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Abstract

We study the interaction of a singularly perturbed multiwell energy (with an anisotropic nonlocal
regularizing term of H'/? type) and a pinning condition. This functional arises in a phase field
model for dislocations which was recently proposed by Koslowski, Cuitiio and Ortiz but is also
of broader mathematical interest. In the context of the dislocation model we identify the I'-limit
of the energy in all scaling regimes for the number N, of obstacles. The most interesting regime
is N. ~ |In¢|/e, where ¢ is a nondimensional length scale related to the size of the crystal lattice.
In this case the limiting model is of line tension type. One important feature of our model is
that the set of energy wells is periodic and hence not compact. A key ingredient in the proof
is thus a compactness estimate (up to a single translation) for finite energy sequences, which
generalizes earlier results of Alberti, Bouchitté and Seppecher for the two-well problem with an
H'/? regularization.
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1 Introduction

We study the functional

Euw)= 1 /Q W) da+ [ Kyfe —lute) (o) oy,

subject to the pinning condition

u=0 on B(z.,Re)= Bk, fori=1,...,N..
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Here Q = (—1/2,1/2)? is the unit square, W is one-periodic, non-negative and vanishes exactly on
the integers Z, a typical choice being

W (u) = dist?(u, Z), (3)

and the nonlocal part of the energy behaves like the H'/2 norm, i.e. K,(z) ~ |z|~%. Finally ¢ > 0 is a
small parameter and we study the limit € — 0 (after suitable rescaling).

The above functional with the choice (3) has recently been proposed by Koslowski, Cuitifio and
Ortiz as a phase-field model for dislocations. In this setting ¢ is the ratio of the spacing of the lattice
planes and the size of the physical domain under consideration. In this context our main achievement
is that we identify the relevant scaling regimes for the number of obstacles N. and the corresponding
I-limits of the (suitably scaled) energy E.. Specifically if N. ~ ¢~!|loge| we show that the limit of
E./(eN.) is the so called line-tension limit i.e. the limit functional is defined on the space BV (Q; Z),
and is given by fs n)dH* + fQ (u, BR) dz, where S, is the jump set of u, with normal n, and

D, (u, Br) represents the limiting contribution of the obstacles B%_ (see Theorem 10 below for a
precise statement). If N. < ¢~ !|loge| the line energy contribution dominates, only constant functions
u = a, with a € Z, are admissible in the limit and their energy is given by D(a, Bg). If N. > ¢~ !|loge]|
then the line energy becomes negligible, finite energy sequences may only converge weakly and the
limit energy is given by the convex envelope | 0 D**(u, Br) dz, where u may now take values in R,
see Corollary 11 below for a precise statement.

From a more general mathematical point of view the problem we consider combines two features
which have been very extensively studied in the last years. The first one is the interaction of singularly
perturbed multiwell energies and higher order regularisations. Beginning with the work of Modica and
Mortola [14, 15] a large body of work has concentrated on multiwell energies with a compact set of
energy minimizing states and a local regularization given by the Dirichlet integral (see e.g. [13, 9, 7, 5]
and the extensive list of references therein).

The more delicate case of a regularizing term which corresponds to the H'/2 norm and which
requires a logarithmic rescaling was studied by Alberti, Bouchitté and Seppecher [3]. For nonlocal
terms with general anisotropic, but regular, kernels see [2, 1].

The second feature is the interaction of a pinning condition like (2) and Dirichlet-type energies.
Since the work of Marchenko and Kruslov [12] and of Cioranescu and Murat [4] this interaction has
attracted a lot of attention (see for instance [6] for many further references). Roughly speaking, a
general theme of this large body of work is that for well separated obstacles the limiting problem has
no constraint like (2) but involves an extra energy contribution of the form [ a(z)|u|? dz where a(z)
can be viewed as a local 'capacity density’ (and where the appropriate notion of’ capamty is related to
the Dirichlet-type energy). Of course a may be singular or degenerate and instead of a(z)dx one may
obtain more general measures which are no longer absolutely continuous with respect to Lebesgue
measure.

Our problem combines both features. We show that the contributions of the singular perturbation
(leading to a line energy) and of the pinning constraint are essentially additive. The interaction
of pinning and the multiwell structure is reflected in the structure of the limiting pinning energy
|, D 0 (u, Br) dx which is no longer a quadratic expression in u.

Compared with most previous work on singularly perturbed multiwell problems our problem in-
volves an important additional difficulty. The set of wells, i.e. the zero set of W is no longer compact.
Hence it is not clear that sequences with finite (rescaled) energy are bounded in L!'. One crucial
ingredient in our analysis is a uniform L? estimate (up to translation by integers) for sequences for
which the rescaled energy F./|loge| is bounded (see Theorems 12 and 13 below).

1.1 A quick review of the phase field theory of Koslowski, Cuitino and
Ortiz

Here we briefly discuss the interpretation of the different terms in (1) and the pinning condition. We
refer to [10] for a detailed discussion of the model and to [8] for a discussion of the non-dimensional
version of the energy (1). The setting is that of continuum crystal elasticity, with small strains.
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Consider the displacement field U : R? — R3 of an infinity elastic crystal. A specific assumption of
the model in [10] is that one allows crystal slip only along the single plane x5 = 0. Moreover one
assumes that only a single slip system is active, i.e. the jump [U] of the displacement U across the
slip plane is of the form

[Ul(x1,z2) = u(z1,x2)be, (4)

where b = |b| is the length of the Burgers vector b of the active slip system and e = b/b its direction.
We choose coordinates such that e is the first coordinate direction. Given u the associated elastic
energy is obtained by minimizing the usual linear elastic energy away from the slip plane, i.e. by
minimizing

A
/ wle(@)? + = Jtr e(U)|2 dzrdzodzs, (5)
R\ {23=0} 2

where e(U) = %(VU + VUT) is the symmetrized displacement gradient. We now suppose that u :
R? — R is periodic with periodic cell Q = (—1/2,1/2)? so that u can be viewed as a function on the
torus T2. Then the elastic energy per period is obtained by minimizing

A
/ ple(U))? + £ tre(U)| daidaadas .
T2xR 2
This minimization can be carried out by considering the Fourier series of u

= a(k)e**  ak) = u(z)e F de
w@) = A ah) = [ u@e

ke(2nZ)?

alld t }liS yleldS
elaS 1C ] 14 b)

ke(2nZ)?
where m,, (k) = %Jrﬁ % and where v € (—1,1/2) is the Poisson’s ratio which is given by v = 2(A)<\HL) .
In real space we have
b 2
Bawic(w) = 2 [ [ Kol — plu(e) — (o) dady, ©)
T2 J12

and the kernel K, is given by the Fourier series with coeflicients f%my (k).

Now we turn to the local contribution in E.. If u is a (constant) integer then the jump [U] is a
lattice vector and hence the crystal lattice is not perturbed in the immediate neighbourhood of the
slip plane. If v is not an integer there is an additional distorsion of the lattice near the slip plane and
in the Peierls-Nabarro theory one models this by an extra energy contribution

EPeierls(u) = W(u) dIIZ,
T2
where W is a one-periodic, non-negative functions which vanishes exactly on Z. If one fixes a specific
form of W, e.g. W(u) = Adist*(u,Z), or W = 4 sin”(mu) one can relate the coefficent A to the shear
modulus p and the properties of the crystal lattice by considering very small shear deformations. This
line of reasoning leads to the expression A = ub?/(2d), where d is distance between two neighbouring
slip planes.

Dividing the sum of Epejeris and Eejastic by ub?/2 we arrive to the energy E. in (1) with W given
by (3) and € = d. Thus ¢ is proportional to the lattice spacing. If one starts more generally from
the situation where u is periodic with periodic cell (—1/2,1/2)? and rescales to the unit cell one finds
similarly that e = d/I. Instead of periodic boundary conditions for u one can also consider other
boundary conditions, see also the next subsection.

The regions BY,_ represent obstacles (e.g. inclusions of another material) which restrain slip. The
condition (2) represents the limiting case of infinitely strong obstacles which permit no slip at all.
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One can also consider obstacles of finite strength where slip is only possible under sufficiently strong
loading. In this case one drops the condition (2) and instead adds an additional term

1 x—at
Eobstacle = Z/)\ng( = )|u| dz (7)

£

to the energy (see Section 4.3 of [10], and the Appendix of [8] for further details). In [8] we have shown
(in the dilute limit) that the consideration of obstacles of finite strength leads to a I-limit which has
exactly the same form as for infinitely strong obstacles. The difference is that now the limiting pinning
energy density D, (a, Br) no longer has quadratic growth in a, but only grows linear in a, the limiting
slope being related to the effective strength.

Finally one can easily include a forcing term

— S¢u dx

T2
in the energy, where 5° is the resolved shear stress. In view of the results in Section 3 a natural scaling

assumption on the applied force is

1

€ : 22
5N€S — S in L*(T7).

In this case the corresponding I'-limit simply contains the additional term — sz Sudz. If S* < eN*®
then the applied force disappears in the limit. If S > ¢N°¢ then the applied force dominates in the
limit. In the case e N® < |loge| there can still be an interesting interaction between the applied force
an the line tension term in the limit, at least if the total applied force fT2 S¢ dx vanishes or converges
to zero sufficiently fast as ¢ — 0.

1.2 Possible generalizations

For the rest of this paper we consider the functional (1) with the specific choice W (u) = dist?(u, Z),
the specific periodic kernel (6) discussed in the previous subsection and the hard pinning condition
(2). Many of the results can, however, easily be extended to a more general setting. We briefly discuss
some possible generalizations, roughly in the order of increasing difficulty.

e More general local functions W . The results can easily be extended to general periodic continuous
functions W which are minimized exactly on Z. For the crucial compactness result one can
even allow certain nonperiodic W as long as their minimizers remain discrete and W does not
degenerate too much near £oo. As discussed in Remark 8 below the limiting energy does not
depend on W but just on the spacing of its zeroes.

o Other boundary conditions, other kernels K. The results can be extended to other boundary
conditions (for a sufficiently smooth bounded domain @ C R?). The corresponding three-
dimensional elastic energy in the cylinder €2 x R has the same singular behaviour as in the
periodic case. For Neumann (natural) boundary conditions one obtains e.g. the expression
Jo Jo K(z,y)|u(z) — u(y)|? dedy where the kernel K (x,y) is smooth and behaves asymptoti-
cally for y — z as 'y, i.e. K(x,y) =~ I'y(z — y). One can also consider abstract (sufficiently
smooth) kernels K(z,y) as long as they behave like L(x — y) for y — x, where L is a positive
function which is homogeneous of degree —3.

o General dimensions. We focus on the case n = 2 because it arises naturally in the dislocation
model which motivated this work. The results can, however, easily be extended to general dimen-
sions, using a kernel which behaves like the kernel of the H'/? norm, i.e. K(z,y) ~ |z —y|~" .
In this case the compactness result gives an estimate in L™ (=1 (for n > 2). The case n = 1

was studied by Kurzke [11]. In this case the optimal estimate is in the Orlicz space e’.
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e Soft pinning. As discussed in the previous subsection one can replace the 'hard’ pinning condition
(2) by a penalty term (7). For the subcritical scaling this is discussed in the appendix of [8] and
the argument can be extended to the general setting.

o Different obstacles and varying obstacle densities. It is not necessary to assume that the ob-
stacles have all the same size Re (or the same strength in the case of soft obstacles). Instead
one can consider obstacles of varying size B; = B(z;, R;e). Also the density of obstacles need
not be constant. In this case we expect that the penalty term due to pinning is of the form
A(x)D, (u(x), B1) where A(x) represents the local ’capacity density’ (appropriately scaled with
N.). This is briefly discussed in Remark 13 in [8]. Such extensions are well known in the context
of competition between pinning and a local Dirichlet energy. To identify the precise assumptions
for such a result to hold in the present context, including a suitable weakening of the condition
on equipartition, will require some technical work.

1.3 Outline

In Section 2 we briefly review some known results, in particular the properties of the periodic kernel
K, and its relation with a similar —3 homogeneous kernel I',,, the convergence result in the dilute case
N. < C/e and the definition of the dislocation capacity D, (a, Bgr), and finally the results of Alberti,
Bouchitté and Seppecher for the competition between a two-well energy and the H'/2 norm under
logarithmic rescaling, leading to a line tension limit.

In Section 3 we describe our main results. To emphasize the underlying mathematical structure
we state them separately for the functional with and without pinning. The next three sections are
devoted to the proof of the result in the critical scaling regime. The central compactness estimate is
discussed in Section 4 and the upper and lower bound are discussed in Sections 5 and 6, respectively.
In the last section we sketch how the result can be extended to the sub- and supercritical scaling.
While the argument in the subcritical scaling is a straightforward extension of the results in the dilute
case [8] using the compactness estimate, the lower bound in the supercritical case requires some care.
We no longer have compactness but we can still show that the oscillation of u is small on a scale which
is large compared to the typical spacing of the pinning sites and this suffices to conclude.

2 Review of some known results

2.1 Properties of the anisotropic kernel

Here we review some properties of the nonlocal term in the energy, see [10, 8] for further details and
proofs. We start from the expression

Ky (z — y)lu(z) — u(y)|* de dy.
T2xT?2

for the (suitably normalized) elastic energy introduced above. The Fourier coefficients of the kernel
K, are given by
1212
R —= _l’_ —_ R
4\ k]  1-v|k|
1

where —1 < v < 3 is the Poisson’s ratio. Since the Fourier coefficents of K, (t) are bounded from

above and below by a multiple of |k| the kernel is equivalent to the H %—kernel, i.e.

1
= L < K, (x— - 2 < L
1ty < [ [ Kelo = luta) ) dedy < 3 . (®)
where [u] 1 denotes the Hz (T2) seminorm defined by
03 (T2)

[u]? = > Iklak)P. (9)

H2(T%) ke(2nZ)2
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In real space this seminorm can be written as

- _ 2
s = [ [ Ko = plute) - ) dzay. (10)

where the kernel K (t) is defined by K (k) = —1|k| and satisfies the following properties:
i) K(t) =O(|t|?) as |t| — 0,
ii) K(t) is periodic, i.e. is defined in T2

The kernel K, (t) also satisfies properties i) and ii). For small ¢ the term K, (t) is well approximated
by the homogeneous and positive kernel

1 t2

which is the inverse Fourier transform of —1 <‘ N T _W) The following precise relation between

K, and T', can be easily established by the P01sson summation formula.
Proposition 1 There exists a constant C > 0 such that
T (t) - K, () < C
on {t € R? : |t;| < 3/4}. Moreover K, is positive.
Remark 2 By Proposition 1 using the homogeneity of I',, we deduce that for every § > 0

lim 3K, (et) =T, (t)

uniformly on {t € R? : [t| < 4}.

Remark 3 All the results proved here and in [8] are still true for a more general positive kernel X(t)

equivalent to the H % kernel satisfying (i) and Proposition 1, T' being the homogeneous function of
degree —3 defined by I'(t) = lim._q 3K (et).

3 Is a trace seminorm we can deduce a Poincaré type inequality for functions in H?z (T?)

Since []H
(see [8], Proposition 3).

Proposition 4 There exists a constant Cy such that for every u € Hz (T?%), withu =0 on E C T?,
we have

1
2 2
dr<Co (14— L 12
furir < (1+ Gy ) Wi -
where Cap(E x {0}) denote the harmonic capacity of E x {0} as a subset of R3.
Remark 5 Given an arbitrary H 3 (Q) function we can extend it by reflection to a periodic function

on the square of size 2, ()2, and applying the above inequality we get that there exists a constant Cy
such that

) | () — u(y)?
/Q'“' o< (1+Cap<Ex{0}>)/ oo g W (13)
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2.2 Subcritical density of obstacles and the dislocation capacity

In [8] we studied the I'-convergence of the variational model described in the introduction for the
dilute case, i.e. in the regime eN, ~ 1 (we will see in Corollary 11 below that the results actually

hold as long as eN. < |loge|). We will always assume that the obstacles Bk, in (2) are uniformly

distributed and well separated in the following sense. For every subset E of (—3, )2 we denote by

I.(E) :={i € I. : 25 € E} and we require the following. 2
o (Uniform distribution) There exists a constant L > 0 such that
[#(Z(Q") - NJQ'll < L (14)
for every open square Q' C (—3,1)2;

o (Separation) There exists 8 < 1 such that

dist(z%, z7) > 6¢” (15)

for every i,j € I, i # j, and for every ¢ € (0,&0);

In [8] we proved that there exists a function defined on integers and denoted by D, (a, Br) such
that the following result holds.

Theorem 6 Assume eN. — A and that the discs Bl are uniformly distributed and well separated.
Then the functional F(u) := Ec(u)/Nee, i.e.

1 1 1

N2z /T;iistQ(u, Z)dx + e Tzlj;gx —y)|u(z) —uy)|*dedy if uwe Hz (TQ) )

Fe(u) = u=0 on |J; By,
400 otherwise ,

I'-converges, with respect to the strong L? topology, to the functional

D, (u, Bg) if u = const. € Z,

400 otherwise .

The limit D, (u, Bgr) can be characterized by means of the following cell problem formula
D,(a, Bg) := inf / dist?(¢, Z) da:—i—// Tu(z —y)|¢(z) — C(y)|? de dy (17)
R2 R2xR2

¢ =aon Bg, <eL4(R2)}

More generally for every integer a and for every open bounded set 2 we can define a set function that
we call the H 2 -dislocation capacity of an open set E with respect to Q at the integer level a € Z, as
follows

Dy, B,9) = inf{ | stz [ =i - cwP dady: (18)
(=aonkE, COonRQ\Q}

where E is an open subset of Q. In (17) and (18) the infimum is attained and the minimum is called
the H 2 -dislocation capacitary potential of F.
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In [8] we proved that D, (a,-) (and D,(a,-,2)) is actually a Choquet capacity and moreover it is
quadratic in a, as a goes to infinity. More precisely, for every bounded open set E there exist two
constants, Cy and Cs, such that

Cia* < D,(a,E) < C1(a® + 24%/?) + Caa (19)

(see [8], Proposition 8). Another fact which is crucial in using D, (a, Br) as a cell-problem formula in
the study of the asymptotic behaviour of F; is the following convergence property

Tlim D,(a,E,Br)=D,(a,E). (20)

2.3 The H'/? regularisation and logarithmic rescaling

Alberti, Bouchitté and Seppecher studied the functional E. (without the pinning condition) for a
two-well potential W and the H'/? nonlocal energy.

Theorem 7 ([3]) The functional

1 B 2
1 / dist?(u, {0,1}) dz + 1 [u(z) u(sy)| drdy ifue H%(Q)7

Ja(u) _ | ogg|g Q | Og€| QxQ |x - y| (21)
400 otherwise.

I'-converges to the functional

4Perg({u = 0}) if u e BV(Q,{0,1}),
T(u) = (22)

400 otherwise ,
where Perg({u = 0}) denotes the perimeter of the set {u = 0} relative to the set Q.

Remark 8 We have stated the result for the special two-well energy dist?(u, {0,1}) to emphasize the
similarities and differences with the choice (3). The result in [3] is proved for a general local energy W
with W(0) = W (1) = 0, W > 0 otherwise and W (u) > c|u|? — C. Interestingly, and in contrast to the
situation with regularizing energy of Dirichlet type [14, 15, 13], the I'-limit does not depend on the
shape of W, but just on the position of its zeros. This is an effect of the logarithmic rescaling. In fact
in the proof of the upper bound in the verification of the I'-limit one has a large amount of freedom.
The precise choice of the transition profile by which one approximates a jump does not matter, as
long as the length scale of the transition is chosen correctly. We will also exploit this fact in Section 6.

Comparing the above result with Theorem 6 it is natural to conjecture that the critical scaling
regime for the number of obstacles N. which leads to an interaction of the line energy in the result
above and the pinning energy discussed earlier is given by N. ~ £ !|loge|. This is what we will
establish in the next section. As a byproduct we also obtain the limiting energy functionals in the
subcritical regime N, < ¢~ !|loge| and the supercritical regime N > ¢~ !|loge|.

3 Main results
We establish compactness and T'-convergence results for the energy functionals E. (u), both with and

without the pinning condition. We first describe the behaviour of the functionals I (u) = E.(u)/|loge|,
thus extending the results of [3] to energies with infinitely many wells (and to an anisotropic kernel).
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Theorem 9 The functional

L .2 1 ,
T dist Z)d Ku _ _ dr d
|logele /T2 ist™(u, 2) do + |loge| / S (z — y)|u(z) — uly)|” dz dy

IE(U) = ifue H% (TQ), (23)
o0 otherwise,

I'-converges to the functional

/S Y [WldH ifu e BV(T?, Z),

I(u) = (24)

400 otherwise ,

where n.denotes the normal on the jump set S, of u and the anisotropic line energy density ~y(n) is
defined, for any n € S*, by

~v(n) := 2/ I, (z)dH' = 2§imo 52/ K, (z)dH", (25)
z-n=1 - z

-n=4
where Ty, is given by (11). More precisely

i) Every sequence {u.} such that sup, I.(u.) < oo is bounded in L?(T?), up to a translation, and is
pre-compact in LI(T?) for every q < 2. Every cluster point u of the translated sequence belongs
to BV (T?,Z) and satisfies

/ |Du| < Climi(r)lf[a(ua).
T2 E—

ii) Bvery sequence {u.} strongly converging in L*(T?) to some function u satisfies

liminf I, (ue) > I(u).
e—0

iii) For every u € BV (T?,Z) there exists a sequence {u.} strongly converging in L4(T?), for all
q < 2, to u such that
1ir% I (ue) = I(u).
e—

The proof of the result above will be obtained as a consequence of a compactness theorem (Theo-
rem 12 in Section 4) a lower bound given in Section 5 (Theorem 17), and an upper bound proved in
Section 6 (Theorem 24).

The asymptotic analysis for the functional with the pinning condition in the critical scaling N, ~
e~ 1|loge| is summarized in the following theorem.

Theorem 10 Assume N.e/|loge| — A, 0 < A < oo, and that the discs B, are uniformly distributed
and well separated. Then the functional

1 1

— [ dist*(u, Z) dz + —— K, (z — - >drd
e st + e [ K@ =)~ ul) dedy

Felu) = if we H3(T?),and u=0 on |J, Bh. (26)
400 otherwise ,

I'-converges to the functional

[ aluidrt +8 [ Do Bwds  ifue BVI2)nLA1*2).

Flu)=q 7% e (27)

+00 otherwise.

More precisely
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i) Every sequence {u.} such that sup, F.(u.) < oo is bounded in L*(T?) and is pre-compact in
L4(T?), for every q < 2. Every cluster point u belongs to BV (T?,Z) N L?(T? Z) and satisfies

/ |Du| < Climinf I, (u.) .
T2 e—0

ii) Bvery sequence {u.} strongly converging in L*(T?) to some function u satisfies

lim i(r)1f F.(uc) > F(u).

iii) For everyu € BV (T? Z)NL*(T?, Z) there exists a sequence {u.} strongly converging in LI(T?),
for any g < 2, to u such that
hII(l) F.(us) = F(u).

Theorem 10 follows from the compactness result obtained in Section 4 (Proposition 16) and the
lower and the upper bounds obtained in Section 5 (Theorem 21) and Section 6 (Theorem 27), respec-
tively.

Finally we extend the result to the subcritical and supercritical scaling, which correspond to A =0
and A = oo, respectively. If we consider the rescaling E./(N.¢), then formally the limit is given by
dividing (27) by A. Thus for A = 0 we expect the line energy to dominate, leading to the constraint
u = const, while for A = oo the line energy becomes negligible so we can no longer expect compactness
in L' and the limiting energy density functional has to be replaced by its relaxation, given by the
convex hull D**(u, Br). More precisely

w— D¥*(u, Bg) is the convex hull of the function D, where
D(u) = Dy (u, Bg), ifucZ, D(u) = oo otherwise. (28)

Corollary 11 Assume that the discs BY_ are uniformly distributed and well separated. Consider the
functional

1 . 1 ,
dist Z)d K, (x — — dxd
o [tz [ Ryl - u) P dsay
Felu) = if we H3(T?),andu =0 on |J, Bk, (29)
+00 otherwise.

(i) If N — oo and eN./|loge| — 0 then F. T'-converges (with respect to the strong L* topology) to
the functional

D,(a, Bg) dz ifu=a, a€Z,
Flu) = (30)

400 otherwise.

(ii) If eN./|loge| — oo then F. T'-converges (with respect to the weak L? topology) to the functional
F(u) :/ D}*(u, Br) dz. (31)
T2

The proof of Corollary 11 follows closely that of Theorems 9 and 10. In Section 7 we sketch the
necessary modifications in the argument. The main difficulty is that in the supercritical case one no
longer has L' compactness. Nonetheless we will show that on a scale which is large compared to
the typical particle separation 1/4/N. the L? oscillation of a finite energy sequence u. can still be
controlled. This will allow us to locally estimate the energy from below essentially in the same way as
in the presence of strong convergence.
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4 Compactness

In this section we establish the following compactness result.
Theorem 12 Let {u.} be such that

liminf I (ue) < 400,
e—0

then there exists a sequence {a.} such that the sequence {u. — a.} is bounded in L* and relatively
compact in LI(Q), for every q < 2. Bvery cluster point u of {u. — a.} belongs to BV (T? Z) and
satisfies

/Q |Du| < Cliggfle(ue) . (32)

The main difference with the result of Alberti, Bouchitté and Seppecher [3] is that the local part
of the energy dist? (u, Z) is not coercive. Hence the crucial point of the proof consists in the derivation
of a uniform L? bound on u. (up to a translation). Pointwise convergence can then be deduced for [3]
by a truncation argument.

4.1 The L*-bound
Theorem 13 Let {u.} such that
Lw)<M VYe>0 (33)

and assume that |{us > 0} > |Q| and [{u. < 1}| > 3|Q|. Let Q' CC Q be a square centered in zero.
Then there exists a constant C(Q’) such that

luc|?dz < C(Q").
Q/
Remarks

1. The bound is optimal, since the embedding of BV into L? is optimal. Indeed if I.(u.) < M
would imply a uniform Lf, . bound for p > 2 then, by Theorem 9, every function in BV(Q,Z)
would be LY (Q), which is false.

loc
2. If one considers the analogue of the functional I. in n dimensions (n > 2), with kernel K(z) =

|z|*("+1) the argument below gives an LIZT bound, which is again optimal. For n = 1 Kurzke

[11] showed that the optimal bound corresponds to the Orliz space el.

The idea of the proof of Theorem 13 is simple. From Theorem 9 we expect that I.(u.) behaves
asymptotically similar to the BV seminorm. Comparing the super- level sets {u. > k} and {u. > k—1}
we thus expect that the perimeter of {u. > k} is controlled by I.(Tk_1uc), where Ty_ju. is given
by ue V (k — 1) A k. In combination with the isoperimetric inequality we would get |[{u. > k}|2 <
CI.(Tk—1u.), and from this the assertion would already follow (see (49) and (50) below).

Unfortunately I. does not really control the perimeter of the level sets uniformly in e. Instead we
will establish directly a bound of the form

|AZ]2 = Q" N {uc > k+1—0}|? < CL(Tyu.), (34)

for a fixed o € (0, %) To prove this we first replace the singular kernel by a regular kernel and drop the

logarithmic rescaling. Then we bound the singular kernel # from below by a dyadic sum of scaled

regular kernels and with a covering argument we get an estimate like (34) at least if |Af| is not too
small, see (46) below.

If | A5 is very small then a scaling argument shows that the term dist? (ue, Z) becomes negligible
and we directly use the embedding of H % in L4 and conclude after a short calculation.

We begin with the relevant estimates for the regular kernels.
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Proposition 14 Fiz ¢ € C°(B1(0)), with [ p(x)dz =1 and ¢ > 0 in B1(0). For every A € (0,1)

there exists a constant c()\) such that for every subset A of Q with A < |A| < 2 we have
1
75(A, Q) := —/ / ws(x —2')drdz’ > c(N) Vde(0,1), (35)
0Jalo\a

where os5(z) = 330 (%).

Proof. Fix A. Assume by contradiction that there exists a sequence of sets {Ax} such that

1+ A
A< Ay < 22 (36)
and a sequence {dx}, such that
lim Y65 (Ak, Q) =0. (37)
k—o0

We may assume that d§;, converges to some § and the characteristic function x4, (z) of Ay converges
to 0(x) weak* in L> as k — oo. If § # 0, then from (37) we get

O(z)(1 —0(x"))ps(x — ') drvdr’ = 0.
QxQ
This implies either § = 0 a.e. in @ or § = 1 a.e. in @, which is impossible, since (36) implies
A< fQ O(z)dz < HA.If § = 0, we can rewrite s, (Ay) as follows

1 1
s [ [ entemadear = oo [ se =) (e) - xa @) deds
Ok A JQ\ Ay 205 QJqQ

1 1 . 1
o [ [ one = a a0~ @) duda’ 4 o [ dise? (a0, 1)) = 50, (a,)

The asymptotics of the functional ®5 has been studied by Alberti and Bellettini in [1]. By their
compactness result we get that there exists a set A with finite perimeter such that, up to a subsequence,
the sequence y 4, strongly converges to x4 in L. Moreover applying [1], Theorem 1.4, we obtain that
there exists a positive constant C' such that

1ikm inf 5, (Ag, Q) > CPerg(A).
—00

By (37) we get Perg(A) = 0, but this again contradicts (36). O

Lemma 15 Let Q' CC Q. There exist two constants Cy and Cy, depending on Q', such that for every
ACQ and B C Q with AN B = ( disjoint the following inequality holds (with E = Q\ (AU B))

1 ANQ
/ / 73d:cdy201|AﬁQ’|%logM. (38)
ANQ’ J BNQ’ |z —y £

Proof. We first prove the equivalent of (35) for the singular kernel #, i.e. we prove that if A C @

satisfies

Vgt
2

then there exists a constant C'(A) such that

RN op S
/A/B|x—y|3d dy > C(N) log g (39)
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¢(A) being the constant given by Lemma 14. Clearly we may assume that |E| =|Q \ (AU B)| < C(QA).
Since AUBU FE = @, by Lemma 14 it is easy to see that

%/A/Bcpg(:cy)dxdch()\)@E@ aslongas%<5<l. (40)

We will get (39) by estimating the singular kernel with a dyadic sum of regular kernels. Take m € IV
such that 27™ < 2|(E)| < 271 "hence m > log(c()\)/2|E|)/ log 2. Then take 6; = 27" for i = 0,...,m
By the definition of ps and takmg into account that @s(z —y) =0 if |x — y| > 0, we have

1 S 1
|z —y|3 ~ dsupy

ws(x —y) Vr,yeqQ.

More generally we have that there exists a constant C, depending on ¢, such that

1 1
T3 2C0) ces(r—y 41
TyE 2O  fenle (41)
for all z, y € Q. Indeed
m m
1 1 1

25— y) < supp Z—3§ SUp @5
1=0 =0 ’L m—

and this, by the definition of §,,,_1, implies immediately that (41) holds if |x —y| < 2|E|/c(A). On the
other hand since supp ¢ C B;(0), for any ig € {0,1,...,m — 1} and §;,+1 < |z — y| < d;,, we get

o ot! 1
E 5— ) <supp E —3 < 2%(sup <P)5—3
1=0 l 0

=0

which gives (41) for every z, y € Q. Thus (39) follows by (41) and (40).
The proof of the result can be now obtained with a covering argument. Indeed by scaling (39) we
get that for every r > 0 and for every A C @ such that

ANQr| _A+1

A< :
Toled] T2

we have

c(\)r?

dd > (COrlog ——————
=T EN Q]

S Joa T30

where @, denotes a square of size r. Fix Q' CC Q, let d = dist(9Q, Q’). We claim that there exists a
constant A = A(d) such that for every x € AN Q' there exists a square @, (z) centered in = and of
size r, such that

(42)

ANQNQn ()] _1+A

A< 43
S Tenwl 2 )
Indeed on the one hand a.e. z € AN Q' has density 1 and on the other hand for every r
A ¢ T ! ks
min A0QNC@] i Q0@
r: Qr(z)CCQ |Qr ()| 2€Q r: Quz)ccQ  |Qr(w)]

By the continuity of W with respect to r we get (43). By the Besicovitch Covering Theorem

we obtain a family of disjoint squares @, (z;), i € I, satisfying (43) such that

S = 1@ ()| > AANQ,

el i€l
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where ¢ is a universal constant. From this family of disjoint squares we can extract a family of indices
J such that

[ENQr(x)l _2 _|E|

= ) . 44
2 fang] e (44)
We have
2 _ 2 2 N C |[ENQr, ()] ,_ C ,
D= i >aAﬂQ|f§ZT|AﬁQ|>§|AmQ|. (45)
icJ icl iZJ iZJ

Finally by (42) and (44) we get

1
—=dxdy > / / ———dzdy
/AmQ’ /BﬂQ’ & — yP? ; 4@y, (@) /B0Qy, @) 17 = Y
c(A)r? (AelANn Q']
> Crilog m—————— —_
? 2O A g <Z> o]
which concludes the proof together with (45). O

Proof of Theorem 13. Fix o € (0, —) and k € Z. Denote by Aj, and Bj, the following two super
and sub-level sets

i={ze@ :u.>k+1-0} and Bi={r€Q : u.<k+o}.

We will give the proof in several steps. Assume that u. > 0. The idea is to get an estimate for the
super-level sets of the following type

o0

dolir <o,

k=0

in order to deduce the L? estimate.
Step 1. Fiz o < 1, then there exists a constant C' depending on o and Q' such that

/ K, (¢ —y) dvdy > C|loge]| A7 |} (46)
£ BE

whenever |A5|2 > e
Denote by Ej the set {re@ : k+o<u.<k+1-o0}. By (33) we deduce that |Ef| < Xe|loge|.
Then we may assume |E§| < . Thus, by Lemma 15 and the fact that K, (t) < C1/[t|>, we get

E2oz

[ ] Euo—ydedy = clagftiog ™
1> BE

which gives (46).
Step 2. Let o be as in Step 1 and assume |Ai|% < e® Fiz v € (1,2). Then there exists a positive
constant C' such that

PHERS (47)

(k—o)r

By the Sobolev inequality and the fact that [{u. < 1}| > $|Q|, we have

1

[(ue = D4llza@) < Cllue = 1)4],,3 < C(llogelle(uc))? .
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Thus by Hoélder’s inequality we get

Al -0) < [ e - 1) de
A%

3 3 1
|42 1 (ue = D llLa@) < ClAEI ([logel I (uc)) % .

IN

Hence
1

(k—o)

AR (|loge| L. (ue))?, .

Since |AZ|7 < £, this implies that

=

hﬁﬁ?scaggﬁuA%»

and (47) follows by raising the last inequality to the power ~.

Step 3. There exists a positive constant C' such that
[oe]
1
dolAgz <C. (48)
k=0

This is a consequence of Step 1 and Step 2. Indeed if |Ai|% > %, then we apply Step 1 and we get
|A5|7 < CL(Thue)

where Tpue = (ue VE)A(k+1). If |A2|é < &%, then we apply Step 2. Thus we get

[eS) N e 1
S <ey = + I (Tyue) < C(1 + I (ue))
k=1 k=1

and this gives (48).
Step 4. We conclude the proof by noting that for any decreasing sequence aj of positive numbers we
have

o0 o0 o0 2

1 1 1
g kay, < sup(ka}) E ag < ( g a,ﬁ) . (49)
k=1 k21 k=1 k=1

We apply this inequality with ap = |A5_,| and using Step 3, we get

/ t{r e Qs ue >t} dt <> kl{z € Quc >k —1} <Y kA ,| < C. (50)
0 k=1

k=1

Hence

/ |u5|2dx:/ iz e Qs u >t}dt<C.
Q’ﬁ{u5>0} 0

The conclusion follows by arguing in a similar way for the negative part of u..

O

4.2 Compactness

Proof of Theorem 12. We may assume that [{u. > 0}/ > 1|Q| and [{u. < 1}| > 1|Q)|, since
othewise we may replace {u.} with {u. — a.}, where

a. =max{a €Z : {us—a>0} > %|Q|} (51)
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Furthermore we may suppose that I.(u.) < C; and by passage to a subsequence liminf. .o I (u.) =
lim. 0 I (ue).

Theorem 13 shows that u,. is uniformly bounded in L?(Q’) for every compactly contained concentric
subsquare ) CC Q. Since u. is periodic and since we can apply Theorem 13 also to a translation
of u. we easily see that u. is bounded in L?(T?). Hence there exists u € L?(T?) such that, up a
subsequence,

Ue — U in L*(T?). (52)

To obtain strong convergence in L' we consider again the truncation operator T,u = (uVa) A (a+ 1),
for all a € Z. Clearly by (8)

1 2]
- < < < .
Toee] ([Ta E]H (Q) /lest (Toue, {a,a+1}) d:c) < 2I.(Tyue) < 2I.(u.) <C

By [3], Theorem 4.7, (see also [2]) we have that, up to a subsequence, for every a € Z, there exists an
L' function u, € BV (Q, {a,a + 1}) such that

Tou. —uq  in LY(T?) (53)
and

/T2 |Dug| < Cligl}glf I (Tyu.) . (54)

Now consider M € IN and the truncation operator TMu = (u vV —M) A M. By (53) there exists
M ¢ BV (T?,Z) such that
™™y, — uM in LY(T?).

Since |{|uc| > M}z < |luc||12/M, weak lower semi-continuity of the L' norm and the L? bound yield

C
lu™ — ul| L2y < hrsnj(r)lf 1T ue — ue| prrey < 11151361f2/{|u5>1v1} lue| da < U

Now u. —u = ue — TMu, + TMy, — u™ + oM — 4 and thus

2C
hmsupHuE — Ue| 12y < S
Since M was arbitrary this shows that u. — u in L*(7?) (and hence in all L9(T?), for ¢ < 2) and
thus u, = Tyu. It is easy to verify that

T, v, T, v, dxd e () — ue(y)|]? da dy .
S [ 5t - ituente) - TP ey < [ [ Klo = o) = o) ary

QXQ

Hence (54) yields (32), after summation over a.

4.3 The effect of the pinning

Theorem 12 gives compactness up to translation by integers of any sequences {u.} which satisfies
liminf. o I.(u;) < oco. If in addition u. is also subject to the pinning condition, this eliminates
the translation invariance of the problem and yields, via a Poincaré’s inequality, an L? bound and
compactness of the sequence u..
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Proposition 16 Let u. such that
lim i(I‘)lf F.(ue) < 400,
E—

then ue is bounded in L?(T?) and relatively compact in LI(T?), for every q < 2. Every cluster point
u belongs to BV (T?,Z) and satisfies

/ |Du| < Climi(r)lf F.(u.). (55)
T2 &=

Proof. Without loss of generality, by (8) we may assume that

2
[l 3 ) < Cllogel. (50
By Theorem 12 we know that for every e there exists an integer number a. such that {u. — a.} is
bounded in L?(T?), relatively compact in L?(T?), for ¢ < 2, and every cluster point satisfies (55). In
order to conclude it is enough to have an L? bound for {u.} which yields that the sequence {a.} is

(L+1)e
[log el

bounded. This can be obtained through the Poincaré inequality. Fix p. = (L is the constant
given by (14)). With a little abuse of notation we denote by Q%E the squares of a lattice on @) of size

approximately p.. Applying the Poincaré inequality (13), scaled to the square Q’, ., we get

2 Pe 2
/Qj fueldz < Cipe (1 o = 0} N Q) < {0})) el it gy (57)

Pe

By our choice of p. and assumption (14) we have
1< #(Z-(Q)) <2L+1

and then Cap(({u. =0} N Q7 ) x {0}) > C'Re. Taking the sum over all j in (57), by (56), we get

27 < Pe 2 < Pe <
/Q|ua| dx < zj:C’lpa (1 + C”Rs) [u]Hi(st) < Cpe (1 + C’Rs) |loge| < C

which concludes the proof. O

5 Lower bound

Theorem 17 Let {u.} be a sequence such that liminf. o I (ue) < +00. Assume that {u.} converges
strongly in L*(T?) to some function u, then u € BV (T? Z) and

Lo (B )10 = [ sl < imipt 1w, 9

where the anisotropic line energy density v(n) is defined by (25)

The proof of Theorem 17 is based on a blow-up argument. Let n € S! and denote by Q™ a square
centered at 0, with size 1 and parallel to n. We now estimate from below the energy of a function
on Q™ which is close to the characteristic function of the half plane {n - > 0}. We denote the latter
function by ug = X{n.e>0}-

Lemma 18 Fiz 0 < § < % and % < a < 1. Then there exist 69 > 0 and €9 > 0 such that for every
n € St, for every e € (0,e0) and for every u € L1 (Q) satisfying

/ |lu —ug|dz < do (59)
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and
/ dist?(u, Z) dx < & for some | (60)

we have
//Qn gz(x —y)|u(z) — u(y)|*dedy > v(n)a(l — 6)|loge|, (61)
where v(n) is defined by (25).

Proof. After rotation we can easily restrict our analysis to the case n = ey, in which the square Q"
reduces to @ = (—3, 3)%. It then suffices to prove the statement with v(n) = y(e1) and we write from
now ug instead of ug'. By scaling we may also assume that y(e;) = 2. Since T, is homogeneous of
degree —3 we have then

1
Fll,(:vl)::/ Ly(xy,22)dry = —,. (62)
R L1

We also assume that 0 < u < 1 (otherwise we truncate the function by 0 and 1). Let us consider the
following sub and super-level sets

A{u<g} and B{u>1g}.

//eré(x—yﬂu(x)—u(y)|2dxdyZQ(l—Z)QA/l?FV(x—y)dmdy.

Hence it is sufficient to show that

/A/BFV(x—y)dacdyZQ(l—g)|1og€|. (63)

Using the change of variables, y = = + 2z, we get

/A/ny(ac—y)dmdyz/mfy(—z) (/Am(Bz)dm> dz:/RQFl,(zﬂAﬂ(B—zﬂdz. (64)

Let £ < 0 < a. By (60) we know that for £ small enough the set E = Q \ (AU B) satisfies

Then

|E| <& (65)

If the function wu is independent of xo and FE is a simple strip, then |[A N (B — z)| > 21 — ¢ and
the result can be obtained from (64) by an explicit computation. In general these conditions are not
satisfied, but the idea is that they are approximatively satisfied. In order to deal with the general case
let us estimate the difference between y g and the characteristic function of {1 > 0}, i.e. ug. If 1 > 0
and z € A, then |u —ug| > 1. Thus

IxB —uol = |xB — 1| < xE + xa < XxE + 2u — uol.
Similarly, if 1 < 0 and = € B, then |u — ug| > % Hence
IxB — wo| < xE + 2|u — uo| in Q. (66)
Now consider a concentric subsquare Q' of @, i.e. Q' = pQ with p < 1. By (65) we have

ANQ+[BNQ| = |Q| —¢° (67)
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Suppose that z satisfies |z|ooc = max(|z1], |22]) < (1—p)/2and z; > 0. Since |(B—2)NQ'| = |BN(Q'+2)|,

we have
/ uod:cf/ uod:cf/ |xB — wo|dx
Q' +z ! (QI+2)AQ7

> PZI*/ IxB — wo| dz,
U

(B-2)nQ'|-[BNQ

v

where U is the annulus U = (p+ |2]|00)@ \ (p — |2]00)@Q and (Q' + 2) AQ’ C U. Together with (67) this
yields

m(z) :=]AN (B — 2)|

v

[AN(B-2)NQ=[ANQ+[(B-2)NnQ'-|Q (68)

zlpfs"f/ IxB — uo| dz .
U

v

We now must choose p and U properly in order to get in (68) the right hand side large enough.
We fix d2 > 0 and pg = 1 — J2 and we cover @ \ po@ with annuli of thickness 2|z|, i.e. we take
pi = po + 2i|z|ec, Ui = piQ \ pi—1Q, with i = 1,..,k and k < d2/4|2|cc < k + 1 < 2k. We apply (68)
with p = p; and U = U;, we sum all the inequalities for ¢ from 1 to k, we divide by k and we get

1
m(z) > z1pp — 7 — E/ |xB — uo|dx .
Q
This, together with (65), (66) and (59) yields
8
m(Z) Z (1 — 52)21 —&7 — 5_|Z|oo(260 + EJ) ’
2

whenever |z|s < §2/2. We now assume £ < 2§y and choose d> = 21/5. This gives

m(z) > (1 —2+/d0)z1 — 7 — 164/00|2|o0 if |2]o0 < V/do - (69)
Then, in order to conclude from here together with (64) and to obtain (63), we must estimate the
following integrals:

1
I = / €T, (2) dz dzg < €7 / Il(z1)dz <1, (70)
{e7 <z <1}

o
where we used (62). Since |z[oo < 2|2| and [ (a® + 23) " dz = 7/|al
1

I = / |2|0olw(2) dz1 dzg < / < dz; < Colloge]. (71)
{er<z<1) e |2l

Finally, by the definition of I'} and the fact that T',(z) < C/z3, we get

o

do do C
I3 = / / 21T, (2) dzodz; > / zl(Fi(zl) — = )dz (72)
o {‘ZQ‘S&O} £ 50

v

]
logE—COr —C =olloge|+logdy — C.
Thus by (69) - (72) we have

B R O r — (= 2V/E0) s — 1~ 16V/5o Dy

|loge| Jro [log |

1
1—2+v/09)0c — C 0p + ———
( 0) (v/do |log€0|)

Y

and this proves (63) if a — o, dg and ¢ are chosen sufficiently small.
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With the following lemma we prove that the measure defined on the product T2 x T2 by

1
[log <]

4e(A x B) = /A /B K, (1 — y)ue(x) — ue(y) Pda dy (73)

converges weakly to a measure whose support is on the diagonal and that it can be estimated from
below by a measure concentrated on the jump set of the limit function w.

Lemma 19 Let u. be a sequence which converges strongly in L'(T?) to some function u € BV (T?,Z)
and assume 0 < u. < 1. Let p. be defined by (73) and let p be its weak*-limit (for a subsequence).
Then p is concentrated on the diagonal D = {(z,x) : x € T?}, i.e. p(E) =0 if END = (. Moreover
the measure X on T? which is defined by

AMA) = p({(z,2) =z e A}, (74)
satisfies
A>~(n)dH'LS,, (75)
where Sy, is the jump set of u.
Proof. To prove that suppu C D it is enough to show that for any continuous nonnegative function

¢ : T? x T? — R with suppp N D = ) we have [ pdu = 0. Let § = dist(suppyp, D) > 0. Since u. is
bounded by 1 we have

/T ez y)du

. 1 2
tim o [ [ el Kule = @) — e Pady

1 C
< i = dedy=0.
< g /[ g wis

Thus p is concentrated on D. Hence we can define the measure A on 72 by

MA) = u({(w,2) : @€ A}Y) = (A x A).
In order to conclude it is enough to show that for H'-a.e. o € S, we have

lim inf M — liminf lim He (Qr (IO) X Qr (IO))
r—0 T r—0 e—0 r

>7(n), (76)

where, with a little abuse of notation, ()] denotes the square centered at xo with side r parallel to
the normal n on S, at zg.
For H'-a.e. zy € S, we have

lim |u(re + 20) = X{zn>o0}| dr =0.
r—0 Qr

Fix such a 2y € S,. We will proceed with a blow-up argument. Consider the sequence v. obtained
from wu. by a rescaling, i.e. v.(z) = u-(rz + xo). By a change of variables we have

Ll Qo) x Qe = [ [ Krlw ~ y)loc(o) ~ vely)Pd dy.
QY *QY

where K7 (t) = r3K,(rt). From Proposition 1 and the homogeneity of T', we have

%us(Q?(mo) X Qr(xg)) = // i gy(m —y)|ve(x) — ve(y)|?dz dy + o(1), (77)
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as r goes to zero. The idea is to use Lemma 18 with the function v.. Fix 0 < § < % and % <a<l

and let dg > 0 and gg > 0 be the constants given by Lemma 18. For r > 0 small enough we have
0
/ [u(rz + x0) = X{zn>0}| dr < 50

and thus, for such r, we can choose £g such that for every € < gg

1 do
% o) —utoao < 3.

We then get

/ [V () = X{zn>0}| dv < / |ve(x) — u(ra + x)| dz —|—/ |u(re + 20) — X{zmn>03| < do-

1 QT T

Since v, also satisfies (60), applying Lemma 18 we obtain

2
ve(x) —ve(y)|°de dy > y(n)a(l —9). 78
togzt [, Lyt~ wleee) —oet) (m)a(1 - 5) (78)
By (77), taking the limit as € — 0 and then r — 0, we get
)\ n
lim inf MOz (o)) > v(n)a(l —9)

r—0 r

which gives (76) since o € (3,1) and § > 0 where arbitrary. O

Proof of Theorem 17. By the compactness result (Theorem 12) we can deduce that u € BV (T2, Z).
We obtain the result by Lemma 19 using a truncation argument. Let j € Z and let us consider the
truncations Tju. = (us V j) A (j + 1). Clearly each truncation Tju. converges to Tju and, up to a
translation, it satisfies the assumptions of Lemma 19. Thus we have that for any j € Z

liminf ——— / — )| Tjus(x) — Tjue(y )|2dxdy2/ y(n)dH* . (79)
Ilogsl szTz

e—0 STj "

Note that |u.(z) — uc(y)|* > > jez | Tius(z) — Tjuc(y)|? for every z,y € T?, that UjezSr,u = Su
H'-a.e., and that |[u](z)| = 32,4 |[Tjul(z)| H'-a.e. z € S,,. Hence, by (79), we have

liminf —— / — P |uc(x) — ue(y)|*dx dy 80
mist = [ K= - ) (50)
> lim inf —— / — )| Tiue(x) — Tiue(y)|*dz d
m ix |log€| 2 Bol@ = y)lTue () = Tyue(y)de dy
zz / +(n) dH* = / () [ul] () dH (2
jez Stju Su

which concludes the proof.

O

Remark 20 Reasoning as in the proof above we conclude that for any sequence u. converging to u
in L' and satisfying I.(u.) < C, and for every ¢ > 0 continuous function on 7?2 x T2 we get

- 1
lim inf —— / (@) K (@ — y)lue(2) — e (y) 2da dy > / o, @)y (n) [ull(z) dH (x)
e=0 " |logel J Jr2xrs Su

and thus A > v(n)|[u]|H!L_S,, where A(A) = u({(z,x) : = € A}) and p is the weak*-limit of the
measures 1. defined in (73). Moreover it is easy to see that if u. is also bounded in L2, y is concentrated
on the diagonal D, i.e. A(4) = u(A x A).
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Combining Theorem 17 and the results proved in [8] we now establish the following lower bound
for the I'-limit of the functional F;.

Theorem 21 Assume that N.c/|loge| — A and that the discs Bl are uniformly distributed and well
separated. Let u. be a sequence such that iminf. o F.(u.) < +00. Assume that u. converges strongly
in LY(T?) to some function u, then u € BV (T? Z) N L*(T?,Z) and

/ y(n)|[u]|[dH* + A/ D,(u,Bgr)dx < 1imi£1f F.(u.), (81)
Su T2 E—

where y(n) is defined by (25) and D, (-, Br) is defined by (17).
The proof is also based on the following two lemmas proved in [8].

Lemma 22 Given R : Ry — Ry, with R(e) — oo as € — 0, there exists a function w : Ry x Ry —
Ry, with w(e,d) — 0 as (g,6) — (0,0), such that the following statement holds. Let a € Z. If
(e H%(BR(a)) satisfies

][ ¢ —alde <6 (82)
Br(e)
and ( =0 on Bpg, then
/ dist ¢, 2) d:ch// K&(z —y)|¢(z) — ¢(y)|* dedy > D, (a, Br) — w(e,d), (83)
Br(e) Br(e)yXBr(e)

where K=(t) = 3K, (et).

Lemma 23 There exists a positive constant C' such that for every 0 < p < p the following inequality
holds

C
]é lu| da SJ[A|u| ot =ty (84)

for allu e H? (B;).
Proof of Theorem 21. The proof is based on a blow-up argument like the proof of Theorem 17.

Let pe be the measure defined in (73), let p be its weak*-limit, A defined by (74) and define 7. be the
following measure

Ne (A) =

/ dist?(ue, Z) dz . (85)
A

el loge|

Since 7. is bounded, it converges weakly™ up to a subsequence. Let 1 be its weak* limit. The main
step is now to prove that

A+n>AD,(u(x), Bg)dz, (86)

i.e. that for a.e. z € T? we have

lim lim inf 2¢ (@r(z) x Qr(2)) + 1 (Qr(x))
r—0 e—0 |Qr|

> AD,(u(z), Br) . (87)

Let us fix a € Z and 2y be a Lebesgue point of u with u(xzg) = a. In order to simplify the notation
assume that xo = 0. The proof of (87) follows using Lemmas 22 and 23 and the same strategy of the
proof of the lower bound in [8] taking into account that here the domain is @, and the regime for the
obstacles is different, i.e. N; =~ |loge|/e. We repeat it here for the convenience of the reader.
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Consider on @, a lattice of squares, denoted by (5, of size approximatively 1 /v/Ne. Let @; be
concentric squares of three times the size. Since each point is contained at most in 9 of the squares

Q5 we have
Z// [uc(@ 3( )l dz dy < C|loge| ~
5><Q5 |$ - |

Z/A lue — aldr < w,,
i’

where w, — 0 as r — 0. Let 6 > 0. Recall that Z.(Q,) is the set of indices ¢ such that :43?S € @, where
xt are the center of the discs B%_. Then there exist a set of indices J¢(Q,) such that #(7°(Q,)) >
(1 —0)#(Z:(Q.)) and a constant Cy such that

// [ue(@ 3( )l dz dy < Cye
< x Q2 Iﬂf*yl

][,\ |ue — aldx < Cyw,

and

and

for all j € J°(Q,). Let 0 < § < 1. By applying Lemma 23 with p = ¢, with 1 < 3 < 1, and p =

. \/—Ni’
for each z € Q5 we also have
][ ue —aldr <90 if e <ep(0,0) and 7 <r(). (88)

Then by Lemma 22 applied with R(g) = e”~! we get (after the scaling X — x/¢)

. . . £
B's x B! B's) > ———
/J/a( b 55)+775( 55)— |10g€|

for any i such that z% € Q5. Since the points x! are assumed to be well separated (see (15)), summation
over all 7 yields

(Du(aa BR) - W(Ev 6))

(Q7 X Q7) + ne(Qr)

Y #(T(Q5)| (Dula, Br) —wle,0))

g
=1
llogel | 7.

The uniform distribution of the obstacles (see condition ( 14)) implies that

> HI(Q5 H(T(Qr) = D #(TA(Q) = #(Zo(Q) — D> (Ne|Q5|+ L)
JET(Qr) J&JE(QJ JE€T=(Qr)

Since #({j : j & T°(Qr)}) < #(Z=(Q;))0, by (14) we get

e#(Ze(Qr) (1 - 0(L +1))
NE(QT X QT) + nE(QT) z |10g€|

A|Qr[ (1 = 0(L + 1)) (Dy(a, Br) = w(e,d)) + o(1)

as € goes to zero. Taking the limits ¢ — 0, then » — 0, then 6 — 0 and finally § — 0, we obtain (87).
Now we conclude easily by (87) and Lemma 19 together with Remark 20 that

A+n>AD,(u(x), Bg)dz and A > y(n)|[u]|HH LS, .
Since the two measures D, (u(z), Br) dx and ~(n)|[u]|H'[_S, are mutually singular, we get
A+n> AD,(u(z), Br)dx +v(n)|[u]|H' LS,

and this concludes the proof.

(Dy(a, Br) = w(e,9))

Y
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6 Upper bound

In this section we establish an upper bound for the I'-limit of I. and F.. This concludes the proof of
the I'-convergence result in the critical scaling(see Theorems 9 and 10).

Theorem 24 For every u € BV (T?,Z) there exists a sequence {u.} converging to u in LI(T?), for
any q < 2, such that
limsup 7. () < / () [u] | dH

e—0 w

Proof. By a standard density argument, we can restrict our analysis to the case of u € BV (T?,Z)
such that S, is polygonal, with a finite number of sides, and |[u]| = 1 H!-a.e. on S,,. We also choose
a fundamental domain @ of the torus such that |Du|(0Q) = 0. We construct u. simply mollifying u
at the scale ¢.

Fix ¢ € C*(B(0,1)), ¢ > 0 and [ pdz =1, and set

Ue = Qg * U where o (z) = e 2%p (g) .

Since u. = u outside an e-neighbourhood of S,, we clearly have that

1
E / dist?(ue, Z) dz < C'. (89)
€JqQ
The conclusion follows if we prove that
. . 1
lim £1c(Q x Q) = lim —/ K, (z = y)luc(z) — u(y)|*de dy = / y(n)|[u]|dH" (90)
e—0 =0 [loge| J Joxq S

where the measure p. is defined as in (73). We first prove that the total variation of p. is bounded.
Let A be an open subset of @) and denote by d(A) the diameter of A. Using a change the variables
Z =1y —x we get

C

pe(AX A) < ——
|logel Jizi<ara)

# /A [ue(z + 2) — ue(2)|*dr dz . (91)

Let us denote now by Ny the §-neighbourhood of S,,. Since v € BV (Q, Z) and S, is polygonal (with
a finite number of sides) we have

INs N Al < Cd(A)d (92)

and, by the definition of w., we easily deduce that w. is constant on Bs(z) if z &€ Nj. Thus, using
that u is bounded by a constant M, we get

1 1
/ —3/ |ue (x4 2) — ue(2))?dedz < 4M2/ 5 Nz N Al
2e<|z|<d(A) 12[° Ja 2e<|z|<d(A) |2

1
< cdA) / Lz < ca()loge|.
2e<|z|<d(A) |2

On the other hand we have that |Du.| < C/e and hence

1
/<2 W/Ama(ac—l—z)—ue(ac)ﬁdxdz
z|<2¢e

IN

1 2
|z|<2e |2| €

IN

Cd(A)/ L e<c

z|<2e |Z|8
By (91) we get
pe(A x A) < Cd(A) +o(1) (93)
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as ¢ tends to zero. In particular p. is bounded and thus, up to a subsequence, converges weakly™
to a measure p. Since u. is bounded in L*°, by Remark 20, i is concentrated on the diagonal and
we can define as above the measure A(A) = p(A x A). By the definition of w,. it is easy to check
that suppA C S,. Moreover, taking the limit ¢ — 0 in (93) we get a similar estimate for A, i.e.
A(A) < Cd(A). Taking the Radon-Nikodym derivative of A\ with respect to H!, we deduce that

A< CHILS,. (94)
We conclude the proof if we prove that for H'-a.e. zg € Sy

i AB-(a0))

Tm —— <v(n). (95)

Indeed, this together with the lower bound implies (90). The latter inequality can be obtained by an
explicit calculation. Let us assume, for the sake of simplicity, that g = 0 and that the normal n of
Sy at xo is e, i.e. Sy, is locally contained in {z1 = 0}. Then

1

uew) = (%), with () = / e,

Hence v is smooth and decreasing and (t) = 0if ¢ < —1, (¢) = 1 if t > 1. Set R = r/e. It follows
by a change of variables, from Proposition 1, that

2 = L T — xTr1) — 2 X o
3 [, Koo —wetPdrdy = 55 [ [ Do) - vm)Pdedy o). (96)

Now note that since I', (t) > 0 we have

1 2R
= e F’/ - P} 2 -

/ FV(II - y1722) dZQ = Fll/(xl — yl) — ’Y(el)

2|=’E1 - y1|2 .

IN

Thus using the fact that, for ¢t > 0, |[¢(x1) — (a1 + t)| is zero if 21 < —t —1 or if 21 > 1 and is
bounded by Liptt if ¢ is small and by 1 if ¢ is big, we deduce
E [ (z1) — Y(y1)|” doy dys

L _ _ 2 -
s [ Te i) —vn)Pdedy < =

2R 1 R— t
= ’7(61)/ / Y(w1) — P(zr +t)? day dt
0

2R
<) 7 / ) = vl + 0 doy
2R
< v(eﬂ(/o U2 (Lipp) dzf+/1 (tt+22)dt>
< (e)(C +log(2R)).

Since log(2R) = log(2r) + log 1, from (96) and (89) we finally get

)\(BT (o)) < liminf ——

2
— drdy <
2 e0s0 |10g€| 27"/ 5 ><B Y)ue(x) — ue(y)"de dy < v(e1),

which concludes the proof.
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Remark 25 Note that in the construction of the optimal sequence for the I'-limit (Theorem 24) the

precise shape of the profile ¢ is irrelevant. It does not influence the logarithmic contribution of the
1

H?z norm of u. but only the terms which are of order one.

Remark 26 Together with the lower bound (Theorem 17) and (89), we see that a sequence con-
structed by convolution as in the above proof is also optimal on any open subset A of @) and, up to a
subsequence, satisfies

; 1 2 = n)|[u !

In particular we proved that the measure A defined in (74) satisfies

A=7(n)dH'_S,.

With the theorem below we will give the upper bound for the I'-convergence result stated in
Theorem 10.

Theorem 27 Assume that Nee/|loge| — A and that the discs Bl are uniformly distributed and
well separated. For every u € BV (T?,Z) N L?(T?,Z) there exists a sequence {v.} converging to u in
L4(T?), for any q < 2, such that v. € H%(TQ), ve =0 a.e. on U;BY_ and

()| [u]|dH} + / AD(u, Br) dz (97)

lim sup F. (ve) < /
S Q

e—0 w

Proof. The general idea of the proof is to consider the optimal sequence obtained by convolution in
Theorem 24 and to modify it in order to let it satisfy the pinning condition using the H 3-dislocation
capacitary potentials as cut-off functions, as we did for the dilute case in [8]. However the presence
of the non local term in the energy makes this argument more involved. In the proof we will always
assume that the fundamental domain @ for T is chosen such that |Du|(0Q) = 0.

Step 1. The statement of the theorem holds for any u constant, u = a € Z.

In this case the sequence v, can be constructed exactly as in [8] using the H 3-dislocation capacitary
potentials (see Section 2.2 for the relevant definitions). We give here some details in order to fix some
notation for the following steps. Denote by (¢ the H z_dislocation capacitary potential of Br with
respect to B.a—1 at the level a, where « € (1, %1) and 3 is given by (15). Then the sequence v, = v
is given by

r—at ;
- ¢ £ if U; Bla
po - {ome(F5F) weeun
a otherwise
By p¢ and n¢ we denote the following measures
1
peax B) = o || Kolw - y)lt(a) - vtw)Pdody (99)
|logel Ja JB
and
dist(ve,Z) d 99
n¢ (A) 5|log5|/ ist(v? (99)

by p® and n® we denote their weak*-limit (which exist up to a subsequence) and by A\* we denote
the measure such that A*(A) = p®(A x A). With this notation what we have to prove is A* +n* <
ADV (a, BR) dx.

It is easy to check, by using the properties of the kernel K, (t) (see Proposition 1) and a rescaling
argument that

€

§2(Ber % Beo) + 1 (Bew) < ——— D, (a, Bz, Beo ). (100)

|loge|
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The choice of the exponent « is motivated by the following argument that will permit us to control
the non local term in the energy and to show that long range interactions are negligible, i.e.

HE(Q x Q)N {lz —y| > 7)) < Ca’eB=07|Q) . (101)

As a consequence, in view of (100) and (20), we get

ME(Q X Q Jrﬂe Z ME Bia X Béa) Jrﬂg(Béa) + 0(1) S ADV(avBR) +0(1)
I.(Q)

as € goes to zero. Once (101) is shown, Step 1 is finished (see [8] for more details).

It only remains to prove (101). Indeed we will prove the following more general statement which
will be useful later.

There exists a constant C > 0 with the following property. If {w.} and {z.} are two sequences in
H2(Q) which are bounded in L™ by a constant M and satisfy we(z) = z-(z) = const. in Q \ U; Bta,
then for every r >0

|loge] //QTXQTBKV(x —y)|we(z) — Za(y)|2dx dy < CMQE(QQ_B_1)|Q7'| . (102)
T—y|>

To show (102) it is enough to use the properties of the kernel K, and the uniform distribution of
the obstacles (cfr. (14)). We have

— _ 2
|10g€| //erQr (—y) |w:(z) - z(y)"dz dy

|z — y\>£5
1 2
: 2—| 071 2 X Tl =) o) = ()P dy

1
s [y
|10g5| Bu\B_s Yl
20
SCMQN |Q7|€ _CM2 (2a—p— 1)|Q |
|loge| 7

Step 2. Let u € BV (T? Z)NL%*(T?,Z), with S, polygonal with a finite number of sides. We will prove
that for every 6 > 0 there exists a sequence v2 converging to u strongly in L9, for q < 2, such that

timsup P.(f) < [ @l + [ (1= x0)Duu(w). Br) + xailu(@)P D1, Br) e, (103

e—0 "

where X, denotes the characteristic function of the d-neighbourhood of S,,.

By our choice of u there exist IV integer number a;, i = 1, ..., N, and N polygons P; such that

N
u=>_aixp,
1=1

From Theorem 24 we find a sequence u., obtained by convolution, such that u. = u in @ \ Nz, where
N: denotes an e-neighbourhood of S,,, and

lim 1:(Q x Q) = Ko (2 — )| () — ue(y)|? dudy = / () [u] | dHY,

5*0 llogel J Joxo S

We must modify u. in order to let it satisfy the pinning condition. Thus for any point x which is not
in Vs we modify u. exactly as in the previous step using the H 3-dislocation capacitary potential. If
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zl € Ns we modify u. by multiplying it by an appropriate cut-off function, namely the scaled H 3-
dislocation capacitary potential at level 1. This permits in particular to achieve the pinning condition
in A, where u. is not constant. Precisely we define the function w? a follows

a L= xé
— (% — if 2 € Bea(2!) with 21 € P, \ Ns
5 _ — ) .
we () = ue(x) <1 - <%>) if x € Beo(2!) with 22 € N (104)
ue () otherwise .

Let us define again, as above, by . and 7. the following measures

feAx B) = o [ [ Kulo = plud(e) - wly) Pdedy (10
|loge| JaJB
and

ne(A) dist(w?, Z) d 106
= (4) 5|10g5|/ ist (w0 (106)

and let us denote by i and 7 their weak*-limits and by A the measure such that A(A) = fi(4 x A).
For the sake of simplicity we drop the dependence on § in the notation for the measures introduced
above. We shall prove that

A+ i < A[(1 = x5 (2)) Dy (u(@), Br) + x5 (@) |u(@)* Dy (1, Br)lda + y(n)|[u]|(2)dH LS, . (107)

This clearly implies the assertion of Step 2.
First we prove that A + p is absolutely continuous with respect to the Lebesgue measure outside
S,. Fix zg € Q \ Sy. Since for any a € Z and v € R we have that dist?(av, Z) < a?dist?(v, Z), by the

minimality of the H 3 -dislocation capacitary potentials it is easy to check that
D,(a, Br) < a?D, (1, Bgr)
and for all z¢ € Q,(z¢) we have
fie (Bl X Bla) + 7:(Bla) < |u(wo)|? (ne(Blo % Bla) +nz(Bla))

where p! and n! have been defined in Step 1 (take a = 1). Thus in view of (102), applied also for

we = v and 2. = av}, we have

i (Qr(w0) X Qr(w0)) + 71 (Qr(w0)) < |u(wo)|? (1e(Qr(x0) X Qr(w0)) + 0z (Qr(20))) + o(1).

Then taking the limit as € goes to zero and using Step 1 we see that A+ 7 is absolutely continuous
with respect to the Lebesgue measure outside S, and satisfies (107) in N5\ S,. In the case xg € Q \ N
we shall prove that

MQr(wo)) +7(Qr(20)) < ADy(u(x0), Br))|Qr| + o1) (108)

as r goes to zero. This clearly follows as above by Step 1 and the fact that v. coincide with v¢ in a
neighbourhood of xg, where a = u(x¢). For r small enough

fie(Qr(x0) X Qr(0)) + 7 (Qr(0)) = 1 (Qr(x0) X Qr(x0)) + 1*(Qr(20)) -

Thus outside .S, inequality (107) follows from Step 1.
Let now consider zg € S,,. We will prove that

Jimsup NQ(20)) + 7(Qr(0))

r—0 T

< v()|[ul(zo)] - (109)
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It is easy to see that

lim

r—0

1(Qr(20)) —0.

Indeed, using a change of variable and the definition of v., in particular the fact that u. is constant
in Q\ Vg, for any r < §, we get

775(@7-(.%0)) < 776(@7‘($0) mNa) + ﬁa(Qr(xO) \Na)

Ce2r 1
Ie r 2 d t2 @ Z d < ADD B r 1
elloge| E|10g5|# (@r)e /Baa1 ist°(C, Z) do < (a, Br)|Qx| +o(1),

IN

as € goes to zero, where we denoted by a the maximum of |u| in @,. Thus in order to prove (109) it
is enough to show that

lim sup )‘(Qr (l‘o))

r—0 r

< v(n)|[ul(@o)] - (110)

1
€

For r < & we have @, C Nj. Since by definition w?(x) = u.(z)v
o >0,

(z) in N5 we have, for every

Fe(Qr % Q) = o Togd) L o~ L) k@) + ol @uely) o) dedy

IN

10,32 2
|10g5| + 7 / QT‘XQT y)lvs ($)| |U5($) - U/e(y)| d.]?dy
2|, 1 2
" Ilogfl < >/Q,xcz, = Ylue(y)*lvz (x) — vz (y)[dz dy
< (I+0)pe(Qr x Q) + sup |ul|? <1 + > pH(Qr x Q)

where in the last inequality we used the fact that v! is bounded by 1 and sup |u.| < sup |u|. Then
(110) follows by the above estimate, taking the limit as € goes to zero. Indeed, in view of Remark 26
and Step 1 we have

1 N 1 1 r
T Q x Q)< (o) [ gl ant + (1 T —) Asup u?D, (1, Bp) 9
r e—0 T QNS g Q T

After taking the limit as r goes to zero the estimate (110), and hence (107) and (109), follows by the
arbitrariness of o.

Step 3. In this step we conclude the proof. First we can obtain the thesis of the theorem for func-
tions u € BV (T?,Z) N L*(T?,Z), with S, polygonal, with a finite number of sides by Step 2 and a
diagonalization argument.

By estimate (19) the map u — fQ (u, Br) dx is continuous in L?(Q,Z) and satisfies

/ Dy (u, Br) dz > C |lul2
Q

This implies that the limit functional is continuous in BV (T?,Z) N L?(T?,Z). Hence the general case
can be recovered by a density argument. O

7 The sub-critical and super-critical regimes
In this section we will briefly discuss the asymptotic behaviour of E.(u)/(N€) in the sub-critical and

in the super-critical regime. In the latter case we also assume N, << E%ﬁ, with 8 < 1, in oder to keep
the obstacles well separated (see condition (15)).
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7.1 The sub-critical regime

In the case N, << |loge|/e the result can be deduced from the Theorem 10. Indeed the compactness
result given in Theorem 12 implies compactness in L(T?), for ¢ < 2, of any sequence {u.} such that
%“:) < C. Moreover every cluster point v € BV (T?,Z) of such a sequence must satisfy [,., [Du| =0
and hence is a constant a € Z. Thus also in this case, as for the dilute case discussed in Theorem 6,
the effect of the pinning condition is weaker than the line tension and in a similar way one can deduce
that the I'-limit is given by

E(u) = D,(a,Bgr) if u = const. € Z,
400 otherwise.

7.2 The super-critical regime

We now consider the case % << N << a% It is easy to check that also in this case the Poincaré
inequality, as in Proposition 16, yields an L?(T?) bound for all sequences with equibounded energy,
but in general we cannot expect more than weak convergence up to a subsequence.

The upper bound in the proof of Corollary 11 can be obtained for the class of piecewise constant
functions with integer values taking into account that in the super-critical scale the line tension effect
becomes negligible. This class is weakly dense in L2(72,R) and then the general case follows by an
energy density argument.

The proof of the lower bound is more delicate. By a blow-up argument it is enough to understand
the case of a sequence {u.} converging to a real constant ¢ weakly in L?(7?). The idea in this case is
that even if the sequence converges only weakly, it oscillates at a larger scale than the average distance
between the obstacles. Then at this scale, we still can find an integer value to which we can apply
Lemma 22 and get a local lower bound for the energy.

Proposition 28 If u. — ¢ = const., with ¢ € R, then

1
lim inf ~ E.(u¢) > D} (¢, Bgr), (111)

e—0 &elVg
where D**(-, Bg) is the convex envelope of D, (-, Br) as defined in (17).

Proof. Step 1 (Selection of good pinning sites z' ). We may assume that %“;) < C. Thus for every

6 € (0,1) we can find a set of indices Z¢ and a constant C(#) such that #(Z¢) > (1 — )N, and for all
i € I¢ the points x! satisfy

1 . .2
- /st dist”(ue, Z) dz < C(0)e, (112)
/ / K@ y)lue(@) - u(y)Pdedy < C(0)e (113)
B xBj,

and

][ |ucdz < C(9), (114)
Bt

Pe

where BZE denotes the disc of r@dius pe = 1/4/N; and center zt.

Step 2 (Assignment of a value ¢t to each good pinning site). By the (scaling invariant) embedding of
H? into L4, there exist constants ¢t such that

i14 4 2
/i |u5—C€| dmgc[ua]H%(B/i)a) < Ce”.

Pe
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Thus
][ |ue — ct|*dr < CN.g* — 0 (115)
and
][ lue — ct|dx < C’(NEEQ)i —0.
BfiJs

By the interpolation inequality, given by Lemma 23, applied to u. — c& we have

J

where 3 < 1 is chosen as in (15). From (115) we also deduce

1
lue — ct| dx §]€3 |u€fc§|d:c+0%%0 (116)
£2

i
Pe

i
B

][ lue — ¢t *dx < C(NE€2)% —0.
Together with (114) this yields
| < C. (117)

Step 3 (Lower bound for each good pinning site). We claim that there exist integers a’ such that

sup |¢! —a'| — 0 (118)
1€ZL?
and
1 . 1 ;
=/ dist? (ue, Z) dz + B // - Ky(z —y)|u(z) — ue(y)|?*de dy > D, (al, Br) —o(1). (119)
B, Bl xBi,

To see this we consider the scaled function (! (x) = uc(x% + ex). Then (116) gives

() = ]{3 ¢ — ] dz — 0 (120)
B—1

€

uniformly in 4 € Z, and the left hand side of (119) can be written as

T =/B dis’( ;',z>dx+//B K, (z — y)|Ci(x) — Ci(y)Pdrdy.

_ B—1 XBEB—l

€

By (112) and (113) we know that 7/ is bounded. Moreover by (120) the set
[{z € Beo-r ¢ |G(2) — 2| < 2wi(e)}
has measure at least |B.s—1|/2. Hence T} can be bounded only if

C

dist(c’,Z) < 2w (e) + ——
|Beﬁfl|§

— 0

This proves (118). In view of (120) we also get

][ |C2—aé|dx—>0.
B-1

€

Hence Lemma 22 and (117) yield _ _
T! > D,(al,Br)—o(1).
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Summation of (119) over the good centers yields

Fo(u) > (1— H)ﬁ S Dy(al, Br). (121)
€/ iex1?

Step 4 (Relation between the values a’ assigned to the pinning sites and the weak limit ¢ of u.). By
(115) and (118) we see that u. is close to an (integer) constant on balls of radius \/% centered on
‘good’ pinning sites. We now show that u. is actually nearly constant on a slightly larger scale r..

This will allow us to exploit the uniform distribution of the pinning sites to conclude that |, 0 Ue dx =~

ﬁ Yiezo at. Since [, u-dz — ¢
Since N, << €2 there exists r. such that

L r:e << —%«

: (122)
ez N2

1
vV Ne
We assume that % is an integer and we cover @) by a lattice of squares @ﬁs of size r.. By Q\ﬁs we

denote the concentric squares of three times the size. Given 6 we can find a set of indices jf such
that #(J7) > (1 — 6)r7? and for all j € J the squares QJ_ satisfy

[], Koo luo) - w)dedy < Co)eNr?, (123)
Qre X Q.
/A JuclPde < C(O)2. (124)
Qr.

By the embedding of H 3 into L*, there exist constants AZ such that

]4 lue — Al|*de < Ce?N?r?2 — 0.
Q

j
Now consider a good pinning site in a good square, i.e. 2t € @ZE, 1€ If and j € jf. Then by the
interpolation inequality (applied to u. — A7) and (122)

2
NZr,

][ |u5—A§|dm§][~v e — Al dz + 02T < Co(1)
B

i Qte N, *
Thus in view of (115) and (118) 4 ‘
lal — A7] < Co(1).
S~ince al € Z this shows that for good pinning sites in good squares a’ depends only on the square
J

Te "

, _1
Using the uniform distribution of 2% and the fact that r. >> N, 2 as well as (114) we deduce that

L FEQNT)

N (125)

LY wie /~ wede| < C|OF.Jo(1)

Ne icTO Y Qr,
€LY, zLeQy,

Now we sum (125) over all j € JY. Let E. be the union of the squares @j with j ¢ J?. Then

|E-| < 6 and by the L? bound on u. we have fEa luc| dz < C#2. Combining this with (117) and (118)
we deduce after a short calculation that

1 )
lim lim |———~ a’—/uadm =0
6-0<—0 #(Ié’)iezz:g © o

Together with (121) this finishes the proof.



G ARRONI, MULLER: A VARIATIONAL MODEL FOR DISLOCATIONS IN THE LINE TENSION LIMIT 33

References

[1]

2]

[13]

[14]

[15]

ALBERTI, G., AND BELLETTINI, G. A non-local anisotropic model for phase transitions: asymp-
totic behaviour of rescaled energies. Furopean J. Appl. Math. 9, 3 (1998), 261-284.

ALBERTI, G., AND BELLETTINI, G. A nonlocal anisotropic model for phase transitions. I. the
optimal profile problem. Math. Ann. 810, 3 (1998), 527-560.

ALBERTI, G., BOUCHITTE, G., AND SEPPECHE, P. Phase transition with the line-tension effect.
Arch. Rational Mech. Anal. 144, 1 (1998), 1-46.

CIORANESCU, D., AND MURAT, F. Un terme trange venu d’ailleurs. (french) [a strange term
brought from somewhere else]. In Nonlinear partial differential equations and their applications.
Collge de France Seminar Vol. II (Paris, 1979/1980), Res. Notes in Math., 60. Pitman, Boston,
Mass.-London, 1982, pp. 98-138, 389-390.

ConTi, S., Fonsica, 1., AND LEONI, G. A I'-convergence result for the two-gradient theory of
phase transitions. Comm. Pure Appl. Math. 55 (2002), 857-936.

DAL Maso, G., AND GARRONI, A. New results on the asymptotic behaviour of dirichlet problems
in perforated domains. Math. Models Methods Appl. Sci. 3 (1994), 373-407.

FonseEcA, 1., AND TARTAR, L. The gradient theory of phase transitions. Proc. Roy. Soc.
Edinburgh Sect. A 111 (1989), 89-102.

GARRONI, A., AND MULLER, S. I'-limit of a phase-field model of dislocations. Preprint 92/2003
Max Planck Institute, Leipzig, to appear in STAM J. Math Anal.

KoHN, R. V., AND STERNBERG, P. Local minimizers and singular perturbations. Proc. Roy.
Soc. Edinburgh Sect. A 111 (1989), 69-84.

KosLowski, M., CuiTiNO, A. M., AND ORTIZ, M. A phase-field theory of dislocation dynamics,
strain hardening and hysteresis in ductile single crystal. J. Mech. Phys. Solids 50 (2002), 2597—
2635.

KURrzKE, M. A nonlocal singular perturbation problem with periodic well potential. Preprint
106,/2003 MPI-MIS, Leipzig.

MARCHENKO, A., AND KrRUsLOV, E. Y. New results of boundary value problems for regions
with closed-grained boundaries. Uspekhi Mat. Nauk 33, 127 (1978).

MobicA, L. The gradient theory of phase transitions and the minimal interface criterion. Arch.
Rational Mech. Anal. 98 (1987), 123-142.

Mopbica, L., AND MORTOLA, S. Il limite nella I'-convergenza di una famiglia di funzionali
ellittici. (italian). Boll. Un. Mat. Ital. A 14, 3 (1977), 526-529.

Mobica, L., AND MoRrTOLA, S. Un esempio di I'-convergenza. (italian). Boll. Un. Mat. Ital. B
14,1 (1977), 285-299.



