
�����������	�
����

für Mathematik
in den Naturwissenschaften

Leipzig

Twistor Spinors with Zeros on Compact

Orbifolds

by

Florin Belgun, Nicolas Ginoux, and Hans-Bert Rademacher

Preprint no.: 86 2004





TWISTOR SPINORS WITH ZEROS ON COMPACT
ORBIFOLDS

FLORIN BELGUN, NICOLAS GINOUX, HANS-BERT RADEMACHER

Abstract. We study compact spin orbifolds with finite singu-
larity set carrying twistor-spinors. We show that any non-trivial
twistor-spinor admits at most one zero which is singular unless the
orbifold is conformally equivalent to a round sphere. We show the
sharpness of our results through examples.
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1. Introduction

Twistor spinors occur as solutions of a conformally covariant field
equation. Outside their zeros they can be viewed as conformal ana-
logues of parallel spinors or Killing spinors. Using the solution of the
Yamabe problem A. Lichnerowicz obtained the following

Theorem 1. (A. Lichnerowicz [Li]) If a compact Riemannian spin
manifold carries a non-trivial twistor spinor with zero then the manifold
is conformally equivalent to the standard sphere.

Non conformally flat Riemannian spin manifolds carrying twistor
spinors with zeros were first constructed by W. Kühnel and H.B. Ra-
demacher [KR1] using a conformal completion of the gravitational in-
stanton constructed by T. Eguchi and A. J. Hanson [EH]. One can
also use the explicitly given asymptotically Euclidean Ricci flat Kähler
metrics with holonomy SU(m), m ≥ 2 given by E. Calabi [Ca] to obtain
non conformally flat examples in all even dimensions ≥ 4. These exam-
ples can be used to construct compact orbifolds with finite singularity
groups carrying twistor spinors with zeros, cf. Section 5.
In this paper we consider orbifolds having singularities of type Rn/Γ
where Γ ⊂ SO(n) is a finite subgroup of the special orthogonal group
acting freely on Rn �{0}. We introduce the concept of a spin structure
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on orbifolds in Section 2. In Section 3 we use the connection between
manifolds resp. orbifolds carrying twistor spinors with zero and mani-
folds with parallel spinors with an asymptotically Euclidean end, which
was first introduced in [KR2]. We obtain as main result in Section 4

Theorem 2. Let M be a compact Riemannian spin orbifold with finitely
many singularities. If M carries a non-trivial twistor spinor with zero
at p then it is the only zero point and p is a singular point unless the
orbifold is conformally equivalent to a round sphere. In addition for
every point q �= p the order #Γq of the singularity group satisfies

#Γq ≤ #Γp

with equality only if the orbifold is a quotient of a round sphere.

This result can be viewed as a singularity result extending Lich-
nerowicz’ Theorem 1. In Section 5 we present examples of compact
Riemannian spin orbifolds carrying twistor spinors with zero in even
dimensions 2m ≥ 4 and with finite singularity groups Γ ⊂ SU(m).
These metrics are not conformally flat, the space of twistor spinors is
2-dimensional and all twistor spinors have the same zero point.

2. Spin orbifolds

In this section we will recall the basic properties of an orbifold and
define a spin structure on it.

Definition 1. An n-dimensional orbifold M is a Hausdorff topological
space, together with an atlas of charts (U, f), where U is an open set
in M and f : U → Rn/Γf is a homeomorphism, where Γf is a finite
subgroup of GL(n,R) (acting on Rn), such that the transition functions
g ◦f−1 : f(U ∩V ) → g(U ∩V ) are differentiable in the following sense:

For any x ∈ U ∩ V there exists a small neighbourhood W ⊂ U ∩
V and a differentiable map (called the lift of the transition function)
F : π−1

f (f(W )) → π−1
g (g(W )) such that g ◦ f−1 ◦ πf = πg ◦ F , where

πf : Rn → Rn/Γf and πg : Rn → Rn/Γg are the canonical projections.

Remark. Note that the lift F is not unique unless π−1
f (f(W )) and

π−1
g (g(W )) are connected, but it is always a local diffeomorphism.

Remark. As any finite subgroup of GL(n,R) is conjugated to one
sitting in O(n), we will suppose the groups Γ above are orthogonal. An
orientation on M is defined, as in the case of a manifold, by the choice
of an atlas of charts, such that the Jacobian of the lift of transition
functions has positive determinant. This is well-defined if the groups
Γ actually lie in SO(n). As we are interested in oriented orbifolds, we
will always suppose the groups Γ to lie in SO(n).

The concept of a differentiable map between orbifolds can also be
defined using the three steps in the definition above. Of course, the
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charts and their compositions with the canonical projections πΓ : Rn →
Rn/Γ are differentiable.

Definition 2. The (singularity) group of a point x ∈ M is the conju-
gacy class of a minimal (with respect to the inclusion) finite subgroup
Γx ⊂ SO(n) such that there exists a minimal chart (U, f) around x
with Γf = Γx. If Γx = {1} we say that x is a smooth point; otherwise
it is called singular.

If the singularity group of a singular point x acts freely on Rn �{0},
then the singularity is isolated, i.e., it is surrounded by smooth points.
This can only happen in even dimensions.

Remark. A chart (U, f) as in the definition above is called minimal
because there is no other chart around x having a group Γ′ with less
elements than Γx. Such a chart, composed with the canonical projec-
tion from Rn to Rn/Γ, yields a ramified covering of a neighbourhood
of x by an open set in Rn.
Example. In dimension 2, the group of a singularity is equal to Zn,
n ≥ 2, and the “total angle” around such a point is 2π/n (around a
smooth point it is 2π). So here the singularities are always isolated
(note that we restricted ourselves to oriented orbifolds). A basic neigh-
bourhood of such a “conical” point is actually homeomorphic to a disk,
so every 2-dimensional oriented orbifold is homeomorphic to a mani-
fold. This happens only in dimension 2, in larger dimensions the basic
neighbourhood of an isolated singularity is a cone over Sn−1/Γx, and
in general a quotient of a sphere is not homeomorphic to the sphere
itself.

If a singularity is not isolated, then the group of a neighbouring
point is the isotropy group of the corresponding point in Rn under the
action of Γx, so it is a subgroup of Γx. The set of singularities of M
is then a (not necessarily disjoint) union of submanifolds, each of even
codimension (because of the orientability condition). For example, in
dimension 3 the singularity set is a disjoint union of circles and open
segments.

In this paper we will focus on orbifolds with isolated singularities, but
many concepts may be extended to the general setting. For simplicity,
from now on we will assume that the singularity groups Γ ⊂ SO(n) act
freely on Rn � {0}.
Fundamental remark: Any object on an orbifold M can be seen,
in a neighbourhood of a point x, as a Γx-invariant object on a lo-
cal ramified covering by a smooth manifold (obtained from a minimal
chart composed with a canonical projection - we call this the (minimal)
smooth covering of M around x).

We can now consider tensors on orbifolds: Locally they must come
from Γx-invariant tensors on the minimal smooth covering around x.
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Remark. A vector field on an orbifold must vanish on any isolated
singularity and, in general, it must be tangent to the singular set,
because in these points x it must be Γx-invariant. In general, the tensor
fields on M must have particular (Γx-invariant) values in the singular
points. In particular, a metric on an orbifold is locally a Γx-invariant
metric on the minimal smooth covering around x.

We can carry on most of the differential-geometric constructions on
orbifolds: for example, we can consider the Levi-Civita connection, dif-
ferentiate vector fields, take their Lie bracket etc. All those operations
may be performed locally in a chart, and there we will work on the
smooth covering with Γ-invariant objects.

We are interested now in putting a spin structure on an orbifold.
Before doing that, recall that the Spin bundle is a double covering of
the total space of the bundle of orthonormal frames, which is non-
trivial on each fiber. Note that, locally around x, the frame “bundle”
SO(M) is just the quotient of the frame bundle of the smooth covering
under the action (by isometries) of Γx. This action is always free, so
the frame bundle of an orbifold is a smooth manifold (but no longer a
fiber bundle).

We will, however, continue to call SO(M) the bundle of orthonormal
frames on M , and, in general, we will continue to use the term bun-
dle for quotients of (locally trivial) fiber bundles on the local smooth
coverings, and for objects which are locally of this type.

Definition 3. A Spin structure on an orbifold M is given by a two-
fold covering of the frame bundle SO(M), which is non-trivial over
each fiber SOx, ∀x ∈M .

We can then describe a spin structure on an orbifold as being locally
a Γx-invariant spin structure on the smooth covering around x, but
first we have to be able to lift the action of the group Γx of isometries
to the Spin bundle of the smooth covering.

Definition 4. A singularity x is said to be spin if there is a lift Gx ⊂
Spin(n) of Γx ⊂ SO(n) which projects isomorphically onto Γx via the
canonical projection from Spin(n) to SO(n).

If such a lift exists, it is not necessarily unique; for example, in
dimension 2, the group Zn can be lifted to Spin(2) if and only if n is
odd. In that case there are always 2 such possible lifts.

Remark. There is another, deeper, motivation for the definition
above: As any spin structure on M restricts to one on the smooth
part M � S, it should induce spin structures on the quotients of small
spheres around any singular point, i.e., on Sn−1/Γ. The condition
above is necessary and sufficient for Sn−1/Γ to be spin [Fr, p. 47].

The following result shows that is is enough to look at the smooth
part of an orbifold to see if it is spin and to determine its spin structure.
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Proposition 1. Let M be an orbifold with isolated singularities, and
let S be the set of these singularities. Then M is spin if and only if
the manifold M � S is spin. Moreover, the Spin structures on M are
in 1-1 correspondence with the spin structures on M � S.

Proof. A spin structure on M can be obtained by gluing together some
spin structures on

M � ∪x∈SUx, and on Ūx, x ∈ S

along the union of the boundaries of the Ux, x ∈ S. Here Ux is the
image of a small ball through the smooth covering around x.

To do the gluing, the spin structures (i.e., the two-fold coverings
of the frame bundles) must coincide on the corresponding boundary
components (which are diffeomorphic to quotients of spheres). But
this if equivalent to saying that the induced spin structures on the
boundary are the same.

Of course, M � S is spin if and only if M �∪x∈SUx is spin, so what
we actually have to show is that any spin structure on M � ∪x∈SUx

can be “filled in”, in a unique way, in each Ux.
This is implied by the following fact:

Lemma 1. Any spin structure on Sn−1/Γ can be uniquely filled in
on Bn/Γ, where Γ ⊂ SO(n) is the (finite) group of the isolated spin
singularity 0 ∈ Bn/Γ. Here, Bn is the unit ball in Rn and n ≥ 4.

Proof. Let us describe first the spin structures on the orbifold Rn/Γ.
The orthogonal and spin frame bundles over Rn, denoted by SO(Rn)
and by Spin(Rn), respectively, are both Lie groups acting by isometries
on Rn (actually SO(Rn) is the group of Euclidean transformations on
Rn), and the canonical projection from the last to the former is a group
homomorphism.

Γ ⊂ SO(n) ⊂ SO(Rn) is then a subgroup, and so is G ⊂ Spin(Rn).
As SO(Rn/Γ) = SO(Rn)/Γ (here we notice that Γ acts on SO(Rn)
by left multiplication – hence commutes with the (right) SO(n) action
on the fibers, which, in turn, has nothing to do with the Lie group
structure of SO(Rn)), we see that the fundamental group of P :=

SO(Rn/Γ) is the preimage Γ̃ ⊂ Spin(n) of Γ under the fundamental
projection p : Spin(n) → SO(n). So we have the following exact
sequence:

1 → {±1} → π1(P ) → Γ → 1.

On the other hand, if P̃ is a two-fold covering of P , it is itself covered
by Spin(Rn) which is the universal cover of both P and P ′, so we have
the exact sequence

1 → G′ → π1(P ) → {±1} → 1.

P̃ is a spin structure on Rn/Γ if, moreover, the two-fold covering

P̃ → P is non-trivial on each fiber SOx, x ∈ Rn/Γ. This implies
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that G′ cannot contain the non-trivial element in the Z2 from the first
sequence, so the second sequence is a splitting of the first one.

So G′ = G must be a lift of Γ. It is worth mentioning that the double
cover P̃ of P is actually determined by the subgroup G of Γ̃.

So, there is a 1-1 correspondence between the lifts G of Γ in Spin(n)
and the spin structures on Rn/Γ, namely

G �−→ Spin(Rn)/G,

where G acts by left multiplication.

If we remove the singularity (and the corresponding fiber from the
frame bundles), the fundamental groups remain the same, because n >
2. We can carry on the same argument to conclude (see also [Fr]) that
there is a 1-1 correspondence between the lifts G of Γ and the spin
structures on (Rn � {0}) /Γ, or, equivalently, the spin structures on
Sn−1/Γ. �

We can use the Lemma to fill in the spin structures on each Ux,
and thus get a spin structure on M starting from one on M � S. The
converse is obvious. �
Remark. In [Fr] precise algebraic conditions on Γ̃ are given for the
existence of a lift G of Γ in Spin(n). If n = 4k + 2, k ∈ N∗, such a lift
is always unique, if it exists [Fr, sec. 2.2].
Example The group {±1} ⊂ SO(4) is the group of a spin singularity:
indeed, on S3/{±1} � RP 3 there are exactly 2 (inequivalent) spin
structures. On the other hand, the 2 possible lifts of {±1} in Spin(4) �
SU(2) × SU(2), which are {±1} × {1} and {1} × {±1}.

From now on, all considered singularities will be isolated and spin,
and for all the corresponding groups Γ there will be associated a lift G.

Remark. The action of Γ by isometries on SO(Rn) commutes with
the right action of SO(n) on the fibers of the frame bundle on Rn.
The lifted action of G on Spin(Rn) equally commutes with the right
action of Spin(n) on the fibers. It follows that G equally acts on every
associated bundle Spin(Rn)×ρ F , where ρ : Spin(n)×F → F is a C∞

representation of Spin(n).
In particular, G acts on the spinor bundles Σ±(Rn) of positive, resp.

negative Weyl spinors of Rn (remember that n is even).

Definition 5. The total spaces of the spinor bundles Σ±(M) over an
orbifold M are the orbifolds obtained by gluing together the spinor bun-
dles Σ±(M � S) with Σ±(Ux) � Σ±(Rn)/G. A spinor field on an orb-
ifold M is a pair of smooth sections in each of these two bundles, such
that the lifts in any local smooth covering around x ∈ M are smooth
(Gx-equivariant) spinors.

Remark. If the quotient Σ±(Rn)/G is not smooth, then the value of
the spinor field in 0 must lie in the singular set, more precisely in the
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set of fixed points of G in Σ±
0 . We will focus later on twistor spinors;

they have the property that if the spinor φ and the value of Dφ (where
D is the Dirac operator) simultaneously vanish in some point, then the
twistor spinor is everywhere zero (in a connected manifold), see next
section. As φ and Dφ are sections in the 2 different spinor bundles,
they cannot both vanish at a singularity x, which means first of all
that Gx must have non-zero fixed points at least on Σ+

0 or on Σ−
0 . This

implies certain constraints in dimension 4:

Proposition 2. Let φ+ be a positive and φ− a negative Weyl spinor
field on a 4-dimensional orbifold. In a singular point x at least one of
them vanishes. Moreover, they both vanish unless there is a complex
structure on T̃xM such that Γx ⊂ SU(T̃xM) � SU(2). In that latter
case, if Γx �= {±1}, then, for any other local spin structure around x,
every spinor field ψ vanishes at x.

The proof follows from the identity Spin(4) � SU(2)×SU(2), so any
groupG ⊂ Spin(4) having a fixed point in Σ+ must be totally contained
in the second factor and conversely. If this is the case, then any other
lift of the corresponding projection Γ ⊂ SO(4) will act nontrivially on
Σ+ (always), and on Σ− (unless G = Γ = {±1}).

3. Zeros of twistor spinors and conformal inversion

Let us first recall the twistor equation on a Riemannian spin manifold
of dimension n : We call a spinor field φ a twistor spinor if the following
twistor equation holds for all tangent vectors X :

(1) ∇Xφ+
1

n
X ·Dφ = 0 .

Here ∇ is the spin-connection on the spinor bundle Σ(M), the dot “ · ”
denotes the Clifford multiplication and D the Dirac operator. This
definition extends to the orbifold case: around a singularity x the spinor
field φ and tangent vectors X must then have Gx-equivariant liftings.
The spin-connection ∇Xφ and the Dirac operator Dφ =

∑n
i=1 ei · ∇iφ

of a Gx-equivariant spinor field are again Gx-equivariant.
If φ is a twistor spinor then one computes for the derivative of the

Dirac operator Dφ :

(2) ∇XDφ =
n

2
L(X) · φ .

Here L is the (1, 1)−Schouten tensor defined by

L(X) =
1

n− 2

(
s

2(n− 1)
X − Ric(X)

)

with the Ricci tensor Ric and the scalar curvature s. One can view
Equation (1) and Equation (2) as a parallelism condition: We define
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on the double spinor bundle E = Σ(M) ⊕ Σ(M) the connection

∇E
X =

( ∇X
1
n
X·

−n
2
L(X)· ∇X

)
,

i.e.,

∇E
X(φ, ψ) =

(
∇Xφ+

1

n
X · ψ,−n

2
L(X) · φ+ ∇Xψ

)
.

Then we obtain

Lemma 2. [BFGK, ch. 1.4, Thm. 4]. A twistor spinor φ on a Rie-
mannian spin manifold is uniquely determined by a parallel section of
the bundle E with connection ∇E . More precisely, if φ is a twistor
spinor, then (φ,Dφ) is a parallel section of (E,∇E) and if (φ, ψ) is a
parallel section of (E,∇E) then φ is a twistor spinor and ψ = Dφ.

Corollary 1. Any zero P of a twistor spinor ψ is isolated, more pre-
cisely ∇Xψ(P ) �= 0 for any non-zero vector X ∈ TPM .

Proof. If both ψ and Dψ vanish at P , then ψ is identically zero (as
unique parallel section in E with this initial data). Therefore ∇Xψ =
− 1

n
X ·Dψ is non-zero if X �= 0, as Clifford product of a non-zero vector

with a non-zero spinor Dψ. �
We use the following notation for the open Euclidean ball of radius

R : BR := {x ∈ Rn | ‖x‖ < R}, then BR := {x ∈ Rn | ‖x‖ ≤ R} is the
corresponding closed Euclidean ball.

Definition 6. (a). Let Γ be a finite subgroup of SO(n) that acts freely
on Rn � {0} and let U be an open subset of a Riemannian manifold.
Then the open subset U ⊂ M carries an Asymptotically Locally Eu-
clidean (ALE) coordinate system y = (y1, . . . , yn) of order (τ, µ) if the
following conditions are satisfied: There is for some R > 0 a diffeomor-
phism y ∈ (Rn −BR

)
/Γ �→ φ(y) ∈ U such that the metric coefficients

gij(y) = g
(

∂
∂yi
, ∂

∂yj

)
with respect to the coordinates y = (y1, . . . , yn)

and its derivatives

∂i1...ikgij =
∂k

∂yi1 · · ·∂yik

gij

have the following asymptotic behaviour for ρ = ‖y‖ =
√∑n

1 y
2
i → ∞ :

gij − δij = O(ρ−τ ); ∂i1...ikgij = O
(
ρ−τ−k

)
for all k = 1, 2, . . . , µ. If the group Γ = {1} is trivial, then the coordi-
nate system is called Asymptotically Euclidean.

(b). We call a non-compact Riemannian manifold M of dimension n
Asymptotically Locally Euclidean or short ALE of order (τ, µ) if there
is a compact subset M0 such that the complement M −M0 carries an
asymptotically Euclidean coordinate system of order (τ, µ).
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Remark 1. There is a close relation between manifolds carrying twistor
spinors with zeros and non-compact manifolds with parallel spinors
with an end carrying an ALE coordinate system, more precisely: Let
(M, g) be a Riemannian spin manifold with a twistor spinor φ having a
zero p. It is isolated and the length ‖φ‖ behaves like a distance function
in the neighbourhood of p (see Corollary 1). Given normal coordinates
x = (x1, . . . , xn) ∈ Bε ⊂ Rn in a neighbourhood U of p we define in-
verted normal coordinates y = (y1, . . . , yn) ∈ Rn − Bε−1, y = x/‖x‖2.
Then the conformally equivalent metric (U − {p}, g = g/‖φ‖4) carries
a parallel spinor and an asymptotically Euclidean coordinate system of
order (3, 2). It is locally irreducible unless it is flat. This is shown in
[KR4, Theorem 1.2].

On the other hand one can use a metric with parallel spinor having
an end with an ALE coordinate system to produce examples of twistor
spinors with zeros:

Lemma 3. If on the open subset U diffeomorphic to
(
Rn � BR

)
/Γ

of a smooth, i.e. C∞ Riemannian manifold (M, g) there is an ALE-

coordinate system y with radius function ρ = ‖y‖ =
√∑n

1 y
2
i of order

(τ, µ) with µ ≥ τ − 1 ≥ 2, then the conformally equivalent metric
g = ρ−4g extends as a Cτ−1 metric to the one-point completion U ∪ p∞
diffeomorphic to BR/Γ.

Proof. We denote by y = (y1, . . . , yn), ρ > R asymptotically Euclidean
coordinates and denote

gij(y) = g

(
∂

∂yi
,
∂

∂yj

)
= δij + hij(y).

Then hij = O(ρ−τ ), ∂k

∂yi1
···yik

hij(y) = O(ρ−τ−k) for all k = 1, 2, . . . , µ.

We use the inversion z = ρ−2y and obtain with the formula ∂
∂zi

=

ρ−2 ∂
∂yi

−2 zi

ρ2

∑n
k=1 zk

∂
∂yk

for the coefficients gij of the conformally equiv-

alent metric g with respect to the inverted coordinates z = (z1, . . . , zn);
zi = ρ−2yi :

gij(z) = ĝ

(
∂

∂zi
,
∂

∂zj

)
= δij + hij − 2

ρ2

(
zi

∑
k

zkhkj + zj

∑
l

zlhil

)

+
4

ρ4
zizj

∑
k,l

zkzlhkl .(3)

It follows that gij(z) = δij +O(rτ) with r = ‖z‖ =
√∑n

1 z
2
i = ρ−1 and

∂k

∂zi1
···∂zik

gij(z) = O
(
rτ−k

)
. Hence we obtain that the function gij(z)

extends to z = 0 as a (τ−1)-times continuously differentiable function.
�
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The following result establishes a conformal completion of a Ricci-flat
ALE Kähler metric which will provide us with examples of conformal
orbifolds admitting twistor spinors with zero.

Theorem 3. Let Γ be a subgroup of SO(n), n = 2m acting freely on
Rn � {0} and let (M, g) be an ALE Riemannian spin manifold (M, g)
(with a C∞-metric) of order (τ, τ) (i.e. asymptotically Euclidean to
Rn/Γ at infinity) with τ ≥ 2 and holonomy group SU(m). Then there
is a one point conformal completion N = M ∪ {p∞} of (M, g) to a
compact Riemannian spin orbifold with singular point p∞ whose singu-
larity group is Γ. The metric g on M = N − {p∞} is C∞-smooth and
conformally equivalent to g on M = N −{p∞} and it is a Cτ−1 metric
on N.
Then there is a spin structure on the orbifold N with a two-dimensional
space of twistor spinors, and all nontrivial twistor spinors have exactly
one zero point, which is the singularity point p∞.

Proof. Since the holonomy group is SU(m) one can conclude that the
manifold M is spin and has a preferred spin structure for which the
space of parallel spinors is two-dimensional, cf. [Jo, Corollary 3.6.3]. It
follows from Lemma 3 that the conformally equivalent metric ρ−4g can
be extended to the orbifold N = M ∪ {p∞}. If U is a sufficiently small
neighbourhood of p∞ then there is a Riemannian covering (V�{p}, g) of
(U � {p}, g) with Riemannian covering group Γ which is diffeomorphic
to Bn

1 � {0} carrying a twistor spinor φ invariant under Γ. It follows
from the behaviour of twistor spinors under conformal changes that
its norm with respect to the Hermitian metric on the spinor bundle
of (V � {p}, g) is given by ‖φ‖ = r, i.e. the spinor field φ can be
continuously extended to U by setting φ(p∞) = 0. As pointed out
above a twistor spinor φ is in one-to-one correspondence with a parallel
section of the bundle E with connection ∇E. Then it follows from the
next Lemma 4 that it extends to a continuously differentiable section,
hence it is a Γ-invariant twistor spinor on (V, g). Therefore the orbifold
(N, g) carries a twistor spinor with zero in p. �

In the proof of Lemma 3 we used the following general result to
extend the twistor spinor into the singularity:

Lemma 4. Let E → M be a C1 vector bundle equipped with a contin-
uous linear connection (i.e., in a C1 trivialization map, the coefficients
of the connection form are continuous forms on M , with values in the
set of linear endomorphisms of the fiber), and let σ be a parallel section
over M � {p}. Then σ can be uniquely extended to a C1 global section
(hence parallel).

Proof. By replacing M , if necessary, with a smaller neighbourhood of p,
we can suppose the bundle is trivial, so E = M×F , and the connection
form is a continuous 1-form ω on M , with values in End(F ). Consider
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some Riemannian metric onM and an Euclidean metric on F . Without
loss of generality we can assume that ωp = 0, and (by restricting it, if
necessary, to a smaller neighbourhood around p),

(4) |ωx(X) · V | ≤ ε|X||V |,
where the dot means matrix multiplication, and the norms of X ∈
TxM , V ∈ F are computed using the above chosen Riemannian, resp.
Euclidean Metric on M and F .

We consider a parallel lift of a C1 loop c in M , passing through x,
and contained in a compact ball around x. It is a curve t �→ (c(t), γ(t))
in M × F . This lift is characterized by the following linear ODE:

γ′(t) = −ωc(t)(c
′(t)) · γ(t)

Suppose |c′| ≡ 1, so c is an arc length parameterization. By taking
the scalar product in F with γ(t), and using (4), we obtain

|(|γ(t)|2)′| ≤ 2ε|γ(t)|2,
hence

|γ(t)| ≤ eεt|γ(0)|,
and

(5) |γ′(t)| ≤ εeεt|γ(0)|.
This gives us a bound for the length of γ, depending continuously

on the length of c, and linearly on the initial data γ(0). The first
conclusion is that the lift is defined for all times.

Let σ : M � {p} → F be a parallel section outside p. Let c be an ar-
bitrary C1 curve on M , such that c(0) = p and c′(0) �= 0. Starting from
c(t0) �= p, for some small time t0, we consider the lift t �→ (c(t), σ(c(t))),
which is horizontal, because σ is parallel. But we can define this lift
for all times, including 0. We obtain a curve γ, depending on c, and a
point (p, γ(0)) = (p, A) in the fiber over p.

We want to show that this point does not depend on the choice of
the curve c. Suppose that, for another curve c̃, equally arc length
parametrized, we obtain a lift γ̃, such that γ̃(0) = B �= A.

Using c for the beginning, −c̃ for the end (i.e., we run c̃ in the
reverse sense), and connecting them smoothly, we can get, for any
n ∈ N∗, a sequence of C1 arc length parametrized loops cn in M , of
length ln ≤ 1/n, such that cn(0) = cn(ln) = p.

The corresponding lifts γn through σ are well defined over M � {p},
and because of the argument above, γn(0) = γ(0) = A (the curves c
and c(n) coincide around 0), and γn(ln) = γ̃(0) (the curves −c̃ and cn
coincide around 0, resp. ln).

From (5), the length of γn is smaller than |A|(eε/n −1), therefore the
distance between A and B must be smaller that this expression.

So A = B.
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This allows us to define σ(p) := A and get a continuous global sec-
tion. Because the lifts through σ of C1 curves through p are parallel lifts
through A, we easily obtain the differentiability σ in p, and actually
that σ is C1.

It is also, by construction, parallel. �

4. Main results

This section contains the proof of Theorem 2.
Let u := 〈φ, φ〉 , then the orbifold M = (M − Zφ, g = u−2g) is a

Ricci flat Riemannian orbifold carrying a parallel spinor. This follows
from the analogue of Remark 1 for orbifolds. If Zφ = {p1, . . . , pm} then
M has m ends, at which the metric in inverted normal coordinates is
asymptotically locally Euclidean (i.e. asymptotic to Rn/Γpj

).
As in the Riemannian case we first show that if m > 1 there is a ge-

odesic line in M . This geodesic line is obtained as a limit of segments
connecting points approaching two different ends (see, for example,
[Pe], Ch. 9). We notice that in the process no segment (i.e., minimiz-
ing geodesic) can pass close to an isolated singular point (otherwise it
wouldn’t be minimizing).

So the singularities play no role in the process, which carries over
exactly as in the smooth case and we get a geodesic line (which avoids
singularities, as well).

On the other hand, there is an orbifold generalization of the splitting
Theorem of Cheeger and Gromoll:

Proposition 3. ([BoZ, Theorem 1]) If M̄ is a complete Riemannian
orbifold of dimension n with non-negative Ricci curvature carrying a
geodesic line, then M̄ is isometric to the product R×N of the real line
with a Riemannian orbifold N of nonnegative Ricci curvature.

If we therefore have more than one end, there should be such a
splitting. If N is not a manifold, then we straightforward obtain a
contradiction since the singular set on M is discrete. In the other
case M̄ is a complete Ricci-flat Riemannian manifold, hence from the
splitting theorem of Cheeger and Gromoll it cannot have more than
one end.

So there is only one end. The inequality in the conclusion of the
Theorem is proved using growth estimates for the volume of balls (more
precisely, an extension to orbifolds of Bishop’s Theorem):

Proposition 4. ([Bo, Proposition 20]) Let M̄ be a complete Riemann-
ian orbifold with singular set Σ and non-negative Ricci curvature Ric ≥
0. Then for every point p ∈ M̄ the function

r ∈ (0,∞) �→ ψ(r) :=
volB(p, r)

ωnrn
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is non-increasing. Here volB(p, r) is the volume of the geodesic ball
B(p, r) of radius r around p and ωn is the volume of a unit ball in
Euclidean space Rn. Furthermore

lim
r→0

ψ(r) =
1

#Γp

where Γp is the isotropy subgroup of the point p. Moreover, if, for some
r > 0, ψ(r) = 1

#Γp
, then B(p, r) is isometric to the quotient Bn

r /Γp of

the ball of radius r in Rn with Γp.

The proof of [KR4, Lemma 2.3] carries on to the orbifold case and
gives the following volume estimation of large balls in an ALE orbifold:

Lemma 5. Let (M̄, g) be an ALE Riemannian orbifold (with corre-
sponding group Γ) of order (τ, µ), with τ > 1, µ ≥ 0. Then the function
ψ (representing the relative volume of a ball in M̄ w.r.t. the Euclidean
space) satisfies:

lim
r→∞

ψ(r) =
1

#Γ
.

Choose a point p ∈ M̄ (if p is a smooth point, then Γp = {1}).
Since the function ψ(p; r) = volB(p,r)

ωnrn is non-increasing it follows from
the previous Lemma and Proposition 4 that

#Γp ≤ #Γ,

where Γ is the group of the (unique) ALE end (identified to the singu-
larity group of the zero of the twistor spinor).

The equality occurs, according to Proposition 4, if and only if M̄ is
isometric to Rn/Γp, therefore Γ � Γp and M is conformally equivalent
to Sn/Γ (where Γ acts by isometries and has two mutually opposed
fixed points).

Remark. We can show that the vanishing locus {p1, . . . , pk} of a
twistor spinor on a compact orbifold contains only singular points with-
out using Proposition 3. Indeed, from the volume estimates given in
Proposition 4 we obtain

1 ≥ 1

#Γp1

+ · · ·+ 1

#Γpk

,

so if any pi is smooth, it must be unique and we get equality in the
volume estimate, so the metric is flat. This simplifies the proof of the
Lichnerowicz’ Theorem 1, as contained in [KR4].

Note that the above inequality does not exclude the existence of
multiple singular zeros of a twistor spinor, so the use of Proposition 3
is necessary.

Corollary 2. Let (M, g) be a compact Riemannian spin orbifold with
finite singularity set carrying a twistor spinor with non-empty zero set.
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Then either M is a quotient of Sn or it is a bad (or: non-trivial)
Riemannian orbifold.

Proof. If M = N/Γ for a compact Riemannian spin manifold N
then also N carries a twistor spinor with non-empty zero set. Hence it
is a round sphere.

We can actually say a little more about the sphere quotients that
can occur: they have exactly 2 singular points:

Proposition 5. Any compact, conformally flat orbifold M carrying
a twistor spinor with zero is conformally equivalent to Sn/Γ, where
Γ ⊂ SO(n) acts on Rn ⊂ Rn+1 ⊃ Sn.

Proof. We keep the notations as above. M̄ is a flat, complete orbifold
with singularity set Σ̄. M̄ � Σ̄ is a manifold, therefore it has a uni-
versal cover Q. Now, in a neighbourhood of a singular point P ∈ Σ̄,
π : Q → M̄ � Σ̄ looks like a disjoint union of connected coverings of
Rn � {0}/ΓP , where ΓP is the singularity group of P . Each of these
connected components Vi of π−1(U) can be completed by adding a
point Pi to Vi. Furthermore, Q̄ := Q ∪ {Pi | P ∈ Σ̄} can be given the
structure of a flat orbifold, and π : Q̄→ M̄ is then a ramified covering
of orbifolds.

But Q is simply connected and flat, therefore any vector field can
be globally extended to a parallel one. But Vi is isometric to some
quotient of a ball, and its tangent space is spanned by parallel vector
fields if and only if it is a ball itself. So all Vi’s are isometric to balls
and Vi ∩ {Pi} are smooth balls. So Q̄ is a smooth manifold, flat and
complete, thus Q̄ � Rn. So it has, like M̄ , one end, therefore the
covering π is finite (the end of M̄ has finite fundamental group).

So M̄ � Rn/G, where G ⊂ Isom(Rn) is finite and has only isolated
fixed points. As each g ∈ G may have at most one fixed point, the set
Σ of all fixed points, and Σ̄ ⊂ π(Σ).

Let K be the convex envelop of Σ an let P ∈ Σ be one of the vertices
of the polyhedron K. Then Σ ∩ H̄ = {P} for a certain “exterior”
closed halfspace H̄ . Let P ′ �= P be another point in Σ. Then P ′′ :=∑Ng

k=1 g
k(P ′) is another fixed point for g, where g ∈ G � {1} is such

that g(P ) = P and gNg = 1. But P ′′ ∈ Rn � H̄, therefore P ′′ �= P . In
this case g would have two distinct fixed points, so it would leave the
whole line connecting them fixed, contradiction with the finiteness of
Σ.

So Σ consists of only one point and the conclusion easily follows. �

So the equality case in our Theorem characterizes the conformally
flat orbifolds carrying twistor spinors with zero (which actually turn
out to be sphere quotients).
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5. Examples

Let Γ be a finite subgroup of the group Sp(1) = SU(2) acting freely
on H � {0}, here H ∼= R4 is the space of quaternions. Then a hy-
perkähler ALE space (of order (4,∞)) for this group is also called
gravitational instanton in the physics literature. Outside a compact
set the metric is asymptotic to the quotient H/Γ with order (4,∞) (cf.
Definition 6) and in addition also the hyperkähler structure is asymp-
totic to the Euclidean hyperkähler structure, cf. [Jo, Definition 7.2.1].
A hyperkähler space is in particular Ricci flat, therefore if follows from
the rigidity part of the Bishop-Gromov volume comparison theorem
[KR4] that the group is non-trivial unless the metric is flat.

Example 1. The first examples of a gravitational instanton are the
Eguchi Hanson spaces (MEH , gEH) , for the subgroup Γ = Z2 = {±1}.
These can be given explicitly, cf. [EH], [Jo, Example 7.2.2]. The space
MEH is the blow-up of C2/Z2 at 0, it can be identified with the cotan-
gent bundle T ∗CP1 ∼= T ∗S2 of the 1-dimensional complex projective
space resp. the 2-sphere. Hence this space is simply-connected and
spin. It is shown in [KR1] that one can conformally compactify the
Eguchi Hanson space to a compact orbifold (with C∞-metric) with one
singular point p∞ whose singularity group is Z2. The existence of this
compactification (at least as a C3-metric) follows also from Theorem 3.
Hence we obtain a compact 4-dimensional Riemannian spin orbifold
(M, g) with one singular point p∞ whose singularity group is Z2 car-
rying two linearly independent twistor spinors ψ1, ψ2. The singularity
point is the unique zero point of ψ1, ψ2.

Example 2. Gibbons and Hawking generalized the Eguchi Hanson
construction and obtained hyperkähler ALE spaces asymptotic to H/Zk

for all k ≥ 2, cf. [GH]. Finally Kronheimer described in [Kr1] and
[Kr2] the construction and classification of hyperkähler ALE spaces
asymptotic to H/Γ for nontrivial finite subgroup Γ ⊂ SU(2), see also
[Jo, Theorem 7.2.3].

Example 3. On Cm � {0} the group Zm generated by complex mul-
tiplication with ζ = exp(2π

√−1/m) acts freely. The blow-up X of
Cm/Zm at 0 can be identified with a complex line bundle over the
(m− 1)-dimensional complex projective space CPm−1. One can explic-
itly write down an ALE Kähler metric with holonomy SU(m), cf. [Ca],
[FG] or [Jo, Example 8.2.5]. Using Theorem 3 or the explicit form
given in [KR2] one obtains a compact spin orbifold of real dimension
n = 2m with one singular point p∞ and singularity group Zm.
This orbifold carries a spin structure with a two-dimensional space of
twistor spinors whose common zero point is the singular point.

All the examples described so far are defined using a crepant reso-
lution of the isolated singularity 0 ∈ C2. For a definition of a crepant
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resolution see [Jo, ch. 6.4]. In particular for a crepant resolution the
first Chern class vanishes, hence one can show that a resolution of Cm/Γ
carries a Ricci flat ALE Kähler metric only if the resolution is crepant,
cf. [Jo, Proposition 8.2.1]. In complex dimensions 2, 3 all resolutions
of Cm/Γ are crepant, but in higher dimensions this does no longer
hold, for example C4/{±1} does not carry any crepant resolution, cf.
[Jo, Example 6.4.5]. For crepant resolutions of the quotient singularity
Cm/Γ there is a solution of the Calabi conjecture, cf. [Jo, Theorem
8.2.3], [Jo, Theorem 8.2.4]: Let Γ be a finite subgroup of SU(m) acting
freely on Cm−{0} and let X be a crepant resolution of Cm/Γ. Then in
every Kähler class of ALE Kähler metrics (with order (2m,∞)) there
is a unique Ricci-flat Kähler metric with holonomy SU(m). Then we
can conclude from [Jo, Corollary 3.6.3] that this metric is spin and
carries a 2-dimensional space of parallel spinors. The resolution is
simply-connected, hence there is only one spin structure. Hence start-
ing from a crepant resolution of the quotient sigularity Cm/Γ with an
ALE Kähler metric (of order (2m,∞)) one obtains a compact spin
orbifold of dimension n = 2m with a C2m−1-Riemannian metric which
carries a 2-dimensional space of twistor spinors. All twistor spinors
have exactly one zero in the only singularity point.
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