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Abstract

We consider a standard functional in the mesoscopic theory of phase transitions,
consisting of a gradient term with a double-well potential, and we add to it a
bulk term modelling the interaction with a periodic mean zero external field.
This field is amplified and dilated with a power of the transition layer thickness
€ leading to a nontrivial interaction of forcing and concentration when € — 0.
We show that the functionals I'-converge after additive renormalization to an
anisotropic surface energy, if the period of the oscillation is larger than the
interface thickness. Difficulties arise from the fact that the functionals have
non constant absolute minimizers and are not uniformly bounded from below.

1 Introduction

We briefly review some aspects of the classical theory of phase transitions. Given
Q C RN, let u: Q — R be an order parameter, i.e. a function which describes to
what extent the physical system in a given point z €  is in the “+” or “—” phase.
Pure phases correspond to the two minimizers (for instance +1) of a double-well
potential W, which can be derived from atomistic considerations as a mean-field
free energy, and whose main property is to be convex in a neighborhood of +1. The
resulting free energy functional is characterized by a competition between a gradient
term, modelling interaction energy, and the potential W. Such a functional is given
by:

M (u) == /Q {6!VU|2 + @} dz, u e HY(Q), (1.1)

*Supported by the German Academic Exchange Service (DAAD) and the Department of Math-
ematics of the University of Texas at Austin



where € > 0 is a small parameter related to the interface thickness. If the system is
prevented from staying close to +1 or to —1 everywhere (for example by a volume
constraint), then the thickness of the transition layer (i.e. the set separating the
positive and negative regions), will be of order e. Moreover, sequences of finite
energy for € — 0 should converge to 1 almost everywhere.

A suitable mathematical setup to make this rigorous is the notion of I'-convergence
(see Section 2 for a precise definition). In [15, 16] the authors characterize the I'-
convergence of the family M, with respect to the L'(Q)-topology and they obtain
a sharp interface limit, which is the area of the interface with surface tension cy/
(which is related to the double-well potential). More precisely, by setting

cw = /1 VW(t)dt and B:={ue€ BV(Q):u(z) € {-1,1} a.e. in Q},
-1

they prove that the I-limit of the functionals in (1.1), extended by +oco to all L1(€),
is given by

ewP(E,Q) ifu=yxp€DB,

Mo(u) := { +oo ifue LNQ)\ B. (1.2)

This convergence could be perturbed by rapidly oscillating spatial inhomogeneities
modelling for example the interaction with a substrate. The result will depend
on whether the scale on which the inhomogeneities oscillate is of order of the in-
terface thickness, smaller or larger. One way to introduce spatial inhomogeneities
is to consider an z-dependent gradient term, i.e. replace the term |Vul|? in (1.1)
by ‘A (E%) Vu‘z, where A(x) is a positive definite symmetric matrix, periodically
depending on z (a general version of this case is studied in [2]). In our paper, in-
stead, the energy in (1.1) is perturbed by a strong, rapidly oscillating field with zero
average. More precisely, we shall consider the functional

Ge(u) ::/Q{G|Vu(x)]2+w+ig <£> u(x)} dx u € HY(Q),

€¥ €¥

where g € L>®(RY) is a periodic function with cell domain Q := (—1/2,1/2)".
This periodic term g has the effect of creating many local minima. Systems of this
type are of relevance in materials science, e.g the evolution of microstructures or the
motion of magnetic walls.

When a = 0, it follows from the results in [15, 16] (see also [9, Proposition 6.21]) that
the I-limit is the sum of the functional (1.2) and the volume term [ g(z)u(z) dz.
When « > 0, both amplitude and frequency of g become large as € — 0, hence the
infimum of the functional over H!(Q) can be negative or even converge to —oo as
€ — 0 (for example when a > 1/2, see Prop. 3.9). Therefore, to fit in the framework
of I'-convergence, we need to introduce an additive renormalization. However, in
order to get a nontrivial I'-limit, we need the renormalization to be of the same
order of the perimeter and this can happen only if fQ g de = 0. We show for
0 < a < 1 that the renormalized functionals I'-converge to an anisotropic surface
energy (see Theorem 2.3).



There are similarities with the result in [2] but in many respects our setting requires
new techniques. The main difficulties (beyond those encountered in [15, 16] and [2])
arise from this renormalization and the (related) facts that the functionals have non
constant global minimizers whose energy is not uniformly bounded from below. To
explain the main points, let us first note that the Euler-Lagrange equation is

W' (u) 1 x ou
eAu — % = 26—ag (6_a) on Q, a—n =0 on 89, (13)

i.e. the function g appears as a forcing term. There are two solutions of (1.3)
ut, close to +1, and u_, close to —1 (see Proposition 3.7 and Corollary 3.8) which
are local minimizers of the energy and which are nonconstant if ¢ £ 0, whereas
in the unperturbed case or in [2] one gets ul = 1, uZ = —1. As their energy
is strictly negative, and typically is of order |Q2|e!=2¢, the aforementioned additive
renormalization is necessary.

The appearance of such a renormalization is in fact quite natural for phase transitions
problems. The energy associated with an interface is the excess free energy due
to the fact that more than one phase is present, so it is actually a difference of
energies, determined only up to adding constants. If the pure phases, i.e. the global
minimizers, are constants, then in order to ensure that the energy of the minimizers
is zero, it is enough to choose ming W (u) = 0. In our case the minimizers are not
constants, so we must compute their energy and show that it is proportional to
the volume of the domain € (up to smaller order), as we want a local functional as
[-limit. Moreover (again up to smaller order) the energy of u* and u~ must be the
same. Conditions on W and g will ensure both these properties.

Now we consider the different scalings, i.e. the oscillation of g in relation to the
interface thickness €. In this paper we treat rigorously the case of slow oscillations,
ie. 0 < a < 1, leaving the case o > 1 to further investigation. Let v: R — [—1,1]
be the unique increasing solution of

=W'(y) (1.4)
which converges exponentially to £1 at +oo, and such that 7(0) = 0. Performing
the change of variables y = e~ and letting u( ) = u(ze™®), (1.3) becomes
Wia) 1

= ) 1.
e = 59(0) (15)

Then a formal asymptotic expansion for solutions of (1.5) gives
- dy . d(y o
i(y) = (;_i) + g, (a@), ef_i,y) Fo(e ™),

where d(x) is the signed distance function from the zero-level set of @ (which we
assume to be a smooth hypersurface) and o(y) := y — d(y)Vd(y) is the projection
of y onto {& = 0}. Tt follows ey Ad(z) = g (z) on {& = 0}, which on the original
scale becomes

AT —

1 T
CWk = E—QQ (E—Q) ) (1-6)



where k is the mean curvature of the zero-level set of u. Hence, for o < 1 the
problem is related to singular homogenization for the prescribed mean curvature
equation. Indeed, in this case there is a splitting of the I'-limit into a more standard
limit, similar to [15, 16] with a g-term which does not depend on €, and a prescribed
mean curvature problem (see Theorems 2.3 and 5.9).

Equation (1.6) shows that the chosen relation between amplitude and frequency of
the forcing term is interesting, since the interface will change its shape significantly
within one unit cell. For a stronger amplitude we expect to see small bubbles
everywhere, as the minimizers on a cell are no longer of constant sign, whereas for
a weaker forcing the limit will be isotropic.

Now we are able to summarize our results. Any sequence of bounded energy has
a subsequence which converges in L' to a BV-function, which takes its values in
{—1,1}. The I'-limit with respect to L!-convergence has the form

/M ng(yE)dHN_l, (1.7)
*EN

where F is a finite perimeter set on which lim «€ = 1 and v is the unit normal to 0* F.
Thanks to the aforementioned splitting, the anisotropy ¢ can be explicitly charac-
terized (see Theorem 5.9), and it holds p(v) = ¢(—v) and ¢ < ¢ for any forcing
term g satisfying certain bounds and a symmetry condition, see Proposition 5.11.
Note that this is not a I'-limit result for the functionals G, but only for the renormal-
ized functionals, since the functionals G, typically converge to —oo when o > 1/2
(see the comments after Proposition 2.2). Such a result is more in the spirit of a
I-expansion, as recently investigated in [7].

We add a few comments on the case of fast oscillations, i.e. a > 1. When a = 1,
there is no splitting of scales as before, hence this case is more difficult. However,
under possibly stronger conditions on g, we expect a similar I'-convergence result to
hold, and that the limit is still an anisotropic surface energy. For oo > 1, we expect
the limit functional to be isotropic, i.e. a multiple of the usual perimeter.

The paper is organized as follows. In Section 2, we briefly review the theory of
I'-convergence, following [9]. Moreover, we state our assumptions on W and g, we
define the renormalized functionals and we give a precise statement of the main
result. In Section 3, we show the existence of the minimizers uF and estimate
the cost of having a transition within a cube. In Section 4, we show that any
sequence with bounded energy has a subsequence converging in L'(Q) to a BV-
function taking values only in {—1,1}. Using the estimates of Section 3, we derive
the so-called “fundamental estimate”, which is a localization property. We also show
that the limit energy of our functionals concentrates on characteristic functions and
is bounded from above and below by the area functional.

General principles allow to derive from these estimates a first I'-limit theorem, which
is valid up to a subsequence (see Proposition 4.11). In Section 5, we derive further
properties of the limit functional and obtain, in particular, a representation formula
(see Theorem 5.9), which implies that the I'-limit is independent of the subsequence
and of the scale parameter «.



2 Notation and main results

Let N > 2. We denote by A the class of all bounded open subsets of RV and by
Q := (—=1/2,1/2)" the open unit cube in RY centered at 0. For each E C RY, the
(shifted) characteristic function xg of E and the (signed) distance function dg from
OF are defined respectively by:

1 ifzekE, dp(z) = —dist(z,RN\ E) ifzcE,
—1 otherwise, EV 7 dist(a, B) otherwise.

xe(z) = {

Moreover, if E C Q € A with xg € BV(2), we denote by P(E,) the perimeter of
E in Q, and by 0*F the reduced boundary of E (see [12]). Given u € BV (2), we
denote by [, |[Vu| the total variation of v in €, thus we have

/Q|VXE| — P(E,Q),

for all £ C Q of finite perimeter in 2. Let also briefly recall the notion of I'-
convergence (see [9] for more details on this subject).

Definition 2.1. Let X be a metric space and let F. : X — R, € > 0, be a family
of functionals on X. We say that F. T-converge to F : X — R if the following
conditions are verified:

1. for all x € X and for all x. — x, there holds lim iglfFe(xe) >F
(T-liminf inequality);

2. for all x € X there exist x. — x, such that lin(l)FE(xE) =F
€E—>
(T-limsup inequality).

We recall the following fundamental property of I'-convergence, which can be easily
derived from Definition 2.1.

Proposition 2.2. If F, I'-converge to F' in X, also the corresponding minimal val-
ues (or infima) converge. Moreover, if x¢ is a minimizer of F. and x. — = € X,
then = is a minimizer of F'.

Hence, the asymptotic behavior of minimizers of F, can be partly understood by con-
sidering the I'-limit of F.. Notice also that the second assertion of Proposition 2.2
does not change if we modify the functionals F, by adding a constant (renormaliza-
tion), possibly depending on e.

Given 2 € A and € > 0, we consider the following functional

/{6|VU’2+M} dx—l—/iag (%)udx, if u € H'(Q),
Q € Q€ €

+ 00 otherwise.
(2.1)

Ge(u,Q) =

We require that g and W satisfy the following assumptions:



(H1) g € L>®(RY) is a periodic function with cell domain Q, satisfying fQ g dx = 0;
(H2) W € Lip;,.(R), W >0, W(s) =0iff s € {—1,1} and W (s) = W(—s);

(H3) There exist 69 € (0,1) and Cy > 0 such that W is strictly convex on the
interval (1 — dp, +00) and

C0(8—1)2, Vs € (1—50,1+50),
Cil(s—1)2, Vs € (1 — dg, +00);

(H4) There exists p > 0 such that

W({l+s)—W(=1+s)=0 whenever |s|<p;

(H5) g(x1,...,zi...,xN) = g(z1,... ,—x4,... ,ay) for any i € {1,... ,N} (in
this case we say that g is symmetric).

A typical example of function satisfying (H2) and (H3) but not (H4) is given by
the double-well potential defined by W (s) = (1 — s?)?/2. Assumption (H4) ensures
that the two local minimizers around =41, i.e. the pure phases, have exactly the
same energy (hence they are both global minimizers of the energy). Without that
condition, the I-limit could become trivial (equal to 0 or +00). We observe that (H4)
is not necessary in order to get the I'-limit result when « < 2/3 (see Remark 4.10),
whereas it is necessary if o > 2/3. Notice also that assumption (H3) implies

(W'(x)| > Cytle — 1] for x> 1 — by,

W) > Cy e+ 1] for & < —1+ . (2:2)

We will see that in general lim_oinfz1(q) Ge(+,§2) = —oo for a > 1/2, hence we
shall introduce an additive renormalization for the functionals. Let R, be the family
of all set of the form R = int({J,; €*{Q + 2}), where I is a finite subset of Z".
Given 2 € A and u € L'(2), we define the renormalized functionals as

su Ge(u,R) — inf G-, R if{ReER.: RCQ 0,
Fe(u,Q) = Rem,pRgz{ (. B) H'(R) ( )} t b

0 otherwise.

Note that infrig) Fe = 0 and since infgi ) Ge(-, R) < 0 (by comparison with
constant functions), we also have F, > G.. Our main result is the following:



Theorem 2.3. Let 0 < o < 1, let W satisfy assumptions (H2) and (H3), and let
g satisfy (H1) and (H5). If o > 2/3 we further assume (H4). Then, there exists a
constant c¢o = co(W) > 0 such for any g satisfying ||g||pv < co, the I'-limit (with
respect to the L'-topology) of F.(-,§2) ewists for each Q € A with Lipschitz boundary.
Furthermore, we have

ve)dHN"Y if u = yg € BV(Q),
F—lin(l)FE(u, ) = /8*EmQ #lve) o () (2.3)

+ 00 otherwise,
where ¢ : SN — (0, 00), independent of a, satisfies
0<C <o) <cy forallveSV ! (2.4)

for some constant C' > 0, and its one-homogeneous extension

N R I

1S convex.

Remark 2.4. The function ¢ can be computed as a limit of the averaged minimum
energy on large boxes of the functional

Fxe) = ewP(B.A) + [ g(o)xa(e) da, (26)
A

defined for each Borel set A C Q2 and each xyg € BV (Q2) (see Theorem 5.9).

Remark 2.5. We point out that the results of this section can be generalized to
functionals with an z-dependence in the gradient term (see also [6]), like for example

Go(u, Q) ::/Q{e A(%) w’ﬁ@} dx+/ﬂeiag (%)udx,

where o € (0,1), # > 0 and A(x) is a positive definite symmetric matrix, periodically
depending on =z.

3 Estimates for the minimizers

In the following, unless otherwise stated, we shall always take a € (0,1).

As we are interested in a local I'-limit, we ultimately have to show that the renor-
malization is proportional to |€2|. This will be done by comparing with minimizers
on a cube. We need the following definitions.

Definition 3.1. Let

Ge(u,Q) Z:/Q<6|V'LL’2+@> dﬂc—i—/qu dz, wue HYQ). (3.1)



Notice that, by the change of variables y = ¢~ %z and setting
o(y) =u(e®y),  Qo:={yeRY: %y e},
for 2 € R, we obtain the identity
Ge(u,Q) = *N=1 Z Ga-a (v,(z+Q)Ne Q). (3.2)

Thanks to condition (H5), in order to study the structure of minimizers of G, on
R, it is enough to analyze the minimizers on the cube with Neumann boundary
conditions (which, again by condition (H5), are equivalent to periodic boundary
conditions). Let us set

1
- / V@ dt. Be={ueBV(Q): ule) € {11}, ac.).
-1
and consider the functional

ewP(E,Q) + / gxp dr, ifu=xpeB,
Q
+o0 if ue LY(Q)\ B.

From the result of [15, 16] we have I' — lim G(-,Q) = FgQ. This fact gives some

hint on the asymptotic behavior of the minimizers of the functionals G.(-, Q). To
see this, let us recall the following isoperimetric inequalities [11, Section 5.6].

Proposition 3.2. Let Q € A with Lipschitz boundary. Then, there exists a constant
I(Q) > 0 such that

N—-1

1. P(E,Q) > I(Q) (min{|E|,|Q2\ E|}) N for any E C Q;

2. Jo|Vul > 2I(Q)||u — T n/n-1) for any u € BV(Q), where T := al Jo u-

Based on this result, we can derive:
Proposition 3.3. Let 0 € A with Lipschitz boundary. If ||g|lpyg) < 2ew1(Q),

then the minimizers of FgQ are given by u = +1.

Proof. Since FgQ(l) = FgQ(—l) = 0, it is enough to show FgQ(u) > 0 for all u € B.

We have
w [ 9 2 w2 (@~ v
[ouv = [ stu=w = ~lglllu—allyoer,
Q Q
Thus,
F2u) > ew2l(Q)llu —ullnyv—1) — llgllvllu — 2l nyv-1),

= |lu—7lln/n-1)(ew2l(Q) — llglln),

and the last term is nonnegative by assumption. 0



Proposition 3.3 implies that if the minimizers of ée(-, Q) exist and converge in L',
they must converge to £1. We need now to quantify this information, i.e. to obtain
rates in e.

Proposition 3.4. Assume (H1) to (H3). Then, for any u € H'(Q)) we have
Gt AuV (=1),9) < Ge(u, Q) ¥t > 1+ eCo)|g]oo- (3.3)

Proof. By setting € := {|u| > t}, from (H2) and (2.2), we get

G, Q) — Gult Au vV (—1),Q) > % [ W - om+/Q g(u — sen(u)t) dz,
, t
> [ v = digllo)(ul — ) da,
= | (€5 e= 1)~ ellgll)ul -0 a.
and the last expression is positive whenever ¢ > 1 + €Cp||g||0o- o

The following definition introduces a cutting and reflection procedure, which gives

a function u! assuming values only in one of the convex regions of the potential W.

Definition 3.5. Given u € HY(Q) and t > 0, we define

t _{ Jul vt, if [{u> 0} > 31;
—(lul V), if {u> 0} < 3|9

We are going to use this cutting procedure to give an estimate of the energy required
to have a sign change of the function u.

Proposition 3.6. Let Q € A with Lipschitz boundary. Assume (H1) to (H3) and
ellgllos < 3Cy'80. Then, there exist a constant to with max{3,1— &} < to <1 and
wo > 0 (to, wo depending only on W) such that

_ _ O\ [t
Ge(u, Q) — Ge(ut, Q) > <w0 — %H}q(’é) ) e P{u < s},Q) ds, (3.4)

whenever u € HY(Q) and t € (tg, 1 — 2eCo||glloc). Moreover, the inequality is strict
if |{|u| < t}| > 0.

Proof. Assume w.l.o.g. that [{u > 0}| > [©Q|/2 and, in the light of Proposition 3.4,
that |u| < 2 —t. Recall that W(u) = W(—u) and compute

— t
Ge(u, Q) — Ge(ut79) = / 6’VU|2 + M
{—t<u<t}

+g(u—t) de

+ 2/ gu dz = G1 + G2 + G,
{u<~t}
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where

G, = / <6]Vu|2 + M) dz,
{—t<u<t} 2e

Gy = / de+/ g(u—t) de,
{—t<u<t} 2e (—t/2<u<t}

Gz = / g(u —t) dx—l—2/ gu dz.
{—t<u<—t/2} {ug—t}

Let us first observe that (H2) and (H3) imply the existence of a value ¢y (depending
only on W) with max{3,1 — 8y} < to < 1 such that, for all t € (to,1), we have

W(s)> W)+ W (s —t) Vs> —%, (3.5)
Wi(s)—W(t) >0 V|s|<t and . ﬂglf/z{W( s)—W(to)} > 0. (3.6)

Let us also define wq := ‘ lin{:”/2 V2{W(s) — W(to)}.
s|<

1. By using Schwarz inequality and co-area formula, we estimate G as follows

t/2
Gy > /{ V2{W (u) — W ()} Vu| dz > wp P({u < s},Q)ds, (3.7)

—t<u<t} —t/2

since . ‘mf VAW W(t)} > . \lglf/Q V2{W (s) = W(to)} = wo.

2. We show that Go > 0. Using (3.5), we get for all tg < t < 1 — 2eCyl|g||o that

2¢

J— , J—
> / W) — 2¢9 ———(t —u)dx
t/2<u<t} 2e

{—t/2<u<t} 2e

> (3.8)

Gy > / )_W(t)+g(u—t)dx
{—t/2<u<t}

v

and Go > 0 if [{u < t}| > 0.

3. In order to estimate G'g, we use |u| < 2 — t and Holder to get
G < [ gldzr22-0 [ gl
{—t<u<—t/2} {u<—t}
1) gl
{u<—t/2}
< t
w< —2
2
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From the fact that |[{u < s}| is a nondecreasing function of s, and using
Proposition 3.2 together with the assumption [{u > 0}| > |2]/2, we get

N—1 0
{u<——}‘ t|{u<s}|Ndsgﬁ/tP({u<s},Q)ds

Therefore, (3.9) gives

0
Gl = JUOE [ P(tu<sh0)ds
0
< %ng(’g)zv 7%P({u<s},Q)ds. (3.10)

4. Finally, from (3.7), (3.8) and (3.10) we obtain

8 llgllL~ /%
> -
Gy +Go+Gg > <w0 o I(Q) g P({u < s},Q)ds

2

Moreover (3.8) implies that the inequality is strict if [{u < ¢t}| > 0.

In the following proposition, we show that the functional G, admits global minimiz-
ers which are close to +1 or —1 of an order € (see [13] for a similar result in case of
minimizers of (1.1) with a volume constraint).

Proposition 3.7. Let Q € A with Lipschitz boundary. Assume (H1) to (H3) and
ellglloe < (1/2)Cy 1 60. Then the following holds.

1. The functional (3.1) admits a global minimizer u. in H ().

2. Let HL(Q) := {u € HY(Q) : +u > 0 a.e. in Q}. Then, there eist positive
constants co(Q, W), C1(Q,W) and eo(Q2, W) such that for ||g|l;n < co any
global minimizer u. must be contained in Hi or H. Moreover, any minimizer
uf € H1 has the following property:

uf — 1o < Cre,  |Jug + 1|00 < Cye for € < €.
Since the restriction of Ge(-, Q) to B(‘;‘O'H”(—H) (respectively to B(‘;‘O'H”(—l)) is convex,
Proposition 3.7 implies

Corollary 3.8. Let Q € A with Lipschitz boundary. Assume (H1) to (H3). and
lgllzn < co(W,Q). Then, for any e such that €||g|loo < Cy 00, the functional G.(-,Q)
has exactly one absolute minimizer ul in H: 1+ () and one absolute minimizer u_ in
HY(Q). Moreover, there exists tg € (1 — do, ) such that for all uw € H' () we have

~ ~ ~ to/2
Ge(u, Q) — min (Ge(uj,Q) Gl > C’/t , P{u < s},Q) d (3.11)
0

If W satisfies (H4), we also have ul =2+ u_ and Ge(ul, Q) = G(u;,9Q), and uF
are the only global minimizers of G, on Hl(Q)

11



Now we prove Proposition 3.7.

Proof. The existence of a global minimizer follows from classical results (see for
example Thm 2.6, [9]). From Proposition 3.4 we get immediately that the global
minimizer u, fulfills u. < 1+ Ce or ue > —1 — Ce for some C depending only on €2
and W.

Assume now w.l.o.g. that [{u. > 0}| > |Q|/2. Proposition 3.6 tells us that for a
minimizer there exists a t with 1 — dy < ¢ < 1 such that the [{—t/2 < u. < t}| = 0.
Moreover it implies that P({ue < s},§2) = 0 for some s € (—t/2,t/2). Hence the
isoperimetric inequality implies that also |{u. < —t/2}| = 0 is empty. Therefore
ue(x) € (1 — 60,14 dp) almost everywhere. o

Proposition 3.9. Assume (H1) to (H3) with g # 0. Then,
0> min (G, Q)} > —2Calgle (3.12)

Moreover, let Q € A. Then, for any (e,a) and any Re € Re with R, C ), we have
0 > min {Gc(-,R)} > —2|Q| Co|gl/> e 2. 3.13
Hrp(ane){ (v Re)} = —2| Collgllsee (3.13)

In particular, as e — 0, we have

Cfo) i ac(01/2),
i (Gry = { o s B (3.14)

If > 1/2, there exists R, € Re, Re C Q, such that hI%HI{l(ljl%l {Ge(-, Re)} = —o0.

Proof. Let v be a positive global minimizer of G, on H 1(Q). By Propositions 3.4
and 3.7 we know that [[v — 1]|c < 2Ch||g|loce. This estimate, together with the
assumption that g is of average zero on @, yields

&m®24w®2ﬂwd%ﬂm24%wk

This proves (3.12). Now, note that the number of cubes of size €* contained in R,
is equal to |R“ . Hence, by using (3.2), we get for each u € H'(R,)
R, R,
Ge(u, R > Be] av=1) iy Go-al(-,Q) = el in Ga-o(-Q).  (3.15)

e ¢ H(Q) € HI(Q
Hence, from (3.15), (3.12) and the fact that |R.| < ||, we derive (3.13).
Consider now the case o > 1/2. Choose a function v € C}(Q) such that fQ gvdr <0

(which is always possible if g #Z 0) and extend it periodically on RY. Consider
R, € R with |R| > |Q]/2. Then, using as before (3.2), we get

G€<1+6%v<6%>,R6> - |6R—a€’é€1_a (1+e%v,Q)
< %/ <62(1*Q)|VU|2+C0v2+6%*agv) dx
Q

— —oo for e€—0.
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The previous proposition shows that F, and G, have the same I'-limit whenever
a < 1/2 and so the renormalization is not needed in this case, whereas the functionals
G. typically converge to —oo when o > 1/2. We give the following definition in order
to express the additive renormalization in a more convenient way.

Definition 3.10.
1. Let uiﬁ_a denote the minimizer of Ga-a on HY(Q) N {£u > 0}.
2. Let cc:= e “inf ¢ () Ga-a(v,Q).

Proposition 3.11. Assume (H1) to (H3). If furthermore (H5) holds, i.e. if g is
symmetric, then the functions which minimize Hllég) G(+, Q) are periodic. Moreover,
H

if (H4) holds then

: B| ~ +
[?11312) Ge(,R) = E_O‘Gel_a (Uelme) = ’R|C€.
Moreover, the functional F, is additive on disjoint sets contained in R..

Proof. Let us denote by H}} (Q) the class of periodic H'- functions on the unit cube.
Recall that the minimizers u* (resp. u~) are unique in the class of positive (resp.

negative) H'-functions. By symmetry of g, ut(z1,... ,—x,...2,) is also a mini-
mizer and thus equal to ut. The same holds for u~. In particular the traces of u™
on opposite facets of the cube coincide, so u™ € H}}(Q). O

4 ['-convergence

In this section, we establish the I'-convergence of the functionals F; for ¢ — 0. In
order to proceed, we need to distinguish between cubes in which a function u is
mostly positive and those in which u is mostly negative.

Definition 4.1. Given (R.,u) € R. x HY(R.), we define

Zt = {zEZN D €¥(Q+2) C Re, [{ue>01Ne*(Q+2)| > ]ea(Q+z)|},

N — N~

77 = {ZEZN D € (Q+2) C Re, [{ue>01Ne*(Q+2)| <

R = U €*(Q + 2).

zEZCi

@+,

Using the notation introduced in the above definition, we show:
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Lemma 4.2. There exists C > 0 such that for any (R.,u) € R. x H(R,), the
following holds:

[{u < —1/2y R + [{u>1/2} N R7| < Ce®F(u, Re), (4.1)

[ {9 (@) a2 ctnmry ).

€ €* €

R. €

dz < C{F.(u,R.) + |Rc|e!72*}. (4.3)

Proof. We first show (4.1). By setting v(z) = u(e™“z), we have

F.(u,RT) > N-Da Z {éelfa (0,2 4+ Q) — Ga—a(ut,z + Q)} . (4.4)
zeZt
Lemma 3.8 and the isoperimetric inequality applied to (4.4) yield

F(u, BY) > CeN=> 3" o < ~1/2) N (2 4+ Q) V. (4.5)

zezd

Using in the relation above the inequalit A < max A VN A;
g quality ;I | < max {JA) ;’ ka2
(available for any m € N and any Ay, ..., A, € R), we derlve

F(u,RS) > CeN D N [{u < —1/2}n (2 + Q)| = Ce *|{u < —1/2} N R/|.

€2
Hence, arguing in the same way on R_, we finally derive
€ F.(u, RY) > C'|{u < —1/2} N RE|. (4.6)
Therefore, (4.6) together with F.(u, Rc) > F.(u, RT) + F.(u, R.) imply (4.1).
To prove (4.2) and (4.3), we will show

e =9(5) do = —C{F(u.R) + R} (4.7)

First let us introduce the notation
Bf :={z € RF : +u(z) < —1/2}. (4.8)

We note that by (H2) and (H3) we can find a constant ¢ with 0 < ¢ < Cj* such
that W (u) > c¢(u —1)? for u € [~1/2,00). Moreover, there exist C, ¢y > 0 such that

M + el—a(u — 1)9(%) >0 for |u| > C,e < €.

€

14



Hence
[ A 2o (2)) - [, {220 () o
e (R () o [ {0t ()
(-

clu—1)?2 wu—-1 /x C .
Z/ \BF * € g(e_f")} dx_e_"‘HgHOO‘Be‘

2
> —;m*r% — Ol Fulu, R) by 4.)
> —C"{F.(u,RY) + |RF|e 2} (4.9)

The corresponding estimate holds for R_ as well and so we get (4.7).
From (4.7), we derive immediately (4.2). Furthermore, since the renormalization
per unit volume c, is negative and using (4.7), we can estimate

5/ W§“> dr < F.(u,R) —A({W;ﬁu)hﬂag(%)}

C{F.(u,R) + |Rc|e' 72},

A

IA

As a first step we show that the I'-limit (if it exists) concentrates exactly on the
class of characteristic functions of sets of finite perimeter.

Proposition 4.3. Let Q € A and u. € L*(Q) be such that limsup F,(u.) < oo.
e—0
Then the following holds:

(a) If ue, — u in LY(Q) for any subsequence €, — 0, then |u| =1 a.e. in Q;

(b) there exists a subsequence €, — 0, uw € BV (Q) with |u| =1 a.e. in Q such that
||we, — u|\L11 @) — 0. Moreover, there exists C:= C(W,g) > 0 such that

|Vu| < C'lim i%f F., (u,,Q). (4.10)
Q €En—

Proof. Let Re € R be such that F,(u,Q) = F.(ue, Re).
(a) From Lusin’s and Egoroff’s Theorems (see [11]), we deduce the existence of a
compact set K C € such that (up to a subsequence):

|K| #0, wu|g continuous, wu, — uin L>(K).
Since |u| # 1 we can further assume the existence of a constant n > 0 such that

| Jun(z)] =1 > >0 VzeK, neN.

15



Letting now ¢ := minj s>, W(s) > 0, for n large enough we have

n 1
>Z/L<u>+_a (2o
€ Q €n
K 0
STy

(b) By referring to the Definition 4.1, we set

Fen (uru Q)

AV

R N L e

We shall show that
e — Hudllpiry —0 (as e > 0)  and |[Hupyy <€ (412)
Let us set
B.s = {x€Rc: |u(z)]<1-6} (6>0).

Note that for 0 < 0 < 1

Jue = Huclscny < 81Rel + 3B+ |BZ1) + 21Besl +2 | juelda

{Jue|>1+46}

By applying Lemma 4.2, we get |B| + |B.| < Ce* and so |Bf| + |B. | — 0. By
(H2), (H3) and the bound on the energy

hm ]B€5|+/ lueldx | =0,
{|ue|>1+6}

we then obtain the first statement in (4.12). To prove the second one, we note that,
by construction, the total variation of Hu, can be estimated by:

6(Nfl)a

|V[Huc]| <
Re

S loelz) —odlz)P.

|zi—2;|=1

Now consider a pair of cubes Q; := €*(z;+Q) (i = 1,2) such that (21, 22) € ZF x Z
and |z1 — 22| = 1 (i.e. the cubes are adjacent). By setting C := int(Q, U (Q)y), we
claim that there exists C' > 0 such that

F.(u.,C) > CeN=be, (4.13)

Case 1: |Q1N{0 < ue < 1/2} > @ or Q2 N{0 < —ue <1/2} > @.
In such a case, (H3) implies there exists a constant ¢ such that the union of the two
cubes contributes at least ceN*—1 > ceN=1a t4 the energy.

_ QUQ
Case 2: |CN {ue > 1/2}], [C N {ue < —1/2}| > 1@<,

16



In this case, as in the proof of Lemma 4.2, by applying (3.11) (on two adjacent
cubes C) and the isoperimetric inequality (prop. 3.2), we deduce the existence of a
constant ¢ > 0 such that

N-1

1 N-1
G(ue,C)—Hilrl({(;)G(-7C) > c(§6Na> '

Hence each such C contributes at least ce®™~1 to the energy. Since each cube
has 2N nearest neighbors, we get [, [V[Hu]| < CFc(uc, Rc). Therefore Hu, is

bounded in BV and so it has a subsequence converging strongly in L' to a function
u € BV. As a consequence of the lower semicontinuity of the BV -norm with respect
to L'-convergence we obtain [, |V[Huc]| < CF(uc, ) for any compact set K C €.
(4.10) follows by letting K " Q. By (4.12), the corresponding subsequence of the
original sequence u. converges to u as well. 0

The fact that the I'-limit is a measure relies on the following Proposition, which is
the so-called fundamental estimate [9]. Notice that in our case the proof is quite
different from the usual one, due to the fact that G, is not positive.

Proposition 4.4. Assume (H1)-(H3) and (H5). For any U, U,V € A, U € U’,
and for any u,v € L1 _(RN) there exists a function ¢ € C®(RN,[0,1]) such that

loc
o=10nU, ©=00nRY\U' |Vl <Cec!,
and
Fpou+ (1 =)0, UUV) < F(u,U") + F.(v,V) + 6 (u,v, U, U, V), (4.14)
where 0 has the property lim._, 0 (uc, ve, U, U', V) = 0, whenever
{ i = vl — 0 S=@N\T)AY,

(4.15)
sup, { Fe(ue, U") + Fe(ve, V) + [Jtie]loo + [[Vel|oo } < 400.

Remark 4.5. Assumption (4.15) is stronger than the one made in [9], since we also
require u. and v, to be bounded in L>®(RY). However, from hypothesis (H3) it
follows that we can assume that a I'-realizing sequence is bounded in L°°, hence the
I'-limit does not change if we redefine F, = +o0 outside a suitable ball of L>(RY).

Let us define a sequence of strips as follows. Set Uy := U and define by recurrence
for each i € N:

«
Z; = {z eZN : (Q+2) C U, dist(e*(Q + 2),U;) < %},

UZ'+1 = U Ga(Q + Z), Sl = (UZ'+1 \E) NnV. (4.16)
2€7Z;

The proof is split in three parts. We start with the following result whose proof is
more general than needed, so that it can easily be modified for the case o > 1.
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Lemma 4.6. Let U,U',V, Ue and ve be as in Proposition 4.4. Assume there exist
some S;, defined by (4.16), S C Siy (Siy, S #0) and ¢ € C(RY,[0,1]) such that

Fe(ue, Siy) + Fe(ve, Siy) — 0, (4.17)
/ Jue —vd dx+/ [ue = 4, g, (4.18)
Si €% g €
Wlu) + W) g, (4.19)
Sig\S €
/ €|Vue — Vo |* de — 0, / e{|Vu* + |Vo|*} dz < C, (4.20)
Sig 0

supp (Vo) € S, o=1onUy,, ¢=0o0nRY\Uj1, |Vel<Cel, (4.21)
where C' is independent of €. Then, liII(l) Fe(pue + (1 — @)ve, Siy) = 0.

Proof. In order to simplify notation, we shall write u,v instead of u.,v. and set
z:=pu+ (1 —¢)v. We have
Fﬁ(z,Sio) = Fe(uv SZO) + {Ge(zv Sio)_Gﬁ(u7 Slo)}
W(z)—W —
- Fe(u,Sio)—l-/ {6(]VZ|2—]Vu|2)+M+g(x) : “} dz
0

€
= F(u,Si) + 1+ I + I3,

By (4.17) Fc(u, S;,) — 0 while (4.18) implies I3 — 0 (as € — 0).
For I, we use the fact that W € Lip,, i.e. (H2), together with the inequality
|ttelloo + ||ve]loo < C and the definition of z to get the estimate

/ W(z) — W(u) dr < C/V|u—v] o+ W(u) + W(v) de.
Sio g €

€ Si0\§ €

Assumptions (4.18) and (4.19) imply that this vanishes as € — 0.
In order to estimate I;, note that Vz — Vu = Vp(u —v) + (1 — ¢)[V(v — u)] and
Vz+Vu=Ve(u—v)+ Vu+ Vv —¢[V(v—u)], so we estimate

< (4.22)

‘ / (V2P — [Vaf?)
Sio

2
c[ e—%yu—vy‘ _ +3He—%yu—v1‘ _ ‘e%(yvuuyw)u
12(8) 12(3) L2(4y)
1 1
+ 2|le2|Vu — Vv e2(|Vu| + |Vvl|) ] .
L2(Sy) L2(Sy,)

The bound ||uc|joo + [|ve]loo < C allows to estimate the L? norm by the L' norm,

therefore the first term in (4.22) vanishes by (4.18), the second by (4.18) and (4.20),
and the third by (4.20). o
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Lemma 4.7. Under the assumptions of Proposition 4.4 we can find sets S;,, S and
a function ¢ which fulfill the assumptions of Lemma 4.6.

Proof. Since U € U’, we can assume U, U’ € R.. Consider then the family of S;
defined by (4.16). Let us denote by k. be the largest integer for which S; # () and
note that k. = O(e™®).

As the functional is increasing on sets in R, the bound on the energy (4.15) allows
to assume that F(uc, S)+ Fe(ve, S) < C. Since the functional is additive on disjoint
sets in R, (see Prop. 3.11) and U,’f;o S; C S, we get

ke
Z{Fe(ua Sz) + FE(U€7 Sz)} < Fe(ua S) + Fe(vey S) <C.
i=0
As all terms in the sum are nonnegative, we get that for 2/3 of the indices i

3C
2k,

Fo(ue, S;) + Fe(ve, Si) < C'e“. (4.23)

Such strips satisfy (4.17). The argument used above will be referred to as averaging
argument. This averaging argument shows in addition that for 2/3 of the indices i

/ |te — Vel SCEQ/ |te — Vel (4.24)
S S

Hence we can find at least one strip S;, which fulfills both (4.23) and (4.24). There
exists a constant C7 such that this strip is the disjoint union of at least C €~ strips
of the form (4.25). So another averaging argument yields a strip S C S;, of the form

S = {zeU: (j—1)e < dist(z,U;,) < je} NV for some j € N, (4.25)

in which we have

/Ju6 — | < Crel (CGO‘/ |ue — v€]> = C”e/ |te — Vel (4.26)
S S S

As |lue — vellL1(sy — 0, equations (4.24) and (4.26) imply (4.18).
Furthermore (4.3), (4.23) and |S;,| < Ce® imply (4.19). Moreover using the fact
that the renormalization is negative, (4.2) together with (4.23) give:
/ {IVudl® + [Vod?} — 0
Sig

which implies (4.20). Finally from the definition of S given in (4.26), it is also pos-
sible to construct a function ¢ satisfying (4.21). o

We are now in the position to prove Proposition 4.4.
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Proof. Let ig, S;, and ¢ be as in Lemma 4.6 and in Lemma 4.7. Since the functionals
F, are additive and setting z. := pu + (1 — p)v we have

F(2,UUV) = F(z,(UUV)NTj) + Fe(ze, (UUV) N (RY \ Uig41))
+ Fe(ze, (U UV) N (Uig11\ Uyy))
= F(u, UUV)NTy) + F(v,(UUV)N RY\ Ujp11))
+ Fe(26, UUV) N (Uig+1 \ Uiy))
< F.(u,U)+ F.(v,V) + F.(zc, Siy)-

By Lemma 4.6, F,(z,S;,) — 0 as € — 0, whenever (4.15) holds. o

In the following, we provide some estimates from above and from below for the
I’-limit, which are useful in order to represent the limit as an integral functional.

Proposition 4.8. Assume that (H1) to (H5) hold and that g is as in Proposi-
tion 3.7. Then, there exists a constant C3 > 0 such that

I — liminf F.(xg, Q) > CsP(E,Q) VQ € A, VE C Q. (4.27)

Proof. Let €, — 0 and let u,, — xg in L'(Q2). Without loss of generality, we may

assume that liminf F,_(u,, ) < 0o, hence there exists a subsequence ny such that
n—oo

kllngo Fe,, (un,, Q) =liminf F, (up, ) < oo, and ||uc, — xellpr — 0.

n—oo

Now, (4.10) implies that there exists a C' > 0 such that
[Vl <€ i Fe,, G, 9)
Q k—oo k

for a further subsequence (still denoted by ny). However by construction

C lim F, (un,,$) = Climinf F, (u,,Q),

k—o0 n—o0

which proves the claim. O

Proposition 4.9. Assume that (H1) to (H5) hold. Then, there exists a constant
Cy > 0 such that for any Q € A with Lipschitz boundary and for any E C §, we
have

I' — limsup F(xE, ) < CoP(E,Q). (4.28)

Proof. By approximating E with regular sets Fj such that P(FEy,$2) converges to
P(E,Q), we can assume that OE N is a smooth hypersurface. To prove (4.28) it
is enough to choose ¢, — 0 and construct a sequence of functions u,, € H'(£2) such
that:

u, — xp in LY(Q) and  limsup F., (u,, Q) < CoP(E,Q).

n—~oo
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Let R, € R, be such that F., (v,Q) = F. (v, R,) for all v € H' (). By Prop. 3.11,
this is the maximal R € R, which is contained in §2. The renormalization is given
by |Ry|ce. Define

AV = {2 eZN: (Q+2) C Ry, dist (€2(Q + 2),0E) < 262},
AE = {2eZV : 4dp(e®2) >0, dist (¢2(Q + 2),0F) > 2¢},
Y= U (z+Q), Rf:= U (24 Q).
Z€A§, 2€AF

Consider the positive, periodic minimizer ujl_a of éel—a(',Q) on the unit cube.
Assumption (H4) implies that the positive and the negative global minimizer differ
by the constant 2. We extend uzﬁ_a periodically to RY and denote the extended
function by ujl,a as well. Consider an even cut-off function ® € C*°(R), increasing
on [0,00) and such that ®(r) =0 if |r| < 1, and ®(r) =1 if |r| > 2.

We denote by + the unique strictly increasing function, asymptotic at +oo to the
two stable zeroes £1 of W, and satisfying (1.4) with v(0) = 0. Let 6 > 3 be a fixed
natural number such that, if we let z. := 6|loge|, then y(xx.) = +1 4+ O(¢%) and
7 (£ae) = O(e?).

Following [3], we consider a function 7. € CH(R) N C®(R \ {£z,, £2x.}) which
coincides with v on [~z z.] and assumes the asymptotic values £1 outside the
interval (—2x.,2zc). Then, the sequence

wn(2) = . (_dE($)> Lo (dE(x)> (uén)l—a(ﬁ) .y (4.29)

€n € €

satisfies u,, = uin)l,a (/€2) on RE, if (H4) holds. OF is regular, so there exists a
constant C' = C'(N) such that

by
lim sup =l < CP(E,Q).
n—oo €9

Let v (z) := utn)l_a(%). Then the renormalization is given by G, (v, Ry,).

Recalling (3.13), it follows that there exists a constant C' (W) > 0 such that
G, (U, 20)| < CP(E, Q)el + wy,,

+

where w,, is such that lim,, wnﬁ*l = 0. As the periodic minimizer U 18 bounded

in L*°, we may assume that ||u,||co < 2. Then we get
Fe,(un, Q) = Ge,(un, Ry) — Ge, (vn, Rn) = Ge,, (un, En) — Ge, (v, L)
W (up, 1 .
/ <6n|Vun|2 + M) dr + — g(%)un dz 4 Cet™
€ €

n n JXn, n

IN

< [ (mvw%@) do + Cllgll P(E, ),

n

where C' is a constant depending only on N. Therefore, recalling [15, 16] we get

limsup F., (un) < (cw + Cllglloc) P(E, ).

n—oo
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Remark 4.10. Notice that if we drop (H4), we can still show that Proposition 4.9
holds whenever o < 2/3. Indeed, thanks to (H2), (H3) and Proposition 3.7 we get

|C’:’€17a (u:}_a,Q) — éelfa (ue_l—a7Q)| < Ce?(lfa)7

for some C' > 0, which implies that there exits a constant c¢. with 0 > ¢, and
lim sup €“|ee| < 0o such that

min G¢(-,R) = il
HY(R) €%

Ga-a(uf o, Q) = |R|(ce + C73) = |Rlec + 0(1).  (4.30)
Hence we can conclude as above. On the other hand, if @ > 2/3 we cannot in
general drop (H4) in order to avoid a I'-limit which is always in {0,+oo}. In-
deed, if W € C3(R), the asymptotic expansion for u* shows that u~(z) — u*(z) =

e2(1-) (VV“/{,I;2%33 g*(z)+o (62(1*‘1)), hence estimate (4.30) is sharp for a general smooth

potential.

Once we have both the fundamental estimate and the estimates from above and
below, we can reason as in [2, Theorem 3.3] and get the following result.

Proposition 4.11. Assume (H1) to (H5). Then, there exists a local functional
Fy : L, (RY) x A — [0,400], and a subsequence of functionals F, (-,) which

[-converge to Fy(-,Q) for any Q € A with Lipschitz boundary. Moreover, for any
u € BVipe(RN;{~1,1}), Fy(u,-) is the restriction to A of a regular Borel measure.

5 Representation Theorem and properties of the I'-limit

In this section we derive further properties of the I'-limit. Throughout this section
we shall always assume that (H1)-(H5) hold, and that ||g|;~ < co with ¢g as in
Proposition 3.7. Let us first introduce the following notation.

Definition 5.1. Let u be the periodic extensions of the minimizers of Ge(-,Q), let
® and v, be as in the proof of Proposition 4.9, and let Q¥ be a unit cube centered at
the origin with two of its faces orthogonal to v. We set

Hy,z)={yeRY : (y—2,v) <0}, X" = Xnp.0)> Jr=x 4 pQ,

d v,T [Ti ust
U (Y) = e <%> + @ (dH(V,x)) (uj(y) - 1), ue,ya(y) = Uia (6%) .

Observe that x** is the characteristic function of a half-space orthogonal to v and
centered at x, and T¢*(y) is an interpolation between the two absolute minimizers
across the hyperplane orthogonal to v.

Recalling [4, Theorem 3| (see also [2, Theorem 3.5]), we obtain a representation
result for the functional Fj.
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Theorem 5.2. There exists a function ¢ : RY x S¥=1 — (0, 400) such that

o(z,vg(x)dHN" if yg € BV(Q),
o) /8 L elave(@) @

400 otherwise,

for any Q € A with Lipschitz boundary and any Borel set B C Q. Moreover the
function ¢ satisfies

C3 < ¢(z,v) < Oy,

o(z,v) = limsupplme(p,x,I/), (5.1)
p—0F

where Cy,Cs > 0 are as in Propositions 4.9 and 4.8, while m(p,z,v) is defined by
m(p, z,v) ;= min {Fg (u,QZ’I) cu=x"% in RV \ QZ"T}. (5.2)

Relation (5.1) looks slightly different from the formula in [4], but, because of the
choice of closed cubes, (5.1) is implied by the result in [4]. More information on ¢ can
be extracted from the representation formula (5.1), like xz-independence, convexity
and a more explicit representation. To this end, we need two lemmas which allow
us to neglect boundary effects. Let us choose a function wu,™ which solves the
minimizing problem defined by (5.2), namely:

Fy (UZ’I»W) =m(p,z,v). (5.3)

Lemma 5.3. Given x € RN, there exists a countable set &, C R such that, for any
p >0 with p & E,, there exists a sequence N, — p, N, < p, such that

Fo (u™, Q77 = lim By (uti®, imt(Q4%))

Proof. Fix (v,z) € SN~'xRY and fix R > 0. To simplify notation, we set Q, = Q"
and u, := u,” for all p > 0. Let gg : (0,R) — [0,00), n — Fy(uy, Qr). Then gr
is a decreasing function on the interval (0, R), hence it has a countable set of dis-
continuities €. Notice that for R < Ry the two functions gr, and gg, differ by
a constant on (0, R1). Hence g, C Eg,, whenever Ry < Ry. So & = (Jy.p &R is
countable, and the claim follows. o

Lemma 5.4. Let uy” be as in (5.3). For allz € RN and p >0, p ¢ &,, there exist
a sequence nj — p, with n; < p, and a sequence of functions u; — up® in LY(Q")
such that uj € HY (RY), u; = w0l on RV \ Q';’fnj, and

2

F (u;@,Q;@) = lim F, (1, Q)7). (5.4)
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Proof. As in the proof of the previous lemma, we simplify the notation by dropping
the dependence of sets and functions on z and v.
By Lemma 5.3 we can find a sequence 7 — p, nx < p, such that

FO(“,mQ_p) = khjl;o Fo(un,, Qp),

_ . N . o .
where u,, = x"* on R™ \ Q,, . For any k, we consider a I'-realizing sequence wy ; —
Uy, such that

Fo(unk7Qp) = yhlgo Fej (wk,jv Qp)‘

By Lemma 4.4, applied with U = Q,,, U' = Qpinp, V = Q, \ Q—"Ik and ue; = wg,j,
2

Ve; = ﬂ?ﬁa, there exists a cut-off function ¢ between U and U’. Letting ug ; :=
pue; + (1 = ¢)ve,, from the energy estimate (4.14) and Proposition 4.9 we obtain

IA

hJIIl FEj (uk,jv Qp) hJIIl FEj (wk,ja Qﬁ%) + hJHl FEj (HZ;IOH p \@nk)

< lm F (g, Qp) + Calp™ =)

= FO(unkap) + CQ(pN_I - n’iV—l).

Then, a diagonalization argument proves the claim. 0

Remark 5.5. Notice that, in Lemma 5.4, we can choose 7; — p independently of
€; — 0; in particular we can assume that for any k& € N there exists a jo € N such
that n; < p — kej for any j > jo.

In the following proposition, we want to show that the I'-limit is homogeneous, i.e.
the integrand function ¢ does not depend on x € RV,

Proposition 5.6. The function ¢ given by Theorem 5.2 does not depend on x,
moreover its one—homogeneous extension ¢ as defined in (2.5) is convex.

Proof. Let us fix v € SV"! and z,y € RY, 2 # y. We have to show that

p(z,v) = p(y,v). (5.5)

Let u,” be as in (5.3). For simplicity we write uj := u,".

Lemma 5.4 asserts the existence of a sequence u; which equals H;za on a tubular
neighborhood of the boundary of @, and such that (5.4) holds. To simplify notation,
we drop the dependence of functions and cubes on the direction v, which is fixed
throughout this proof.

Let 7; € ZN be defined as



and v;(z) := u;(z — €;7;). Here [r] denotes the largest integer smaller or equal than
r. Notice that 7; — (y — ) and v;(-) — v(*) := uj(- —y +x). For any r > 1, we have

F()('U,Q_%)
< RwQY) < lminfF,(0,QY)
J

= liminf (Fe, (v, 6575 + QF) + Fo, (v, QY \ (6575 + Q3F)))

= hrnjlnf (FEj (ujv Qi) + FEJ' (ﬂfj( - 6]'7-]')7 Q%{p \ (EjTj + Qi)))
=t (g, Q)+ i Eo (= 73), @2\ (673 + Q)

Fo(ug, QF) + Cop™ (V71— 1),

IN

Letting » — 1, we then get
Fo(v,Qf) < Fy(u®, Q2).

The choice of uj then implies m(p,y,v) < m(p,x,v), where m(p,z,v) is defined
in (5.2). By exchanging « and y, we obtain the equality for any p ¢ £, UE,. Then,
observing that we can rewrite (5.1) in the form

30($7V) = hmsup pliN m(p,l‘,l/),
p—0%F, pg(E2UEy)

we finally get (5.5).
Once z-independence is established, the fact that the extension of ¢ is a convex
function follows by standard semicontinuity results (see for example [1]). o

Remark 5.7. Note that if ¢ is independent of z, then by dilating the variable x we
see that m(p,v) = pN"Im(1,v) = pV~ly(v). In particular the set of discontinuities
&£, is empty for any = € RY. Moreover, by the convexity of ¢, the minimizers uy, of
m are always characteristic functions of a half-space.

We want to prove that the I-limit is independent of the subsequence. In order to
do so, it is convenient to work with blow-up sequences and the functional G, as
in Definition 3.1. We begin by showing that we can choose a suitable minimizing
sequence which coincides, far from the interface, with the absolute minimizers on
the cube.

First let us introduce some notation. uF denotes the periodic extension to RN of
the minimizers of G¢(-, Q). Let A > 0, v € S¥~1, and set Q := Q" and

Q] = U +o.

{z€ZN: QCz+)\CA2}
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Lemma 5.8. There exist constants 0 < § < 1/3, €9 >0, Ao > 0 and 1 >0, such
that for any sequence u. with boundary values uc(x) = ﬂlg’o(w) on RN\ [\Q], which
18 uniformly bounded in L and satisfies the energy bound

OV 2 (Gelue, DQ)) — Gelw, Q) (5.6)

there exists a sequence e with Uc(x) = uc(z) on RN\ [)\@], and sets Se, which are
unions of unit cubes, such that for any € < ¢g and A > Ay the following holds:

a) U =u} or U =u_ on [AQ]\ S. ;

b)  Gele, [NQ)) < Gelue, [AQ)) + CAN—Ter;

¢) 1SN AQ]| < e fCANL,

Proof. In the following we will consider ue as a function on RY, extended by 7% on
RY\ [AQ].

Given a constant 0 < v < 1/3, we set

Z) = {zEZN: ée(ue,z+Q)—éE(uf,z+Q)267}, S7

i
-
0
_l_
2

From the upper bound (5.6) we have |S5 N AQ]| < CAN—Le,
Fix now a constant vy; < v/[N(N — 1)] and let

Ze={zeZN: dist(z+Q,S7) <2}, Se:= ] (z+Q).
2E€Ze

From the boundary conditions we know that |Se N [AQ]| > 0. Possibly reducing 1,
we can also choose 0 < 0 < 1/3 such that v+ Nv; < §. Since we do not have any
information on HYN~1(957), the best available upper bound on |S.| is

1ScNAQ]| < CAN e ()N = CANTLem (M) oAN—1ed (5.7)

and condition c¢) is satisfied.

We call a cube positive, if [{z € Q + z : uc(z) > 0} > 1, ie. if [Huc(-/e*)] =1 on
the cube, where [Hu] is defined in (4.11), and negative else. For x € RV \ S7, we
define v(x) by

20e(w) = ([Hue(-/e")](e"2) + Du (2) + ([Hue(-/e")](e"x) — Du (x).

We want to give an estimate of ||u. — UE”Ll((Seﬂ[)\Q])\S,y)'

First we show that there cannot be positive cubes in (S N [AQ]) \ 57 which touch
negative cubes on one facet. Indeed, let us assume that we can find two adjacent
cubes, say Q1 and @2, contained in S¢\ S7, such that u. is mostly positive in Q1 and
mostly negative in Q. Note that the energy scales with e "l under the change of
variables y = ez, so (4.13) implies that there exists a constant C(W, g) > 0 such
that B R

Ge(ue,int(Q1 UQ2)) > C.
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There/f\ore at least one of the cubes must be in S7, and v, is a well-defined H'-function
on [AQ]\ SZ. From (4.5) we get for Q1, Q2 as above

Hue <1/2YNQ1] < CEONT, [{ue > —1/2} NQo| < CE1. (5.8)
By assumptions (H2) and (H3) there is a constant ¢ such that

c(u—1)%if u >
clu+1)?if u <

D=

W(u) > {

=

Recall that Ge(ul, Q) < 0 and €|Vue|? + ¢ 1W (uc) > 0. Using (5.8), we have for €
sufficiently small on a positive cube, which we call for simplicity @,

67 > Ge(ueaQ)_ée(uij)
/ W) +egluc— 1)) do— [ Jgu 1) da
lue—1]<3/2

'U«e<—%

N _
> —2||gllpee’¥-T +/ {e tefue —1* — llglloouc — 1|} da
lue—1|<3/2

|-

v
2

_QHQHLooe’Y -1 _|_/ {6_1(1/2)]116 . 1’2} de — 2|Q’Hg||%o<>6,
2|glloce<|uc—1]<3/2

hence

/ =11 do < Ce . (5.9)
Q{2lglleslutz)1<3/2)

From (5.8), (5.9), the L>-bound on u. and v, and since 7 < 1/3 we get

14y

N N
|l ue — v€||L1(Q) = [Jue — 1 — (ve — 1)||L1(Q) < C[e—l— €'N-T 4 GT] < Ce'N-1,

and the same holds for negative cubes as well. Since 71 < /[N(N — 1)] we have
7:=7/(N —1) — Nv; > 0, so summing over the cubes (see 5.7) we get

N-1_1
llue — UfHLl((SEm[A@])\SQ) < CNVTLem, (5.10)

In what follows we mimic the proof of the fundamental estimate, with the important
difference that the sets are not given, but depend on e.
For i € N, i < dist([AQ] \ S, S¢), we define the sets U; as follows

Up :=S7, Uiy := U (z+Q)
{2€ZN, (24Q)CSe, dist(24Q,U;)=0}

Let also S; := {U;41 \ U;}. By the previous Ll-estimate (5.10) we get

gue| + gue| < CANTLem, (5.11)

/(Seﬂ[A@])\Sg /(Seﬂ[A@})\SQ
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(Note that [, g-1=0if Ais a union of cubes.) This allows us to estimate the non-
negative parts of the functional separately. The idea is to use the upper bound (5.6)
and follow the proof of Lemma 4.4.

Indeed, (5.11) and (5.6) imply

/ [e([Vuel? + [Vo?) + e (W (u) + W(wo)}y de < AN,
(SenAQD\S?

Since there are at least et strips S; contained in S, \ S¢, by an averaging argument
we can find jg > 1, such that

/‘ G {e(IVue)? + [Voc?) + e HW (ue) + W(ve))} de < CANTen. (5.12)

Notice that jo > 1, i.e. the chosen strip does not touch the set Sy. Averaging again,
we can also assume

e = vell s, ppgyy < CAY T (5.13)

Let us now divide the strip S}, into smaller strips 3; of width €, and let ¢;(z) be a
smooth cut-off function such that 0 < ¢; <1, p; =1o0n Vj, ¢; =0 on [)\@] \ Vit1,
where Vo = U;, Vip1 = {& € Ujyq : dist(z,V;) < (j + 1)e} and Z; := Vjq \ V.
Since the boundary of the cubic set S¢ is uniformly Lipschitz, we can also assume
|Vp;| < Ce! for some C independent of e. We want to choose an index j such that
the function

te = (1 — pj)uc + ;e
satisfies condition b). Notice first that

G, MQ)) — Glue, MQ)) < G, Sj,) — Glue, Sj) (5.14)

:/m o ) u€)>+g(ﬂ€—u€)} do

—/ { (|vue|2 |Vu€| + )> } dr + C)\N_IGT+71,
SjoNAQ]

since using (5.13) we have

{ |Vu€|2 |Vu€| +

(
(W

/ gy e 7 ) 4o < lgllaee flue = vell s, gy < CANTeT,

Hence, it remains to prove

/S_ o {e(|va€|2 — |Vu ) + (W(ae) ; W(u6)>} dz < CAN-1en . (5.15)
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Since the number of the smaller strips in Sj, is of order ¢!, by a further averaging
argument and using (5.13), we can find an index j such that

/ Jue = v 4, < caN-1erem (5.16)
S5NAQ) €

Recalling (5.12) and reasoning as in Lemma 4.4, estimate (4.22), we obtain

/ - {6 (’Vﬂ;’? _ ’VU€’2) + W(ue) — W(ue)} dx
Sj()m[/\Q] €

_ 2 7
+/ . {|u€ Ve | T W () W(Ue)} de
Z;NAQ] € €

[ue — v

<COMNN-lem 4 ¢ dz < C)\N_IEM,

SNAQ] €

where we denote by C' a general positive constant. By (5.14), this implies

G(iie, MQ]) < Glue, NQ]) + CANLem,

which is condition b). R

It remains to prove that @, coincides with u, outside of [AQ]. Note that by construc-
tion of v, and the fact that ue = 72" on RV \ [AQ], any cube in RN \ [AQ)] such that
ue # ve must be contained in Sy U Up. As jo > 1, we obtain %, = u. on RN \ [A\Q)]. o

We show now that the I'-limit does not depend on the particular subsequence ¢;
and on the parameter a.. In order to do this, we characterize the limit function ¢(v).
For any Borel set A C R, we define

F;‘(E) =cwP(E,A) + / g(x)xEe(x) dz.
A
Theorem 5.9. We have the following representation for the function p(v):

NV T 3
o) = P) = @gmmm{zfg{w “I(E): (5.17)

E CRY such that xp = x*° on RV \ P\QV’O]}-

In particular, the I'-limit does not depend on the subsequence €; and on the parameter
aec(0,1).

Proof. Fix v € SN, set @ = Q"0 and let [A@] be as in Lemma 5.8. We divide
the proof into two steps.
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Step 1. Let us prove ¢ > .
We recall from Lemma 5.4, applied with = 0 and p = 1, that

R, 0) = / o(v) dHY T = tim F (4, 0),
OH (v,0)

nQ J—oe

1 N R _l/10 N 1/70
where u; € Hj,.(R7) are such that u; = Ue; .o on R \ @y, , for some €; — 0 and

2
n; — 1, nj < 1. Notice that we can assume 7; < 1 — 4¢} (see Remark 5.5), which

gives Q& C{zeQ: dist(z, RN\ [AQ]) > 1} C [\ Q).

2
Let now A; be the biggest integer less than or equal to ejfa, and set v1-a(z) =
J

~

uj(x/N;). Since we have F¢(u;,Q) < C for some C > 0, it follows

J J

C > Fe (u;,Q) > V1" (é< Q) — Gama(ui, w@n) . (5.18)
Since A\j < €;“ < A;j + 1, from (5.18) it follows

Ga-a(va-0,[1Q)) — GE;_a(ui,a, Q] < CaYL
J
possibly considering a bigger constant C'.
Set €; := ejl-*a. Then the conditions of Lemma 5.8 are satisfied, and we may assume

that vz, = ug outside S¢,, for some set Sz, such that [S, N [AJQH < (gj)*‘sC')\Nfl,
for some 0 < 6 < 1/3. Let us fix p > 0 such that § < p < % As the renormalization
is nonnegative, we obtain from the co-area formula

OANTH 2 G (g, 85, N NQ)) = Ge, (uz . S, N [V Q)) (5.19)
1o ~
> VIVEP{ve, > 51,52 0 V) ds + / gve, do
—14+Ce Se;N[A; Q)]
1-c& R
> - VW (s)P({vg, > s}, 5,0 [XQ)) ds — 2/glloce; PAN .
€5

Again from Lemma 5.8 we know that 0"{v; > s} C int(S,) for any s € [-1 +
O, 1 — C&), hence P({vg; > s}, 59, N [\;Q]) = P({vg, > s},[\;Q]). Let now

th = ar min P v~.>s,)«A
e min P > 5) @)

and let
B = ({vgj > £} [A]@])

Then we have
1-Ce”

C VW (s)P({ug, > s}, [NQD) ds > (ew — C&)P(ES, [AQ)).
_1+Cg;%
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From (5.19) we also know that P(E7, [)\]@]) < C)\é-vfle_é, hence

Gz, (ve,, S, NN Q)) — Ge, (uf, Sz, 1 [\,Q)) (5.20)

=,
€j

> o PE, QD + [ gus, do = 00NN
S-
J

Let us now analyze the term |, . 0] 9V dzx.
€j J

For s € [-1 + C&,1 — C&] we have W (s) > cp? by assumption (H3). This implies
that for any s € [~1 4 C¢},1 — C¢] it holds

N—1~1—-2p—6
‘{U’gj > S}AE;’ < C)\j 16]- p=e.

since we have the estimate

W (v,
[{ve, > s}AE]| C[)_lg?p_l < / ﬁ dz
{vgj >s}AEY €5
< Gz (ve, Sz, N [NQ))
—Gg, (uz, 8 N Q) —/ _gug; dz
! Se;NA;Q)

N-1 ~§\N—1 ~§y\N—1
< C’)\j —i—CE]- )\j §C’ej )\j .

Notice that Proposition 3.4 allows us to assume [jvg, || < 1+ C%;. Since 6 < p < 1/3,
we always have 1 — 2p > §. It follows

17023?
gug, doe > g(x) do ds — C€| Sz | (5.21)
J J J
= 7l+C€j {Ugj >S}ﬁng

> 2 ga) dr-2gleOxY S oY
E*NSz.
J €5

Notice that

/ g(z) dz = / g(x) da,
E;ﬂng E;-(ﬂ[/\jQ]

hence from (5.20) and (5.21), observing that lim; ;. €} A; = 1, we obtain

N-1
€FN; R
ZL J>1 (CWP<E;,[AjQ]>+2 / _g(@) dx—m;v—leél“"“p‘ﬂ)
ErNQ)

We now modify the sets E7 in such a way that xp» = "0 on RV \ [)\]@]. Let
1 (NQ) = {z € [NQ] : dist(z, RV \ [\,Q]) < 1}.
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Since v=. = 2" on 01(\;Q), we have
J ¢

max _ dist(z,0H (v,0)) <2 JjeN
z€OETN01(A;Q)

Hence, we can find a set E}“ which coincides with £ on [)\j@] \ 81()\j@) and with
H(v,0) on RV \ [)\]@], such that

[B; 0| + |P(B], Q) — P(ES, QD] < N2

We can finally conclude

~

SO(V) = FO(XE?Q):h]HlFGJ(ujvé)

> liminf % min {CWP(E, \Q)) + 2/ _g(x)dz:  (5.22)

o ENRQ

E C RY such that yg = x*° on RY \ [)\@]} =P(v).

Step 2. Let us prove ¢ < 1.

Since finite perimeter sets can be approximated by smooth sets in L' and in perime-
ter (see e.g. [12, Theorem 1.24]), we can choose a sequence \; — +oo and sets
E; C RY of class C* and E; = H(v,0) outside [)\j@] such that

. 1 ~
Y(v) = lim F (CWP(Ej7 [A;Q)) +/[Aj@]9($)XEj dx) :

Notice that, without requiring further regularity on g, we do not have estimates on
the second fundamental form of JF;.

From [8, Section 11] (which can be adapted to the case g € L*°) it follows that there
exist a set £ C RV and a constant k = k(g) > 0 such that

sup dist(z,0H"") <k  jEN, (5.23)
x€0E

and for any compact set X C RY it holds
F,(E,K) < F)(E,K)if E=FE on RV \ K.

Moreover, if v has rational coordinates, then E is periodic under translation by any
vector k € Z"V with k- v = 0. From Proposition 5.6 we know that ¢ is convex,
hence continuous in v. Therefore we may assume without loss of generality that v
has rational coordinates.

In this case, we can use the periodic sets E from [8, Section 11] to construct a
minimizing sequence Ej; for (5.17), which is made up of C (I/))\;-V ~1 copies of a fixed
surface. Note that the error introduced by the slightly different boundary conditions
(in a strip around a plane) is of order A;V -2,
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As a consequence, we can approximate this minimizing sequence by a sequence Ej
of sets such that OE; is of class C? and

|P(E;,[\Q)) — P(E;, MQD)| + | Fy(Ej, MQ)) — Fy(Ej, Q)] < 6;00 71,

and such that the second fundamental form of Ej is bounded by a constant C'(d;).
We now reason as in the proof of Proposition 4.9 and we construct a sequence of

functions u; defined as in (4.29) with E replaced by Ej, € = )\]-_l/a and R; =

P‘/{'—Q] C Q. Notice that u; coincides with x** outside Q and that from (5.23) it
J

follows u; — x**0 in L*(RY). We let

Z; = {z e ZV ;. (Q+2) c [NQ], dist ((Q+z),aﬁj) < 2}, %= | @+2).

By (5.23), we know that || < 4(k + DAY .

Notice that, letting
o e (dE)
J= e | Tima |0
J 6]-

and recalling [15, 16] there exists a constant ', depending only on the norm of the
second fundamental form of OF; such that

/ 7V, + Wl(f)j) da < (1 + Cel-_‘") ew P(Ej, [MQ)).
\Ql ! €; “ !

Following the computations in the proof of Proposition 4.9, we thus obtain

lim inf (Gej (uj, @) — c€j>

Jj—00
< lim inf ﬁ (pr(E\j, [)\j@]) + /Ej g(x)uj ()\jx) dﬂ’}) + (Sj
. 1 o ~
— liminf T (cw (1 +C(5))el ) P(E;, [)0))
—l—/Ej g(x) dx + /Ej g(x)(uj(Ajzx) — XEj(x)) dw) + 6.

Let us define

2j = {95 € [\Q]: dist(x,0E;) < 2¢;° IOg(ejl-*“)}.

Notice that ]flj] < C’P(Ej, [Aj@])e}_"‘ log(e;) and, similarly, [3;| < C’P(Ej, [A]@])
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By definition of u; we have

[ s@)ws (1) = xg (a)) o
b))

J

</ gt (e) = xg, (@) do

+ [ o 0@ s 052) x5, ()] do

CI%5] + C’]Zﬂe}‘a < C’)\év_le]l_a log(€;).

IA

It follows
.. ~ .. 1 ~
olv) < hjﬂ;};lfFej(ug»Q)Shjngg}fW(CWP(Ej,[AjQ])+ /. st dw>=w<u>
J J

for an appropriate choice of §; — 0. 0

Remark 5.10. We point out that, if N = 2, the results from [8] are not needed,
since any minimizer of (5.17) has boundary of class C1!, with curvature bounded

by [glloo-

We conclude the section showing that the presence of the function g has always the
effect of decreasing the energy of the limit functional.

Proposition 5.11. There holds
() =p(-v) <ew WresVTL (5.24)

Proof. Let § > 0. Note that —y*? = x %0, so the representation formula (5.17)
asserts the existence of a As; > 0 such that for A > A4

ov) < ew+ AlN/ R XV’Og(x) dz + 6,
(AQ]

o(—v) < ew— AlN/ R XV’Og(x) dz + 9.
(AQ]

Adding these equations and letting 6 — 0 we obtain that the symmetric part g of
© satisfies
1
ps(v) =5 (p(v) +¢(-v)) < ew. (5.25)
The symmetry condition on g yields, in particular, g(z) = g(—=z), hence

| sone@) do= [ g-app@) do= [ gp(-s) do (520
Q] Q] Q]

Notice that x*(—z) = —x*%(z) = X*Vf(x), therefore xg(z) = x*%(z) on RV\ [)\@]
implies xg(—z) = x7*%(z) on RV \ [AQ)].

From (5.17) and (5.26) it then follows ¢(r) = ¢(—v), which gives the thesis together
with (5.25). .

Notice that Theorem 2.3 follows directly from Proposition 4.11, Theorem 5.2, Propo-
sition 5.6, Theorem 5.9 and Proposition 5.11.
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