characteristic lamellar patterns. Whereas classical analysis has focussed on the average material
properties, and on the macroscopic domain patterns [19, 8, 3], recently interest has been growing on the inner structure of the domain walls. Indeed,
domain walls oﬀer a rare opportunity to selectively dope two-dimensional
sections in the bulk of crystalline materials. The enhanced chemical reactivity of the elastically strained region around the domain wall has been
demonstrated experimentally, and has been used to form two-dimensional
superconducting regions in an insulating matrix [1, 17, 2]. The process of
selective doping is in large part controlled by the elastic strains present in the
material [13], and by their interaction with surface relaxation, which is still
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poorly understood. Experimental measurements of diﬀuse X-ray scattering
in diﬀraction experiments permitted to estimate the wall width [9, 14]. The
result is signiﬁcantly larger than the atomic spacing, and therefore justiﬁes
a treatment based on continuum elasticity. The precise experimental study
of the inner structure of domain walls is however diﬃcult.
The relaxation around a free surface is, in some respects, analogous. Indeed, experiments on ferroelectric powders and thin ﬁlms have shown a reduction of the critical temperature with size [22, 21]. This indicates that the
order parameter is reduced close to a surface, and suggests local deformations in the surface layer comparable to those found in the interior of the
domain wall. Theoretical models for the surface relaxation suggest the possibility of oscillations on the unit-cell scale close to the surface [10, 11] in some
parameter ranges.
The interaction of the wall structure with surface relaxation necessarily
generates two-dimensional patterns, which are relevant both for real-space
probing of the material properties, e.g. via atomic force microscopy [4], and
for interacting with the material, e.g. via doping [1, 2]. The surface structure of domain walls has been ﬁrst studied theoretically by Novak and Salje
[15, 16] who performed extensive numerical simulations of a two-dimensional
atomistic model, chosen to represent typical perovskite elastic properties.
They predicted that the resulting elastic strains generate a complex pattern,
which includes a thinning of both the domain wall and the surface relaxation
around their intersection, and a double-peak structure in the surface values
of the square of the order parameter. The same results have been later conﬁrmed, and extended to general material parameters, by Conti and Salje [7]
by means of a continuum elastic model. They worked with linear elasticity, with two diﬀerent energy minima in the two phases, and their model is
therefore applicable only to situations where the shape of the domain wall
is known in advance by symmetry, namely, to the case that the domain wall
is orthogonal to the surface. The relaxation of the one-dimensional bulk domain structure arising from a coupling between volumetric strains and the
order parameter, in the absence of surface energy terms, was analyzed by
Lee et al. [12].
In this paper we present a continuum, nonlinear elastic model where the
energy density has multiple minima, corresponding to the diﬀerent variants,
in the spirit of Landau theory. The phase distribution is not prescribed a
priori, but is determined by energy minimization. If one prescribes the same
ﬁxed phase distribution, and linearizes, our model reduces to the one used in
[7], and does not include any additional free parameter. We obtain numerical solutions using ﬁnite elements with an adaptive grid. We study surfaces
orthogonal and at 45 degrees to the domain wall, the latter being repre2

sentative of the non-orthogonal cases. We ﬁnd that the domain walls bend
signiﬁcantly in the vicinity of the free boundary, and eventually intersect the
free boundary at an angle which is essentially ninety degrees.
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The model

We consider a cubic material which undergoes a C44 shear instability. We
reduce to two spatial dimensions assuming that the conﬁguration is invariant
under translations in the third one, and focus on the case of two variants
separated by a single domain wall. The energy is written in terms of the
continuum deformation ﬁeld u as the sum of three contributions, which are
the bulk elastic energy density, a singular perturbation which depends on
the second derivatives of the displacement ﬁeld u and penalizes jumps in the
strain, and a surface energy which is localized on the free boundary,


1 2
2
E[u] =
W (∇u) + ε C44 |∆u| +
Ws (∇u) .
(1)
2
Ω
∂Ω
Here Ω is the region occupied by the body (in the following, a rectangle or a
parallelogram),
2
 2

(e2 − β 2 )
1
1
2
W (∇u) = C11 ux,x + uy,y + C12 ux,x uy,y + C44
2
2
4β 2
is the elastic energy density, and e = ux,y + uy,x is the ferroelastic order
parameter. We remark that linearization of the the last term in W around
one of its two minima e = ±β gives 12 C44 (ux,y + uy,x ∓ β)2 , which is the
form used in linear elasticity. Therefore the constant we name C44 agrees
with the usual deﬁnition of C44 in linear elasticity around both minima of
our nonlinear energy. The parameter β represents the magnitude of the
order parameter at the minima, and can be eliminated by scaling u and the
other parameters. The ﬁrst energy term is minimized by deformations for
which e oscillates between the values ±β, with interfaces parallel to either
the x or the y axis. The two orientations are equivalent, in the following we
work with an interface parallel to the y axis. In perovskites, which are cubic
crystals, we expect C11 to be signiﬁcantly larger than C12 . Further, close to
the transition, which is typically either second-order or weakly ﬁrst-order,
C44 is also smaller than C11 .
The second term in the energy (1), which depends on the squared Laplacian of the displacement u, sets the natural length scale ε for ﬁne structures
in the problem, and forces interfaces between the values e = ±β to be continuous. We deﬁned the constant in such a way that ε represents the thickness
of the one-dimensional domain-wall proﬁle (see Eq. (5) below).
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The surface energy term takes the form
1
Ws (∇u) = γεC44 (ux,y + uy,x )2 .
2
This is the same expression used in [7], and is heuristically motivated by
the experimentally known fact that the order parameter is typically reduced
in the presence of free boundaries. The precise amount of reduction can be
determined analytically in terms of γ, see Eq. (6) below. A similar form was
used in [21] for the study of the size-dependence of the phase transition in
small particles and thin ﬁlms.
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Numerical technique

The minima of the energy (1) are determined by means of a ﬁnite-element
scheme [6, 5, 20]. The presence of the regularizing singular perturbation
ε2 |∇u|2 guarantees existence a minimum. However, the energetic landscape
is complex, and many local minima are present, due to the nonconvexity
of the leading term W (∇u). Therefore a direct solution of the nonlinear
algebraic system corresponding to the Euler-Lagrange equations of (1) turns
out to be highly unstable.
A more stable numerical scheme can be obtained considering the corresponding gradient ﬂow. In other words we introduce an artiﬁcial time
parameter t, make the displacement dependent on it, u = u(t, r), and study
the behavior of solutions of the parabolic problem
∂
u(t, r) = −∇E[u]
∂t
for large t. The gradient on the right-hand side is intended in the L2 sense,
i.e., we require


∂
u, ϕ = −δE[u; ϕ]
∂t

for all smooth ϕ, where (ϕ, ψ) = Ω ϕ ψ and δE[u; ϕ] denotes the linearization
of E[u + ϕ] − E[u] with respect to ϕ (see Eq. (2) below). We consider a
time interval [0, T ] that is subdivided into N timesteps 0 = t0 , . . . , tN = T of
length τn = tn − tn−1 . Using an implicit Euler discretization to resolve the
time derivative we get
(un , ϕ) + τn δE[un ; ϕ] = (un−1 , ϕ) ,
where un (r) is meant to approximate u(tn , r).
4

Space is in turn discretized by means of ﬁnite elements. The presence
of ∇u in the energy would a priori require the use of higher order elements,
where also the derivatives are continuous. In this case, however, a simpler
solution is possible. Indeed, the ﬁrst variation of the energy only depends on
ﬁrst derivatives and the Laplacians of components of u:


2
δE[un ; ϕ] =
DW (∇un)∇ϕ + ε C44 ∆un ∆ϕ +
DWs (∇u)∇ϕ . (2)
Ω

∂Ω

We introduce the additional variable wn = ∆un and write δE[un ; ϕ] =
F (un , wn ; ϕ). The condition wn = ∆un can be transformed in a relation
involving ﬁrst derivatives only by means of partial integration. We obtain
the system

∂Ω

(un , ϕ) + τn F (un , wn ; ϕ) = (un−1 , ϕ) ,


φ∇un · ν −
∇un · ∇ϕ =
wn ϕ ,
Ω

(3)
(4)

Ω

where ν is the outer normal to the boundary ∂Ω, which can be discretized
using piecewise aﬃne, continuous ﬁnite elements on a triangular grid. This
corresponds to taking natural (free) boundary conditions; the presence of the
domain wall will be induced by the initial condition. In the case of walls at
45 degrees to the surface with γ > 0 we include a more reﬁned treatment of
the lateral boundary to reduce ﬁnite-size eﬀects, as described below.
Typical solutions are smooth - almost aﬃne - in the regions far from the
interface and the free surface, and can, in those regions, be well approximated
with large elements. Around the interface and the free surface however the
grid size must be signiﬁcantly smaller than the inherent length scale ε in order
to capture the behavior of u correctly. Since the position of the interface is not
known a priori, we employ an adaptively reﬁned grid based on a triangular
bisection mesh, following [18]. Starting with a uniform triangulation and
setting a maximal reﬁnement depth we evolve the grid after every timestep
according to the following criteria. An element (i.e. a triangle) is reﬁned
(i.e. subdivided into two equal triangles) if it is at the free boundary, or if
the order parameter on this element is far from the minima ±β of the double
well potential. Coarsening involves couples of elements, and is implemented
as follows. First, elements which have not just been reﬁned are marked
for coarsening if the order parameter is close to ±β. Then, if in a pair of
neighbouring elements both are marked for coarsening, they are replaced by
their union. This heuristic scheme reﬁnes the grid close to the interfacial
and boundary regions, where second derivatives of the solution and thus
the approximation error of the piecewise aﬃne ﬁnite elements are high (see
Figure 1).
5

Figure 1: A typical computational grid. For clarity, only up to 10 levels of
refinement are shown. In the actual computations, refinement up to level 14
has been used.

The ﬁnite element discretization yields for every timestep a nonlinear
algebraic system. To solve this we apply a Newton scheme and calculate
solutions of the linear systems in each iteration by the conjugate gradient
method. We choose the timestep adaptively so that only few iterations of
the Newton scheme (ca. 4-6) are necessary. The main sources of numerical
error are the size of the grid, which can be systematically reduced, and the
convergence of the parabolic process to a stable state, whose eﬀect can be
estimated by monitoring the evolution of the solution with time. We checked
that our results are not aﬀected signiﬁcantly by any of the two.

4

Free surfaces orthogonal to the domain wall

We ﬁrst consider the case that the free surface is orthogonal to the domain
wall. We work in a 50ε × 10ε rectangle, containing a single domain wall at
the center, parallel to the y axis (see Figure 2). By symmetry, the position
of the domain wall cannot change.
We start with γ = 0, i.e., without the surface energy Ws . The relaxation
in the presence of a free surface is shown in Figure 2. Away from the surface,
the numerical solution is close to the one-dimensional proﬁle
ux = 0 ,

uy = 2βε ln cosh

x
,
2ε

(5)

which corresponds to the classical expression e(x) = β tanh x/2ε for the
order parameter. Close to the surface, however, the domain wall shrinks. In
particular, the order parameter e = ux,y + uy,x is not any more equal to the
uy,x term alone, but a signiﬁcant contribution, of order 10% of its maximum
value β, is given by the ux,y component, see Figure 3. The numericallycomputed order parameter e approaches the limit behavior β tanh x/2ε in
the center of our sample, but is signiﬁcantly diﬀerent on the surface, as is
shown in Figure 4. This relaxation originates from the fact that the energy
density is not quadratic in the strains, and analogous relaxations are therefore
6

0.120
0.000
Figure 2: Absolute value of the order parameter e in the vicinity of a
domain wall with C11 = 3, C12 = 1, C44 = 1, γ = 0. The width of the
domain wall is reduced close to the free boundary.

expected in a generic model which includes multiple minima (but not in linear
models). This can be understood e.g. by considering that the boundary
condition appropriate for a free surface with normal ν is zero tension, i.e.
DW (∇u) · ν = 0, and this is not fulﬁlled by the one-dimensional domain wall
proﬁle of Eq. (5). A similar eﬀect was discussed by Lee et al. [12] for a model
with a cubic coupling between volumetric strains and the order parameter,
using a combination of molecular dynamics and analytical Green’s function
techniques.
If we include the surface term Ws in the energy, i.e. set γ > 0, the
order parameter is reduced close to the free surface. Away from the domain
wall, the surface relaxation can be determined analytically by minimizing the
energy over functions of the form


βv(y)
u(x, y) =
.
βx
A straightforward computation gives
y

v(y) = −2y + 2 ln(e − α) ,

α=

1−



1 + γ2
.
γ

The resulting value of the order parameter on the free surface is then

1 + γ − 1 + γ2

.
(6)
e0 (γ) = β
−1 + γ + 1 + γ 2
√
For example, for γ = 1 we get e0 = 2 − 1  0.41.
In the presence of both a domain wall and a free surface, the minimization
can only be performed numerically. Figure 5 shows the resulting squared
order parameter on the free surface. The double-peak structure was ﬁrst
observed with molecular dynamics in [15, 16] and then with a linear elastic
model in [7]. This eﬀect is due to the interplay of the reduction of the
order parameter on the surface, induced by the surface energy Ws , with
7

0.120
0.000
-0.120
Figure 3: First component, ux,y , of the order parameter for the same situation as Figure 2. For the one-dimensional solution of Eq. (5) this would
be zero. The free boundary induces a relaxation of the domain wall, which
leads to the structure seen around the intersection of the domain wall with
the free boundaries.

Figure 4: Order parameter as a function of x/ at various fixed values of y,
across the domain wall. The steepest curve is on the surface, the second at
1/4 of the distance to the center, the third at 1/2 of the distance to the center,
the last one is the central cross-section, which corresponds to a distance 5ε
from the free boundary. The squares give the ideal profile of Eq. (5).

the structure of the domain wall inside the sample, and is speciﬁc to the
structure of elasticity. In particular, no such eﬀect would be present in a
scalar model, or in models based only on the electric polarization, such as
the one considered in [21].

5

Free surfaces non-orthogonal to the domain
wall

The high symmetry present in the case of free surfaces orthogonal to the
domain walls in the bulk is very special. We now extend the analysis to
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Figure 5: Squared order parameter on the free surface in units of the
asymptotic value, e2 (x)/e20 , for γ = 10, 4, 2, 1 and 0 (from higher to lower
curve). The asymptotic value e0 (γ) is given in Eq. (6).

the generic case, focussing for simplicity on an angle of 45 degrees, which due to the crystallographic orientation of the domain walls and the preferred
surface orientation - is quite common in cubic materials, such as perovskites.
No qualitative diﬀerences in our continuum model are expected for diﬀerent
values of the angle, except possibly for very small values. We report below
some results for 30 and 60 degrees, showing essentially the same features.
Domain walls are not only deformed in their interior structure, but can
also change their orientation in the vicinity of a free surface which is not
orthogonal. Therefore the regions occupied by the two variants are not known
a priori, but must be determined via energy minimization. The present
approach, which allows the system to choose its own phase distribution,
permits (at variance with the one of [7]) to study the deformation of the
domain wall.

5.1

The case without surface relaxation

We start without the surface energy term, i.e., with γ = 0, and consider a
parallelogram of side 50ε × 10ε. Figure 6 shows the resulting distribution of
the order parameter for diﬀerent values of the elastic constants. The main
feature which is evident from the data is that the domain wall bends towards
the surface. The eﬀect increases with C44 , and is small if C44 is much smaller
than both C11 and C12 .
This shape can be understood as a consequence of the interaction of the
long-range elastic energy, which penalizes interfaces which are not aligned
9

Figure 6: Absolute value of the order parameter on a sample with two free
surfaces at 45 degrees to the domain wall, with C11 = 2 (left), C11 = 10
(middle) and C11 = 20 (right), C12 = 1, C44 = 1, γ = 0. Scale as in Figure
2.

with the rank-one direction, and an interfacial energy per unit length, which
penalizes long interfaces. To demonstrate the validity of this interpretation,
we formulate and study a simple one-dimensional model for the shape of the
domain wall.
The ﬁrst term in our model represents the energy per unit length of
the domain wall. The precise value can be determined by means of the
one-dimensional interface proﬁle (5) for an unstressed domain wall, and is
2
C εβ 2 per unit length.
3 44
The second term originates from the fact that a domain wall that does
not follow the compatibility direction is penalized by the elastic energy. This
is best understood in a coordinate system (ξ, η) aligned with the free surface,
and considering thin walls. Let the material occupy the half-space η ≥ 0, and
the domain wall be localized on (η + h(η), η), where the reference location is
(η, η). Then, the region 0 < x < h(η) is in the ’wrong’ phase, in the sense
that the order parameter is there 2β away from the value that would minimize
W . Since the largest contribution to e comes from uy,x , we attribute to this
term the entire diﬀerence 2β. In other words, an unstressed material with the
same phase distribution would have a jump in uy of magnitude 2βh(η) at the
domain wall. The eﬀect of bending the domain wall is therefore analogue to
the presence of edge dislocations, with Burgers vector ey , axis orthogonal to
the plane, and density per unit length 2βh (η) (along η). The elastic energy
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takes the form
Eelastic [h]  (2β)

2



h (η)h (η  )σ((η + h(η), η), r)
· Cσ((η  + h(η  ), η  ), r)dηdη dr

(7)

where the integrals in η and η  run over the domain wall, the one in r over the
sample, σ(r, r  ) is the Green function for edge dislocations in the half-plane,
and C the matrix of elastic constants. In an inﬁnite sample σ(r, r  ) would
decay as 1/|r −r  |, hence the integral in r would diverge, leading to h = 0. In
the presence of a free surface the same decay holds only if |r − r  | is smaller
than the distance from the free surface, due to a screening eﬀect which is
analogous – with the usual caveats due to the vectorial nature of elasticity
– to the one known in electrostatics for point charges close to a conducting
plate. We restrict the integral to the unscreened contributions, and see that
almost-diagonal terms (in (η, η )) dominate. The integral of σCσ, done with
σ = 1/|r − r  | in the region ε < |r − r  | < η, is proportional to cC ln(1 + η/ε),
where C is a representative elastic constant and c a numerical factor (the
lower integration bound is given, as usual, by the size of the dislocation core,
which corresponds to the wall width ε). Combining both terms, we obtain

 
η+ε
2
2
2

2
E[h]  cCβ
1 + (1 + h (η))2 dη . (8)
η [h (η)] ln
dη + C44 εβ
ε
3
Minimization in h results in a local Euler-Lagrange equation in h (η). Simple expansions give the asymptotic behaviors h (η) = −1 close to the free
boundary, corresponding to a domain wall orthogonal to the surface, and the
slow relaxation h (η) ∼ −(y ln y)−1 to the bulk orientation away from the
surface. The resulting domain wall proﬁles are plotted (after changing back
to the original (x, y) coordinates) in Figure 7.
We ﬁnally turn to diﬀerent angles. Figure 8 shows representative results
for the cases of 30 and 60 degrees. These are qualitatively similar to those
reported for 45 degrees in Figure 6, but show that the domain wall bending
is a more prominent feature for the smaller angles.

5.2

The case with surface relaxation

We now come to the interaction of domain wall relaxation and surface energy,
i.e., we include the term Ws in the energy. As in the case of walls orthogonal
to the surface, far from the domain wall the deformation can be determined
by a one-dimensional minimization. The following computation can be done
for any angle, for simplicity we present it only for the case of 45 degrees. Far
11

Figure 7: Domain profiles as computed by the simplified model of Eq. (8).
The constant cC/C44 takes here values 1, 2, 3, 10 and 20 (from right to left).
The dotted line gives the position of the undistorted, straight interface. The
dashed lines give the position of the interface in the numerical computations
of Figure 6, defined as the line where e changes sign.

from the domain wall the aﬃne solution is modiﬁed by√
a term which depends
only on the distance from the free surface t = (x + y)/ 2. Incorporating the
scaling with ε, we write




β (v + w)(t/ε)
(β + ω)y
u(x, y) =
+ ε√
(9)
−ωx
2 (v − w)(t/ε)
where v and w are two scalar functions to be determined by minimizing the
energy. The variational problem has reduced to a one-dimensional problem
in the variable t. The three energy contributions take the form
C11 + C12 + 2C44  2 C44  3 C44  4
(v ) +
(v ) +
(v ) + (C11 − C12 )(w )2
4
2
8
1
C44 γ(1 + v  )2
β −2 Ws =
2
C44  2
[(v ) + (w  )2 ]
β −2 SP =
2
β −2W =

where SP denotes the singular perturbation 12 C44 |∆u|2 , and e = β(1 + v  ).
Therefore w  = 0 and, since global translations are irrelevant, we can set
w = 0 and reduce to a one-dimensional variational problem in the unknown
12

Figure 8: Profiles of domain walls intersecting the free surfaces at 30 degrees
(left) and at 60 degrees (right). The material parameters are C11 = 5,
C12 = 1, C44 = 1, γ = 0. The domain wall bending is more pronounced for
the smaller angle. Scale as in Figure 2.

v(t). The corresponding Euler-Lagrange equation gives, after multiplication
with v  and integration, the equipartition result
W (∇u) = SP + c ,
where c does not depend on t (this essentially follows from the fact that
the energy density W does not depend explicitly on t). Since both W and
SP tend to zero as t → ∞, c = 0 and we have W (∇u) = SP everywhere.
Expanding we obtain
C44  2 C11 + C12 + 2C44  2 C44  3 C44  4
(v ) =
(v ) +
(v ) +
(v )
(10)
2
4
2
8
in the interior (i.e. for 0 < t < ∞). The boundary term (t = 0) of the
Euler-Lagrange equation gives
dWs
dSP
−
(0) = 0

dv (0)
dv 
i.e.

C44 γ(1 + v  (0)) − C44 v  (0) = 0
13

C11
3
3
3
10
10

C12
1
1
1
1
1

C44
1
1
1
1
1

γ
0
1
2
4
1
2

v  (0)
0
-0.380
-0.557
-0.720
-0.286
-0.447

e20 /β 2
1
0.384
0.196
0.078
0.510
0.305

Table 1: Numerical solutions of (11-12) for some values of the elastic
constants. Also reported is the squared order parameter on the surface,
e20 = β 2 (1 + v  (0))2 . For γ = 0, the solution is v = 0, independently on the
other parameters.

Combining the two equations we get, for t = 0,
v  = γ(1 + v  )
(v  )2

1
= α(v )2 + (v  )3 + (v  )4
4

where
α=

(11)
(12)

C11 + C12 + 2C44
.
2C44

This is a fourth-order polynomial equation in v  (0), which can be easily solved
numerically. Some solutions are given in Table 1. The diﬀerential equation
(10) can in turn be solved numerically, using the values of v  (0) as initial
condition. This determines the entire one-dimensional proﬁle v(t), and hence
u(x, y) from (9). We checked that the full two-dimensional numerical solution
obtained with ﬁnite elements starting with initial conditions which do not
contain a domain wall agrees, in the central part of the sample, with this
one-dimensional solution.
This one-dimensional proﬁle is, however, not automatically achieved by
the two-dimensional computations close to the upper-left and lower-right
boundaries, since the natural boundary conditions we adopted correspond
to free boundaries. To reduce this spurious eﬀect we modify the boundary
conditions on those two boundaries. Precisely, we work in a rotated rectagle,
and impose that on the upper-left and lower-right boundaries u has the form


x+y
εβ
√
u(x, y) = cL(R) + √ v
,
(13)
2
ε 2
for some vectors cL and cR . These vectors are also determined by energy
minimization, together with u. At the same time, we impose that the same
14

Figure 9: Absolute value of the order parameter on a sample with two free
surfaces at 45 degrees to the domain wall, with C11 = 3, C12 = 1, C44 = 1.
The lower-left surface has γ = 4, the upper-right has γ = 0. The rectangle
has size 31ε × 6ε. Scale as in Figure 2.

equality holds for the gradients. In practice, this implies that in the boundary term in (4) the contributions from the left and right boundaries are
computed using (13). Physically, this means that we permit the boundaries
to translate but not to deform or to rotate. Therefore our modiﬁed boundary conditions mimic an inﬁnitely long strip, where only the lower-left and
upper-right boundaries are free.
Figure 9 shows that the presence of the Ws term makes the wall broader
close to the surface, and the bending eﬀect less prominent. At the same
time, the double-peak structure which was present in the 90-degree case is
signiﬁcantly modiﬁed. The results for the order parameter on the surface are
displayed in Figure 10. Without surface relaxation (i.e. for γ = 0) the bending of the domain wall generates a sharp peak on one side of the minimum.
With increasing surface relaxation this peak is broadened out, and for large γ
only an extremely broad peak survives, which is barely distinguishable from
ﬁnite-size eﬀects coming from the lateral boundary.

6

Concluding remarks

In summary, we have presented a new method, based on a ﬁnite-element
analysis with an adaptive hierarchical grid of a nonlinear elastic model, for
the numerical analysis of complex elastic patterns in ferroelastics. We used
it to study the relaxation of domain walls in the vicinity of a free boundary.
15

Figure 10: Squared order parameter on the free surface in units of the
asymptotic value, e2 (x)/e20 (γ), for γ = 0, 0.25, 1, 2 and 4 (from higher to
lower curve in the central region). The asymptotic value e0 (γ) is given in
Eq. (6). Here C11 = 3, C12 = 1, C44 = 1.

We found that even in the simplest case, i.e. domain walls orthogonal to the
free surface and without surface energy terms, some relaxation takes place,
and we have described it quantitatively. In the experimentally-relevant case
of walls at 45 degree to the surface, we have studied the deformation of the
domain wall, and in particular its bending towards the free surface, as a
function of the elastic constants of the material. We also presented a simple
one-dimensional model which describes qualitatively the wall bending, and
explains that it is determined by the interplay of the long-range elastic energy
and the local energy-per-unit-length of the domain wall.
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