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Abstract

This article is the second part continuing Part I [16]. We apply the H-matrix techniques combined with
the Kronecker tensor-product approximation to represent integral operators as well as certain functions
F (A) of a discrete elliptic operator A in a hypercube (0, 1)d ∈ R

d in the case of a high spatial dimension
d. We focus on the approximation of the operator-valued functions A−σ, σ > 0, and sign(A) for a class of
finite difference discretisations A ∈ R

N×N . The asymptotic complexity of our data-sparse representations
can be estimated by O(np logq n), p = 1, 2, with q independent of d, where n = N1/d is the dimension of
the discrete problem in one space direction.

AMS Subject Classification: 65F50, 65F30, 46B28, 47A80
Key Words: hierarchical matrices, Kronecker tensor-product, high spatial dimension, Sinc-interpolation,
Sinc-quadrature

1 Introduction

In the wide range of applications one requires tractable approximations to certain multi-dimensional nonlocal
operators posed in Rd, d ≥ 2 (see Part I [16] for a more detailed discussion). From the computational point
of view the problem is reduced to the efficient representation of the large fully populated matrices in special
data-sparse formats.

In [4]-[6], [11] an H-matrix approximation of almost linear complexity to the class of operator-valued
functions of an elliptic operator was developed. However, in multidimensional perspective, even approxi-
mations with linear complexity O(nd) might not be satisfactory. To relax the “curse of dimensionality” we
try to represent the corresponding data (matrices and vectors) in the tensor-product form with the overall
complexity O(dnp logq n) with p, q ≥ 1 independent of d. To optimise the exponent p, we can utilise the
hierarchical (i.e. H-matrix) format for each low-dimensional component, which further reduces the cost to
O(dn logq n). We recall that the hierarchical Kronecker tensor-product (HKT) approximation of a matrix is
defined as follows. Given a matrix A ∈ CN×N of dimension N = nd, we try to approximate A by a matrix
A(r) of the form

A(r) =
r∑

k=1

V 1
k ⊗ · · · ⊗ V d

k ≈ A, (1.1)

where the V �
k are n × n-matrices and ⊗ denotes the Kronecker product operation. The crucial parameter

is r, called the Kronecker rank (cf. [1, 17, 20]). Each elementary Kronecker factor V �
k is supposed to be

represented in the H-matrix form.
In the previous paper [7] the HKT approximation is applied to represent the inverse of a discrete elliptic

operator in a hypercube (0, 1)d ∈ R
d, the operator exponential as well as fractional powers of an elliptic

operator. The complexity of the HKT approximation can be estimated by O(dn logq n), where q is some fixed
constant independent of d. A computational scheme for a low Kronecker-rank approximation to the solution
of a tensor system with tensor right-hand side is discussed in [9]. The incremental rank-one approximation
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algorithm for orthogonally decomposable tensors is discussed in [21]. Alternative ideas based on sparse grid
finite elements/wavelets have been successfully applied [3, 18, 12, 19].

The rest of the paper is organised as follows. In Section 2 we outline the main ideas how to construct
the HKT approximations of the operator-valued functions of the discrete elliptic operators with separable
coefficients. Section 3 is devoted to the HKT representation of the multi-dimensional integral operators. The
inverse A−1 of a discrete elliptic operator A is considered in Section 4, while the HKT approximation to the
matrix-valued function sign(A) is addressed in Section 5. We remark that sign(A) plays an important role
in the density function theory for the electronic structure calculation based on the Hartree-Fock equation
[2]. Furthermore, the matrix sign(A) is the main ingredient in the solution process of large scale algebraic
matrix Riccati equations in control theory [11].

2 Preliminaries

Boundary/volume integral operators arise in traditional FEM/BEM applications. Multi-dimensional integral
operators are, e.g., involved in the classical Schrödinger and Boltzmann equations.

The HKT approximation to integral operators posed in Rd is well understood, since it can be reduced to
a separable approximation of the explicitly given kernel function together with an H-matrix representation
of the low-dimensional components (cf. [17] related to the case d = 2). In Section 3, we address this topic
in the case of rather general shift-invariant kernel functions with d ≥ 2.

Next we consider the operator-valued functions of an elliptic operator. In the following we use the
notation A,B, ... for operators and A, B, ... for matrices. The basic assumption on the elliptic operator A
given in the form

A = −
d∑

j=1

∂

∂xj
aj(x)

∂

∂xj
+

d∑
j=1

bj(x)
∂

∂xj
+ c(x), x = (x1, ..., xd) ∈ (0, 1)d,

is the following
aj(x) = aj(xj), bj(x) = bj(xj) and c(x) = c1(x1) + ... + cd(xd). (2.1)

This ensure the existence of a splitting

A =
d∑

j=1

Aj , AkAm = AmAk (1 ≤ k, m ≤ d) (2.2)

with mutually commutative differential operators Aj , acting on the variable xj .
The main idea to prove an HKT approximation to certain operator-valued functions of A is based on an

integral representation to the operator involving the exponential of A. For example, a negative fractional
power of A can be represented by (cf. [7])

A−σ =
1

Γ(σ)

∫ ∞

0

tσ−1e−tAdt, σ > 0, (2.3)

provided the integral is existing. To derive the tensor-product representation, we consider finite difference
(FD) discretisations (three-point stencil in each variable) on a uniform tensor-product grid in Rd with n
degrees of freedom in each spatial direction. The discretisation matrix has the form

A =
d∑

j=1

Aj with A, Aj ∈ R
N×N , N = nd,

where the mutually commuting matrices Aj have the tensor-product format

A1 = V 1 ⊗ I ⊗ . . . ⊗ I, A2 = I ⊗ V 2 ⊗ . . . ⊗ I, . . . , Ad = I ⊗ . . . ⊗ I ⊗ V d (2.4)

with tridiagonal matrices V j ∈ R
n×n, j = 1, . . . , d, and the identity I ∈ R

n×n. For symmetric approxima-
tions we require �e σ(A) ⊂ [a,∞) with a > 0, where σ(A) denotes the spectrum of A. In the more general
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case we assume that ‖e−tA‖ ≤ Ce−at for t ≥ 0 with some a > 0. Having at hand representation (2.3) written
for the discrete operator A, first, we make use of the fundamental property of the exponential function,
namely,

exp(−tA) =
d∏

j=1

exp(−tAj), (2.5)

for commuting matrices Aj , and second, we apply an exponentially convergent quadrature rule to represent
the integral (2.3) by a sum involving only factorised expressions

A−σ ≈
M∑

k=−M

cktσ−1
k

d∏
j=1

exp(−tkAj), tk ∈ R.

Then we derive the tensor approximation

A−σ ≈
M∑

k=−M

ck tσ−1
k

d⊗
j=1

exp(−tkV j) =: A(r) with r = 2M + 1 (cf. (1.1)) (2.6)

providing exponential convergence
‖A−σ − A(r)‖ ≤ Ce−s

√
M

with constants C, s not depending on M (but depending on σ). Finally, given a desired tolerance ε =
O(n−β), β > 0, we apply the H-matrix approximation to each individual exponent exp(−tkV j) manifesting
the linear-logarithmic cost O(n logq n) in n (cf. [4, 7] concerning the existence and construction of the
corresponding H-matrix approximation). This leads to the approximant A(r) with the complexity bound
O(dn logq n). Numerical examples on the HKT approximation to the discrete Laplacian inverse are presented
in Part I [16].

Remark 2.1 Note that with the choice A = −∆, the representation (2.6) would be of particular interest
in the cases σ = 1/2 (preconditioning for the Laplace-Beltrami operator (−∆)1/2, and for the hypersingular
integral operator, e.g., in BEM applications), σ = 1 (inverse Laplacian), and σ = 2 (inverse biharmonic
operator).

When we study the HKT approximation applied either to a more general class of elliptic operators (say,
operators A with mixed derivatives or indefinite resolvent operators (zI−A)−1, z ∈ C, or to the more general
class of operator-valued functions F(A) (e.g., for F (A) = sign(A)) then we find that the strong positiveness
and commutativity property required above may fail. The goal of this paper is to present more general HKT
formats and new approximation techniques which allow to extend the results from [7, 17] to a wider range
of interesting applications which include, in particular, functions of operators with mixed derivatives or of
indefinite operators. In this paper we focus on the case of matrix-valued functions F (A), where A represents
a discrete elliptic operator with separable coefficients (cf. (2.1)) though the results can be applied to a more
general class of matrices.

The main ideas behind our approach are related to the following issues:

(a) integral representations for the matrices A−1, (zI −A)−1, (zI −A)−1± (z̄I −A)−1 by means of matrix
exponentials e−tB2

and e−tBB∗
with certain B (see (2.7) and (2.8));

(b) separable approximation to matrices of the type exp(AkAm), involved in (2.4) (see Lemma 4.3 below);

(c) integral representations for F (A) = sign(A), which allow exponentially convergent quadratures.

Concerning item (a), we propose the representation of A−1 by

A−1 = A

∫ ∞

0

e−tA2
dt (2.7)

(see (2.3) with σ = 1 and with A substituted by A2), which already allows to treat invertible operators with
rather general location of the spectrum (say, the Helmholtz operator A = −∆ − κ2 , κ ∈ R).
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In some applications we need the construction for a sum of conjugate resolvents (zI − A)−1 ± (z̄I − A)−1 ,
which can be reduced to the case (2.7). For example, the sum of two resolvents can be represented as inverse
of the following positive definite matrix,

(zI − A)−1 + (z̄I − A)−1 = 2X(b2I + X2)−1, z = a + ib, X := aI − A.

Now (b2I + X2)−1 can be approximated in the HKT format using an approximation by exponential sums.
In the general case (e.g., for the single resolvent (zI − A)−1), we may use the modification

A−1 = A∗(AA∗)−1 = A∗
∫ ∞

0

e−tAA∗
dt. (2.8)

The core of our method is based on efficient quadratures for the integrals in (2.7) and (2.8) combined
with a data-sparse representation of the matrices exp(AkAm) with commuting tensor products Ak, Am. Our
study of the previous representations applied to discrete elliptic operators of second order then naturally
leads to the understanding of how to treat higher order operators, e.g., the biharmonic operator ∆2.

Remark 2.2 The representation (2.8) is in particular successful for solving least squares problems given by
the normal equation of the form A�Au = A�f .

The construction of an HKT approximation to the inverse matrix and, in particular, to the resolvent
family (zI − A)−1, z ∈ C, allows to approximate a rather general class of matrix-valued analytic functions,
which can be represented by the Dunford-Cauchy integral

F (A) :=
1

2πi

∫
Γ

F (z)(zI − A)−1dz, (2.9)

where Γ is a curve containing the spectrum of A in its interior. Here F (z) is a real-valued analytic function
in the domain containing the interior of Γ. Usually, the curve Γ is chosen symmetrically with respect to the
real axis. We assume that the integral in (2.9) is approximated by a proper quadrature formula

FM (A) :=
M∑

k=−M

ckF (zk)(zkI − A)−1 ≈ F (A) (2.10)

(e.g., Sinc quadrature or Gauss-Lobatto quadrature), where the quadrature points are located symmetrically
with respect to the real axis, i.e., zk = z̄−k and, moreover, ck = c−k, k = 1, . . . , M . For generally located
zk ∈ Γ, the corresponding term in (2.10) may fail to satisfy the assumption �e λ > 0 for all λ ∈ σ(zkI −A).
However, if we combine two terms corresponding to the indices k and −k, then the result can be represented
in the HKT format, and thus, the total sum in (2.10).

The HKT format will be applied to the matrix-valued function F (A) = sign(A), based on an efficient
quadrature for the integral representation

sign(A) =
1
cf

∫
R+

f(tA)
t

dt

with certain functions f described in §5.1. Note that in the case of Hermitean matrix A, one can apply the
polar decomposition A = sign(A)

√
AA∗, to represent sign(A) via A(AA∗)−1/2.

We recall that the computation of the matrix sign(A) plays an important role in the density function
theory for the electronic structure calculation based on the Hartree-Fock equation [2]. The matrix sign(A) is
the important ingredient in the solution process of large scale algebraic matrix Riccati equations in control
theory [11].

3 HKT Approximation of Integral Operators

A principal ingredient in the HKT representation of integral operators in many spatial dimensions is a
separable approximation of the multi-variate function representing the kernel of the operator. Given the
integral operator A : L2(Ω) → L2(Ω) in Ω := [0, 1]d ∈ Rd, d ≥ 2,

(Au) (x) :=
∫

Ω

g(x, y)u(y)dy, x, y ∈ Ω,
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with some shift-invariant kernel function g(x, y) = g(|x − y|), which, therefore, can be represented in the
form

g(x, y) = G(ζ1, ..., ζd) ≡ g

(√
ζ2
1 + ... + ζ2

d

)
,

where ζ� = |x� − y�| ∈ [0, 1], 	 = 1, ..., d. With some fixed 0 ≤ α0 < 1, we introduce the auxiliary function

F (ζ1, ..., ζd) := (ζ1 · · · ζd−1)α0G(ζ1, ..., ζd). (3.1)

In this section we suppose that a multi-variate function F : Rd → R can be approximated by a separable
expansion

Fr(ζ1, ..., ζd) :=
r∑

k=1

Φ1
k(ζ1) · · ·Φd

k(ζd) ≈ F, (3.2)

where the set of functions {Φ�
k : 	 = 1, ..., d, k = 1, ..., r} with Φ�

k : [0, 1] → R may be fixed or can be chosen
adaptively. Various methods for constructing approximations which are exponentially convergent in r are
discussed in Part I [16].

We consider a Galerkin scheme with tensor-product test functions

φi(x1, ..., xd) = φi1
1 (x1) · ... · φid

d (xd), i = (i1, ..., id), i� ∈ In := {1, ..., n}, 	 = 1, ..., d.

Now we approximate the Galerkin stiffness matrix

A = {(Aφi, φj)L2}i,j∈Id
n
∈ R

N×N , N = nd,

by a matrix A(r) of the form (1.1), where the V �
k are n × n matrices given by

V �
k =

{∫ 1

0

|x� − y�|−α� Φ�
k(|x� − y�|)φi�

� (x�)φ
j�

� (y�)dx�dy�

}n

i�,j�=1

, 	 = 1, ..., d, (3.3)

with α� = α0, 	 = 1, ..., d− 1, and αd = 0 (see (3.1)). We recall the conventional definition of asymptotically
smooth functions: a function g(x, y), x, y ∈ Rd, is called asymptotically smooth if there exists γ ≥ 1,
and p ∈ R such that for all x, y ∈ Rd, x = y, and all multi-indices α, β such that |α| + |β| > 0 with
|α| = α1 + ... + αd, there holds

|∂α
x ∂β

y g(x, y)| ≤ Cα!β!γ|α|+|β||x − y|−p−|α|−|β|.

The next lemma shows that the error ‖A − A(r)‖ with respect to usual norms is directly related to the
error ‖F − Fr‖∞ of the separable approximation (3.2) of F (see the discussion in [17]). It also specifies the
sufficient conditions for H-matrix approximability to the Kronecker factors V �

k .

Lemma 3.1 Let (3.2) be valid, then for any i, j ∈ Id
n , we have the estimate

|ai,j − ar
i,j| ≤ ‖F − Fr‖∞

d∏
�=1

∥∥∥|x� − y�|−α� φi�

� (x�)φ
j�

� (y�)
∥∥∥

L1([0,1]×[0,1])

for the components of A − A(r). We assume that the function

g�,k(u, v) := |u − v|−α�Φ�
k(|u − v|), (u, v) ∈ [0, 1]2,

is asymptotically smooth for 	 = 1, ..., d, k = 1, ..., r. Then, for low-order piecewise polynomial basis functions,
V �

k can be approximated by a rank-m H-matrix Ṽ �
k with an error

‖V �
k − Ṽ �

k ‖ ≤ Cηm for some η < 1.
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Proof. By construction we obtain

|ai,j − ar
i,j| =

∣∣∣∣∣
∫

Ω×Ω

(F − Fr)

(
d∏

�=1

|x� − y�|−α�

)
φi(x)φj(y)dxdy

∣∣∣∣∣
≤ ‖F − Fr‖∞

∥∥∥∥∥
(

d∏
�=1

|x� − y�|−α�

)
φi(x)φj(y)

∥∥∥∥∥
L1(Ω×Ω)

= ‖F − Fr‖∞
d∏

�=1

∥∥∥|x� − y�|−α� φi�

� (x�)φ
j�

� (y�)
∥∥∥

L1([0,1]×[0,1])
,

where the last equation follows by inserting the tensor-product basis and by separating the 2d-dimensional
integral.

To prove the second statement, we note that V �
k given by (3.3) appears to be the exact Galerkin stiffness

matrix for an integral operator with the kernel function g�,k(u, v) defined on [0, 1] × [0, 1]. Since g�,k(u, v)
is supposed to be asymptotically smooth, the result follows by the conventional theory of the H-matrix
approximation (cf. [10], [13]-[15]).

Note that due to Lemma 3.1, ‖A − A(r)‖ can be easily estimated in, say, the Frobenius, l2 or l∞ matrix
norms. In particular, we have

‖A − A(r)‖∞ ≤ nd‖F − Fr‖∞
d∏

�=1

∥∥∥|x� − y�|−α�φi�

� (x�)φ
j�

� (y�)
∥∥∥

L1([0,1]×[0,1])
.

Several methods of separable approximations to multi-variate functions are presented in Part I [16]. In the
general case, approximability property (3.2) can be validated by using the tensor-product Sinc interpolation.
In this case the function Φ�

k(|u − v|) can be proved to be asymptotically smooth. For the class of kernel
functions approximated by the quadrature method or by exponential sums, the factor Φ�

k(|u − v|) even
appears to be globally smooth (indeed, it is the entire function).

Lemma 3.2 For both, the tensor-product Sinc-interpolation and quadrature approximation methods, the
function g�,k(u, v) from Lemma 3.1 is asymptotically smooth.

Proof. In the first case we have

g�,k(u, v) = |u − v|−α�S(k, h)(φ−1(|u − v|)), u, v ∈ [0, 1],

where S(k, h) refers for the k-th Sinc function with step-size h, and φ−1(x) = arsinh(arcosh( 1
x)) (cf. [16,

§2]). Since the Sinc function S(k, h)(x), x ∈ R, is holomorphic in x, and since the factor |u − v|−α� is
asymptotically smooth, we conclude that g�,k(u, v) is also asymptotically smooth (see also the discussion in
[17]).

In the case of a quadrature method, we obtain the entire function

Φ�
k(|u − v|) = exp(−tk|u − v|2), tk > 0.

Then the previous argument completes the proof.
Applying Lemmata 3.1 and 3.2 proves the existence of a low Kronecker rank HKT approximation to the

class of multi-dimensional integral operators.
In general, given a tolerance ε > 0, we have the bound r = O(

[
log
(

1
h

)
log
(

1
ε

)
log
(
log 1

ε

)]d−1), where h
is the mesh parameter of the FE discretisation. However, in many practically interesting cases we obtain a
dimensionally independent bound r = O(log

(
1
h

)
log
(

1
ε

)
log
(
log 1

ε

)
) (see examples in [16]).

4 Approximation to A−1 for Indefinite Matrices

The HKT representation to the inverse of a discrete elliptic operator plays a central role when treating
the case of general matrix-valued functions F (A), since typically an approximation of the indefinite matrix
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resolvent (zI − A)−1 is needed (cf. (2.10)). In this case a representation like (2.3) is no longer true.
To overcome this difficulty, we approximate the matrix resolvent making use of a sum of resolvents with
conjugate parameters z and z̄ combined with the integral representations for matrices with positive real part
of spectrum. The alternative is a direct representation of (zI − A)−1 by (2.8).

Numerical results on the Kronecker-product approximation to the multi-dimensional Laplace operator
inverse are presented in [16]. The H-matrix approximation to the resolvent matrix was discussed in [4].

4.1 Using the Representations (2.7) and (2.8)

First, we consider the representation (2.7) provided that the integral exists. For the ease of presentation, we
assume that A is real-diagonalisable, i.e., A = TDT−1 with D real diagonal, and σ(D2) ⊂ [1, R] with some
R > 1. In this case, one can use the efficient quadrature described in Part I [16, Remark 2.2], which yields
the representation of the integral term in (2.7) by the exponential sum FM (A):

F (A) := A−2 =
∫ ∞

0

e−tA2
dt ≈ FM (A) :=

M∑
k=−M

cke−tkA2
, (4.1)

providing exponentially fast convergence

‖F (A) − FM (A)‖ ≤ C cond(T )e−πM/(log R log M).

Suppose that cond(D2) = nβ , β > 0, then an approximation error ε = n−α, α > 0, can be achieved with
M = O(logq n), q ≥ 1. Figures 4.1 and 4.2 in [16] illustrate the efficiency of the quadrature (4.1) depending
on the parameter R bounding the condition: σ(D2) ⊂ [1, R].

Remark 4.1 If A is non-diagonalisable, we suppose that �e σ(A2) ∈ R+. The matrix e−tA2
can be repre-

sented by the Dunford-Cauchy integral

e−tA2
:=

1
2πi

∫
Γ

e−tz(zI − A2)−1dz, (4.2)

where Γ is a curve containing the spectrum of A2 in its interior such that �e z > 0 for all z ∈ Γ. Furthermore,
we assume that there is a constant CA > 0 such that

1
2πi

∫
Γ

‖(zI − A2)−1‖ |dz| ≤ CA. (4.3)

Denote ν = max
z∈Γ

|�m z|. Now the quadrature error in (4.1) corresponding to [16, Remark 2.2] can be

estimated by
‖F (A) − FM (A)‖ ≤ CCA eπν/2 e−πM/(log R log M).

We assume that the matrices in (2.4) can be represented in the form

Aj = Lj − κ2

d
I with �e σ(Lj) ⊂ [a,∞), a > 0, and κ2 ∈ R+

(Helmholtz type operators). Due to (2.4), we can write

A2 =
d∑

j=1

(
L2

j − 2κ2Lj +
κ4

d
I

)
+ 2

∑
1≤i<j≤d

Lij , Lij := LiLj,

which implies (abbreviating Gj := L2
j − 2κ2Lj + κ4

d I)

FM (A) =
M∑

k=−M

Sk

d∏
j=1

e−tkGj with Sk = ck

∏
1≤i<j≤d

e−2tkLij , (4.4)
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since, by definition, the matrices Gj , Lij (1 ≤ i < j ≤ d) commute pairwise. For the finite difference scheme
under consideration we can write

Lj = I ⊗ . . . ⊗ I ⊗ Bj ⊗ I ⊗ . . . ⊗ I (j ∈ {1, . . . , d})
with Bj = tridiag{aj, bj , cj} ∈ Rn×n situated in the j-th position. I ∈ Rn×n is the identity. Then, denoting

Gj := (Bj)2 − 2κ2Bj +
κ4

d
I ∈ R

n×n (4.5)

and substituting Bj − κ2

d I (with Bj strongly positive) into the representation (2.4) instead of V j , we obtain

G1 = G1 ⊗ I ⊗ . . . ⊗ I, G2 = I ⊗ G2 ⊗ . . . ⊗ I, . . . , Gd = I ⊗ . . . ⊗ I ⊗ Gd (4.6)

and
Lij = I ⊗ . . . ⊗ I ⊗ Bi ⊗ I ⊗ . . . ⊗ I ⊗ Bj ⊗ I ⊗ . . . ⊗ I (1 ≤ i < j ≤ d) ,

where the Kronecker factors Bi, Bj correspond to the i-th and j-th position, respectively. In the following,
we assume

σ(Lj) ⊂ [λmin, λmax], λmin, λmax ∈ R>0 (4.7)

(an extension to the case of complex eigenvalues is possible).

Lemma 4.2 We assume that the matrices in (2.4) have the form Aj = Lj − κ2

d I. Rewriting Gj from (4.4)
as Gj = (Bj − κ2I)2 + ( 1

d − 1)κ4I, we obtain that the representation

FM (A) =
M∑

k=−M

e(d−1)tkκ4
Sk

d⊗
j=1

exp(−tk(Bj − κ2I)2) (4.8)

provides the error bound ‖F (A)− FM (A)‖ ≤ Ce−πM/(log R log M). Moreover, FM (A) can be computed within
the tolerance ε = n−α, α > 0, with the cost O(d2n2 log R logq n).

Proof. We start from the representation (4.4). Using (4.6), we immediately obtain

d∏
j=1

exp(−tkGj) =
d⊗

j=1

exp(−tkGj).

The property (Bj − κ2I)2 > 0 means that the corresponding matrix exponentials can be represented by
H-matrices with the cost O(n logq n) (cf. [4, 6]).

In general, the factor Sk in (4.4) cannot be represented exactly in a tensor-product form, hence, the
complexity of the product

∏
1≤i<j≤d exp(−2tkLij) is dominated by the cost for approximating the specific

exponential matrices exp(−2tkLij) in a data-sparse format. This is possible because, by the definition of
Lij and by assumption (4.7), we have σ(Lij) ⊂ R>0. Since Lij operates on an index set isomorphic to
Rn2×n2

, the corresponding cost can be estimated by O(d2n2 logq n) provided that we apply an H-matrix
approximation as discussed, e.g., in [7].

Even under the above conditions, the computational complexity is only quadratic with respect to n rather
than exponential in d.

The above representation, due to the square in the exponent, allows to get rid of the restrictions on
κ. However, if κ is large, the ansatz (4.8) includes “small” matrix exponentials but multiplied with large
coefficients which requires computations with low rounding error.

In the rest of this section, we analyse some cases when the quadratic cost O(d2n2 logq n) in n can be
reduced to the linear expense O(d2n logq n). Assume that

Bj = T · Dj · T−1 ∈ R
n×n, j = 1, . . . , d, (4.9)

with real diagonal matrices Dj = diag{λ(j)
1 , . . . , λ

(j)
n } and that T, Dj are numerically available. For example,

this is the case if Lj is the finite difference approximation of the one-dimensional Laplacian.
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Lemma 4.3 Let (4.9) hold with real diagonal matrices Dj. Then the matrix e−2tkLij can be represented (up
to a tolerance ε > 0) in the Kronecker tensor-product form

e−2tkLij ≈ ed−2
r1∑

m=1

I ⊗ . . . ⊗ I ⊗Dm1(Bi) ⊗ I ⊗ . . . ⊗ I ⊗Dm2(Bj) ⊗ I ⊗ . . . ⊗ I ≡ Fij (4.10)

with r1 = O(log2(ε−1)) and with some explicitly given functions Dm1 and Dm2 depending on tk.

Proof. The assertion is a consequence of (4.9) and the corresponding approximation results for the function
exp(−xy), x, y ≥ 0 (see the example in [16, §7.4]). In fact, (4.9) implies

e−2tkLij = Td exp{−2tkI ⊗ . . . ⊗ I ⊗ Di ⊗ I ⊗ . . . ⊗ I ⊗ Dj ⊗ I ⊗ . . . ⊗ I}T−1
d ,

where Td = T ⊗ . . .⊗T . Now the existence of (4.10) is equivalent to the approximability of the exponentials
of the Hadamard products

Λ(ij) = {exp(−2tkλ
(i)
l · λ(j)

m )}n
l,m=1 ∈ R

n×n, λ
(i)
l ∈ σ(Bi), λ(j)

m ∈ σ(Bj),

by rank-r1-matrices with small r1. In turn, the latter task is reduced to the separable approximation of the
generating function exp(−2tkxy), x, y ∈ [λmin, λmax] ⊂ R+, tk > 0, which is accomplished by using a Sinc
interpolation. For this purpose, we consider the modified function g(x, y) = x

1+x exp(−2tkxy), x ∈ R+. This
function g(x, y) can be approximated by a separable ansatz gM1(x, y) like in [16, §7.4]. Then we derive

|g(x, y) − gM1(x, y)| ≤ (2tk)−1M
1/2
1 e−cM

1/2
1 .

Note that we have tk ≥ CM−1 with M corresponding to the exterior sum. Then choosing r1 = 2M1 + 1, we
finally obtain the desired separable representation to the function 1+x

x g(x, y), x ∈ [λmin, λmax].
Combining (4.10) with (4.8), we arrive at

FM (A) =
M∑

k=−M

e(d−1)tkκ4

⎧⎨⎩ ∏
1≤i<j≤d

Fij

⎫⎬⎭
d⊗

j=1

e−tk(Bj−κ2I)2 ≡
M∑

k=−M

S̃k

d⊗
j=1

e−tk(Bj−κ2I)2 (4.11)

with Fij from (4.10). This representation is of the generalised format (5.1) with the Kronecker rank
r = 2M + 1. The complexity of (4.11) can be estimated by O(Mr1d

2n logq n) provided that we are able
to diagonalise each matrix Bj (1 ≤ j ≤ d) with the cost O(n log n) (e.g., if Lj represents a discrete ellip-
tic operator with constant coefficients). As a consequence, the functions Fmp(Bi) can be represented with
linear-logarithmic cost in n.

The representation (4.11) can be also transformed to the standard Kronecker-product form since the
Kronecker rank of S̃k can be estimated by r

(d2−d)/2
1 .

4.2 Sum of Conjugate Resolvents

Using quadrature rules like (2.10) it is often possible to choose ck = c−k and zk = z̄−k. For such cases we
propose the following simplifications to represent a sum of conjugate resolvents.

Let z = a + ib ∈ C with a ≥ 0 and a matrix L =
∑d

j=1 Lj be given such that

(a1) σ(Lj) ⊂ R>0 for all j = 1, ..., d;
(b1) b2 + �e(a − µ)2 > cL > 0 for all µ ∈ σ(L).

We are interested in the HKT approximation of the matrices

G+(L) := (zI − L)−1 + (z̄I − L)−1 = 2X(b2I + X2)−1, (4.12)

G−(L) := (zI − L)−1 − (z̄I − L)−1 = −2ib(b2I + X2)−1 with X = aI − L.
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Consider, for example, the matrix G+(L). Due to condition (b1), one can represent the matrix

F (L) := (2X)−1G+(L) = (b2I + X2)−1

by

F (L) =
∫ ∞

0

e−t(b2I+X2)dt ≈ FM (L) :=
M∑

k=−M

cke−tk(b2I + X2)

(cf. (4.1)). Using the same notation as in §4.1, we substitute a = κ2, Aj = Lj − a
d I, to obtain

b2I + X2 =
d∑

j=1

(
L2

j − 2aLj +
a2 + b2

d
I

)
+ 2

∑
1≤i<j≤d

Lij , Lij := LiLj .

Taking into account condition (a1), we are able to apply Lemma 4.2 which, in our particular case, leads to
the representation of the form (5.1),

FM (L) =
M∑

m=−M

etm(a2−a2+b2
d )Sm

d⊗
j=1

exp(−tm(Bj − aI)2) ≈ F (L), (4.13)

with Sk given by (4.4). Opposite to the discussion following Lemma 4.2, the expression (4.13) does not
indicate any numerical instabilities because of the following remark.

Remark 4.4 The Kronecker sum (4.13) includes only coefficients etm(a2− a2+b2
d )Sm, which can be bounded by

O(ε−q) with q = O(1), in the L∞-norm, which do not cause numerical instabilities. In fact, by construction
we easily obtain max

m
{tm} ≤ CM = O(| log ε|), where ε is the required accuracy (cf. Part I [16]). Moreover,

by the same reasons, we can show that the quadrature points in (2.10) applied to the Dunford-Cauchy integral
also satisfy max

−M≤k≤M

√
a2

k + b2
k ≤ CM , where zk = ak + ibk.

Representation (4.13) not only proves the existence of an HKT approximation to the considered class of
matrix-valued functions but also provides a constructive algorithm for computing such an approximation in
real arithmetic. Similarly to (4.11), the corresponding cost is dominated by O(Mrd2n logq n).

If we are interested to approximate the individual resolvents (zI − L)−1, z ∈ C, we can apply the
representation (2.8). The corresponding construction is completely similar to the previous case. The only
difference is in the usage of complex arithmetics to multiply A∗ with a real valued integral representing the
matrix F (L) analysed above. The same recipe can be used to approximate A−1 in the case of an invertible
matrix with a rather general location of the spectrum σ(A).

4.3 Approximation to a Class of Analytic Functions F (A)

Assume that a given matrix-valued analytic function F (A) allows the Dunford-Cauchy representation.
Assume that we are given a quadrature rule (2.10) with symmetric coefficients and quadrature points (i.e.,
ck = c−k, zk = z̄−k, k = 1, . . . , M) that converges exponentially in M , i.e.,

||F (A) − FM (A)|| ≤ Ce−cMα

for some α > 0.

For our particular quadratures we have α ≥ 1/2. Now, we apply the HKT approximation to each couple of
conjugate resolvents (cf. §4.2) to obtain a method of complexity O(Mrd2n logq n) provided that we are able
to diagonalise each matrix Bj .

5 HKT Approximation to sign(A)

In certain cases, each term in (1.1) may be amplified by an extra factor Sk ∈ RN×N . For this purpose, we
introduce the generalised tensor-product matrix format

A(r) =
r∑

k=1

Sk · (V 1
k × · · · × V d

k

) ≈ A (5.1)
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with a matrix Sk having a special data-sparse representation of complexity O(np logq n) with p ≤ 2 (cf.(4.11)).
In this section, the format (5.1) will be applied to the matrix-valued function F (A) = sign(A). In this case
all factors Sk can be represented in the rank-r1 KHT format and thus the whole sum can be converted into
the KHT format with Kronecker rank rr1.

The matrix sign function of A ∈ RN×N is defined by

sign(A) :=
1
πi

∫
Γ+

(zI − A)−1dz − I (5.2)

with Γ+ being any simply closed curve in the complex plane whose interior contains all eigenvalues of A
with positive real part. The first approach to approximate F (A) = sign(A) in the HKT format is based on
the efficient quadrature (2.10) (cf. [6] concerning the existence), then the corresponding Kronecker rank is
r = 2M + 1.

A second method to construct the HKT representation to sign(A) is based on the matrix version of the
integral representation

sign(a) =
1
cf

∫ ∞

0

f(ta)
t

dt, cf > 0, (5.3)

where a ∈ C, �e a = 0, with f : C → C satisfying certain assumptions discussed in §5.1.
To derive efficient representations (1.1) or (5.1), the function f has to be chosen in such a way that the

integral (5.3) allows exponentially convergent quadrature and, moreover, f facilitates a good “separability
property”. We show that the following examples are satisfactory choices:

f1(t) := t exp(−t2), (5.4a)

f2(t) :=
t

1 + αt2
, α > 0, (5.4b)

f3,n(t) :=
jn(t)
tn−1

, n = 1, 2, . . . , (5.4c)

where jn(t) are the spherical Bessel functions of the first kind (cf. [8]). In particular, we have

j0(t) =
sin(t)

t
, j1(t) =

sin(t) − t cos(t)
t2

, j2(t) =
(

3
t3

− 1
t

)
sin(t) − 3

t2
cos(t).

Note that the integral representations (2.7) and (5.5) (the latter with the choice f(t) = t exp(−t2)) applied to
the matrices A−1 and sign(A), respectively, lead to rather similar expressions. Representation (5.3) may have
different advantages and limitations depending on the particular choice of the function f and the properties
of A (selfadjoint, diagonalisable or rather general).

In §5.1, we analyse certain representations involving the integrands (5.4a-c) in more detail. In particular,
we show that the generating functions f1(t), f2(t) can be applied to a rather general class of matrices
provided that �e σ(A2) ⊂ R>0. The corresponding complexity is proved to be O(d2n2 logq n). In the case of
real-diagonalisable matrices one can use generating functions f3,n(t) expecting the complexity O(dn logq n).

5.1 Using the Representation (5.3)

We consider two classes of matrices:
Case (A) Let A be real-diagonalisable, i.e., A = T D T−1, where D is real diagonal. Now the function
f : R → R is supposed to have the properties

(A1) f(t) = −f(−t), t ∈ R,

(A2) cf :=
∫∞
0

f(t)
t dt ∈ (0,∞) exists as an improper integral.

Case (B) We assume that σ(A) = σ+(A) ∪ σ−(A), where

σ+(A) := {λ ∈ σ(A) : �e λ > 0}, σ−(A) := {λ ∈ σ(A) : �e λ < 0} .

The function f : C → C is supposed to have the properties
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(B1) f(t) = −f(−t), t ∈ R.

(B2) The function f : C → C is analytic in the domain Ω = Ω+ ∪ Ω− with boundary Γ = Γ+ ∪ Γ−, which
is the union of two closed simply connected curves Γ+ and Γ−, each of which contains the respective
part of the spectrum σ±. Moreover,

|f(z)| ≤ C(1 + |z|)−1 for all z ∈ Ωθ := {z : | arg(z)| ≤ θ <
π

2
} with Ω ⊂ Ωθ.

(B3) For any z = reiθ ∈ Γ, we have cf :=
∫∞
0

f(u)
u du ∈ (0,∞), where cf does not depend on z, with the

integration path running along the ray {u : u = ρeiθ, ρ ∈ [0,∞)}.

Note that in both cases, f is thought to allow an efficient quadrature for (5.3).
Based on formula (5.3), we derive the integral representation to the matrix sign(A).

Lemma 5.1 Let A be a square matrix A such that 0 /∈ �e σ(A). Let the function f satisfy the Assumptions
(A1)-(A2) or (B1)-(B3) in the respective Cases (A) or (B). Then we have

sign(A) =
1
cf

∫
R+

f(tA)
t

dt. (5.5)

Proof. First we note that for a ∈ R \ {0}, the assumptions (A1)-(A2) imply (5.3), while for a ∈ C with
�e a = 0, (B1)-(B3) also yield (5.3).

In Case (A) we have A = T D T−1, so that

f(tA) = T f(tD)T−1. (5.6)

Moreover, sign(A) = T sign(D)T−1 holds and (5.3) implies the desired relation:

1
cf

∫
R+

f(tA)
t

dt = T

(
1
cf

∫
R+

f(tD)
t

dt

)
T−1 = T sign(D)T−1 = sign(A).

In Case (B), the analytic function f : C → C generates the family of matrix-valued functions f(tA),
t ≥ 0, which can be represented by the Dunford-Cauchy integral

f(tA) =
1

2πi

∫
Γ

f(tz)(zI − A)−1dz, (5.7)

where Γ = Γ+ ∪ Γ− is the union of two closed simply connected curves Γ+ and Γ−, each of which contains
the respective part σ± of the spectrum (cf. assumption (B2)). Note that Γ± can be chosen in such a way
that with some positive constant µ, the relation |�e z| > µ > 0 holds for z ∈ Γ±. Now due to assumption
(B3), we obtain

‖f(tA)‖ ≤ c

∫
Γ

|f(tz)| ‖(zI − A)−1‖ |dz| ≤ c

1 + t

∫
Γ

1
1 + |z| ‖(zI − A)−1‖ |dz|,

which proves the existence of the integral in (5.5). Let us introduce the integrals

B+ =
1
πi

∫
Γ+

(zI − A)−1dz, B− =
1
πi

∫
Γ−

(zI − A)−1dz.

By definition of Γ+ and Γ− we have

1
2
(B+ + B−) = I, and thus B− = 2I − B+. (5.8)
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We substitute the Dunford-Cauchy integral (5.7) into (5.5) and use (5.8) to derive

1
cf

∫
R+

f(tA)
t

dt =
1

2πi

∫
Γ

[ 1
cf

∫
R+

f(tz)
t

dt
]
(zI − A)−1dz

=
1

2πi

∫
Γ+∪Γ−

sign(z)(zI − A)−1dz

=
1
2
(B+ − B−) = B+ − I

= sign(A),

which completes the proof.

5.2 Analysis for the Integrands (5.4a) and (5.4b)

In both Cases (A) and (B), we derive an efficient quadrature for the choice f = f1(t) in (5.3). Let (2.2) be
valid and let �e λ ∈ [1, R] for all λ ∈ σ(A2). We also assume (4.3) to be valid. We approximate the integral
(5.5) with f = f1 by applying an exponentially convergent quadrature rule to the integral∫ ∞

0

exp(−t2A2)dt =
1
2

∫
R

exp(−t2A2)dt

appearing in

F (A) := A−1 sign(A) =
1√
π

∫
R

e−t2A2
dt ≈

M∑
k=−M

cke−t2kA2
=: FM (A) (5.9)

(we set cf =
√

π) with ck, tk given in [16]. Due to (2.2), we can use the same techniques as in §4.1 to
represent each individual exponent in (5.9) in tensor-product form, which leads to the cost O(Md2n2 logq n)
with M = O(log(R) log ε−1 + CA + πν/2) or with M = O(log2 ε−1 + CA + πν/2) depending on the relation
between ε−1 and R.

Note that in the case f = f2(t), we have

sign(A) =
A

cf (α)

∫ ∞

0

(I + αt2A2)−1dt,

which is similar to the familiar Robert’s integral representation

sign(A) =
2A

π

∫ ∞

0

(t2I + A2)−1dt.

This case can be reduced to the analysis of the matrix G in (4.12), therefore, all the results in §4.2 can be
applied as well.

5.3 Construction in Case (5.4c)

In Case (A), we may consider as well the generating functions f = f3,n from (5.4c). The spherical Bessel
functions jn(z) (cf. [8]) have the asymptotical property

z−njn(z) → 1
1 · 3 · 5 . . . (2n − 1)

as z → 0 (n = 0, 1, 2, . . .).

We also use the integral representation

jn(z) =
zn

2n+1n!

∫ π

0

cos(z cos θ) sin2n+1 θ dθ (n = 0, 1, 2, . . .). (5.10)

Since the matrix A is diagonalisable, the error analysis of the quadrature rule is reduced to the scalar case.
Let us construct an exponentially convergent quadrature for (5.3) with f = f3,n and with a ∈ R. In

general, one can expect a ∈ [1, Λ] with 1 � Λ, so we deal with the integration of a highly oscillatory function
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with a smooth weight. For instance, for n = 1 the corresponding integrand takes the form f3,1(at)/t =
sin(at)−t cos(at)

t3 , where a > 0 is a large parameter. We recall that

jn(z) = gn(z) sin z + (−1)n+1g−n−1(z) cos z (5.11)

(cf. [8]), where g0(z) = z−1, g1(z) = z−2, gn−1(z) + gn+1(z) = (2n + 1)z−1gn(z) for n ∈ Z.
(5.11) yields the estimate |jn(t)| ≤ C/t, t → +∞, hence we have

f3,n(at)
t

=
jn(at)
an−1tn

≤ C

at2
, t → ∞. (5.12)

The latter implies ∣∣∣∣∫ ∞

R

f3,n(at)
t

dt

∣∣∣∣ ≤ C

aR
, R > 0.

Moreover, due to (5.10) , f3,n(az)
z is holomorphic at z = 0 (in fact, it is an entire function).

Now, given a tolerance ε > 0, we choose R > 0 such that R−1 = aε, i.e., R = (aε)−1, and then construct a
quadrature on the finite interval [0, R]. Recall that a−1 ∈ [Λ−1, 1]. We can assume without loss of generality
that Λ = 2K0 with some K0 ∈ N, so that a−1 ∈ [2−K0 , 1].

Again, we split [0, R] into the two parts [0, 2−K0] and ω := [2−K0 , R]. We choose the number K1 ∈ N

such that K1 = | log ε| + K0, provided that minλ∈σ+(A) λ = O(1). Without loss of generality we further

assume that R = 2K1 . We now decompose the integration interval ω =
K1⋃

k=−K0

[bk, bk+1] by the points

bk = 2k, k = −K0, . . . , 0, . . . , K1.
Since gk(z) from (5.11) is a polynomial in z−1, it can be approximated on each interval δk = [bk, bk+1]

by a polynomial Pp,k of degree p such that

max
t∈δk

|gk(t) − Pp,k(t)| ≤ Ce−cp. (5.13)

Next we use the integrals ∫ x

0

tm sin(at)dt = −
m∑

k=0

k!
(
m
k

)xm−k

ak+1
cos
(

ax +
1
2
kπ

)
,

∫ x

0

tm cos(at)dt =
m∑

k=0

k!
(
m
k

) xm−k

ak+1
sin
(

ax +
1
2
kπ

)
(cf. [8]), to obtain the following approximation on the interval ω:

1
cf

∫
ω

f3,n(at)
t

dt �
K1∑

k=−K0

p∑
�=0

[γk� sin(ask�) + µk� cos(ack�)] ,

which provides an exponential convergence of the order O(e−cp).
Due to (5.10), the integrand f3,n(az)

z is an entire function and, in particular, holomorphic in the Bernstein

ellipse Eρ with ρ > 1/(2a), corresponding to the interval [0, a−1] (cf. [15]). Furthermore, max
z∈Eρ

∣∣∣ f3,n(az)
z

∣∣∣ can

be estimated by a constant not depending on a. Therefore, the Gauss quadrature on [0, Λ−1] is exponentially
convergent. This yields the approximation

sign(λ) ∼ signM (λ) :=
M∑

k=1

ak sin(skλ) + bk cos(ckλ), (5.14)

such that for λ ∈ [1, Λ] there holds

| sign(λ) − signM (λ)| ≤ C(K0 + K1) e−cp

with
K1 = | log ε|, K0 = log(cond(A)), M := (K0 + K1) p. (5.15)
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Lemma 5.2 Let A be symmetric with minλ∈σ+(A) λ = O(1). Then, given ε > 0, the quadrature points and
weights from (5.14) and (5.15) fulfil∥∥∥∥∥ 1

cf

∫ ∞

0

f3,n(tA)
t

dt −
M∑

k=1

[ak(A−1) sin(skA) + bk(A−1) cos(ckA)]

∥∥∥∥∥
2

≤ C cond(T )(K0 + K1)e−cp, (5.16)

where p is defined by the choice of the polynomial Pp,k in (5.13), M, K0, K1 are explained in (5.15) and
ak(A−1), bk(A−1) are polynomials of A−1.

Proof. Since A = TDT−1, we use the representation (5.6), where D has real entries, and derive∥∥∥∥∥ 1
cf

∫
R+

f3,n(tA)
t

dt −
M∑

k=1

[ak sin(skA) + bk cos(ckA)]

∥∥∥∥∥
2

=

∥∥∥∥∥T
(

1
cf

∫
R+

f3,n(tD)
t

dt −
M∑

k=1

[ak sin(skD) + bk cos(ckD)]

)
T−1

∥∥∥∥∥
2

≤ cond(T ) max
λ∈σ+(A)

∣∣∣∣∣ 1
cf

∫
R+

f3,n(tλ)
t

dt −
M∑

k=1

[ak sin(skλ) + bk cos(ckλ)]

∣∣∣∣∣
≤ C cond(T ) [K0 + K1] e−cp.

Since M = p(K0 + K1) (cf. (5.15)) the proof is complete.
Note that the simplest possible approximation can be constructed with the choice f = f3,1.
To complete this section, we derive tensor-product representations of the matrices sin(skA) and cos(ckA)

involved in (5.16). For this purpose, we apply the following proposition which can be proved by induction.
In the case d = 2, the assertion (5.17) is trivial.

Proposition 5.3 ([1]) Let d ≥ 2. The trigonometric identity

sin

⎛⎝ d∑
j=1

xj

⎞⎠ =
d∑

j=1

sin(xj)
∏

k∈{1,...,d}\{j}

sin(xk + αk − αj)
sin(αk − αj)

(5.17)

holds for all choices of {α1, . . . , αd} such that sin(αk − αj) = 0 for all j = k.

The following statement extends the trigonometric identity (5.17) to the case of matrix-valued functions
sin(A) and cos(A).

Corollary 5.4 Let A =
d∑

j=1

Aj ∈ RN×N with matrices Aj of the form (2.4), where V j ∈ Rn×n (j = 1, . . . , d)

and N = nd. Suppose that {α1, . . . , αd} ⊂ R are chosen in such a way that the representation (5.17) is valid.
Then the following tensor-product representation with exactly d terms

sin(A) =
d∑

j=1

d⊗
k=1

βkj sin(V j + (αk − αj)I), βkj =
{

1/ (sin(αk − αj)) k = j,
1 k = j,

(5.18)

holds. A similar representation exists for the matrix cos(A).

To guarantee the stability of representation (5.18) we have to control the condition |αk−αj−mπ| > δ > 0
for m ∈ Z, k = j.

Lemma 5.2 and Corollary 5.4 lead to the desired Kronecker tensor-product representation of the matrix
sign(A) having the complexity O(dMn logq n) provided that each V j (j = 1, . . . , d) can be diagonalised with
the cost O(n logq n).
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5.4 Dunford-Cauchy Integral (5.2) Revisited

If some of the assumptions in Cases (A), (B) are not satisfied, one can apply the integral representation
(5.2). The exponentially convergent quadrature

sign(A) ≈
r∑

k=1

ck(zkI − A)−1 − I, r = O (log2 ε + log2 cond(A)
)
,

for the integral (5.2) provides a direct approximation of F (A) = sign(A) by a sum of matrix resolvents
(cf. [6]). The quadrature points and weights can be chosen symmetrically. Using the results in §4, we are
led to the overall cost O(rd2n2 logq n) in the multi-dimensional case. Again, the complexity is quadratic in
d and n.

Acknowledgement. Discussions with Prof. I. Gavrilyuk (Berufsakademie Eisenach, Germany) are grate-
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