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BERNSTEIN TYPE THEOREMS WITH FLAT NORMAL BUNDLE

KNUT SMOCZYK, GUOFANG WANG, AND Y. L. XIN

ABSTRACT. We prove Bernstein type theorems for minimal n-submanifolds in
R™*P with flat normal bundle. Those are natural generalizations of the corre-
sponding results of Ecker-Huisken and Schoen-Simon-Yau for minimal hypersur-
faces.

1. INTRODUCTION

From the counter example given by Lawson-Osserman [LO77], we know that mini-
mal submanifolds of higher codimension in Euclidean space are more complicated.
Their general Bernstein property has been studied in [HJW81], [FC80], [JX99] and
[Wan03], but one is still far from a complete understanding.

From the geometric point of view, the normal bundle might be complicated in higher
codimension, which would influence the submanifold properties. Now, we consider
the simplest case, i.e. that of flat normal bundles and expect this case might share
similar properties with minimal hypersurfaces, as shown in [Ter86], [Ter85], [Ter87]
and [HPTS88]. In the previous paper [Xin03] we study such a situation. The w-
function determined by the generalized Gauss map (see §3) will play an important
role. If it is positive, the submanifolds are like stable minimal hypersurfaces. They
have only one end. We also obtained an adequate generalization of the Bernstein
theorem for a minimal graph with controlled growth due to Ecker-Huisken [EH90].

Now, we find the result in [Xin03] can be improved and there is no dimension
limitation any more. This is Theorem 1. The key point is Lemma 1 which gives us
a better estimate for the second fundamental form in the case of higher codimension
and flat normal bundle. From such an estimate and the stability inequality (2.7),
curvature estimates, as done by Simon-Schoen-Yau for hypersurfaces [SSY75], are
available immediately.
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2. BASIC FORMULAS

Let M be a minimal submanifold in Euclidean (n + p)-space R™™? with the second
fundamental form B. TM and NM denote the tangent bundle and the normal
bundle along M, respectively. There are induced connections on T'M and NM. If
the curvature of the normal bundle vanishes, then M called a submanifold with flat
normal bundle

For v € I'(NM) the shape operator A” : TM — T M satisfies
(Bxy,v) = (A"(X),Y),

where B can be viewed as a map from ©?TM to NM. There is the trace-Laplace
operator V2 acting on any cross-section of a Riemannian vector bundle E over M.

We have (see [Sim68])

V:B=-B-38. (2.1)
We recall the following notations:

B BoBloB,

where B! is the conjugate map of B,

p
def.

Byxy = (Bavaava(x)y + Bx avaava(v) — 2 Bava(x) ava(v)) »

a=1

where (v4)a=1,.. p is an orthonormal basis of the normal space. It is obvious that By -
is symmetric in X and Y, which is a cross-section of the bundle Hom(®*T M, N M).

Since Bo B' : NM — NM is symmetric, there is a local normal frame field
{v1,--+ 1}, such that at a considered point

Bo B'(vy) = M v,.
Noting that
SN = (Be B
= (A

= (Bee;sVa) {Bese; Vo) = | Bl

we get

(B,B) = (BoB'oB,B)=(B'cB B oB)
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— (Bee;s Bepe) (Beiey, Beyor)
= (Beye;sVa) {Beyerr Vo) (Beieys ) (Beyer, V)
= (ei®ej, B'(va)) {ex @ €1, Bt (v))
(e: @ e, B'(v3)) {ex ® e1, B! (v5))
= (B'(va), B'(v3)) (B'(va), B'(v5))

= (BoB'(v,),Bo B'(v))

= Y M < <ZA§> = |BI*.
We also have
<§’B> - <25iej’ya> <B€iej,ya>
= ([A47,[A7, A™]] (e:), €5) (A" (e3), €5)

= ((AA"AY> — 2 AVB AV AVS + AV> AVP AVB) | AV*) .
Noting that
(Arc AV AV AY) = (AY A A" AP T)

= trace( A" A AP A"P)

— <A1/aA1/aAl/ﬂ’Al/ﬁ>’
we obtain

(B,B) = (AY5AYAY — 2 A5 AV AV + AV5 AVS AV~ AV*)
— <AVBAI/§AV@ _ AVBAV@AVB’ AV@>

_ <AVBAVQAV5 _ AVﬁAVﬁAua’ Alla>
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= (AYAY — AV A5 AV AV
o <AVaAllﬁ o AVﬂAya, AVﬂAVO‘>

— <AVaAllﬁ o AVﬂAyo‘, Ayo‘Ayﬂ>
_ <AVQAVB _ AVﬁAI/a’AyﬁAVa>

= Y, AP =,

a#f

where the last equation holds by Ricci’s equation in the case of a flat normal bundle.
Thus, we have

(V*B,B) > —|B|". (2.2)

It follows that
A|B|* > —2|B|* + 2|V B|*. (2.3)
In order to use the formula (2.3), we need an estimate of |V B|? in terms of |V|B|[?.

Schoen-Simon-Yau [SSY75] did such an estimate for codimension p = 1. For any p
with flat normal bundle their technique is also applicable and we have from [Xin03]

2
VB = [VIBII = ~|V|BI[". (2.4)
This is our desired Kato-type inequality. From (2.3) and (2.4) we have

Lemma 1. Let M — R"™? be a minimal n-submanifold with flat normal bundle.
Its second fundamental form satisfies

2
[BIAIB| > —|B[* + =|V|B[*. (2.5)
n

For two simple unit n-vectors
A=aiN---Na,, B=bN---Ab,,
their inner product is defined by
(A, B) = det ({ai,by))
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Choose an orthonormal frame field {e;, e, } along M such that e; € TM and e, €

NM. Fix a unit simple n-vector A =a; A--- A a, in R"" and define a function w
on M by

w={(e1 N Neg,a1 A+ Aay,) = det ((e;, a;)).
By a direct computation we derived a basic equation for w.

Lemma 2. ([Xin03]) Let M be an n-submanifold in R" ™ with parallel mean cur-
vature and flat normal bundle. Then the above defined w-function satisfies

Aw = —|B]* w. (2.6)

This equation is a generalization of the basic equation in constant mean curvature
hypersurfaces in Euclidean space.

We assume that the w-function is positive everywhere on M. Then, we have a
stability inequality by a theorem in [FCS80]. We state a lemma as follows:

Lemma 3. ([Xin03]) Let M be a complete n-submanifold in R™ ™ with flat normal
bundle and parallel mean curvature. If the w-function is positive everywhere on M,
then

[oversaz [ ppet (2.7)
M M

for any function ¢ with compact support D C M.

3. THE GEOMETRIC MEANING OF w > 0

For an n-dimensional oriented submanifold M in Euclidean space R"*? we have the
generalized Gauss map. By the parallel translation in the ambient Euclidean space,
the tangent space T, M at each point z € M is moved to the origin of R"*? to obtain
an n-subspace in R"*?, namely, a point of the Grassmannian manifold v(z) € G,, .
Thus, we define a generalized Gauss map v : M — G, .

For defining the w-function we need to fix a unit n-vector A = a; A---Aa,. Without
loss of generality, we assume that A is defined by the first n-axes. If the tangent
vectors to M are

€1 = (6117 €12, ,€1p, 7€1n+p)
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then

€11 €12 - €1n

€nl €n2 ' Epp

If w # 0 on M, then the tangent n-plane is also spanned by n vectors
6; =a; + ZiaCn+as

where (z;,) is an n X p matrix. Thus, if w never vanishes on M, the image un-
der the generalized Gauss map for a submanifold M lies in one local coordinate
neighborhood in the Grassmannian manifold.

For the fixed n-planes A and v(T,, M), considered as two points in the Grassmannian
manifold G, ,, we can define Jordan angles between them. Those are

00 = cos ' (\a),

where A2 are eigenvalues of the symmetric matrix W7 W, where W = ({e;, a;)). In
the case of w # 0, the Jordan’s angles between A and ~(7,M) lie in [0, 7). We also
know the relation between w and those angles [JX99]

n

w = Hcos&a.

a=1

4. BERNSTEIN TYPE THEOREMS FOR CONTROLLED GROWTH

In the case when w is positive, we set v = i We have a Bernstein type result as
follows.

Theorem 1. Let M be a minimal n-submanifold in R™ with flat normal bundle.
If M has polynomial volume growth and v has growth

v=0(R"),

where 0 < pu < 1 and R is the Fuclidean distance from any point in M. Then M
has to be an affine linear subspace.

Proof. From (2.6) we obtain

2
Av:v|B|2—|—;|V1}|2. (4.1)
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From (2.5) and (4.1) we obtain for any real ¢ and s

-2
AWIB) 2 gl + 1B [T s (5= "2 ) w9

+(q — s) VU B|*"? + 2¢sv? Bl (Vu, V|B]). (4.2)
By using the Cauchy inequality with € > 0

v B (Vo, VIBI) < = (e77?|BI*|Vo]? + 20| B[P ?|V|B|]?)

N | —

which is substituted in (4.2) we have

AWBI") 2 q(g+1—e"'s)v*?|B]*| V]

-2
+s (3 _n - €q> vq\B|s’2\V|BH2 + (¢ —9) Uq|B\S+2 (4.3)

By choosing s = ¢ >n—2 and ¢ = (]—f—Ll we have

A(vB|7) > 0.

We also choose ¢ =s+1>n—1ande = g% in (4.3), and then we have

A@?B|TY > 1| B|TH, (4.4)

Hence we may apply the mean value inequality for any subharmonic function on a
minimal submanifold M in R™™ [CLY84], [Ni01] to v?|B|?~" which gives

} 3
v1|B|(0) < g/ ,02q|B‘2q x1 < M / v2q\B|2q 1) (4.5)
R" Rn D

Dgr

where we assume o € M C R™™? and C' is a constant depending only on n.
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Multiplying by v?| B|7~1¢??, where ¢ is any smooth function with compact support,
in (4.4), then integrating by parts and using the Cauchy inequality, we have

/ V2 B|?1¢* x 1 < / vI| B9 M AW BT * 1
M M
—— [ (T, Vet Bl 1
M
—— [ V@B Re 1
M
~2q [ (6B V0, 0T (B 41
M

<Cila) [ BRGNP 4L (4.6)
M

By using Young’s inequality
aPa? a9
+
4q

for any positive real numbers p, q, «, a, b with % + % =1, (4.6) becomes

ab <

/qu\B|2q¢2q*1§Cg(q)/ v*|Vo|* * 1.
M

M
Choosing ¢ as the standard cut-off function, we obtain

/ v B*1 %1 < Cg(q)qu/ v x 1
Dpg

Dsgr

< Oy(q) R™?%vol(Dyg) sup v (4.7)
Dsr

We know that M has polynomial volume growth of order n+m, m > 0. From (4.5)
and (4.7) we obtain

V9| B[1(0) < Cy(n) R R sup o1,
Daor

then
v|B|(0) < C(n) R4,
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For given m > 0 and 0 < p < 1, we can choose g large enough such that
m
—1+—+u<0
q

Let R go to infinity, we have |B|(0) = 0. Since o is any point in M, we complete the
proof. O

In case M is an entire graph defined by p functions on R"™P, v is just the volume
element. If

v=0(R"),
then
vol(Dg) = O(R™").
In this case the assumption that M has polynomial growth is redundant and we

have the following result, which is a generalization of the results by Ecker-Huisken
and Nitsche [EH90], [Nit89].

Corollary 1. Let M = (z, f(x)) be a minimal graph given by p functions
fe(xt, -+ ™) with flat normal bundle. If for 0 < u <1

(det(6;; + f2£2))? = O(RY),

where R* = |z|? + | f|*. Then f are affine linear functions.

5. CURVATURE ESTIMATES

Replacing ¢ by |B|'™¢ in (2.7) gives
[iBrgte 1< [ @ a2 lBPIVIBIRS + B o
M M

+2(1+ q)0| B (Vo) - (V|B))] + 1. (5.1)

Multiplying ¢?|B|?*? with both sides of (2.5) and integrating by parts, we have
2
= [ BPIVIBIE <1< ~(1+20) [ FIBPIVIBIP 1
nJm M

4429 12 2q+1 . x 1. .
N /M B2 o /M GBI (V) - (V|B]) * 1 (5.2)
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By adding up both sides of (5.1) and (5.2) we have
2
(2-¢) [ simprvisie
n M

< [ 1BEAVP v 20 [ olBPT(V0)- (VIB]) 1, (5.3)
M M
Since
2q¢|BI*"* (V) - (V|B|) < 2¢¢|B|*"'|V¢[|V|B]]
<eq?¢?|BI*|V|B||* + ' B[***| Vo],
(5.3) becomes

2
2— o] [ SIBPITIBIP L
n M

<1+ / B2V 1.
M

2
O§q<\/j
n

we can choose ¢ sufficiently small such that

When

| FIBPIVIBIP 1< 0y [ B ToP 1, (5.4
M M
where C7 > 0 is a constant depending on n, q.

Since

26| B (V) - (V|B]) < 6 B2|V|BI]> + | BV oP,
(5.1) becomes
/ B2 41 < (14 q)? / B|V|B|P¢” « 1+ / B2V 1
M M M
(14 q) / BP(V|BI)& « 1+ (1+q) / B2V + 1
M M
— (14 q)2+0) / B[V |BIPE %1+ (q +2) / B2 « 1
M M

<Cy [ 1BPToR 1 (5.5)
M
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where in the last inequality above we used (5.4). Replacing ¢ by ¢972 in (5.5) gives

/ ‘B|2q+4¢2q+4*1 S 03/ ‘B|2q+2¢2q+2|v¢‘2 x1.
M M

By using Young’s inequality, we have
| BTGPV G < e BTG 4 Oy Vg1,

Therefore

/ |BP"Hgp?tt 51 < C / IVo|* 7™ % 1. (5.6)
M M

Replacing ¢ by ¢?™! in (5.5) gives

/ BPrHiga? 1 < ¢ / B2V x 1, (5.7)
M M
Choosing
2 q+1
= t=q+1, s="—=
1 q+1 1 q

and using Young’s inequality again

|BI*172¢% |V |* = | B> ¢%|B|Y |V g|*
< e(| B0 6%)° + Gy | B|7! o
— 5|B‘2q+4¢2q+2 4 Cé|B‘2|(Z5|2q+2.

Thus, (5.7) becomes

/ |B|?0tip2at2 5 1 < (J’/ |72 | BJ? * 1. (5.8)
M M

The above inequalities (5.6) and (5.8) enable us to prove the following results, which
is a generalization of the results by Schoen-Simon-Yau [SSY75].

Theorem 2. Let M be a minimal submanifold in R"? of codimension p with flat

normal bundle and positive w. If for q € [0, 2) ,

n

lim R~ yol(Dg) = 0,

R—o00

then M is flat.



12 K. SMOCZYK, G. WANG, AND Y. L. XIN

Proof. Choose a cut-off function ¢ to be

¢ . 1 in DR,
o0 outside of Dyp.

with ¢ > 0 and |[V¢| < ¢ almost everywhere. From (5.6) we have

/ ‘B|2q+4 x1< / ‘B|2q+4¢2q+4 %1
Dr Dsgr

cgat AvolDg
R2q+4 VOIDQR = 7}32‘1"‘4 s

< c/ VoPtis1 < C
Dsgr

where A is constant. Letting R — oo gives
/ |B|*7™ %1 = 0.
M

Remark 1. We know that an n- dimensional minimal submanifold in FEuclidean
space has at least polynomial growth of order n [Xin03|. Theorem 2 is interesting
only forn <'5.

OJ

From (5.8) it is easy to obtain the following result.

Theorem 3. Let M be a minimal n-submanifold in R™P with flat normal bundle
and positive w-function. If M has finite total curvature, then M is totally geodesic.

Using the similar method we can generalize a result in [HOS82| to higher codimen-
sion. We state the result without proof.

Theorem 4. Let M be a complete surface in R**P with parallel mean curvature and
flat normal bundle. If the w-function is positive everywhere on M, then M has to
be a plane.

Remark 2. After this work was finished and after authors announced these results
in [SWXO04] (Remark 4), M.-T. Wang [Wan04] also submitted Bernstein theorems
for minimal submanifolds with flat normal bundles to the Archiv.
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